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Resonance of vector vortex beams
in a triangular optical cavity

L. M. Rodrigues?, L. Marques Fagundes!™, D. C. Salles*?, G. H. dos Santos’*, J. M. Kondo?,
P. H. Souto Ribeiro?, A. Z. Khoury? & R. Medeiros de Araujo?

We experimentally demonstrate resonance of first-order vector vortex beams (VVB) with a triangular
optical cavity. We also show that, due to their symmetry properties, the VVBs commonly known as
radial and azimuthal beams do not resonate at the same cavity length, which could be explored to
use the triangular resonator as a mode sorter. In addition, an intracavity Pancharatnam phase shifter
(PPS) is implemented in order to compensate for any birefringent phase that the cavity mirrors may
introduce.

Light beams with orbital angular momentum are also called vortex beams. Paradigmatic vortex beams are the
Laguerre Gaussian modes'. However, other kinds of vortex beams came up along with the development of
sophisticated optical approaches for generating, manipulating, and analyzing light fields*-. In fact, it was found
that it was possible to construct stable optical modes for which the polarization varies across the plane transverse
to the propagation direction®'2 To this kind of light beams was given the name Vector Vortex Beams (VVB)".
More than being a very curious type of structured light, it has been shown that they exhibit nonseparability for
polarization and spatial modes'*" and there are several practical applications for them?-2.

In most studies and applications, it is necessary to identify, measure or sort out vector vortex modes and
several methods have been developed so far'®***, Among these tasks, the hardest one is the realization of a mode
sorter that could separate different vector vortex modes without destroying or even without imposing strong
losses to them. This is a relevant task, because these beams have a considerable potential for the implementation
of quantum communication schemes using single photons and squeezed light*'-**. For vortex scalar beams, mode
sorters have been developed based on conformal transformations® and optical cavities®®’.

Here, we take a step forward in the development of a triangular optical cavity that may work as a VVB mode
sorter. First, we experimentally demonstrate resonance of VVBs within such cavity, introducing what we call an
intracavity Pancharatnan Phase Shifter (PPS). Then, we demonstrate that two different types of VVB, namely
radially and azimuthally polarized beams, resonate for different cavity lengths due to their symmetry/antisym-
metry properties. Consequently, in principle, they can be sorted using such a cavity, provided it is kept in reso-
nance with one of them. The scheme, explored here in a proof-of-principle experiment, represents a promising
tool that could be very helpful in building quantum communication networks based on vortex vector beams.

Optical cavities and first-order vector vortex beams
An optical cavity is an interferometric device that fold a light beam over itself to achieve resonance (constructive
interference). The resonance condition is that the phase acquired by the beam after a cavity roundtrip is a multiple
of 27. This phase depends on a list of factors. The two main factors are: i) the ratio between the roundtrip optical
length L and the wavelength 4 of light and ii) the beam spatial properties.

Mathematically, the phase accumulated over a cavity roundtrip can be written as a sum of contributions:

AQcay = kL + A¢Gouy + Adm, (1)

where k is the wavenumber; Adgouy is the Gouy phase®®, which plays an essential role in paraxial beams; and
A¢w is the phase the mirrors may introduce in the beam, all summed up.

Hermite-Gaussian beams (HG,) and Laguerre-Gaussian beams (LGyp) constitute two different and inter-
esting bases to describe the propagation of paraxial beams. The mode order (N = m + nor N = |[¢| 4 2p) and
the Rayleigh length z determine the amount of Gouy phase a beam will accumulate over a certain propagation
distance z.
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The first-order Hermite-Gauss modes (HG1p and HGy;) accumulate the same phase after a roundtrip in a
linear cavity composed of two mirrors, since these modes have the same Gouy phase. Therefore, they are resonant
for the same cavity lengths and any superposition of them is transmitted by the output port of such cavity®.
However, this is no longer the case for a triangular cavity composed of three mirrors, as we have shown in a
previous experimental work®. This type of cavity discerns optical modes based on their spatial symmetry. The
explanation follows bellow.

Take z as the coordinate along the optical path inside the cavity and x as the transverse coordinate whose
axis is parallel to the incidence plane. A reflection causes the z axis to invert its orientation (see Fig. 1a). So, if
the beam’s coordinate system is to keep its handedness, the x axis must also change orientation. In this scenario,
a reflection can be computed as a sign change in the horizontal coordinate and on the horizontal unit vector:
x — —x, X — —x*. The result is that a single reflection on a mirror leaves the HGy; mode unchanged, while the
HG 9 mode (the one with horizontally placed lobes) gets a minus sign, which is equivalent to a 77 phase. This hap-
pens because the electric field of the HGjp mode is an odd function on the variable x: the mode is antisymmetric.
Therefore, in a triangular cavity, the three mirrors add no extra phase to HGoj and a 7 phase (=37 mod 27) to
HGo. When one solves the resonance condition A¢c,y = 27 using equation (1) to find the resonance lengths,
a7 shift in A¢ym corresponds to a 4/2 shift in L. In conclusion, the resonance lengths for HGo; and HGo should
be separated by exactly half a wavelength.

When referring to paraxial beams, spatially homogeneous polarization is generally implicit. In this work,
however, we are interested in the first-order Vector Vortex Beams, modes with inhomogeneous polarization
profiles which are generated by linear superpositions of first-order Hermite-Gauss modes with orthogonal linear
polarizations®. Figure 1b illustrates this concept with the two cases we address throughout this paper: the radially
polarized beam and the azimuthally polarized beam.

The discussion about reflection symmetry can now be extended to VVBs. Let us first analyze the matter by
decomposing the VVBs as in Fig. 1b. The complex amplitude of the radial and azimuthal modes can be written,
respectively, as

A" = HGy, j + HGyo %, (2)

A%M — HGo, % — HGyo . (3)

This shows that a single reflection will make A — A4 and A% — — A%%M — T A9%iM The same conclusion
may be drawn by analyzing the full polarization structure of the radial and azimuthal modes, which are sym-
metric and antisymmetric, respectively (see Fig. 1c). This 7 phase difference leads to distinct resonance lengths
for radial and azimuthal modes, exactly as discussed in the previous example (HGo, versus HGo).

Thus, a cavity with an odd number of mirrors is able to distinguish between radial and azimuthal beams,
in the sense that they don’t resonate simultaneously: whenever the radial beam is resonant (transmitted), the
azimuthal beam is out of resonance (reflected). This is the case of a triangular cavity and that is precisely what
we demonstrate experimentally below.

Geometric phases
Before diving into the experimental apparatus, it is worth presenting the concept of geometrical phases, which
will be used to our advantage to ensure VVB resonance in the triangular optical cavity.

The notion of geometric phases was first introduced in the seminal work by Pancharatnam in 1956* in con-
nection with cyclic transformations in the polarization state of a light beam. These cyclic transformations can
be viewed as closed trajectories in the Poincaré sphere representation of the polarization state. The geometric
phase acquired in the cycle is equal to half the solid angle €2 enclosed in the sphere and became known as Pan-
charatnam phase.
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Figure 1. (a) Inversion effect of the x-axis on the horizontal polarization (parallel to the plane of propagation)
of abeam. (b) VVB decomposition in the hermite-gaussian basis. First line: radial beam as in Eq. (2); second
line: azimuthal beam as in Eq. (3). (¢) Symmetry and antisymmetry of radial and azimuthal VVBs upon
reflexion.
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From a historical perspective, geometric phases have also been found in quantum systems. In 1984, Sir
Michael Berry demonstrated their appearance in the adiabatic evolution of a quantum system state vector*?
and this feature eventually became known as Berry phase. Later, this concept was extended to nonadiabatic
evolutions*. Geometric phases were shown to be a useful tool for quantum computation, where a conditional
phase gate was demonstrated in both nuclear magnetic resonance* and trapped ions®.

The Pancharatnam phase has also been demonstrated in the context of cyclic transformations on the trans-
verse mode of a paraxial laser beam*®*. Besides its intrinsic beauty, the Pancharatnam phase has proved to be a
useful tool for controlling the phase of a laser beam. Recently, it has been used to control the phase of an atom
interferometer*.

In our experiment, we apply the concept of geometric phase in the same context originally proposed by Pan-
charatnam, namely the polarization of light. We develop a tool that we call Pancharatnam Phase Shifter (PPS)
and insert it inside the optical cavity in order to compensate for an unexpected polarization-dependent phase
induced by the cavity mirrors. The reader will find in section “Results and Discussion” a detailed explanation on
how the PPS works and what it is constituted of.

Experimental setup

The experiment described in this section was designed to test VVB resonance in a triangular optical cavity. In
addition, observing the radial and azimuthal beams resonating in distinct cavity lengths would confirm the
influence of the beams symmetry on the resonance length, predicted in previous section.

Figure 2 illustrates the experimental setup, which uses a homemade extended-cavity diode laser at 780 nm
as the light source. A pinhole at the Fourier plane cleans the beam’s spatial mode and a Spatial Light Modulator
(not shown in the figure, for compactness) is used to finely adjust mode matching.

Once mode matching and beam/cavity alignment are optimized for a zero-order gaussian beam, a Vortex
Wave Plate(VWP10-532 m = 1, Thorlabs) is placed and centered on the optical path between the SLM and the
mode matching lenses, with its fast axis aligned with the vertical. This VWP is a commercial wave plate that can
be effectively understood as a “mosaic” of minuscule half-wave plates (HWP) with different orientations 6 that
equal half the azimuthal angle at the VWP plane. Also, a HWP is placed before the VWP to control the input
polarization, determining which VVB is produced. If the input linear polarization is vertical (horizontal), a radial
(azimuthal) beam is produced. A varying HWP angle will produce a superposition of radial and azimuthal with
varying weights.

The generated VVB is then sent to the triangular cavity, composed of two identical partially reflective plane
mirrors (R =96% and 82% for s- and p-polarization, respectively) and a concave mirror of high reflectance and
a200-mm radius of curvature. The cavity length (approximately 300 mm, roundtrip) is micrometrically scanned
at ~10 Hz using a piezoelectric transducer glued to the concave mirror and the resonance peaks are observed
with an oscilloscope. Half of the cavity output intensity is sent to a simple webcam, in order to check the beam
profile of the transmitted beams, peak by peak.

As will be discussed in the following section, resonance of VVB with our empty cavity was only nearly
achieved, which prompted us to explore the insertion of a phase compensation system inside the cavity.

Results and discussion
As discussed in Section Optical Cavities and First-order Vector Vortex Beams, the resonance of a first-order
VVB beam is achieved if its Hermite-Gaussian components resonate simultaneously within the cavity. In the
case of a radial (azimuthal) beam, these components are the modes HG1 X and HGo; y (HG1o y and HGy; X).
In Fig. 3a, we can observe the intensity transmission of the cavity with respect to its length when a radial
beam is sent as an input. The graphic shows two main resonant peaks separated by a wavelength 4 and small
resonant peaks caused by spurious mode components populated at the VVB production with the vortex plate.
As we zoom in at the peaks we notice a slight, although unambiguous, peak asymmetry, suggesting that polariza-
tion components H and V do not resonate simultaneously. Indeed, a clear signature of this resonance splitting is
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Figure 2. Experimental setup. HWP: half-wave plate; VWP: vortex waveplate; BS: beam-splitter; PD:
photodiode; PZT: piezo actuator.
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Figure 3. Resonance peaks of a radially polarized beam for (a) an empty cavity and (b) for a cavity with
Pancharatnam phase shifter (PPS); (c) Resonance peaks for a spirally polarized beam, which is decomposed (d)
into a sum of a radial beam with an azimuthal beam. The origins of the horizontal axes are arbitrary and may
drift from one graphic to another.

the fact that this peak may be decomposed into two displaced peaks with distinct widths (attesting for distinct
finesses). We have fitted the asymmetric peak to a sum of two displaced lorentzian functions. The fitted displace-
ment obtained with this technique was (0.016 £ 0.001) x 4, so that the measured splitting lies around ~ 1/60
in cavity length, or & 27 /60 in accumulated roundtrip phase.

This phase shift ¢ ~ 27 /60 was unexpected. A simple explanation for it could be a modest birefringence
on the thin films of the dielectric-coated cavity mirrors. In order to compensate for this phase shift and achieve
simultaneous resonance of H and V components, we put a set of three waveplates (QWP + HWP + QWP) in the
intracavity path, as shown in Fig. 4a. This setup introduces an adjustable geometric phase to each polarization
component without changing their direction, as explained below.

In our experiment, we compensate the relative phase acquired by the orthogonal polarization states in a cavity
roundtrip, by introducing a Pancharatnam phase shifter (PPS) formed by a sequence of a quarter-waveplate fixed
at 45°, a half-waveplate oriented at a variable angle ¢, and another quarter-waveplate fixed at 45° placed inside
the ring cavity. The crossed-polarized beams undergo cyclic polarization transformations as they pass through
the phase shifter. Figure 4b illustrates the transformation undergone by polarization H. It corresponds to a closed
path in the Poincaré sphere with solid angle Q = 4¢. The acquired Pancharatnam phase should be therefore
8on = /2 = 2¢. Polarization V acquires the same phase, but with opposite sign, by tracing a mirrored path at
the other side of the sphere: §py = —Q/2 = —2¢.

In this manner, we were able to compensate for the cavity phase shift, by tuning the value of ¢ with the half-
waveplate. The results of phase compensation for the radial beam are shown in Fig. 3b, where the resonance peak
is no longer asymmetric. This is the first indication that we have achieved resonance for the radially polarized
VVB in a triangular cavity.

The graphic in Fig. 3¢ shows that the radially and azimuthally polarized beams indeed resonate separately,
i.e. at distinct cavity lengths, since they are symmetric and antisymmetric, respectively (see Fig. 1b). This graphic
was obtained by sending a spirally polarized beam (Fig. 3d) to the cavity, which is a superposition of radial and
azimuthal modes with same weights. This superposition is produced by sending a diagonally polarized gaussian
beam to the VWP.

In order to prove the resonant beams maintain their vectorial features after passing through the cavity, we
captured their intensity profiles using a webcam and further analyzed their projections onto horizontal, diagonal,
and vertical polarizations. This analysis was conducted by placing a polarizer at various orientations in front
of the webcam. Although we do not have a locking system in place yet, the cavity is stable enough to manually
keep it nearly in resonance for a few seconds while taking the pictures of the transmitted beam. The results are
presented in Fig. 5, confirming our hypothesis. For instance, Fig. 5¢c shows the projection of the transmitted
radial beam onto the diagonal polarization, which corresponds to a first-order hermite-gaussian beam with lobes
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Figure 4. (a) Effect of the intracavity phase adjustment on the resonance of horizontally and vertically
polarized zero-order gaussian beams. In the vertical axis, H-V1 stands for the position of the H peak relative to
the position of V1 peak (and similarly for V2). (b) Pancharatnam phase. First QWP at 45°: H—R. HWP at angle
¢: R—L, dashed line. Second QWP at 45°: L—H.
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Figure 5. Intensity profiles of output resonant VVB beams. (a) Transmitted radial beam and (b)-(d) its
projections onto horizontal, diagonal (4+-45°) and vertical polarizations; (e) Transmitted aZlmuthal beam and
(£)-(h) its projections.
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aligned to the diagonal, whereas the azimuthal beam, when projected onto the same direction, displays a mode
oriented along the antidiagonal (Fig. 5g).

We can note a slight deviation of the images shown in Figs. 5¢ and 5g from pure rotated Hermite-Gaussian
modes, probably due to a small unbalance between the losses on the horizontal and vertical polarization com-
ponents of the VVBs.

Conclusion

We have demonstrated that first-order vector vortex beams (VVB) resonate with a triangular optical cavity, even
though they display non-uniform polarization. From a theoretical point of view, this fact becomes evident when
one looks at the Hermite-Gauss decomposition of 1st-order VVBs.

Experimentally, we have learned that an intracavity phase compensation may be necessary, depending on
the dielectric mirror’s features. In our experimental setup, we have observed a small unexpected displacement
between horizontal and vertical resonance peaks, in addition to the expected displacement of half a free spectral
range due the odd number of mirrors in the cavity. We hipothesize that this small displacement is due to the
birefringence of dielectric thin layers that constitute the cavity mirrors (as in Ref.*).
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In order to compensate for this extra phase difference and ensure VVB resonance, we introduced a set of
waveplates inside the cavity that adds an adjustable geometric phase, also refered to as Pancharatnam-Berry
phase?!. We call this device a Pancharatnam phase shifter (PPS). Design improvements may be implemented in
order to customize this device for future applications, making it more compact or mechanically robust.

Finally, we note that 1st-order VVB resonance should also occur for a linear cavity, although this has not
been experimentally demonstrated in this paper. We highlight, though, that the triangular cavity has the unique
feature of resonating with radial and azimuthal VVBs for distinct cavity lengths, suggesting this cavity could be
used as a mode sorter for VVBs. The efficiency of this mode sorter is still to be assessed experimentally in future
works, by electronically locking the cavity length on resonance and measuring the transmitted and reflected
powers for each VVB input mode. Such a mode sorter, if/when available, could find applications, for example,
in alignment-free Quantum Key Distribution protocols which uses vector vortex modes to construct mutually
unbiased bases®>**°!,
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