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Published: 03 April 2017 In this work we derive an effective Hamiltonian for the surface states of a hollow topological insulator
(T1) nanotube with finite width walls. Unlike a solid Tl cylinder, a Tl nanotube possesses both an inner as
well as outer surface on which the states localized at each surface are coupled together. The curvature
along the circumference of the nanotube leads to a spatial variation of the spin orbit interaction field
experienced by the charge carriers as well as an asymmetry between the inner and outer surfaces of the
nanotube. Both of these features result in terms in the effective Hamiltonian for a Tl nanotube absent
in that of a flat Tl thin film of the same thickness. We calculate the numerical values of the parameters
for a Bi,Se; nanotube as a function of the inner and outer radius, and show that the differing relative
magnitudes between the parameters result in qualitatively differing behaviour for the eigenstates of
tubes of different dimensions.

Topological insulators (TI) are an emerging class of materials which have attracted much attention due to the
° unique properties of their surface states'. In particular, topological insulator thin films have been studied by
. various authors®™. A key feature that distinguishes a TI thin film (Fig. 1 top) from a TI slab of semi-infinite
. thickness is that there are now two surfaces, which we label as the top and bottom surfaces, each of which admits
states localized at the respective surfaces. The finite thickness of the films leads to a coupling between the top and
bottom surfaces. The states localized on the top and bottom surfaces are not independent of each other but are
correlated, for example by the boundary condition that their wavefunctions have to simultaneously vanish at both
surfaces.

We now ask the question of what happens when we introduce curvature into the system by considering the
specific example of a TI nanotube (Fig. 1 bottom) with walls of finite uniform thickness and its axis parallel to
the quintuple layer normal. The study of curvature in TI thin films is motivated by the fact that strong spin-orbit
coupling in T systems enables the control of either one of the spin or momentum degrees of freedom to control
the other. One way of manipulating the momentum direction of the charge carriers is to confine them to move on
curved surfaces so that the momentum direction of the charge carriers changes as they move along the surfaces.
The manipulation of spin by curvature in curved TI systems gives rise to interesting effects that may be of tech-
nological application. For example, we showed in an earlier paper® that in solid TI cylinders (which have only an
outer surface), an anomalous magnetoresistance behavior emerges in the transmission between two TI cylinders
magnetized in different directions perpendicular to the cylinder axis because of the position dependence of the
spin orbit interaction field around the circumference of the cylinder.

Whereas TI systems with various novel curved geometries including spheres”?, funnels'® and hyperbolic
curves'! have been studied previously there has, to the best of our knowledge, been no previous studies of TI
systems where geometrical curvature and multiple coupled surfaces are both simultaneously present. In a TI
nanotube the presence of both an inner and outer surface results in an additional degree of freedom which can be
related to which of the two surfaces a surface state is localized at. This additional degree of freedom yields richer
physics for the TI nanotube system compared to the solid TI cylinder system'>~'” without the central hole.

Compared to the flat film (Fig. 1 top), the nanotube has two main differences. First, the breaking of the sym-
metry between the inner and outer radius of the cylinder leads to the emergence of terms in the Hamiltonian
which cancel out and vanish on the flat slab. Second, the SOI field on a TI surface lies tangential to the surface.
The presence of curvature leads to a position dependence of the SOI field on the angular position along the
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Figure 1. A section of a flat T thin film of width W (top) and a TI nanotube of thickness W and inner
radius R; (bottom). The flat thin film on the top extends to infinity along the y and z directions and has finite
thickness along the x direction. The nanotube section extends to infinity in the z direction and has finite
thickness along the radial r direction. The orange colored segments represent schematically the regions where
the surface states considered in this paper are localized around. The infinitesimal cross section elements
illustrate that whereas the flat thin film is isotropic across the thickness for a dy slice, there is an asymmetry
between the inner and outer radius of the nanotube for a d¢ slice.

circumference of the tube. Both of these manifest as the emergence of more terms in the effective surface state
Hamiltonian for the surface states of a TI nanotube, whose derivation will be the main focus of this paper.

In this paper we derive the effective Hamiltonian for the surface states of a Bi,Se; TI nanotube. We also derive,
in parallel, the corresponding effective surface state Hamiltonian for a flat TI thin film. The comparison between
the two illustrates the effects of curvature in a TI thin film. To further elucidate the properties of the cylinder sur-
face states we next calculate the lowest energy eigenstates for some values of the nanotube wall thickness W and
inner radius R; using the derived effective Hamiltonian.

The Liu 4-band Hamiltonian
Our starting point is the effective four-band model Hamiltonian of Liu et al.'® which describes both the bulk and
surface states of the BiSe family of topological insulators near the k-space I" point. The Hamiltonian reads

Hyp = (Co+ Ck + Ckf)
+ (Mg + Mk? + Mok{)Ts + BTk,
+ A(Flky —Ik,) (1)

where

P120x®t1>F2:Uy®t1>
F3:0'Z®tl,F4:H0®t2,F5:HU®t3)

and kHZ = k? + k. The ’s can be interpreted as describing an orbital degree of freedom and the o’s the real spins.
Our approach for both the flat film as well as nanotube follows that of Lu et al.*. We separate Eq. 1 into two parts-a
‘perpendicular Hamiltonian’ Hy, | containing constant terms and derivatives perpendicular to the two surfaces,
and the remaining ‘parallel Hamiltonian’ H,p, containing derivatives tangential to the two surfaces. We first
solve for the energy eigenstates of the perpendicular Hamiltonian that decay exponentially away from the two
surfaces. These states are hence localized around the surfaces and represent the surface states which we seek. The
effective Hamiltonian for the surface states are then obtained by treating H ) as a perturbation to H,p ;. The
localized eigenstates of H,p) | are at least two-fold degenerate due to spin degeneracy. Consistent with standard
degenerate perturbation theory, treating H,5 as a perturbation amounts to projecting H,p, in the basis of the
degenerate eigenstates of Hyp | .

Perpendicular Hamiltonian

Flat Tl thin film. We first consider the flat TT thin film, for which some analytic expressions can be obtained.
We shall later see that the localized perpendicular Hamiltonian eigenstates of a TI nanotube can, to a very good
approximation, be related to those of the flat film. To make a fair comparison with the TI cylinder with axis along
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the z direction, we consider a flat TI film with its normal along the x direction so that in both of these systems,
we have one direction on the surface parallel to the TI quintuple layer plane and an orthogonal direction on the
surface perpendicular to the quintuple plane. Note that this differs from the usual flat TT thin films considered in
earlier works where both in-plane directions are parallel to the quintuple plane.

Hyp,, in the flat thin film containing constant terms and the x derivatives reads

Hypy, = Co + Cok; + Agk,t,o, + Mt, + Mt k2. )

The real spin degree of freedom is diagonalized by the eigenstates of o, which we denote as|+0 )
For the|+, )0 ) States (the (0,) subscript indicates that the + pertains to the o, degree of freedom in order to

distinguish thlS from the other #s which will occur later), we have
Hipy [ £ )0,) = [F0)0,) (Co + Coki £, ) Agkyt, + Mt + Myt ky). 3)

Since we are looking for localized states, we search for states with the form of exp(\x), so that k,— —i\. For a
given eigenenergy Ej, diagonalizing Eq. 3 and equating the eigenenergies with E;give an quadratic equation in A%
Denoting the two solutions of the quadratic equation as )\izm, we have

2 1 2
Mo T g 00 20 MM,

£(Ag + 4CM — CoM, + E M)’
1
+ A (—4C,C, + 4C,E; + 4MM,))2) @

We seek linear combinations of these exponentials which disappear simultaneously at the two surfaces at
x=2xW/2. Two such linearly independent combinations are

_ cosh(A x) __cosh(A x)
o cosh(A,W/2)  cosh(A_W/2)
sinh (A, x) sinh(A_x)

~ sinh(A\,W/2)  sinh(A_W/2)’

The f, has even parity whereas f_ has odd parity. In order to diagonalize Eq. 3 for each of the two values of
4, y=-1or —1, we only need to consider (in the usual Pauli matrix representation of t, = ((1) (1)) the following
Y

f+ f,
Xi"y c_ = f - C+:t f

Substituting, for example, i into (H, (4B),L — E f) X . = = 0 gives a set of 2 equations which contain hyper-

combinations

bolic trigonometric functions of x but which should nonetheless give 0 everywhere independent of the value of x.
This indicates the coefficients in front of the various hyperbolic trigonometric functions should go to 0. Thus,
setting the coeflicient of cosh(\,x) in the upper component of (H — E 7 X, =0 to 0 gives one expression for

o, while setting the coeflicient of cosh(A_x) to 0 gives another expression for o, . Imposing the condition

that these two expressions for¢_ -, agree yields the equation

(Co— E;+ M= (C, + M)AD)A_ tanh(WA,/2)
(Co— Ef+ M — (Cy + M)A?)A, tanh(WA /2) 5)

This is essentially a transcendental equation in E;due to the E; dependence of X . v1a Eq. 4. The equation can
be solved numerically. Equation 3 from which the equation is derived differs only in the sign of the A, term for the
two possible values of +(,). Ay however does not appear explicitly in Eq. 5 above and only appears in even powers
in the \ T The Xs, states are thus degenerate. We denote the energy of these states as E,.

Once we find an energy where the values of ¢_ . - calculated from the equations resulting coefficients of

cosh(A, | x)agree, we can use either expression to obtain the value of C-io, . A similar procedure can be applied
on(H — E Py =0to obtain the corresponding eigenenergy E,, and elgenspmor
%y

Cylindrical nanotube. We now proceed to derive the perpendicular Hamiltonian for the TI nanotube. Our
nanotube has infinite length along the z direction and finite thickness along the radial direction, so that the ana-
logue here to k, for the perpendicular Hamiltonian of the flat film Eq. 2 is —i0,. The perpendicular Hamiltonian
contains only constant terms and derivatives perpendicular to the surface so we set k, =0 here, treating the terms
containing k, as perturbations to be considered later. We rewrite Eq. 1 in cylindrical coordinates using
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hyleV 0.1838 0.1837 0.1895
haleV 0.004627 —0.004387 —0.01173
hyleV 9.179x107° | —1.087x10°* —0.00159
haleV 7.714x 107° —7.836x 107 | —9.181x 107°
hy,leV 2519x107* | —2.333x10°* —0.002052
hy/eV —3.366x 107 | —3.118x10~* —0.002742
h,/eV 0.004627 —0.004387 —0.01173
hy./ev —9.179% 1075 | 1.087 x 10~* 0.00159
h../leV —1.517x 1077 2.59x 1078 7.765 % 1077
VenleV —0.001133 —0.00105 —0.009231
VeyleV —1.836x107* | 2.174x107* 0.00318
VoaleV 3325x107°¢ | —2.425x 1077 559 x 1077
Vul€V —8.396x107° | 7.778 x107° 6.84x 1074
vadeV 0.001806 0.001673 0.01472
Vol eV 0.009254 —0.008774 —0.02346
VeyeleV 1.836x107* | —2.174x 107* —0.00318
VouleV 8.143 x 1077 —1.39x107 | —4.167x10°¢
ponleV 0.001133 0.00105 0.009231
HopleV 1.836 x107* | —2.174x 10°* —0.00318
HoaleV 5.108 x 1077 —872x107% | —2.614x10°°
V,pl€Vnm —0.001875 —1.841x107* | —1.859x 10°*
Ho/eVnm? 0.01054 0.01054 0.01054
Ha/eVnm? 4.157 x 107 —4.08x107° —4.12x107°

Table 1. A listing of the values of the various parameters for three TI nanotubes of different dimensions.

k2 + kj S (af +19, + izaé) = V? , (we included the r¢ subscript in the V? to distinguish it from the full
r r
Laplacian operator which has an additional & term), as well as k,=—id, = —i gié'r + ‘Zﬁa » ) and its analog
X X
for k,. Denoting the cylindrical coordinate version of H,p as Hp,, With cy for cylindrical, we have at k,=0,

k
Hypy ok, = 0) = I,(Cy — C,V7,) + Ml t, — Ml t.V7, + A[artx% - U¢txk,] ©

wherek, = —i0, andk, = —id,.
This has a Aot.k, term which goes into our expression for Hyp ., but is inconvenient because

o, = —sin(¢)o y+ cos(¢) o, is dependent on the ¢ coordinate. For later convenience, we therefore first diago-
nalize the spin degree of freedom by performing the unitary transformation
g L[ 1 !
A2 i exp(ip) — i exp(i) (7)

so that
Ulo,U=5,Uc,U=5,U'c,U=5,

Mathematically, the unitary transformation corresponds to a rotation of the spin axes so that the &, now
points along the o, direction. For convenience we call the & the ‘rotated frame, and the frame before the rotation
the ‘lab frame’ The tilde on the operators on the right hand side reminds us that while the numerical representa-
tion of the operators are the same 2 by 2 numerical matrices as the usual Pauli matrices, they are to be understood
to be operators in the rotated frame. U does not commute withk, = —i0,; so that on performing UH,j, LU we
have additional terms emerging from the k, terms. We have, for the term in H,p, ., containing k, and k,,

Uta ks kluwy = At @k, + U i0,U .k,
T =0tk [UE) = 2,0k + U0 (<i0,U) 1o k) 9)

A i 1
= —t,|5,k —[rk ——]5 + =7,||¥).
’ x[ o r 2 z 2 y ‘ ) ( 8)
The emergence of the imaginary — %Uz term may seem alarming. This term is, however, a necessary ingredient
in ensuring that the perpendicular Hamiltonian in cylindrical coordinates is Hermitian. The standard criteria for

SCIENTIFIC REPORTS | 7:45350 | DOI: 10.1038/srep45350 4



www.nature.com/scientificreports/

0.184 . . ; ; ; :
0.1838 i
0.1836 g: {gonnm,;) .

E, (5nm)
0.1834 E, (50 nm) 1
0.1832 -

3 0.183 i
0.1828 i
0.1826 i
0.1824 i
0.1822 E

0.182 . . . .
1 25 30 35 40 45

W/ nm

Figure 2. E;and E, as a function of the nanotube width W for two different values of R;=5nm and 50 nm
as indicated in the legend.

an arbitrary operator O being Hermitian is that for|¥) and |®) being arbitrary states, (¥|O|®) = (®|O|¥)*. I
cylindrical coordinates, this becomes f drd¢ r&*OP = f drd¢ r®*OV in which there is an additional factor of
r in the integrand. According to this criteria, —i0, by itself is not Hermitian, but —j 0, + —) is. (The additional
2_ isin fact 9, In ./g, g being the determmant of the metric tensor. ) A physical Hp) | ., hence has to contain

(8 + ) rather than —id,. The — 70 term that appears thus gives the desired combination of —i (6 + )
required for Hermitricity. The umtary transformation also gives an additional factor of £ 1O which we w1ll
exclude from the perpendicular Hamiltonian, and account for later in the parallel Hamiltonian. (The reason for
deferring the treatment of this term to the parallel Hamiltonian is because there is a matching term with the same
form in the parallel Hamiltonian so that it mathematically neater to combine these two terms together).

Performing the unitary transformation on Eq. 6 gives a block diagonal matrix with the upper diagonal block
acting on the (lab frame) spin +o states, given by

1 . 1
H, ., = Col,+ M, — [83 + —6,] (C,I, + t,) + At,i [8, + —] ©)
/ r r

and a lower diagonal block H | _, acting the spin —o, states. The lower block is related to the upper block via
H, , = =UH,, U/ fwithU’ = U’" = o,. U introduces a net 7 phase difference between the +t components
of the eigenstate. Th1s is in direct analog to the| (p_ay> and|y ) states for the flat thin film differing from|¢ +ay>
and X,y ) respectively by having a net phase difference of ™ between the £t components.

Equation 9 does not admit a simple analytic solution. We thus find the eigenstates of Eq. 9 numerically, and
employ the unitary transform U’ to obtain the eigenstate of H | -, from the eigenstate of |, - For all the
numerical results which follow, we use the material parameters for Bi,Se; from ref. 18.

Relationship between flat film and nanotube perpendicular Hamiltonian eigenstates. The
eigenstates of H, ,  in the large r limit are approximately related to those of the perpendicular Hamiltonian for
a flat thin film, Eq. 3,in the following sense. Let us denote the wavefunctlon of an eigenstate of Eq. 9 as ¥ so that
H, a¢¢ Ei. Dropping the termsin H | o in Eq. 9 proportional to 1 —we have

H, . (V79) = (Col, + Myt, — (OH(C,I, + t) + At i(D,))(JTh).

This corresponds to H, for a flat TT thin film, Eq. 3, with the identification of 9, — 0,. We also have, dropping
terms with inverse powers of r larger than 1/2,

HL,+%(4/71/)) = ﬁHL,Jr%’I/) (C,I, + Myt, )[ —5Y + _¢’] + ﬂ o,

241
~ ﬁHLHme
= E(Y).

The eigenstates of the cylindrical perpendicular Hamiltonian multiplied by /7, are thus approximately the
eigenstates of the flat perpendicular Hamiltonian of the same thickness and have approximately the same eigene-
nergy. These approximations are ultimately justified by a comparison between the exact wavefunctions obtained
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Figure 3. The numerical values for some of the parameters in Eq. 12 as a function of the nanotube inner
radius and width.

by solving Eq. 9 explicitly multiplied by /7, and the wavefunctions for a flat thin film of the same width. A visual
inspection (not shown) indicates that the wavefunctions cannot be distinguished apart by eye, even for the small-
est value of R;=5nm and cylinder wall width W=100nm considered in this paper. We hence borrow the nota-
tion of |<pi0 )and |y ) to denote the eigenstates of the cylindrical perpendicular Hamiltonian whose

wavefunctlons multlplled by /7 resemble those of the flat thin film |, ) and |y, )respectively.
The eigenenergies of | to, yand|y, > states, which we also label as E and E regpectively, are shown in Fig. 2

for the smallest and largest values of R, considered here. The energies are, to a good approximation, independent
of R; and equal to the corresponding eigenenergies for the perpendicular Hamiltonian eigenstates of the flat thin
ﬁlm.

The close resemblance between the eigenstates of the flat and curved perpendicular Hamiltonian is perhaps
unsurprising. The neighborhood of a point on the surface of a cylinder tends to that of a point on a flat surface in
the limit  — co. The combination +/71) appears in the calculation of expectation values in cylindrical coordinates.
In calculating the integral in the expectation value (¥|O|®) f dr r¥*0®, the factor of r can be split between
the |¥) and |®) wavefunctions as = f dr (J/7U*) O(/7®). This resembles the corresponding integral in a flat sur-
face f dy "0’ with the identification of y — 7, ¥’ — /7¥ and ¢’ — /7 P.

Parallel Hamiltonian
The parallel Hamiltonian for the TI nanotube Hyyp,, in the lab frame reads

k2 : k2 k¢

ztyto

In order to derive an effective Hamiltonian for the surface states, we now take the projection of Hyp),, with
respect to the four basis states |, %) and |y, ). The eigenstates of Hp,,, calculated numerically in the previous
section are in the rotated frame. We thus need to perform a unitary transformation on Hi,p, ., in order to take its
projection with the numerically calculated H,p,, | eigenstates. The resulting effective Hamiltonian is in the
rotated frame. We then perform the inverse unitary transformation to convert the effective Hamiltonian back to
the lab frame.

In the course of calculating the projections of Hg) ., on the basis states, we will be integrating out the factors
of L that occur in = 62 in the Laplacian operator, as well as in — 8 4 Counting the factor of \/g = r in the infinites-
imal cross section area element rdr as well, the integrands resultmg from terms not containing k, and k} 9 will
contain a factor of r, the k¢ terms will contain no factors of r while those from V? will contain a factor of 1. (In
contrast, for a flat thin film with normal in the x direction, the x coordinate does not appear explicitly as a multi-
plicative factor in any of the integrals.) The integrands containing a factor of r resemble the integrands occurring
for a flat film where the integrands have even or odd parity. The integrals with odd parity evaluate to 0. The inte-
grals containing other powers of r, do not obey these simple symmetry relations and do not cancel out exactly.
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Compared to the flat TT film, these additional terms give rise to more non-zero terms in the effective Hamiltonian
for the cylindrical thin film.

Besides the real spin degree of freedom represented by the 40, states, the two ‘types’ of eigenstates, | ) and| x),
lead to an additional two-state degree of freedom which we denote as 7 with 7, = |x) (x| — |¢)(¢|and analo-
gously for 7, and 7,. The +7,, 0, polarized state is thus %(| ) i%> + X, ))- In particular, a visual inspection
(not shown) of the 7; polarized wavefunctions indicates that 7, polarizatiorf carries the physical significance of
indicating whether the eigenstates are localized nearer the inner (+7,) or outer (—7,) radius.

Terms resulting from ¢ derivatives. Inrotating Hyp., to the lab frame, the terms containing k, do not

commute with U. We mentioned in the discussion following Eq. 8 that a part of the commutator between k; and

U went into contributing the L factor inside the —i (9, 4 * ) terms in the perpendicular Hamiltonian, and that the
r

remainder of the commutator isa —t 7, term. The latter has not been included in our Hp) ., and will be con-
sidered here. Putting this and the terms containing k,, together and projecting to our four basis states, we have, in
the rotated frame, the terms

k
Y)W slA| UL o U+ e |, ) (@,
=g,y r 2r
ss'=%

A 0)y ~ 0)y ~
- E(Re(M’gc he, 7, + Im(M )7, 7,)

A _ _ _
- 13((0;‘” + PO I, + (0 — POa, 7, + 2M' 05,7 )k,

where C(”) = fdr r X+a tX+a ,P( "= fdrr"go tiPio, andM(") = fdrr X+ tiPio, (‘C’P’and ‘M’ for chi,
phi and mixed respectlvely) We have also defined c'; o) = f drr X ox_, and the primed versions of Pand M

are defined analogously where the integrand contains a 4, bra and a Uo Ket. In deriving the above, we made
use of the fact that (®, O’¢|t |0, +0,) = —(P, +a¢|t |, —0 ) where ® and U can each be either one of p and
x and i=x, y. We shall in deriving the expressions encountered later, also make use of the identities
(@, +0yl0)®, +0,) = (P, —0,|0;|®, —o,)forj=1,z.

The terms containing V?* also do not commute with U due to the presence of the 762 factor. The
non-commutativity of Uand 8; leads to the emergence of terms proportional to 9, and constant terms The latter
terms do not completely disappear after taking their projections with the four basis states and rotating back to the
lab frame. The contributions of the parallel Hamiltonian terms containing V* will be listed in our final expression
for the lab frame effective surface state Hamiltonian Eq. 11.

Terms resulting from k,. The portions of the effective Hamiltonian containing k, share the same form for
both the cylindrical and flat thin films. We have, writing C, = Cz(l) for the cylindrical nanotube and
C, = fdxxly X, for the flat film,

> W s)(W, S| U(CT, + MLt k} +Bk,t, )UYW, s') (¥, s
U 0'=p,x
s,s'=+

~ Bk, (Re(M )57, — Im(M,)5,7,)
M M
71 (C,+P) + C|Ik} + 71 (C, = P)ILT k..

In writing the above, we used the approximation that /7 times the wavefunctions for the cylindrical system are
almost identical to the corresponding wavefunctions for the flat film. For the flat film, f dx f N f = 0,so that
terms which are proportional to it such as (y , ItyIX,, ) evaluate to 0. The absence of such terms is one of the
contributing factors to the relatively smaller number of térms containing k, compared to the terms containing k.

Since k, commutes with U, the unitary transformation of terms containing k, from the rotated frame back to
the lab frame can be accomplished by changing the real spin operators &, — o, for the nanotube without intro-
ducing any additional terms. The correspondlng terms for the flat T thin film are obtained by changing&, — o,

The terms containing k, and k in the flat thin film have a similar form to those containing k, and k; 2

S|P s (@, s|UGT, + M,I )k +Ak,t YU, o) (&, 5|
YW=,
s,s'=+

M M
~ AIm(M )0, 7k, + TZ(CZ + P,)) + C,|Lk; + TZ(C P)I,7k;.
Adopting the notation that &, are the terms independent of k which go with 7,04, v,,4, the terms which go
with k,730, and p1,,4, the terms which go with kiTﬁO' , the effective Hamiltonian for a flat thin film in the lab
frame (with a superscript of (f) added to h, v and ps to indicate that these are the parameters for a flat film) reads
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HY = hH(Hf)L + hz(]fI)Tz]Izr + ngrxaykz + v ok, + > (

yxz'x

2
/%Ef]U)I]I4 + MOEQITZHU)ka'

a=(z,y) (10)

The effective Hamiltonian for nanotube surface states is rather more complicated. Collecting all the terms
and dropping those terms which are, to numerical precision 0 in our parameter range, the effective surface state
Hamiltonian for the nanotube in the lab frame reads

1 - oy 1
H, = Z(2CZFIE+‘) + MY — iAFQ) + 2(E, + E ), + Z(—zzAOM';")rx
£2M,M 07+ QCETY + MF' Y — iAgF'Y + (E, — Ep)7)I
247z Ty 20 1— 2% z— 0" x— X PN
2 Cmr g+ L O, — 2
MMV 4 (—MECY 4 iAg P )7,

+%(M2(FZ(;” — FOL - MRe(MV)7 + My(E — FEO)m)ILK,
+ = 2o k) + HCE + MY

+MECY — A O, — 2iA,M' O, + 2MyRe(MS V)7, 4 (C,F Y
+MF' Y + MECY — iAF' 7)ok,

+§((c2 + MYFUL, — 2MM V7, + (C, + M)F )1k
+BOReMy(1)7;CU¢kZ

z— 'z

1
+=((MEL + 20D, + MFDT)E]
2 (11)
where we introduced the shorthand notation F/ f”i = '™ + P'{". Note that we written the term containing k,
and o, in the symmeterized form {v,, o,} because the two terms do not commute with each other. Using a similar
shorthand notation adapted in Eq. 10, the effective Hamiltonian for the nanotube can be written as

H = h]I]I]I4+ E ha]ITa]Io

a=(x,y,z)

+ h, 7.0, +

Z hazTaUz]

a=(Lx,y,z)

12 VearTalo + DL VeaiTa02

a=(L,y,z) a=(Lx,y,z)

F Vg Tk, + D (g lly + g LKL
a=(z,9) (12)

k¢ + V¢x,7'x{k¢, U,}

Some of the terms in Eq. 12 for the nanotube have direct analogs in Eq. 10 for the flat film. The terms contain-
ing the ps, hyp and h; are direct analogs, while VZ(Q k7,0, < v 4k 70, and v}(,QkyTxaz = Vy.k,7 0, Thelatter
two terms give the usual Dirac fermion Hamiltonian v (1"5 x fi) - o for T surface states and reflect the well known
fact that v has opposite signs for the two surfaces.

The terms which do not have analogs in between the flat thin film and nanotube, or which have additional
contributions in the nanotube, can be attributed to a combination of the position dependence of the surface nor-
mal 71 (which in affects the spin orbit interaction field) and the asymmetry between the inner and outer surfaces
of the nanotube. For example, the powers of r indicated by the superscript bracketed index n in F™, C™ etc. in
Eq. 11 in the h terms give an indication of where these terms come from. The terms with n= —1 originate from
the non-commutativity of k;/r2 in the Laplacian operator in Hy,cy with U, and those with n =0 from the
non-commutativity of k,/r with U. The non commutativity is reflective of the position dependence of the surface
normal, which leads to the direction of the spin orbit interaction field varying around the circumference of the
tube. Further, unlike the flat TI case where f dzf f_ = Oresultsinintegralslike ), and P,), evaluating to 0, the
asymmetry between the inner and outer radius in turn results in integrals that arise from the non-commutativity
with Ulike C,(Jl; and P}E;‘}), for n= 1 evaluating to finite values. Similarly, the terms with n= —1 appearing in the v,
terms in Eq. 11 also originate from the non-commutativity of k ¢2,/ r* with U.

Results

Figure 3 shows the values of some of these parameters for various values of inner radius and nanotube widths. The
parameters shown here have the largest magnitudes for the /s and ;s which go with each direction of 0. h,, is, to
numerical precision, equal to ki, despite the differing forms of the underlying expressions. iy (not shown here)
also has a rather large magnitude of around 0.185¢eV for the parameter ranges shown here but is relatively unim-
portant as it amounts to a constant energy shift. The s are not shown in the figure as the plots of their magnitudes
are similar to the quantities already shown. Amongst the y4s, 1 ¢H]I is at least 3 times larger in magnitude than the

next largest j1, (1t ¢y]l)' Its plot is similar to that of v, except that the scale bar goes from slightly more than 0 to
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0.16188 eV 0.16206 eV 0.16392 eV 0.16445 eV

OXOZOZ Y

0.1682 eV 0.16839 eV 0.16905 eV 0.16909 eV

ORON OGRS

0.16992 eV 0.17202 eV 0.17366 eV

o -ve(Ty)
o +ve(Ty)

Figure 4. The eleven lowest energy eigenstates for a nanotube of width 15 nm and inner radius 20 nm at
k,=0.01 nm~. The direction of the real spin polarization on the (xy) plane at each point along the
circumference of the tube are denoted by the arrows scattered along the circumference with the lengths of the
arrows being proportional to the magnitude of the in-plane polarization. The red/green dots denote the sign of
(7, ) with red (green) dots denoting positive (negative) values of (7, ) which in correspond to states localized
along the inner (outer) walls of the cylinder.

0.16309 eV 0.16318 eV 0.16502 eV 0.16532 eV

ORORORS:

0.16896 eV 0.16922 eV 0.16951 eV 0.17011 eV

O IO I S

0.17038 eV 0.17305 eV 0.17355 eV 0.17489 eV

IR IO

Figure 5. The twelve lowest energy eigenstates for a nanotube of width 20 nm and inner radius 20 nm at
k,=0.01nm~,
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0.14243 eV 0.14474 eV 0.15649 eV 0.16456 eV
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0.16494 eV 0.17359 eV 0.17379 eV 0.18584 eV

9 8 1X S

0.19635 eV 0.19734 eV 0.1986 eV 0.19878 eV

g2 O 88 O

Figure 6. The twelve lowest energy eigenstates for a nanotube of width 20 nm and inner radius 5nm at
k,=0.01nm™".

11 x 10~*eV. Amongst the 45, o IT has the largest magnitude of at least 10 times bigger than the next largest /..
The plot is similar to that of v, , with the scale bar taking values from —4.68 eV to —4.69eV.

The variation of the Hamiltonian parameters with W and R, falls into two broad categories.

V.1 in the figure exemplifies the first of these two categories where there is a very weak dependence on r;, an
oscillatory dependence on W for W less than around 25eV and a constant value for larger values of W. This
behavior is also exhibited by 4,1, sz Il and p xI. The variation of  Tand v,, also fall into this category but have
a stronger dependence on R;. The oscillatory variation of these parameters with W at small W may be related to
the variation of E, and E, with W, as shown in Fig. 2.

The variation of the remaining parameters fall into the second category where there is a stronger dependence
on r; than on W, and for which at large values of W there is a relatively sharp jump in the parameter values at R;
around 7 nm. This dependence might be related to the asymmetry of the wavefunctions between the inner and
outer surfaces of the nanotube which become especially evident at small values of Ri relative to W. The asymme-
try is further amplified when the wavefunctions are multiplied by inverse powers of r in the evaluation of integrals
such as C{~Y.

We illustrate some properties of the nanotube eigenstates by comparing the parameters and eigenstates of the
effective Hamiltonians of two differing widths 15nm and 20 nm and the same inner radius 5nm, and the same
width 20 nm and two differing inner radii 5nm and 20 nm. Table 1 shows the numerical values of the effective
Hamiltonian parameters for these values of widths and inner radii. Figures 4, 5 and 6 show the corresponding
real spin-xy polarization, the 7, polarization and the eigenenergies of the lowest energy eigenstates evaluated
at k,=0.01nm™'. Some differences between the eigenstates of the flat TI thin film described by Eq. 10, and the
nanotube eigenstates are evident from Figs 4, 5 and 6.

Whereas the wavevectors k, and k, can assume continuous values on the flat thin film, the periodic boundary
conditions around the circumference of the nanotube forces the ¢ angular dependence of the nanotube eigen-
states to assume the form of linear sums of terms proportional to exp(im¢) form € Z. This leads to the quantiza-
tion of the eigenstates allowed for a given value of k,. The spin polarization direction for a flat thin film eigenstate
is independent of the spatial position on the surface of the film, and does not possess a component perpendicular
to the film surface. In contrast the spin polarization direction of a thin film eigenstate rotates along with the nor-
mal direction around the circumference of the tube and has an out-of-plane component. This out-of-plane com-
ponent can be interpreted as the spin polarization resulting from the effective magnetization due to the curvature
of the film surface generating the required torque to rotate the spin polarization around the tube
circumference'.

For a given value of k = (k,, k), the flat thin film is two-fold degenerate. This degeneracy can perhaps be
most easily seen by noting that the real spin operators couple to only 7, in Eq. 10 so that the real spin degree of
freedom can be separately diagonalized apart from the 7 degree of freedom, and an eigenstate can be labelled by

|E, +,, £, ) - diagonalizing the real spin degrees of freedom HY) = (VZ(Q ok, + vy(gazky gives two eigenvalues
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Figure 7. o, for the four lowest energy states of the 15nm and 20 nm wide tubes of inner radius 20nm as a
function of k.. The values for the 15nm tube has been scaled down by 1/10 in order to fit into the same vertical
axis values.

+, e, :ig\/(vz(gkz)z +(V§Qk},)2. The 7 dependent parts of HY) can then be written as

azl

T
(ia|eg|» 0, h + 3, (f)) -7 which can in turn be diagonalized again to give the eigenvalues

2
:D:T,\/\eg P+ (hz(? + 3. /“%E];D |. These energies are independent of which of the &, real spin eigenspinor

branches the eigenstate belongs to, so that the|k, +, =) has the same energy with |k, —, +, ). This energy degen-

eracy can be understood as originating from the symmetry between the states with a given helicity localized
nearer the top surface and the state with the opposite helicity localized nearer the bottom surface of the flat film.
In contrast, the energy eigenvalues in Figs 4, 5 and 6 indicate that the two-fold energy degeneracy of the thin film
is lifted. The asymmetry between the inner and outer surfaces of the TI nanotube is mathematically reflected in
the real spin degree of freedom being 7 operators in numerous directions in the nanotube effective Hamiltonian
Eq. 12 so that the real spin and 7 degrees of freedom can no longer be diagonalized separately.

In further contrast to the flat infinite-area TI thin film where the only tunable dimension for a given material
is the film thickness, the T nanotube has the two independently tunable dimensions-the thickness of the nano-
tube as well as the inner radius. This results in a richer variety of quantitative trends exhibited by the nanotube
eigenstates when the competition between the various integrals present in some of the Hamiltonian parameters
leads to a change in the signs of the parameters as W and r; are varied. There are, for example, reversals of the
correlations between the various degrees of freedom (momentum, 7 and o) in the low energy eigenstates of the
effective Hamiltonian.

These three choices of nanotube dimensions illustrate the differing behavior of the low energy eigenstates of
nanotubes with the changes in the relative signs of the various parameters in the Hamiltonian as the inner and
outer radii are varied. We first draw attention to the fact that v,,,, has the same sign for all three nanotubes. The
tubes plotted all have the same positive value of k,, and a positive (negative) sign of (7 ) is always associated with
a positive (negative) (o). The 15nm wide tube has opposite signs of h,; relative to the two wider tubes. This
results in the first few lowest energy eigenstates (where the contributions of k, is minimal) of the 15nm tube
having an opposite sign of (7 ) relative to the other tubes. The 15 nm wide tube also has an opposite sign of v,,
from the other tubes. Thus whereas a positive (negative) (o, ) occurs together with a positive (negative) (. ) in this
tube, the converse is true for all the eigenstates shown for the W=20nm, R;=20nm nanotube in Fig. 5, and most
of the eigenstates of the W=20nm, R;=>5nm tube shown in Fig. 6.

The W=20nm, R;=5nm tube displays an interesting phenomenon absent in the wider tubes-the in-plane
real spin and 7, polarizations are almost 0 for two of the eigenstates. One possible reason for this might be due to
the fact that in the other two tubes the magnitude of v,,; is larger than that of v,,, whereas in this tube the con-
verse is true so that the competition between the energy contributions of these two terms may result in it being
more energetically favorable to have almost 0 o, and 7, polarization.

The opposing sign of v,,, between the 15nm and 20 nm wide tubes is also reflected in the Hall conductivity
0, relating the current flowing around the azimuthal ¢ direction due to an electric field in the z direction calcu-
lated using the standard Kubo formula. Figure 7 shows that the conductivity for the four lowest energy states of
the two widths have the opposite dependence on k, — the 15 nm (20 nm) one increases (decreases) with k..
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Conclusion

In this work we derived the effective Hamiltonian for the surface states of a TI nanotube with both an inner and
outer surface. We showed that the combination of the position dependence of the surface normal around the
circumference of the tube and the asymmetry between the inner and outer radius of the tube give rise to more
terms in the TI nanotube absent in a flat thin film. In contrast to a corresponding flat TI thin film, the curva-
ture around the circumference of the nanotube lifts the energy degeneracy of the eigenstates and results in a
position-dependent spin polarization direction as well as the emergence of spin polarization perpendicular to the
nanotube surface. The variation of the relative signs and magnitudes of the various parameters in the Hamiltonian
as the inner radius and tube width give rise to differing behavior in the nanotube surface states.
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