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Microwave control of the 
superconducting proximity effect 
and minigap in magnetic and 
normal metals
Jacob Linder, Morten Amundsen & Jabir Ali Ouassou

We demonstrate theoretically that microwave radiation applied to superconducting proximity 
structures controls the minigap and other spectral features in the density of states of normal and 
magnetic metals, respectively. Considering both a bilayer and Josephson junction geometry, we 
show that microwaves with frequency ω qualitatively alters the spectral properties of the system: 
inducing a series of resonances, controlling the minigap size Emg, and even replacing the minigap with 
a strong peak of quasiparticle accumulation at zero energy when ω = Emg. The interaction between 
light and Cooper pairs may thus open a route to active control of quantum coherent phenomena in 
superconducting proximity structures.

Combining materials with different properties is a certain way to generate exciting physics at their interface. 
Superconducting hybrid structures are particularly interesting in this regard due to the coherent quantum correla-
tions that give rise to dissipationless transport of both charge and, when combined with magnetic materials, spin. 
There is currently much interest in discovering ways to exert well-defined control the properties of such prox-
imity structures, including the electronic density of states, the critical temperature at which superconductivity  
arises, and the appearance of supercurrents1–3.

The influence of microwave radiation on superconductors has been studied in several works, and includes 
investigations of its effect on the critical superconducting current4, the dissipative conductivity5, the current-phase 
relation in Josephson junctions6,7, the non-equilibrium distribution of quasiparticles8, the photoelectric effect9, 
microwave-assisted supercurrents10, and the temperature for the onset of superconductivity11,12. The appearance 
of coherent excited states and the depairing effect of microwave radiation on dirty superconductors was very 
recently theoretically considered in ref. 13.

However, what remains virtually unexplored is how microwave radiation alters the superconducting proxim-
ity effect, which is the existence of superconducting correlations in an otherwise non-superconducting material 
when placed in contact with a superconductor, made possible due to electron tunneling between the layers. A 
concrete manifestation is the strong modification of the density of states, in both normal and magnetic metals 
proximity-coupled to a superconductor. The reason for why this is of importance is that proximity structures 
play a key part in creating non-conventional types of coherent electron pairing that are not present in ordi-
nary superconductors. This includes both spin-polarized triplet superconductivity14 and odd-frequency super-
conducting order15, which recently have been experimentally demonstrated to provide diametrically opposite 
Meissner response16 and low-energy spectral properties17,18 compared to Bardeen-Cooper-Schrieffer theory19. 
From another perspective, the opportunity to manipulate low-energy excitations in superconducting proximity 
structures has clear practical implications for cryogenic technology since it controls the availability of spin- and 
charge-carriers. In fact, quasiparticles in superconductors can become nearly chargeless spin-1/2 carriers, leading 
to effects such as20–24 strongly enhanced spin lifetimes and spin relaxation lengths when compared to injection of 
spin-polarized currents into normal metals, especially when using Zeeman split superconductors (a thin super-
conducting film in the presence of an in-plane magnetic field)25. This, in turn, allows one to envision various 
types of devices such as highly sensitive magneto- and thermometers as well as superconducting magnetoresistive 
elements.
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In this work, we show that shining light on superconducting hybrid structures offers a way to control the 
proximity effect in both normal metals and magnetic materials. We discover that an oscillating electric field (t)  
applied transversely to the junction induces a series of resonances in the density of states, and that it can be 
used to control the size of the minigap Emg in both bilayer superconductor/normal-metal (SN) and Josephson 
(SNS) junctions. The light interaction even inverts the minigap, generating a peak of quasiparticle accumula-
tion at E =  0 when the frequency of the light is tuned to ω  =  Emg. These findings give interesting prospects for 
transistor-like functionality via light-superconductor interactions since the density of states controls the availabil-
ity of charge- and spin-carriers. Providing both analytical and numerical results, including the case of a magnetic 
exchange-field being present in the metal or in the superconductor, we show how the interaction between light 
and Cooper pairs controls the low-energy density of states, offering a new way to manipulate superconducting 
correlations. This may open a new pathway to active control of quantum coherent phenomena in superconduct-
ing proximity structures.

Theory
We use the time-dependent quasiclassical Keldysh-Usadel theory26–29 to describe the superconductivity of these 
systems in the diffusive limit. We begin with the SN bilayer, in which case superconducting correlations leak into 
the normal metal via the proximity effect. The electric field (t) =ωA0 sin (ωt) =−∂A/∂t  is accounted for by the 
gauge field A =  A0 cos(ω t). The Usadel equation in N then reads:

∂ ∂ + 
 ρ + αρ + ρ 

 = .+ −ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆD g g E i g g g( ) i ( ) , 0 (1)x x 3 3 3

Here, D is the diffusion coefficient, =ˆ ˆg g x E( , ) is the quasiclassical time-averaged Green function, E is the 
quasiparticle energy, α = DA /40

2  is a measure of the strength of the interaction with light, ω  is the driving fre-
quency, ρ = + + − −ˆ diag( 1, 1, 1, 1)3 , while ≡ ± ω±ˆ ˆg g x E( , /2). The derivation of this equation is shown in the 
Methods section and is valid when α ω . We assume that the field is screened in the S region, which is taken to 
have a size and thickness far exceeding the superconducting coherence length ξ  and penetration depth λ , allow-
ing us to use the bulk superconducting Green function ĝBCS there. Practically, our proposed setup could be real-
ized by depositing a thick superconductor to partially cover a thin normal metal layer, such that the microwave 
field penetrates the normal layer where it is not covered by a superconductor whereas it is shielded in the super-
conductor (see the inset of e.g. Fig. 1). Such a lateral geometry should be well described by an effective 1D model, 
as done in ref. 30. The thickness of the N layer should be much smaller than the skin depth and penetration depth 
λ , which is experimentally feasible (typical values for the skin depth of a normal metal such as Cu is of order μm 
at microwave frequencies, whereas λ Nb ~ 50 nm and λ Al ~ 20 nm). From Eq. (1), we derive the following 
Ricatti-parametrized31,32 Usadel equation:

σ σ∂ γ + ∂ γ γ ∂ γ + + δ γ + ⋅ γ− γ ⋅ −α γ−αγ +α + γ γ = .
∼




⁎ (2)h hD E i i G G F F[ 2( ) ( )] 2i( ) i( ) ( ) ( ) 0x x x
2 

The Green function ĝ  can then be calculated from the 2 ×  2 matrix γ  in spin space, the normalization matrix 
≡ − γγ −


(1 ) 1 , and their tilde-conjugates defined by ≡ −

⁎f x E f x E( , ) ( , ). An equivalent equation for γ


 can be 
found by tilde-conjugation of Eq. (2). In Eq. (2), we have also incorporated the possibility of a magnetic exchange 
field h = |h| which allows us to later consider the case of a ferromagnetic metal. The other quantities in the equa-
tion are the inelastic scattering rate δ , and the short-hand notations

∑ ∑≡ + γ γ ≡ − γ
±

± ± ±
±

± ±
G F(1 ), 2 ,

(3)
 

where γ ≡ γ ± ω± x E( , /2). From these equations, physical quantities of interest may be computed, such as the 
proximity-modified density of states

= − .N N/ Re{Tr( )} 1 (4)0 

The Usadel equation is supplemented by the Kupriyanov-Lukichev boundary conditions33, which are valid at 
low-transparency tunneling interfaces.

We now have at hand a coupled set of non-linear partial differential equations which are non-local in energy 
space. A numerical solution can be obtained via iteration. After discretizing the energy space, the equations are 
initially solved for α  =  0. The procedure is then repeated with α  ≠  0 until self-consistency is achieved, using the 
solutions γ  and γ


 from the previous iteration to approximate G and F. In this way, we are able to compute the 

quasiclassical Green function in the presence of microwave radiation, α ≠ĝ ( 0), and access the density of states 
N/N0 in the proximate metal.

Results and Discussion
The light-interaction with the proximity-induced condensate has a strong effect on the spectral properties of the 
quasiparticles. We show this in what follows, considering an SN bilayer in Fig. 1, an SNS junction in Fig. 2, and an 
SF bilayer in Fig. 3. In each case, we have provided results for different system parameters in order to demonstrate 
the robustness of the microwave radiation influence.

Starting with the SN bilayer, it is seen that by tuning the microwave frequency ω , the density of states takes on 
qualitatively different characteristics. At ω /Δ 0 =  0.4, there is a strong quasiparticle accumulation at E =  0, diamet-
rically opposite to the hallmark minigap that usually is present in SN bilayers. Increasing ω  gradually to  
ω /Δ 0 =  1.0 causes the density of states to revert to a minigap structure, albeit with a much reduced magnitude. We 
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will later in this manuscript describe the precise condition leading to the appearance of the quasiparticle accumu-
lation peak and its physical origin, providing also analytical results which supports the underlying explanation. In 
the plots, we have set α /Δ 0 =  0.1, which gives a maximum ratio of α /ω  =  0.25, so that α  is always considerably 
smaller than ω . The criterion α ω  is, however, more strictly satisfied at the higher frequency range considered 
in the figures.

The minigap itself is monotonically tuned with ω , as shown in Fig. 2 for the SNS case. At zero phase difference 
φ , the minigap is gradually reduced as ω  increases, demonstrating that the driving frequency can be used to tailor 
the minigap size. At a finite phase difference, the light-interaction again inverts the minigap for certain frequen-
cies, and generates a peak of quasiparticle accumulation at E =  0, similarly to the bilayer case [see Fig. 1(e)]. This 
can be seen in Fig. 2(c) for φ /π  =  0.5. Finally, we show results for when an exchange field is present, i.e. a magnetic 
metal h ≠  0, in Fig. 3, in which case the microwave field also alters the modulation of the density of states. To 
facilitate comparison with experiments, we note that for a typical diffusion constant of e.g. D =  7 ×  10−3 m2/s in 
Cu34, the requirement ω  De A /42

0
2 2  (having reinstated e and ħ) corresponds to ω . 0 3GHz for a modest 

electric field magnitude of 0.1 V/m, which is feasible. Moreover, for a superconducting gap Δ 0 =  0.5 meV, the 
parameter choice ħω /Δ 0 =  0.4 corresponds to a frequency ω  300GHz.

Besides the control and inversion of the minigap, another particularly noteworthy feature that all the above-
mentioned structures have in common is that the low-energy density of states features a series of spectral features 
resembling weak resonances, which vanish as soon as the microwave field is turned off (α  =  0). To gain insight 
into the physical origin of these features seen in the density of states, we provide an analytical solution which is 
permissible in the ferromagnetic case, but which also seems to account for the nature of the light interaction with 
the superconducting condensate in the normal case (h =  0). In the weak proximity effect regime, the linearized 
equation governing the behavior of the spinless fs and spin-polarized ft Cooper pairs reads

Figure 1. (a–d) Proximity-induced density of states at the vacuum edge (x =  L) of an SN bilayer with length 
L/ξ  =  0.5 of the N region, where ξ  is the superconducting coherence length. We set the barrier strength ζ  =  3 
and microwave field amplitude α /Δ 0 =  0.1 and (a) ω /Δ 0 =  0.4, (b) ω /Δ 0 =  0.6, (c) ω /Δ 0 =  0.8, (d) ω /Δ 0 =  1.0.  
(e) Zoom-in near E =  0 illustrating the transition from minigap to quasiparticle accumulation peak as ω  is tuned 
to Emg. We set L/ξ  =  0.33, yielding . ∆E 0 56mg 0. The black dashed line corresponds to the absence of light, 
A =  0.
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∂ + + α ± − α + ω + − ω =± ± ± ±D f E E i h f E f E f E( ) 2i( 2 ) ( ) 2 [ ( ) ( )] 0 (5)x
2

with f± =  ft ±  fs. In the regime where ∆h E{ , }0 , as is usually the case for ferromagnets, one can solve the above 
equation via Fourier-transformation. Introducing  ∫=± ±t dE f E( ) e ( )Eti , one obtains

∂ + α ± − α ω = .± ± ±D t i h t t t( ) 2i(2 ) ( ) 4 cos( ) ( ) 0x
2  

The solution is = +± ± ±
−± ±t A t B t( ) ( )e ( )ek x k xi i , where

= α ± − α ω±
−k i h t D[2i(2 ) 4 cos( )] , (6)1

while the coefficients {A±, B±} are determined via the boundary conditions. For an SF bilayer, the boundary con-
ditions read ∂ = ± ζ±f f L/x BCS  at the superconducting interface (x =  0), and ∂ xf± =  0 at the vacuum border 

Figure 2. Proximity-induced density of states in the middle (x =  L/2) of an SNS Josephson junction with 
L/ξ  =  0.33, barrier strength ζ  =  3, microwave field amplitude α /Δ 0 =  0.1, and (a) φ /π  =  0.0, (b) φ /π  =  0.25,  
(c) φ /π  =  0.5, (d) φ /π  =  0.75.

Figure 3. Proximity-induced density of states at the vacuum edge (x =  L) of an SF bilayer with L/ξ  =  0.23, 
barrier strength ζ  =  3, microwave field amplitude α /Δ 0 =  0.1, and (a) h/Δ 0 =  2 and (b) h/Δ 0 =  4.
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(x =  L), where ζ  =  RB/R is the ratio between the interface barrier resistance and bulk resistance and fBCS(E) =   
sinh{atanh[1/(E +  iδ )]}.

Introducing the auxiliary quantity ∫=D t dE f E( ) e ( )Eti
BCS , a straight-forward calculation leads to

=
ζ −

= .±
±

± ±
±

±
A t D t

L k
B t A t( ) ( )

i (1 e )
, ( ) ( )e

(7)k L
k L

2i
2i

Inserting this into our expression for ± t( )  and performing an inverse Fourier-transformation, we end up with 
the final expression for f±(E):

= ′ ′ .±
′−

± ∬f E dt dE f E p t( ) e ( ) ( ) (8)
E E ti ( )

BCS

where we introduced

= − ζ± ± ± ±
−p t k x L Lk k L( ) cos [ ( )][ sin( )] (9)

1

and k± =  k±(t). We note that p±(t) is a periodic function in t, while fBCS →  0 when E →  ± ∞ . In the absence of 
microwave radiation (α  =  0), k± becomes independent of t, and the above simplifies to the usual result 

= ′ ′ =± ±
′−

± ∬f E p dt dE f E p f E( ) e ( ) ( )E E ti ( )
BCS BCS . To solve the integral Eq. (8) in the general case, we 

make use of the periodicity of p±(t). The period is T =  2π /ω , so we can write the Fourier series 
= ∑± ±

ωp t p( ) en n
n t

,
i , where ∫=± −

+
±

− ωp dt p en T T

T n t
,

1
/2

/2 i . Performing the integral over t in Eq. (8) then leads to a 
sum over δ -functions, and one obtains:

∑= − ω .±
=−∞

=+∞

±f E p f E n( ) ( )
(10)n

n

n, BCS

Numerically, we find that it is usually sufficient with ~15 Fourier-coefficients pn,± to obtain a perfect rep-
resentation of p±(t). Using the same procedure as above, one can also find an expression for the anomalous Green 
function in a Josephson geometry consisting of a superconductor/ferromagnet/superconductor trilayer. The only 
difference is the expression for p±(t), which takes the form

= + − ζφ
± ± ± ± ±

−p t k x k x L Lk k L( ) {[cos( ) e cos [ ( )]}[ sin( )] , (11)
i 1

where φ  is the phase difference between the superconductors.
From the analytical expression, it is clear that resonances should be expected whenever = ∆ ± ωE n0 , 

= …n 0, 1, 2,  since = ∆f E( )BCS 0  formally diverges, although this divergence is in practice diminished due to 
inelastic scattering. The weight of these resonances, i.e. the magnitude of their spectral peak, is in turn governed 
by the Fourier series coefficients pn which depends on the other system parameters. We note that, very recently, 
similar features were reported for a narrow and thin dirty superconducting strip subject to microwave radiation 
in ref. 13. In the present proximity-system, there is an additional minigap Emg in the system, and one might expect 
to have similar resonances at E =  Emg ±  nω . The density of states plots in Fig. 2 [see for instance (a) for ω /Δ 0 =  0.4] 
are consistent with this statement, demonstrating how additional spectral features, which are not present in the 
absence of light, occur at such excitation energies. It actually turns out that these resonances are the physical ori-
gin behind the transition from the minigap to the quasiparticle accumulation peak at E =  0. To be exact, the 
transition from fully gapped DOS to a strong zero-energy peak occurs precisely when ω  =  Emg. We show an exam-
ple of this behavior at the bottom of Fig. 1. It is intriguing that the light-interaction actually induces a second, 
inner minigap which upon closing generates this feature, whereas the outer minigap Emg remains [see e.g. Fig. 2(a) 
showing a particularly clear example of the inner and outer minigaps].

The fact that the microwave radiation induces a series of weak resonances shifted with ± nω  from the con-
ventional spectral peaks (E =  Δ  and E =  Emg in the normal metal case) has interesting consequences when a 
finite magnetic field splits the density of states in the superconductor35, since the exchange field in the super-
conductor hS itself produces a similar shift in the spectral peaks from Δ 0 to Δ 0 ±  hS. We show the corresponding 
proximity-induced density of states in Fig. 4, where the combined influence of the exchange field and the light 

Figure 4. Proximity-induced density of states at the vacuum edge (x = L) of a Zeeman-split 
superconductor/normal-metal bilayer. We set ζ  =  3, α /Δ 0 =  0.1, L/ξ  =  0.5, and hs/Δ 0 =  0.3, and considered 
several frequencies of the microwave radiation.
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interaction produce a very rich subgap structure in the density of states. Since the superconductor in this particu-
lar case, unlike the previous systems considered in this work, has to be sufficiently thin to permit the homogene-
ous penetration of a magnetic field, the microwave field is not completely shielded by the superconductor and we 
thus here assumed that (t) is applied only to the non-superconducting part.

The most remarkable feature is nevertheless the influence of the microwave field on the minigap in the SN 
case, controlling its magnitude and even transforming it into a quasiparticle accumulation peak at E =  0. These 
results may represent the first step toward a different way to control the superconducting proximity effect, and 
thus the available spin- and charge-carriers, in normal and magnetic metals, by using microwave radiation. One 
advantage of this is the fact that the control is in situ and that the length of the system (setting the Thouless 
energy scale), which normally changes the minigap, does not have to be altered, which would inevitably require 
fabrication of multiple samples. The zero-energy peak induced by the light-interaction resembles the type 
of spectral feature that is characteristically seeen in the density of states of conventional SF structures due to 
odd-frequency superconductivity36–38, but in this case it occurs without any such pairing at all. It could also be of 
interest to examine the consequences of the predictions made herein with regard to conductivity experiments39 
and non-equilibrium Josephson contacts40.

Concluding remarks
Building on these results, an interesting future direction to explore would be the influence of light on supercur-
rents and the critical temperature in magnetic proximity systems, to see if the microwave radiation may be used 
to manipulate these quantities as well, which we intend to explore in a future work. The interaction between light 
and Cooper pairs could in this way open a different route to active control of quantum coherent phenomena in 
superconducting proximity structures.

Methods
Derivation of the Usadel equation incorporating microwave radiation. The time-dependent 
Usadel equation may be written as

∇ ∇ = − ρ  

ˆ ˆ ˆ ˆD g g i E g( ) [ , ], (12)3

where we defined the gauge-covariant derivative

∇ ≡ ∇ − ρ

ˆ ˆ ˆ ˆAg g e gi [ , ], (13)3

the commutator ≡ − 

a b a b b a[ , ] , and the associated product

≡ × .∂ ∂ −∂ ∂

= = = =


( )a b E T a E T b E T( )( , ) e ( , ) ( , )
(14)E E E T T T

i /2
1 1 2 2

,

E T E T1 2 2 1

1 2 1 2

Above, e is the electron charge, E is the quasiparticle energy, and A is the time-dependent vector potential 
which describes, in our case, an ac electric field E =  − ∂ A/∂ t. We note that a useful property of the -product is 
that:

= − ω = + ω .ω ω ω ω
 a E T a E T a E T a E T( , ) e e ( /2, ), e ( , ) e ( /2, ) (15)i T i T i T i T

These relations are useful in the present context since we can write the gauge field as

= + .ω − ωA T A( ) (e e )/2 (16)i T i T
0

We set |e| =  1 in what follows for brevity of notation and also apply the electric field perpendicularly to the 
junction direction, so that

∇ ⋅ = ⋅ ∇ = .A A 0 (17)

In this case, the left hand side of Eq. (12) becomes

∇ ⋅ ∇ − ρ ρ − ρ .  

ˆ ˆ ˆ ˆ ˆ ˆ ˆA A AD g g D g g( ) [ , ] (18)3 3 3

Since A =  A(T) is independent on E we have

ρ ρ = .ˆ ˆ ˆA A A 1 (19)3 3
2

Moreover, the Green function satisfies the normalization condition

= .
ˆ ˆ ˆg g 1 (20)

This brings us to

∇ ⋅ ∇ − ρ ρ .  

ˆ ˆ ˆ ˆ ˆ ˆA AD g g D g g( ) [ , ] (21)3 3

At this stage, we see that the contribution from the gauge field can be included as a self-energy
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Σ = ρ ρ 

ˆ ˆ ˆ ˆA AD gi (22)A 3 3

in the Usadel equation, which in its complete form reads:

∇ ⋅ ∇ + ρ + ρ ρ = .  

ˆ ˆ ˆ ˆ ˆ ˆ ˆA AD g g E D g g( ) i[ i , ] 0 (23)3 3 3

The next step is the obtain the Fourier-transformed version of the above equation in energy-space. To accom-
plish this, we make use of similar approximations as in ref. 13. In the presence of a driving field A(T), we take into 
account A up to second order by deriving an equation for the harmonic Green function at zero frequency (see 
Appendix of ref. 13) which is essentially the time-averaged Green function. Higher order harmonic 
time-dependent terms in ĝ  are induced by A and thus correspond to fourth order in A and higher. This approxi-
mation is valid when

ω.DA /4 (24)0
2

Computing the contribution from the self-energy term Σ̂A in the Usadel equation gives

Σ = − + ρ + ρ

− + ρ + ρ .

ω − ω ω − ω

ω − ω ω − ω

  

  

ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

g DA g g

g g

i[ , ]
4

[(e e ) (e e )

(e e ) (e e ) ] (25)

A
i T i T i T i T

i T i T i T i T

0
2

3 3

3 3

We now average Eq. (25) over a period 2π /ω , which means that all terms that go like e±2iωT are removed since 
ĝ  is the time-averaged Green function. After laborious calculations, using for instance that







− ∂ ∂ +






 ∂ ∂ − …







ρ ± ω

× ρ ω .

=






ω ∂ +



ω 


 ∂ − …







×ρ ± ω ρ ω .

= ρ ± ω ρ .

= ρ ± ω ρ

∂ ∂ ± ω ω

= = = =

∂ ∂ ± ω

ω
= = = =

∂ ∂ ± ω ω
= = = =













ˆ ˆ

ˆ ˆ

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

g E

g E

i

g E g E

g E g E

g E g E

e 1 i
2

1
2

i
2

( ) e ( /2) e

( /2)

e 1 i
2

( ) 1
2 2

( ) e

( /2) e ( /2)

e e e ( /2) ( )

( ) ( ) (26)

E T E T
i T i T

E E E T T T

E E
i T

i T
E E E T T T

i T i T
E E E T T T

i /2
2

2
3 1

3 2 ,

i /2
2

2

3 1 3 2 ,

i /2
3 1 3 2 ,

3 3

E T

E T

E T

1 2
2 1 2 1

1 2

1 2 1 2

1 2
2 2

1

2

1 2 1 2

1 2 1 2

1 2 1 2

via Eq. (15), the remaining terms take the form

∇ ⋅ ∇ + 
 ρ + αρ + ρ 

 =+ −ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆD g g E i g g g( ) i ( ) , 0, (27)3 3 3

where the -commutators are now replaced with regular matrix commutators, α ≡ DA /40
2 , =ˆ ˆg g x E( , ) is the 

quasiclassical Green function, while

≡ ± ω .±ˆ ˆg g x E( , /2) (28)

Derivation of the linearized Usadel equation (weak proximity effect). Analytical progress can be 
made in the so-called weak proximity effect regime, where one assumes that the magnitude of the superconduct-
ing proximity effect is small in the sense that the anomalous Green function components f satisfy 

f 1. 
Physically, such a situation is realized either in the case of a low interface transparency between the superconduct-
ing and normal part or if the temperature is close to the critical temperature of the superconductor. This allows for 
a linearization of the Usadel equation in the anomalous Green functions in the following manner3. The total Green 
function matrix in Nambu-spin space may be written as the normal-state matrix ĝ0 and a small deviation f̂ :

+
ˆ ˆ ˆg g f , (29)0

where = ρˆ ˆg0 3 and the anomalous Green function matrix can be written as

=




−






.ˆ

̲̃
f

f

f

0

0 (30)

The 2 ×  2 matrix f  in spin space describes the four types of anomalous Green functions that can be present in 
the system: one describing spin-singlet Cooper pairs (fs) and three describing spin-triplet Cooper pairs 

↑↑ ↓↓f f f( , , )t . The ft component corresponds to the S =  1, Sz =  0 component of the triplets with spin-symmetry  
↑ ↓  +  ↓ ↑  and the …∼ operation is defined in the main text. For the systems considered in our work, with homogene-
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ous exchange fields, we find that fσσ =  0 whereas fs and ft can be non-zero. Inserting Eq. (29) into Eq. (2) in the 
main manuscript produces the linearized equation

∂ + + α ± − α + ω + − ω =± ± ± ±D f E E i h f E f E f E( ) 2i( 2 ) ( ) 2 [ ( ) ( )] 0 (31)x
2

with f± =  ft ±  fs. This governs the behavior of the spinless fs and spin-polarized ft Cooper pairs induced in the 
normal metal.
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