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            Abstract
Dense particle packings have served as useful models of the structures of liquid, glassy and crystalline states of matter1,2,3,4, granular media3,5, heterogeneous materials3 and biological systems6,7,8. Probing the symmetries and other mathematical properties of the densest packings is a problem of interest in discrete geometry and number theory9,10,11. Previous work has focused mainly on spherical particlesâ€”very little is known about dense polyhedral packings. Here we formulate the generation of dense packings of polyhedra as an optimization problem, using an adaptive fundamental cell subject to periodic boundary conditions (we term this the â€˜adaptive shrinking cellâ€™ scheme). Using a variety of multi-particle initial configurations, we find the densest known packings of the four non-tiling Platonic solids (the tetrahedron, octahedron, dodecahedron and icosahedron) in three-dimensional Euclidean space. The densities are 0.782â€¦, 0.947â€¦, 0.904... and 0.836..., respectively. Unlike the densest tetrahedral packing, which must not be a Bravais lattice packing, the densest packings of the other non-tiling Platonic solids that we obtain are their previously known optimal (Bravais) lattice packings. Combining our simulation results with derived rigorous upper bounds and theoretical arguments leads us to the conjecture that the densest packings of the Platonic and Archimedean solids with central symmetry are given by their corresponding densest lattice packings. This is the analogue of Keplerâ€™s sphere conjecture for these solids.




            
                
                    

    
        
            
                
                Access through your institution
            
        

        
            
                
                    Buy or subscribe
                
            

        
    



                
            


            
                
                    
                

            

            
                
                
                
                
                    
                        This is a preview of subscription content, access via your institution

                    

                    
                

                

                Access options

                


                
                    
                        
                            

    
        
            
                
                Access through your institution
            
        

        
    



                        

                        

    
        
        

        
        
            
                
                Access through your institution
            
        

        
            
                Change institution
            
        

        
        
            
                Buy or subscribe
            
        

        
    



                    
                

                
    
    Subscribe to this journal
Receive 51 print issues and online access
$199.00 per year
only $3.90 per issue

Learn more



Rent or buy this article
Prices vary by article type
from$1.95
to$39.95
Learn more



Prices may be subject to local taxes which are calculated during checkout



  

    
    
        
    Additional access options:

    	
            Log in
        
	
            Learn about institutional subscriptions
        
	
            Read our FAQs
        
	
            Contact customer support
        



    

                
                    Figure 1: 
                        The five Platonic solids and the 13 Archimedean solids.
                      


Figure 2: 
                        Sequential changes of a four-particle packing configuration according to the design variables in the ASC algorithm.
                      


Figure 3: 
                        Portions of the densest packing of tetrahedra obtained from our simulations, and the optimal lattice packings of the icosahedra, dodecahedra and octahedra to which our simulations converge.
                      


Figure 4: 
                        Comparison of the densest known lattice packings (blue circles) of the Platonic and Archimedean solids 
                        16,17,18
                         to the corresponding upper bounds (red squares) obtained from bound (3).
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        Editorial Summary
Platonic affairs: packing the Platonic and Archimedean solids
Models based on knowledge of the geometry of dense particle packing help explain the structure of many systems, including liquids, glasses, crystals, granular media and biological systems. Most previous work in this area has focused on spherical particles, but even for this idealized shape the problem is notoriously difficult â€” Kepler's conjecture on the densest packing of spheres was proved only in 2005. Little is known about the densest arrangements of the 18 classic geometric shapes, the Platonic and Archimedean solids, though they have been known since the time of the Ancient Greeks. Salvatore Torquato and Yang Jiao now report the densest known packings of the 5 Platonic solids (tetrahedron, cube, octahedron, dodecahedron and icosahedron) and 13 Archimedean polyhedra. The symmetries of the solids are crucial in determining their fundamental packing arrangements, and the densest packings of Platonic and Archimedean solids with central symmetry are conjectured to be given by their corresponding densest (Bravais) lattice packings.
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