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            Abstract
The science of cities seeks to understand and explain regularities observed in the worldâ€™s major urban systems. Modelling the population evolution of cities is at the core of this science and of all urban studies. Quantitatively, the most fundamental problem is to understand the hierarchical organization of city population and the statistical occurrence of megacities. This was first thought to be described by a universal principle known as Zipfâ€™s law1,2; however, the validity of this model has been challenged by recent empirical studies3,4. A theoretical model must also be able to explain the relatively frequent rises and falls of cities and civilizations5, but despite many attempts6,7,8,9,10 these fundamental questions have not yet been satisfactorily answered. Here we introduce a stochastic equation for modelling population growth in cities, constructed from an empirical analysis of recent datasets (for Canada, France, the UK and the USA). This model reveals how rare, but large, interurban migratory shocks dominate city growth. This equation predicts a complex shape for the distribution of city populations and shows that, owing to finite-time effects, Zipfâ€™s law does not hold in general, implying a more complex organization of cities. It also predicts the existence of multiple temporal variations in the city hierarchy, in agreement with observations5. Our result underlines the importance of rare events in the evolution of complex systems11 and, at a more practical level, in urban planning.
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Fig. 2: Rank clocks for France.[image: ]
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Extended data figures and tables

Extended Data Fig. 1 No universal exponent.
We show here the measured Pareto exponent of the upper tail of city-size distributions as a function of the lower threshold defining the tail for the largest cities of eight different countries. The exponents are obtained with a maximum-likelihood estimate (data from https://simplemaps.com/data/world-cities).


Extended Data Fig. 2 In- and out-neighbours.
a, b, Number of in- and out-neighbours (in the sense of graph theory) for the USA (a) and France (b). The red lines correspond to the equality Nin = Nout. In the UK and Canada, we have a fully connected dataset and Nin = Nout = constant. c, d, Number of neighbours for each city as a function of population for the USA (c) and France (d). The dotted red lines indicate the power-law fit |Ni| âˆ� \({S}_{i}^{\gamma }\). In the UK and Canada, we have a variance of the normalized quantity fully connected dataset and Î³ = 0.


Extended Data Fig. 3 Density function of the out-of-system growth rate.
Natural growth and out-of-system migrations include international migrations and exchanges with small towns. The data shown are for US cities in 2013â€“2017 (top) and French cities (bottom) in 2003â€“2008, compared to a normal distribution. We note that a power-law fit of the right or the left tail would lead to a Pareto exponent of Î² â‰« 1. For French cities, we extrapolated the 2003 population in each city from the 1999 and 2006 censuses to test our assumption on the period 2003â€“2008.


Extended Data Fig. 4 Migration-flow analysis.
Complementary figure to Fig. 2. Empirical left-cumulative distribution function of renormalized migration flows compared to LÃ©vy (continuous red line) and normal (green dashed lines) distributions. Clockwise from top left, distributions are given for France, the USA, Canada and the UK.


Extended Data Fig. 5 Average distribution of city sizes.
Data obtained by 10 numerical runs of the stochastic differential equation (10) with a Gaussian noise with finite variance ÏƒÎ·, compared with the numerical solution of equation (10) where Î· = âŸ¨Î·âŸ© = r. Parameters here are Î± = 1.3, Î² = 0.8, r = 0.01, ÏƒÎ· = 0.06, D = 0.06 and t = 500.


Extended Data Fig. 6 Scatterplot of the quantity P(S, t) Ã— S versus the ratio for Franceâ€™s top-500 largest cities between 1875 and 2016.
Each colour is a different year. We observe that the plots of all years collapse towards a unique universal function of the ratio in agreement with the result of equation (33) in Supplementary Information.


Extended Data Fig. 7 Power-law fit of the expansion with Î± = 1.3, as a function of the lower threshold of city sizes, Smin.
The expansion is described in equation (25) in Supplementary Information. The fit gives an apparent exponent Î±(Smin) with very good quality (R2 â‰ˆ 1), although the expansion itself is not a power law. The apparent exponent is smaller than Î±, but slowly converges towards Î± = 1.3 as the value of the threshold Smin increases. Parameters here are Î± = 1.3, Î² = 0.8, r = 0.01, D = 0.06 and t = 500.


Extended Data Fig. 8 Rank clocks of the USA and the UK.
Top, USA; bottom, UK. The left panels display real data, the middle panels show Gabaixâ€™s model of growth and the right panels give our model of growth. Parallel lines for earlier years are spurious effects resulting from the absence of data for cities out of the top-100 largest in the USA or the top-40 largest in the UK (for these rank clocks, we assigned a random increasing radius to cities without data).


Extended Data Fig. 9 Microdynamics of city rank through time for the largest cities in France, the USA and the UK.
Data is given for the 500 largest cities in France between 1875 and 2016 (top), the 100 largest cities in the United States between 1790 and 1990 (middle) and the 40 largest cities in the UK between 1861 and 1991 (bottom). The left panels display the right-cumulative distribution of the maximal variation of the rank ri(t) for city, that is, the difference between the highest and the lowest rank in population for each city. The right panels display the typical fluctuations of the rank ri(t) through time. In the three cases, the LÃ©vy model is able to predict rare but non-negligible large variations of rank such as the sudden birth or death of city, in contrast to Gabaixâ€™s model or Gibratâ€™s model for growth, for which large fluctuations of rank order do not occur.


Extended Data Fig. 10 Average number of years (and standard dispersion) taken to observe the maximal rank variation âˆ†r as a function of âˆ†r.
Although the dispersion is large, LÃ©vyâ€™s model is compatible with real data, in contrast to Gabaixâ€™s model of growth.
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