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We calculate the change of the properties of a resonator, when coupled to a semiclassical spin by means
of the magnetic field. Starting with the Lagrangian of the complete system, we provide an analytical
expression for the linear response function for the motion in the case of a mechanical resonator and

the current for the case of an electromagnetic resonator, thereby considering the influence of the
resonator on the spin and vice versa. This analysis shows that the resonance frequency and effective
dissipation factor can change significantly due to the relaxation times of the spin. We first derive this for
a system consisting of a spin and mechanical resonator and thereafter apply the same calculations to
an electromagnetic resonator. Moreover, the applicability of the method is generalized to a resonator
coupled to two-level systems and more, providing a key to understand some of the problems of two-
level systems in quantum devices.

Resonators and spins are ubiquitous in physics, especially in quantum technology, where they can be considered
as the basic building blocks, as they can collect, store and process energy and information!2. The validity of this
information is, however, of limited duration as these building blocks leak practically always to the environment,
which on its own can be seen as a bath of resonators and spins**. If in particular we focus on the situation where a
resonator is coupled to a certain spin, then the spin’s interaction with the environment naturally causes, besides a
shift of resonance frequency, an extra dissipation channel for the resonator. Despite this simple qualitative expla-
nation and many experimental®” and theoretical efforts®-', an applicable full picture that quantitatively describes
the response of a resonator coupled to a spin and their environments is still lacking. Here we derive classically the
linear response function of the non-conservative system consisting of a resonator and a semiclassical spin. We
show that the quality factor and resonance frequency of the resonator can be significantly influenced due to the
relaxation times of the spin.

We start with a Lagrangian description, that includes the degrees of freedom of the resonator and the spin, to
find the coupled equations of motion (EOMs) that describe the resonator displacement and the spin magnetic
moment, finding that this magnetic moment depends on the path the resonator takes. This is fundamentally
different from conventional magnetic force microscopy (MFM)!?, where one assumes a fixed polarization of
the spins, like in magnetized samples. Even in magnetic resonance force microscopy (MRFM), which is usually
focused on paramagnetic spins, it is generally assumed that the spin is not, or at least not significantly, influenced
by the resonator’*-!>. We will show that this influence actually opens the dissipation channel and that the reso-
nance frequency shift is more subtle than generally assumed.

Furthermore, we find in our analytical results that the interaction amplitude as function of temperature is a
curve that for certain conditions shows an optimum, see Sec. spin bath - resonator coupling, similar to the curves
found in experiments where the tails have heuristically been fitted with power laws>S. Parts of the analysis we
present here have been used by den Haan et al.!° to explain the experimental results obtained by approaching a
native oxide layer on silicon with an ultra-sensitive MRFM probe. The equations derived in this paper were found
to closely resemble the measured shift in resonance frequency and reduced quality factor as function of tempera-
ture and resonator - spin surface distance.
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Figure 1. Schematic representation of spin p interacting with two types of resonators. (a) The mechanical
resonator with spring constant k and displacement g(t) of the magnet. The dashed line shows the position axis
that is used in Fig. 2. (b) The electromagnetic resonator as a lumped element device. The current I(¢) through
the inductor L changes the magnetic field at the position of spin .

Although we start calculating the susceptibility of the more intuitive mechanical resonator, we will as well
derive explicitly the (additional) impedance for electromagnetic resonators (see Fig. 1b versus la, and Sec. spin -
electromagnetic resonator), thereby making the results suitable for direct use by other fields in physics. Moreover,
we will show the applicability of the theory to the case of the resonator coupled to two-level systems (2LSs) and
higher level quantum systems.

Finding an accurate description of the interaction of the building blocks of quantum devices with the envi-
ronment can be seen as a widespread and major research area since not being able to understand, control and
minimize the interaction is a major bottleneck in: the field of quantum computing”!!, detector fabrication in
astronomy'”!'8, MRFM and high resolution MRI'>?° and the development of optomechanical-like hybrid quan-
tum devices??.

Basic principles

The configuration of our theoretical analysis is given in Fig. 1a. A semiclassical spin, with magnetic moment g,
is located at laboratory position r, and feels a magnetic field B(r,, t) that is produced by a magnet. The magnet is
attached to a mechanical resonator that has spring constant k and (effective) mass m. The origin of the laboratory
frame is chosen to be the equilibrium position of the magnet’s center. The displacement of the magnet from this
equilibrium position is denoted by q(t). See Fig. 1. The Lagrangian for this system is given by

1 ., 1,5
L S qu + u - B(g + I W
I stands for an expression with the internal spin degrees of freedom that needs to be included to derive the spin
EOM. A more detailed account is left in App. A.
The resonator-spin system does not live in an isolated world. Therefore we include dissipation and decay to the
environment into the EOMs. The first differential equation, derived with respect to the resonator displacement,
includes the Raleigh dissipation —+¢ of the resonator. This results in

. 9
mj+ g +kq—p- 8_qB = Fou(1), @)

where the last term, F,,,(t), is an external force that is exerted on the resonator.
Starting with the Lagrangian, which contains the degrees of freedom for the resonator and the spin, leads to
the force interaction term — g - g B.This is the same as — ., - VB, because of the vanishing curl of the magnetic

field in free space. Here VB, is the gradient of the magnetic field component in the direction of the movement of
the resonator. In MRFM — 4 - VB, is often derived from calculating the force-field from the gradient of the
potential energy V(u - B), assuming that p does not depend on the position of the resonator?>. However, as p
follows the classical path, we will show by solving the spin EOM that p is influenced by the resonator and it is
therefore a priori not at all obvious that ai = 0aslong as the spin degrees of freedom are not defined.

The other set of differential equationsqcan be found by deriving the EOM with respect to the spin degrees of
freedom. Since the spin interacts with the environment, we can expect an effectively decaying amplitude that is
often described by T, and T,; the time constants associated with the decay of the semiclassical magnetic moment
longitudinal and perpendicular to the magnetic field, respectively®. If one assumes that the system consists of an
ensemble of paramagnetic spins, instead of one, the average magnetic moment per spin decays to a certain equi-
librium vector g, according to the master equation®. However, if a single spin over time has on average the same
behavior as the average of an ensemble at a certain moment, i.e. the spin satisfies ergodicity, then we can combine
the ensemble’s master equation and the single spin EOM to find a differential equation that describes the average
behavior of the single semiclassical spin. This is the Bloch equation:
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Here 1, is the gyromagnetic ratioand T~! = TL (1-BB) + TL BB’ , where the hat denotes the unit-vector in the
2 1

direction of the specified vector.

The spin equilibrium magnetic moment ¢, (f) is the vector to which the spin magnetic moment would decay
to if given the time. As the resonator moves, the magnetic field changes, and so does ... We will assume that the
environment of the spin is a heat bath, connected to the spin by means of the relaxation times?. However, does the
spins equivalent spin ensemble have a well defined temperature? As derived in the original paper of Bloembergen
et al.?, the differential equation describing the population difference n for particles in a two-level system is

dn wn g

dt T, 4
where W is the probability rate that the particle changes energy level due to an applied field and #, is the popula-
tion difference between the energy levels when the ensemble has the temperature of the heat bath. In other words
—2Wn is proportional to the incoming energy and 0 " is the connection to the heat bath. This results in

n Zo

14 2wT, (5)
where n, is the steady state solution. Thus when 2WT, < 1 the spin ensemble, and hence our semiclassical spin,
is connected well enough to the heat bath to assume that our spin has a well defined temperature. For spm-1 this
condition yields?

™ BPEPTig(w) < 1, (6)

where B/ = aiB and g(w) the spin’s normalized absorption line that is usually described by a Lorentzian or
r=r
Gaussian that peaks around the Larmor frequency. This makes this condition hard to satisfy when the resonator
has a resonance frequency around the Larmor frequency, and one should minimize the resonator’s movement 4.
When this condition is not met, the spin saturates and the temperature increases or might be undefined®.
However, for example in MRFM, mechanical resonators tend to have resonance frequencies much lower than the
Larmor frequency for spins close to the resonator?” and very small gradients at a distant, thereby making it much
easier to satisfy the condition.
Assuming the condition is satisfied we can now derive pt., from the canonical ensemble and find for spin—%

ft, = 1 tanh(Bu|B|)B, )

where 3 = ﬁ is the inverse temperature and p, = Sh~, is the magnitude of the non-averaged spin magnetic

B
moment with spin number § = L. This result can easily be generalized for other spin numbers as is done in App.
B. For simplicity we will stick to the formula for spin—zl particles here.

Susceptibility

To find the resonance frequency and quality factor of the resonator, we will need to calculate the interaction term
up to linear order in q. Higher order terms will give rise to nonlinear effects. Interaction terms with even powers
in g are usually experimentally uninteresting since they will produce even multiples of the fundamental resonance
frequency. These multiples are not measured or can easily be filtered. Uneven powers of g can, however, lead to
disturbing nonlinear effects like Duffing?®. One can lower the amplitude of g to suppress higher order terms and
therefore the nonlinear effects, but in experiments this is usually limited by the signal-to-noise ratio.

The zeroth order term does not contribute to the dynamics of the system, however it does give rise to a con-
stant deflection of the resonator. This can be solved by shifting the origin of the laboratory frame by the amount
of the deflection; this causes, however, a (usually small) change of the coordinates of the spin. We will provide an
estimate of the deflection in App. C and leave it further out of account.

To find the interaction term — g - 2= B up to first order in g, we need to solve Eq. (3) and find the constant and

q-dependent parts. By substituting g — )\q we use perturbation theory to find

OB
—p— =y B+ Np, - B —qu, - B") + 7 (\Y),
aq (8)
where g/ = aﬁ B was defined previously and B — ‘9_22 B| . Here pis perturbed into a g-independent part
4 r=r; 4 r=rg

Mo and a linear term ;. The higher order terms (\?) can be omitted, as well as the first term on the right hand
side that only gives rise to the constant deflection.
At first we are mostly interested in solutions that do not decay over time and do not depend on initial condi-
tions because then the linear response function can conveniently be given in the Fourier domain which makes it
easy to compare with experiments. The Fourier Transform .7 { } of the linear response function, or simply suscep-

tibility y (w) = ;{(If)t}, can be calculated from Eq. (2)
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Figure 2. This graph shows the single spin contribution to the spring constant as function of a position
axis parallel to the direction of resonator movement, as visualized by the dashed line in (Fig. 1a). In the
simulation we attached a magnetic dipole (with magnetic moment of 19 pAm? in the direction of g) on a
mechanical resonator. The resonator is connected, by means of the magnetic field, to an electron spin at a
temperature of 300 mK. The distance between the center of the dipole and x =0 is 2.5 pm. To demonstrate the
spatial behavior of the x-terms we avoided imaginary terms by setting T, =0 in , and T, =0 in ;. The solid
line shows the sum of these x-terms.

(w) = ,
X k — mw* + inw + & (9)
'7‘“‘1

B’} . Appendices C,D present the calculation of

where k=, + i, + ki3, With K, = —py- B” and k, + ;= 70

the k-terms, which turn out to be:

Ky = —p, tanh(Bp By) B||’33 (10)
(o) = I IBNSBO / ¥ 1
2\ = T b i ’
B COShZ(,BHSBO) IBo| 1 + iwT, b
— Iy + inz(l + 2%)
Ka(w) = ——tanh(ﬁu )|B 1=
3 B, 8| “*°| (1 + iwT,) + @ T,)’ (12)

where B,=B(q=0) and the notation v|3,and v 3 is used to indicate the part of v parallel and perpendicular to

B, respectively for any vector v. k, and x; are derived from g and B, respectively.

If we compare this result with the conventional approach that neglects the effect of the resonator on the spin,
we see that in that approach we have only the term ,%. However, £ is real and therefore it cannot describe the
extra dissipation channel that has been seen in experiments®. The derivation which has been done here does
include the linear effect of the resonator on the spin and vice versa. This produces two extra terms in the linear
response function that are partly imaginary. Each of the k-terms is shown separately in Fig. 2 as a function of the
spin position. This position axis is indicated in Fig. 1 by the dashed line. Which effect these terms have in practice,
where usually more than one spin is present, will be shown in the next section.

Spin bath - resonator coupling
We assume that all spins in the system act individually and do not influence each other, except through the relaxa-
tion times. We can then sum over the x-terms for each spin to find the susceptibility of the resonator connected to
a whole ensemble of spins, i.e. K =2 k,(r;) + K,(r,) + K3(r;). Moreover, if the spins in the sample have an average
nearest neighbor distance smaller than the typical spatial scale of the applied magnetic field, we can see the sam-
ple as a spin continuum and hence, instead of summing, integrate over the sample with spin density p(r).

If we calculate the result for a volume with constant spin density, it is found in App. E by partial integration of
the volume in the direction of the movement of the resonator that
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Kw) = pBu’C M + boundary term + ﬁ ,
1+ (W) @& — WHT; (13)
with
2
c— f B
coshz(ﬁp B ) (14)

The boundary term vanishes when the volume boundaries in the g-direction are large. The Vi ( ﬁ) can
Wl

be neglected for resonance frequencies away from the Larmor frequency and for T, > —
From x we can calculate the frequency and Q-factor shifts as seen in experiments by den Haan et al.'®. For

N

Q = RLUEEN f the susceptibility has a maximum around the natural frequency w, = K Then, aslong as the

influence of the spin leads only to a small correction of the susceptibility, i.e. x < k, the relatlve frequency shift is
given by

Aw 1 Re(k(wy))
w, 2k (15)

The imaginary part of k causes the change in Q-factor. The new Q-factor is given by

L Im(x (wp))

Qg k (16)
In Fig. 3 we show an example of an experiment with a magnet attached to an ultrasoft cantilever, which is posi-

tioned above a silicon sample. The native oxide contains electron spins that interact with the resonating magnet.

The frequency shift and quality factor depend differently on T). In this simulation we have set T, to zero only after

we checked that the ¢ term in Eq. 13 can indeed be neglected: setting T, = T) gives an additional frequency shift

of about 1 nHz and a five orders of magnitude lower shift in Q-factor compared to the results shown in Fig. 3c.

Spin - electromagnetic resonator
In this section we calculate the complex impedance coming from a spin interacting with an electromagnetic
resonator. The derivation is very similar to the mechanical resonator and hence we will largely copy the results.
We will assume that the system can be described by a lumped element model, which is a valid approximation
when the typical size of the system is much smaller than the wavelength. The results might be generalized to work
for other resonators by using the distributed element model'*'. However, this can become rather complicated
depending on if it is necessary to calculate the interaction between resonator and spin using the retarded time
(Jefimenko's equations). Moreover, it could be that the interaction depends on the current density rather than the
current, all of which is outside the scope of this paper. We conveniently describe a series RLC circuit, see Fig. 1b.
As there is a direct analogy with the mechanical resonator, it is straightforward to write down the complete
Lagrangian and derive the EOM. From this we calculate something similar to the susceptibility, but more com-
monly used in electromagnetism, the impedance Z (w) = Y.

The electromagnetic analog of the displacement q is the charge Q.. However, instead of writing down Q, and
‘momentum variable’ Qe, we prefer to work with the current I = Qe. The ‘position variable’ Q, then becomes
f dtI. This results in the RLC-resonator’s EOM as

. 1 d 0
LE+ RI+ — [air+ —[ : —B] = V().
C ar\® o (17)
The resulting interaction term is slightly different compared to that of the mechanical resonator. The zeroth
order term vanishes conveniently due to the time derivative, leading to the impedance interaction term

.

2B

z(w) = —iw———2". The spin’s EOM does not change, apart from change of variable ¢ — I. This results in an
w

extra impedance z=z, + z, + z;, equivalent to the x-terms, where

z; = iwp tanh(Bp By) BH”B (18)
Y S W S
’ B, cosh®(Bp By) I 1Bl 1 + iwT,’ (19)
u 2
z; = iw—> tanh(BpB)) |B . | -
B,
1 2% — (WTy)" + iWTz(l + 2%)
1+ in2)2 + (OJSTZ)Z .
(20)
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Figure 3. Calculated frequency shift and added dissipation of a mechanical resonator due to dangling
bonds on a silicon surface, equivalent to the setup of den Haan et al.'é. (a) Impression of a NdFeB magnet
(with magnetic moment 19 pAm? in the direction of q) attached to an ultrasoft silicon cantilever with spring
constant k=70 uN/m, together leading to a natural frequency of =° = 3kHz. The center of the magnet is
positioned at a distance of 2.2 um to the silicon sample. The surface of the sample has a native oxide containing
0.14 electron spins/nm? that are visualized by the red balls (not to scale). The graphs (b,c) show the resonance
frequency shift and the damping of the cantilever. The results are shown for various T), showing a maximal
opening of the additional dissipation channel for T) = 1/w.

The resonators complex impedance then becomes

1
Z(w)=iwL+ R+ — + z.
iwC (3]
It is much harder to simplify the z-terms as done in Sec. spin bath - resonator coupling when partially integrat-
ing over a whole sample because I is, unlike g, not a Cartesian direction. However, one thing simplifies the z term
reasonably: the law of Biot-Savart shows a linear dependence on I implying that z, vanishes. Note that it is very
well possible that the frequencies of interest are comparable to TL or w;. In this case one should calculate the whole

term. Moreover one should be careful with the implied condition of Eq. (6), i.e. m |[B/PI*T g (w) < 1 when
probing the resonator.

In Fig. 4 we provide an example of an electromagnetic RLC-circuit fabricated on top of a silicon sample with a
native oxide. The electron spins inside the native oxide couple to the inductor changing the resonators resonance
frequency and Q-factor.

Resonator coupling to other systems

So far we have done nothing more than rigorous math to calculate the susceptibility of a system were the phys-
ical process is precisely known. However, the physical nature of the interaction between a resonator and a gen-
eral two-level systems (2LSs) can be different from the simple magnetic field interaction and will often even
be unknown. This subject has been studied in glassy systems long before it found its application in quantum
technology®?. Mohanty et al.** connected dissipation coming from 2LSs to intrinsic frequency and quality factor
changes in mechanical resonators. The calculated relaxation rate of phonons coupled to 2LSs based on Fermi’s
golden rule is, however, assuming Markovian dynamics. Incorporating the time dependent dynamics of the spin,
as we did, lead to different results in which the dissipation depends on the history of the spin as can be seen from
the T| and T, dependency.

Meanwhile the field of glassy dynamics revived when it was found in experiments that the electric permittivity
and loss factor of a nonmagnetic glass do actually depend on the magnetic field**. It was only until recently,
around the same time as this paper appeared on a preprint server, that Jug et al.*® provided an intuitive and elegant
explanation based on a B-field dependent density of states and heat capacity. Indeed, expanding the average
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Figure 4. Simulation of frequency shift and added dissipation of an electromagnetic resonator due to
dangling bonds at the sample’s surface. (a) Impression of an RLC-circuit with 10 GHz natural frequency and
0.25nH inductance that consists of a 50 um x 50 pm square which is positioned 50 nm above a surface with 0.14
electron spins/nm? (b,c) Calculated results for a static external magnetic field of 0.1 T that is oriented out of
plane (solid curve) and in plane (dashed curve). For this simulation we assumed T, =0.01 ps.

energy term, as we did in App. B, leads to the heat capacity which resulted in , o z, oc —5— with x the Zeeman

cosh” (x
energy — temperature ratio. These similar results in combination with the results obtained in tilis paper imply two
things: First the B does not have to be the physical magnetic field. It is always possible to rewrite the two state
Hamiltonian to

€ 2
H=E,+ —o - -(By—gB’ +qgB" + ..)),
o3 B, o~ 4 q (22)
where B can be any field that splits the energy levels, leading to an energy difference ¢ when g =0. Here E, is an

uninteresting energy-offset and o is a vector containing the Pauli matrices. The interaction strength is determined
by g B, hence it is important that B depend on g, which is the generalized coordinate of the mechanical resonator,

or generalized velocity of the electromagnetic resonator. Because the expectation values of the Pauli matrices o
are described by the Bloch equations, the derivations in this paper apply to any resonator-2LS system. Just substi-
tute y — % into the s and z terms.

Secondly,othis result can be easily generalized to a system with 25+ 1 energy levels (with S an integer or half
integer) by expanding the Brillouin function from App. B and substituting

1 1
tanh(ﬂpSBO) — (2S+1) coth[[S + z]ﬂs] — coth[zﬁa] (23)

wh | teseve
coshz(ﬁMsBo) sinhz((S + 21)»36) sinhz(éﬂs)

(24)

into the x and z-terms. This 25 + 1-state quantum system must be isomorphic to a spin-§ particle and hence meet
two conditions: 1) the energy levels are equally spaced and 2) transitions are only possible to adjacent energy
levels.

The general formulism presented in this section can thus be made very practical again by substituting the
actual physical field responsible for the dynamics into B and finding the energy gap ¢. This way, we hope the
formulism can be of use in many systems.
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Discussion and Conclusions

We have calculated the linear response function of a mechanical and electromagnetic resonator coupled to a spin.
The linear response function of the resonator shows extra terms that result in a shift of the resonance frequency
and a drop of the Q-factor of the resonator, compared to the bare resonator characteristics. Moreover, we have
generalized these results to the coupling with an energy level system with an arbitrary amount of equally spaced
energy levels. In practice this means that despite having nonmagnetic samples and frequencies that are not even
close to the Larmor frequency, one encounters dissipation of the resonator due to the inhomogeneous field it cre-
ates. Eventually this might not be a surprise since the resonator alters the heat capacity of the spin’s equivalent spin
ensemble. Although this is closely related to the magnetic loss enhancement in nonmagnetic glassy systems®>, we
did not find any description in literature that provides a quantitative and detailed account of how this influences
the linear response of the resonator, despite the many reported and unexplained results®~”. The results presented
here have been experimentally verified'® and have been used to calculate the frequency shift in a simple, yet pow-
erful, saturation measurement protocol®. The region between infinitesimal excitation of the spins as we did and
full saturation is, however, still unexplored and we anticipate that the calculation in this paper is a good starting
point in a follow-up research where an additional radio-frequent field and the incoming energy, see Eq. (4), are
incorporated. In contrast to this paper where we used the steady state solution of y,, it might also be important
to consider the transient solutions.

We have chosen to do the calculations completely in the (semi)classical regime as we are especially interested
in the expectation value of spin and resonator. Moreover this leads to an intuitive description and fairly simple
calculations. The classical treatment has it limitations though: Berman et al.?* have raised the point that, if the
cantilever position is constantly measured, there is an influence on the spin because of the projections that are
constantly occurring in the act of measuring. This might introduce random quantum jumps which, when they
are not time averaged over timescales longer than T, are not taken into account in our description. Furthermore,
when pulses are applied, for example in spin resonance techniques, a precise time evolution of the system is
needed. Moreover, sending hard pulses might violate the condition for the temperature and linear response of
the spin that we have encountered in Sec. basic principles. In this case one might move to a calculation involving
the spin-operators. The theory presented here would still give a fair indication about the enhancement of dissi-
pation, which is of importance in the field of hybrid quantum systems that are pushing the limit of macroscopic
superpositions?>’.

References
1. Nazarov, Y. V. & Blanter, Y. M. Quantum Transport: Introduction to Nanoscience (Cambridge University Press, Cambridge, 2009).
2. You, J. Q. & Nori, F. Superconducting circuits and quantum information. Physics Today 58, 42-47, doi: 10.1063/1.2155757 (2005).
3. Caldeira, A. O. & Leggett, A. J. Influence of Dissipation on Quantum Tunneling in Macroscopic Systems. Physical Review Letters 46,
211-214, doi: 10.1103/PhysRevLett.46.211 (1981).
4. Prokof’ev, N. V. & Stamp, P. C. E. Theory of the spin bath. Reports on Progress in Physics 63, 669, doi: 10.1088/0034-4885/63/4/204
(2000).
5. Imboden, M. & Mohanty, P. Evidence of universality in the dynamical response of micromechanical diamond resonators at
millikelvin temperatures. Physical Review B 79, 125424, doi: 10.1103/PhysRevB.79.125424 (2009).
6. Venkatesan, A. et al. Dissipation due to tunneling two-level systems in gold nanomechanical resonators. Physical Review B 81,
073410, doi: 10.1103/PhysRevB.81.073410 (2010).
7. Bruno, A. et al. Reducing intrinsic loss in superconducting resonators by surface treatment and deep etching of silicon substrates.
Applied Physics Letters 106, 182601, doi: 10.1063/1.4919761 (2015).
8. Caldeira, A. O. & Leggett, A. J. Quantum tunnelling in a dissipative system. Annals of Physics 149, 374-456, doi: 10.1016/0003-
4916(83)90202-6 (1983).
9. Sleator, T., Hahn, E. L., Hilbert, C. & Clarke, J. Nuclear-spin noise and spontaneous emission. Physical Review B 36, 1969-1980, doi:
10.1103/PhysRevB.36.1969 (1987).
10. Schlosshauer, M., Hines, A. P. & Milburn, G. J. Decoherence and dissipation of a quantum harmonic oscillator coupled to two-level
systems. Physical Review A 77,022111, doi: 10.1103/PhysRevA.77.022111 (2008).
11. Pappas, D. P, Vissers, M. R., Wisbey, D. S., Kline, J. S. & Gao, . Two Level System Loss in Superconducting Microwave Resonators.
IEEE Transactions on Applied Superconductivity 21, 871-874, doi: 10.1109/TASC.2010.2097578 (2011).
12. Rugar, D. et al. Magnetic force microscopy: General principles and application to longitudinal recording media. Journal of Applied
Physics 68, 1169-1183, doi: 10.1063/1.346713 (1990).
13. Rugar, D., Yannoni, C. S. & Sidles, J. A. Mechanical detection of magnetic resonance. Nature 360, 563-566, doi: 10.1038/360563a0
(1992).
14. Degen, C. L., Poggio, M., Mamin, H. ., Rettner, C. T. & Rugar, D. Nanoscale magnetic resonance imaging, appendix b. Proceedings
of the National Academy of Sciences 106, 1313-1317, doi: 10.1073/pnas.0812068106 (2009).
15. Vinante, A., Wijts, G., Usenko, O., Schinkelshoek, L. & Oosterkamp, T. Magnetic resonance force microscopy of paramagnetic
electron spins at millikelvin temperatures. Nature Communications 2, 572, doi: 10.1038/ncomms1581 (2011).
16. den Haan, A. M. ], Wagenaar, J. J. T., de Voogd, J. M., Koning, G. & Oosterkamp, T. H. Spin-mediated dissipation and frequency
shifts of a cantilever at milliKelvin temperatures. Physical Review B 92, 235441, doi: 10.1103/PhysRevB.92.235441 (2015).
17. Day, P. K, LeDug, H. G., Mazin, B. A., Vayonakis, A. & Zmuidzinas, J. A broadband superconducting detector suitable for use in
large arrays. Nature 425, 817-821, doi: 10.1038/nature02037 (2003).
18. Endo, A. et al. On-chip filter bank spectroscopy at 600-700 GHz using NbTiN superconducting resonators. Applied Physics Letters
103, 032601, doi: 10.1063/1.4813816 (2013).
19. Poggio, M. & Degen, C. L. Force-detected nuclear magnetic resonance: recent advances and future challenges. Nanotechnology 21,
342001, doi: 10.1088/0957-4484/21/34/342001 (2010).
20. Kovacs, H., Moskau, D. & Spraul, M. Cryogenically cooled probes—a leap in NMR technology. Progress in Nuclear Magnetic
Resonance Spectroscopy 46, 131-155, doi: 10.1016/j.pnmrs.2005.03.001 (2005).
21. Aspelmeyer, M., Kippenberg, T. J. & Marquardt, F. Cavity optomechanics. Reviews of Modern Physics 86, 1391-1452, doi: 10.1103/
RevModPhys.86.1391 (2014).
22. Lee, D., Lee, K. W,, Cady, J. V., Ovartchaiyapong, P. & Jayich, A. C. B. Topical Review: Spins and mechanics in diamond.
arXiv:1609.00418 [cond-mat, physics:quant-ph] ArXiv: 1609.00418 (2016).
23. Berman, G. P, Borgonovi, F, Gorshkov, V. N. & Tsifrinovich, V. I. Magnetic Resonance Force Microscopy and a Single-Spin
Measurement (World Scientific, 2006).

SCIENTIFIC REPORTS | 7:42239 | DOI: 10.1038/srep42239 8



www.nature.com/scientificreports/

24. Bloch, E Nuclear Induction. Physical Review 70, 460-474, doi: 10.1103/PhysRev.70.460 (1946).

25. Slichter, C. P. Principles of Magnetic Resonance, vol. 1 of Springer Series in Solid-State Sciences (Springer Berlin Heidelberg, Berlin,
Heidelberg, 1990).

26. Bloembergen, N., Purcell, E. M. & Pound, R. V. Relaxation Effects in Nuclear Magnetic Resonance Absorption. Physical Review 73,
679-712, doi: 10.1103/PhysRev.73.679 (1948).

27. Kuehn, S., Hickman, S. A. & Marohn, J. A. Advances in mechanical detection of magnetic resonance. The Journal of chemical physics
128, 052208, doi: 10.1063/1.2834737 (2008).

28. Kaajakari, V., Mattila, T., Oja, A. & Seppa, H. Nonlinear limits for single-crystal silicon microresonators. Journal of
Microelectromechanical Systems 13, 715-724, doi: 10.1109/JMEMS.2004.835771 (2004).

29. Garner, S. R., Kuehn, S., Dawlaty, J. M, Jenkins, N. E. & Marohn, J. A. Force-gradient detected nuclear magnetic resonance. Applied
Physics Letters 84, 5091-5093, doi: 10.1063/1.1762700 (2004).

30. Vinante, A., Wijts, G., Usenko, O., Schinkelshoek, L. & Oosterkamp, T. H. Magnetic Resonance Force Microscopy of paramagnetic
electron spins at millikelvin temperatures. ArXiv.org ArXiv: 1105.3395v2 (2011).

31. Pozar, D. M. Microwave Engineering 4th Edition (Wiley, 2011).

32. Phillips, W. A. Tunneling states in amorphous solids. Journal of Low Temperature Physics 7, 351-360, doi: 10.1007/BF00660072
(1972).

33. Mohanty, P. et al. Intrinsic dissipation in high-frequency micromechanical resonators. Physical Review B 66, 085416, doi: 10.1103/
PhysRevB.66.085416 (2002).

34. Strehlow, P. et al. Magnetic Field Dependent Tunneling in Glasses. Physical Review Letters 84, 1938-1941, doi: 10.1103/
PhysRevLett.84.1938 (2000).

35. Jug, G., Bonfanti, S. & Kob, W. Realistic tunnelling states for the magnetic effects in non-metallic real glasses. Philosophical Magazine
96, 648-703, doi: 10.1080/14786435.2015.1109717 (2016).

36. Wagenaar, J. et al. Probing the Nuclear Spin-Lattice Relaxation Time at the Nanoscale. Physical Review Applied 6, 014007, doi:
10.1103/PhysRevApplied.6.014007 (2016).

37. Wezel, J. v. & Oosterkamp, T. H. A nanoscale experiment measuring gravity’s role in breaking the unitarity of quantum dynamics.
Proc. R. Soc. A 468, 35-56, doi: 10.1098/rspa.2011.0201 (2012).

Acknowledgements

We thank M. de Wit and G. Welker for discussions and proofreading this manuscript. This work is part of the
single phonon nanomechanics project of the Foundation for Fundamental Research on Matter (FOM), which is
part of the Netherlands Organisation for Scientific Research (NWO).

Author Contributions

J.d.V. developed and performed the calculations, inspired by earlier work of .W. and T.O. ].d.V. and J.W. prepared
the figures. J.d.V. wrote the manuscript. All authors have reviewed the manuscript and approved the final
manuscript.

Additional Information
Supplementary information accompanies this paper at http://www.nature.com/srep

Competing financial interests: The authors declare no competing financial interests.

How to cite this article: de Voogd, J. M. et al. Dissipation and resonance frequency shift of a resonator
magnetically coupled to a semiclassical spin. Sci. Rep. 7, 42239; doi: 10.1038/srep42239 (2017).

Publisher's note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

This work is licensed under a Creative Commons Attribution 4.0 International License. The images

S or other third party material in this article are included in the article’s Creative Commons license,
unless indicated otherwise in the credit line; if the material is not included under the Creative Commons license,
users will need to obtain permission from the license holder to reproduce the material. To view a copy of this
license, visit http://creativecommons.org/licenses/by/4.0/

© The Author(s) 2017

SCIENTIFIC REPORTS | 7:42239 | DOI: 10.1038/srep42239 9


http://www.nature.com/srep
http://creativecommons.org/licenses/by/4.0/

	Dissipation and resonance frequency shift of a resonator magnetically coupled to a semiclassical spin
	Introduction
	Basic principles
	Susceptibility
	Spin bath - resonator coupling
	Spin - electromagnetic resonator
	Resonator coupling to other systems
	Discussion and Conclusions
	Additional Information
	Acknowledgements
	References




