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Published: 18 May 2016 The bilateral controlled NOT (CNOT) operation plays a key role in standard entanglement purification
process, but the CNOT operation may not be the optimal joint operation in the sense that the output
entanglement is maximized. In this paper, the CNOT operations in both the Schmidt-projection based

. entanglement concentration and the entanglement purification schemes are replaced with a general

: joint unitary operation, and the optimal matching relations between the entangling power of the joint
unitary operation and the non-maximal entangled channel are found for optimizing the entanglement
in- crement or the output entanglement. The result is somewhat counter-intuitive for entanglement
concentration. The output entanglement is maximized when the entangling power of the joint unitary
operation and the quantum channel satisfy certain relation. There exist a variety of joint operations
with non-maximal entangling power that can induce a maximal output entanglement, which will
greatly broaden the set of the potential joint operations in entanglement concentration. In addition,
the entanglement increment in purification process is maximized only by the joint unitary operations
(including CNOT) with maximal entangling power.

Entanglement plays an important role in quantum information processing. It is a prerequisite in quantum tele-
portation!?, entanglement swapping?, quantum cryptography* and so on. Generating or enhancing entanglement
between separated physical systems is of paramount importance in quantum information processing. Joint uni-
tary operations can transform product states into maximal entangled states locally. In the nonlocal case (remote
users), local operations can enhance the entanglement of non-maximally entangled states in a probabilistic way,
such as entanglement concentration® and entanglement purification®.

The idea of the standard entanglement concentration and purification processes is to extract a smaller number
of more entangled pairs from a larger number of less entangled pairs by local operations and classical communi-
cations(LOCCs)>%. The core part of the concentration and purification processes is the local CNOT operation on
the two representatives from two different less entangled pairs. In experiment, the implementation of the CNOT
operation is not a easy task, so efforts have been made to find easier ways to realize or to avoid the CNOT opera-
tion, such as in linear optical system’~', in ionic or atomic system'"!? etc. In the purification of higher-dimensional
entanglement, joint unitary operation also plays an very important role!*-!¢. Pan et al. replaced the CNOT oper-
ation with a polarization beam splitter to purify polarization entangled mixed states”?, and Gisin et al. replaced
the CNOT operation with a general beam splitter to purify phase-error single-photon entangled states”!°. These
results show that the complicated CNOT operation is not a necessity in entanglement concentration and purifi-
cation, and the bilateral coupling between the two copies of the states to be concentrated or purified is the core
part of an entanglement concentration or purification process. The role of this kind of coupling has been demon-
strated®'?, and the optimal output fidelity is achieved with a general coupling rather than a CNOT-like coupling.
But this result only applies to the phase-error single-photon entangled mixed states, and whether there exist the
similar results for the purification of general mixed entangled states(such as Werner state) or the concentration
of unknown non-maximally entangled pure states is not clear. In addition, the focus of entanglement concentra-
tion and purification is entanglement, so the entangling property of the coupling operation maybe more impor-
tant than the coupling itself. So, in this paper, we will study the role of the joint unitary operation in a general
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Figure 1. C,,and AC are plotted as functions of the parameter 0 of input state and the entangling power
of the joint unitary operation U, . Here the measurement result is [00),.

entanglement concentration or purification process. Because it is not possible to get a pure maximally entangled
state from purifying a finite ensemble of general mixed states, we will focus on the entanglement increment in
purification process. Meanwhile, the maximal output entanglement is the most important target of entanglement
concentration. Here, we are going to focus on the entangling power of the joint unitary operations at both sides,
the parameter of the quantum channel and the entanglement of the output state (entanglement increment) so as
to find the matching relation between the entanglement property of the joint unitary operations at both sides and
the quantum channel to maximize the output entanglement (entanglement increment) in entanglement concen-
tration (purification).

The entanglement property of a unitary operator has been studied from different aspects, such as entan-
gling power!’-?, entanglement measure'®**?%, entangling capacity”®-*°, and entanglement-changing power®'.
Entangling power of a joint unitary operation is defined as the mean entanglement (linear entropy) produced
by applying the joint unitary operation on a given distribution of pure product states'”. In this paper, we use the
approach introduced in'” for measuring the entangling power of joint unitary operations, and concurrence is used
to measure the entanglement of the output states®2.

In this paper, we revisited the entanglement purification and the Schmidt-projection based entanglement
concentration schemes with the CNOT operation being replaced with a general joint unitary operation, and the
optimal matching relations between the entangling power of the joint unitary operation and the non-maximal
entangled channel are found for optimizing the entanglement increment and output entanglement in entangle-
ment purification and concentration.

Results
Matching relation in entanglement concentration. The bilateral CNOT operation in standard entan-
glement concentration process is replaced with a general bilateral bipartite operation, which is elaborated in the
Methods section. The entanglement of the output state can be measured in terms of concurrence®. For the sake
of brevity, the entanglement of the output state is called the output entanglement, and it is denoted by C,,. The
entanglement increment of the concentration process is denoted by AC. It is obvious that the joint control oper-
ation induced by the component A, only does not have a positive contribution to the entanglement concentration.
Hence, we only study the case in which A only has A, or A, component, and, for the sake of simplicity, the corre-
sponding bilateral operations are referred to as controlled x (UA ) and controlled-y (UA ) operations,
respectively.

For measurement result [00);,, C,,, and AC are plotted as functions of the parameter 6 of input state and the
entangling power of U, in Fig. 1,and C,,,and ACare plotted in Fig. 2 for the case with UA

Figure 1 (Fig. 2) shows that there exists an optimal matching relation between the entanghng power of the U,
(U, ) and the parameter 6 of the input state so that C,,, can reach the maximum value 1. The explicit expressions

of the optimal matching relations for the cases with U, andU, can be expressed respectively as:
x y

A — 2sinf cos® #[cosd —sinzAx(sinH + cosd)] | 1

out — 4 .2 .2 j 2
cos 0 + sin”f[cosf —sin"A, (sinf + cos6)] (1)

2sin Gcosze[cos 0+ sinZAy(sinﬁ — cos@)]

49 + sin’6]cosd + sin’A, (sin® o
cos 0 + sin [cos +smAy(sm — CcoS )] @)

where C

(C :L{) is the C,,, for the case withU, (U, ).
x y
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Figure 2. C,,and AC are plotted as functions of the parameter 6 of input state and the entangling power
of the joint unitary operation U, . Here the measurement result is [00),.
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Figure 3. C,,,and AC are plotted as functions of the parameter 0 of input state and the entangling power
of the joint unitary operation U, . Here the measurement result is [11)s,.
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Figure4. C,, and AC are plotted as functions of the parameter 0 of input state and the entangling power
of the joint unitary operation U, . Here the measurement result is [11)5,.
y

Figures 1 and 2 also show that the considerable AC s presented around § = % with a small entangling power
of the joint unitary operation. From Figs 1 and 2, the following conclusion can be made: if the parameter 6 of the
input state is given a fixed value 6, within the range Z <f,<Zorl 7 < <z o 7, the solutions of Eq. (1) or (2)

will fix some joint control operations which can not only produce the maxrmal C,.; but also induce a considerable
AC.

Similarly, for the measurement result [11);,, C,,, and AC have been plotted as functions of the parameter 6 of
the input state and the entangling power of the ]ornt operatlon U, U A, ) in Figs 3 and 4. Figs 3 and 4 show that,

for the input states within the range T<o<Z or T<hg< the optlmal matching relation between the entan-
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Figure 5. C,,, (for different input purities p) are plotted as functions of the parameter 6 of input state and
the entangling power of the joint unitary operationU, or U, . Here the measurement result is |00) 24
x s

gling power of the joint operation and the parameter 6 of the input state always can be found for driving C,,, to
reach the maximum 1. Here the explicit expressions of the optimal matching relations can be expressed respec-
tively as:

2cosf[sinf — sinZAx(sinH + cosf)]

Coii = =1
cos*0 + [sinf — sinzAx (sinf + cosf)] (3)
~ 2c0s9[sin0 + sin’ 2A (cosf — sinG)]
Cou = =1
cos*0 + [sm@ + sin’ A (cos — sm0)] ()

for the cases with U, andU A . In addition, when the entangling power of the joint operation reaches the maxi-
mum value 2, C,,, is always the maximum 1 except for the product initial state case. This exception results from
the fact that zero input entanglement leads to zero C,,, in entanglement concentration. When the entangling
power reaches the maximum value %, AC can be obtained as:

AC =1 — |2 sin fcosf|. (5)

So when the input state is very close to a product state and the entangling power of the joint unitary operation
reaches the maximum 2, both C,,, and AC are maximized for the measurement result |11);, case.

We can conclude that the set of joint unitary operations with maximal entangling power (including CNOT) is
not the only set of joint operations which can maximize the C,,, in entanglement concentration, and a variety of
joint operations with lower entangling power can also induce a maximal C,,,, which will greatly broaden the set
of the potential joint operations in entanglement concentration.

Matching relation in entanglement purification. If the concentration process studied above is applied
to mixed initial entangled states, it is called entanglement purification. Similarly, the joint control operation
induced by the component A, only does not have a positive contribution to the entanglement purification, so we
only study the cases withU, and UA , respectively.

Figures 5 and 6 show that the maximal C,; is increasing along with the purity p of the quantum channel. For
a fixed purity of the quantum channel, the maximal C,,, can be attained only when the entangling power of the
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Figure 6. C , (for different input purities p) are plotted as functions of the parameter 0 of input state and
the entangling power of the joint unitary operationU, orU, . Here the measurement result is |11)s,.
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Figure7. C,,and AC are plotted as functions of the purity p of the input state and the entangling power of
the joint unitary operation U, . Here the measurement result is |00),,, and § = %.

joint unitary operation reaches the maximum 2 and the input entanglement reaches the maximum, i.e. the
parameter 0 is equal to ™ or >T. So, we can study the optimal matching relation between the channel and the
entangling power of the joint operation for maximizing the AC by fixing # = . Because the output state for the
measurement result |11), case is a conjugate of that for the measurement result |00), case when 6 is equal to © D
we only discuss the measurement result |00);, case.

Figures 7 and 8 show that for different initial purities p within the range ( ,1), the maximal C,,, can be
achieved only when the entangling power of the joint unitary operation approaches the maximum value 2. With
the entangling power of the joint unitary operation being the maleum 2 and the purity p of quantum channel

being 0.6944, the only maximal AC (0.0775) can be reached. That is to say, the set of the joint unitary operations
with the maximal entangling power (including CNOT) is required for achieving the maximal AC in entangle-
ment purification. Although the CNOT operation in the standard entanglement purification is the optimal joint
operation, our results still broaden the set of the potential joint operations in entanglement purification, because
the CNOT operation is not the only joint operation whose entangling power is the maximum value %,
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Figure 8. C,,and AC are plotted as functions of the purity p of the input state and the entangling power of

the joint unitary operation U, . Here the measurement result is [00)5,, and 6 = %.
y

Conclusion

In this paper, by replacing the CNOT operation with a general joint operation, we studied the role of entangling
power of the joint unitary operation in entanglement concentration and entanglement purification and found the
matching relations between the entangling power of the joint unitary operation and the parameter of the quan-
tum channel so that the entanglement of the output state or the entanglement increment is maximized. The results
show that the set of joint unitary operations with maximal entangling power 2 are needed for maximizing the
entanglement increment of entanglement purification. But, for entanglement concentration, the result is some-
what counter-intuitive. Besides the set of joint unitary operations with maximal entangling power (including
CNOT), there are a variety of joint operations with non-maximal entangling power that can induce a maximal
output entanglement in entanglement concentration too, which will greatly broaden the set of the potential joint
operations in entanglement concentration. In addition, because the CNOT operation is not the only joint opera-
tion whose entangling power is the maximum value 2, the CNOT operation in the standard entanglement purifi-
cation is just a typical one of the optimal joint operations which can maximize the entanglement increment in
entanglement purification. So the results presented here can greatly broaden the set of the potential joint unitary
operations, which can maximize the output entanglement for entanglement concentration and the entanglement
increment for entanglement purification, and may help the experimentalists to find a joint unitary operation
which is both optimal and simple.

Methods

Entanglement concentration. Two pairs of particles (1, 2 and 3, 4) are prepared in non-maximally entan-
gled pure states initially, and then distributed to two users Alice (1, 3) and Bob (2, 4). Each user will carry out a
general control operation instead of CNOT operation on the two particles he (or she) possesses and then measure
the target particle. If the target particles are in the same state, the source pair is retained. Next, we will analyze the
relationship between the non-maximally entangled channel, entangling power of the general joint operation and
the entanglement of the output state.

Suppose that particles (1, 2 and 3, 4) are in the following non-maximally entangled pure states:

1), = cos0|00) + sinf|11), (6)

V)

where 6 € (0,7). The bilateral control operation is in the followinggeneral form: U = |0)(0| ® I+
11)(1] ® "' 7, where e” is a relative phase factor, ¢4 = cos [A| + PRy G Y G Ao+ Ao+

14|
A,0,,and 0y, , is the Pauli operator. Here the first pair (1, 2) is the source pair, and the second pair (3, 4) is the
target one. According to the definitions'”?’, the entangling power of the general control operation U can be

expressed as follows:

c0s0|00) + sinf|11), )

2 .23
e, (U) = =sin” |A].
? g S 14| (8)
If the measurement after the control operation gives same results for both of the target particles 3, 4, then the
source pair 1, 2 is retained and its state is regarded as the output state of the concentration process.

Entanglement purification. If the concentration process studied above is applied to mixed initial entan-
gled states, it is called entanglement purification. Without loss of generality, the initial mixed state to be purified
can be expressed as the mixture of a pure non-maximally entangled state and an identity operator:
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P = pl), (U] + (1 — p&,

&)
= plu), (0] + (1 = )5
P3q =PIV, p 4’ (10)
where 0 <p<1,and|¢)) = |¢). = cosf|00) + sinf|11). As discussed in the entanglement concentration pro-

1 4
cess, if the target particfes (3, 43 are measured in same states after the general joint controlled operation, the
quantum state of the source particles 1, 2 is the output state, whose entanglement is calculated in terms of
concurrence.
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