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            Abstract
Measurement of spin precession is central to extreme sensing in physics1,2, geophysics3, chemistry4, nanotechnology5 and neuroscience6, and underlies magnetic resonance spectroscopy7. Because there is no spin-angle operator, any measurement of spin precession is necessarily indirect, for example, it may be inferred from spin projectors at different times. Such projectors do not commute, and so quantum measurement back-actionâ€”the random change in a quantum state due to measurementâ€”necessarily enters the spin measurement record, introducing errors and limiting sensitivity. Here we show that this disturbance in the spin projector can be reduced below N1/2â€”the classical limit for N spinsâ€”by directing the quantum measurement back-action almost entirely into an unmeasured spin component. This generates a planar squeezed state8 that, because spins obey non-Heisenberg uncertainty relations9,10, enables simultaneous precise knowledge of spin angle and spin amplitude. We use high-dynamic-range optical quantum non-demolition measurements11,12,13 applied to a precessing magnetic spin ensemble to demonstrate spin tracking with steady-state angular sensitivity 2.9 decibels below the standard quantum limit, simultaneously with amplitude sensitivity 7.0 decibels below the Poissonian variance14. The standard quantum limit and Poissonian variance indicate the best possible sensitivity with independent particles. Our method surpasses these limits in non-commuting observables, enabling orders-of-magnitude improvements in sensitivity for state-of-the-art sensing15,16,17,18 and spectroscopy19,20.
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                    Figure 1: Simultaneous, precise tracking of spin angle and amplitude.[image: ]


Figure 2: Experimental results.[image: ]
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Extended data figures and tables

Extended Data Figure 1 Optical pumping efficiency.
We prepare an input atomic state with [image: ] via stroboscopic optical pumping in the presence of a small magnetic field along the x axis. Data are fitted with the exponentially growing curve a(1â€‰âˆ’â€‰eâˆ’t/Ï„) (solid line); we obtain aâ€‰=â€‰0.979â€‰Â±â€‰0.004 and Ï„â€‰=â€‰0.26â€‰Â±â€‰0.02. The orange dashed line shows the optical pumping efficiency of 98%. Error bars (Â±1 s.e.m.) are smaller than the points for most of the data.

                          Source data
                        


Extended Data Figure 2 Calibration of average Faraday rotation signal.
We calibrate the rotation angle Ï† against input atom number N, measured via absorption imaging. Solid line, the fit curve Ï†â€‰=â€‰a0â€‰+â€‰Î¼1N, with which we obtain Î¼1â€‰=â€‰(7.07â€‰Â±â€‰0.04)â€‰Ã—â€‰10âˆ’8 and a0â€‰=â€‰(3.9â€‰Â±â€‰0.3)â€‰Ã—â€‰10âˆ’3. Error bars, Â±1 s.e.m.

                          Source data
                        


Extended Data Figure 3 Calibration of quantum-noise-limited Faraday rotation probing of atomic spins.
We plot the measured variance var(Ï†) as a function of the number of atoms N in an input coherent spin state with ã€ˆFã€‰â€‰=â€‰{0, N, 0}. Solid curve, a fit using the polynomial var(Ï†)â€‰=â€‰a0â€‰+â€‰a1Nâ€‰+â€‰a2N2. The linear term a1â€‰=â€‰Î±Î¼2N/2 corresponds to the atomic quantum noise from atoms in the input coherent spin state. We estimate a0â€‰=â€‰(11.7â€‰Â±â€‰0.7)â€‰Ã—â€‰10âˆ’10, a1â€‰=â€‰(6.5â€‰Â±â€‰0.8)â€‰Ã—â€‰10âˆ’15 and a2â€‰=â€‰(2.8â€‰Â±â€‰12)â€‰Ã—â€‰10âˆ’22, consistent with negligible technical noise in the atomic state preparation. Dashed line, var(Ï†)â€‰=â€‰a0â€‰+â€‰a1N. Error bars indicate Â±1 standard error in the variance for 206 repetitions.

                          Source data
                        


Extended Data Figure 4 Fit gain.
We compare the estimated Fz and Fy from a fit using equation (2): first, with the classical parameters g, Ï‰L, T2 and Ï†0 fixed (labelled [image: ]) for measurements nâ€‰=â€‰1 and 2; and second, with these parameters free to vary as independent parameters (labelled [image: ]). Blue (green), Fz (Fy) of the first measurement; red (orange), Fz (Fy) of the second measurement. A linear fit Î³xâ€‰+â€‰Î´ to points in plots aâ€“d gives Î³aâ€‰=â€‰0.9981(8), Î³bâ€‰=â€‰1.0026(8), Î³câ€‰=â€‰0.9923(4) and Î³dâ€‰=â€‰1.0007(5), and Î´aâ€‰=â€‰0.003(1), Î´bâ€‰=â€‰0.0001(9), Î´câ€‰=â€‰0.0004(3) and Î´dâ€‰=â€‰âˆ’0.0023(3). A grey line yâ€‰=â€‰x is plotted for comparison in each panel.

                          Source data
                        


Extended Data Figure 5 Tracking precision as function of Î”t.
An optimum is found at Î”tâ€‰=â€‰270â€‰Î¼s. Error bars indicate Â±1 standard error in the variance for 453 repetitions.

                          Source data
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