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Closed-form solutions and scaling 
laws for Kerr frequency combs
William H. Renninger & Peter T. Rakich

A single closed-form analytical solution of the driven nonlinear Schrödinger equation is developed, 
reproducing a large class of the behaviors in Kerr-comb systems, including bright-solitons, dark-
solitons, and a large class of periodic wavetrains. From this analytical framework, a Kerr-comb area 
theorem and a pump-detuning relation are developed, providing new insights into soliton- and 
wavetrain-based combs along with concrete design guidelines for both. This new area theorem reveals 
significant deviation from the conventional soliton area theorem, which is crucial to understanding 
cavity solitons in certain limits. Moreover, these closed-form solutions represent the first step towards 
an analytical framework for wavetrain formation, and reveal new parameter regimes for enhanced Kerr-
comb performance.

Through Kerr-comb generation, octave-spanning optical frequency combs and high repetition rate (GHz-THz) 
pulse-trains can be generated by injecting continuous-wave laser-light into high quality factor microresona-
tors1–11. Numerous studies have shown that cascaded parametric interactions within such cavity systems produce 
a tremendous variety of spectral features and intra-cavity waveforms12–16. While wide-band spectral generation 
has been achieved in many systems8,9, it is more challenging to identify the subset of conditions that permit sta-
ble and phase-coherent frequency comb formation. To elucidate the dynamics of comb formation, Kerr combs 
have been modeled with coupled-field17–20 and single-field16,21–27 formulations of the damped-driven Nonlinear 
Schrodinger equation (NLSE), also termed the Lugiato-Lefever equation22,28,29. Numerical studies suggest that 
two archetypal patterns can be observed in different regimes of Kerr-comb operation: solitons and periodic 
wavetrain solutions (also termed Turing patterns and primary combs). Solitons have been observed through 
Kerr-comb experiments and described using perturbative analytical methods14,15. In contrast, wavetrain-based 
frequency combs have only been observed numerically16, and an analytical framework for wavetrain physics is 
lacking. To date, a universal and simple analytical framework that captures the diversity of nonlinear phenomena 
within Kerr-comb systems remains elusive.

Here we develop a single closed-form analytic solution of the driven NLSE that, remarkably, reproduces the 
behavior of both soliton and wavetrain based Kerr frequency combs. This solution is validated with full microres-
onator numerical simulations, longitudinally invariant simulations, and established experimental results. 
Applying this analytical framework, we derive a modified area theorem (or Kerr-comb area theorem) that relates 
the pulse duration to the peak powers within Kerr-comb systems for both soliton and wavetrain solutions, reveal-
ing significant deviation from the conventional soliton area theorem and tremendous opportunity for wideband 
comb formation using wavetrains. A pump-detuning relation identifies conditions under which the correspond-
ing waveforms are generated. Together, these relationships provide a design guide and predict new high perfor-
mance regimes of broadband microcomb operation. These results are generally relevant to microresonators, fiber 
Kerr-combs and Kerr-based systems pumped with a continuous-wave source.

Results
Full Simulations. As the basis for comparison with analytical solutions, full single-field numerical simula-
tions are developed. The parameters used are taken from widely studied silicon nitride microresonator experi-
ments4,23. Pulse propagation inside the microring is governed by the damped NLSE of the form
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Here, E is the slowly-varying electric field envelope, z is the propagation coordinate, t is the local time or fast 
time, α is the linear loss, δ is the pump detuning, β2 is the group-velocity dispersion (GVD), and γ is the nonlinear 
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Kerr coefficient. In experiment, pump detuning (δ) represents the frequency deviation of the pump light from 
a cavity resonance. This model is strictly valid for bandwidths supporting pulses 50 fs and longer and is easily 
expanded to higher order dispersion and nonlinearities23. Output coupling and continuous-wave pumping are 
modeled as lumped effects at one point in the cavity. The temporal window is determined by the round trip cav-
ity propagation time, which is given by the microring radius and the effective index. The model is solved with a 
standard split-step fourier transform technique with a variety of hard excitations, and the solutions are considered 
stable when the change in energy per round trip converges to a numerically limited value (ΔE  10−14).

Of the many possible solutions, we focus on two solution types that are most pertinent to Kerr-comb forma-
tion: soliton solutions and wavetrain solutions14–16. The solitons (Fig. 1(a,b)) are characterized by a localized soli-
tary wave atop a continuous-wave background. A characteristic structure appears at the interface of the pulse with 
the background, which corresponds to a temporal phase shift. Multiple solitons can also exist given a sufficient 
temporal window. In the special case when a single soliton exists in the cavity, the free-spectral range (FSR) of the 
frequency comb is independent of the soliton and is given by the length of the microresonator. Solitons exist with 
negative detuning (δ >  0).

Wavetrain solutions (Fig. 1(c,d)) are characterized by a periodic stable wave-form. The waveform deviates 
from a sinusoid at the troughs of the intensity profile, which is also derived from a temporal phase change. The 
FSR of these frequency combs is determined by the solution itself, although constrained to an integer multiple 
of the cavity round trip time. These solutions can exist when the cavity detuning is zero or positive as well as 
negative16. It should be noted that, like solitons, these wavetrain solutions are stable nonlinear attractors which 
possess an independent basin of attraction. We will demonstrate in this work that all of these qualitative features 
are predicted by the analytical model presented here.

Analytical Approach. In order to study these classes of solutions, we look for their archetypal forms, as 
often exist in pattern forming systems of experimental relevance. We begin with the master equation for the field,
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which contains all of the relevant dynamics of the system. Note that this master equation is identical to Eq. 1, but 
now α includes the output-coupling and the continuous-wave gain with arbitrary phase is distributed around the 
cavity. There are no known exact solutions to this system. However, the driven NLSE without loss does have 
known analytical solutions, which in addition represent the archetypal forms observed in experiment. The loss-
less limit is strictly valid for high quality factor resonators where α β

τ∆
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2

2 . This is true in fiber systems and even 

Figure 1. Numerical simulations of a 100-μm radius SiN2 microresonator. Soliton mode-locking temporal 
(a) intensity and phase profiles and (b) spectrum with δ =  63.7 m−1 and 5.4-mW input power (2.16-W pump). 
Wavetrain mode-locking temporal (c) intensity and phase profiles and (d) spectrum with δ =  0.16 m−1 and 3.1-
mW input power (1.24-W pump). α = 19.1 m−1, β2 = 2 ps2/m, γ = 1/(Wm), and the output coupling is 0.25%.
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in lossy microresonators α is an order magnitude lower than dispersion. Moreover in certain regimes, the solu-
tions of the lossless system can be extended to those of the lossy case with careful analysis30. For comparison, it is 
also worth noting that the well-known soliton solution to the NLSE is known only for the lossless case, although 
all real systems have loss. While relatively new in comparison to the undriven case31,32, the driven NLSE has been 
shown to support a wealth of nontrivial phenomena33–39. Note that stable solutions to Eq. 2 exist without small-
ness requirements on the parameters30. An exact soliton solution is known for this driven NLSE30, and in 200540 
a broader class of solutions was discovered; these solutions are of the form = + +E G Kf T Lf T( ( ) )/(1 ( ) )2 2 , 
where f are the Jacobi Elliptic functions. This solution serves as the starting point for our analysis. As detailed 
below, we first rewrite this solution in a useful form, and then generalize it further (i.e., we develop a more com-
plete solution to the nontrivial nonlinear partial differential equation) to account for the experimentally relevant 
complex driving field.

We begin our analytical treatment of Kerr comb systems by expressing the driven NLSE, which governs 
Kerr-comb dynamics, in normalized form as
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Here, γ δ=U E /2 , δ=Z z , δ=T t D2 / , γ δ=h g /22 3 , sδ is sign(δ) and sβ is sign(β). In these normal-
ized variables, the pulse duration (defined as for the NLSE as the pulse duration parameter of a hyperbolic secant) 
and peak power can be written in real units as
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Here, |U0|2 and ΔT 2 are the unitless peak power and pulse duration and are determined by the solution to 
Eq. 3. These equations can be written in a more instructive form as
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where = ∆F U T0
2. We term Eq. 5a the Kerr-comb area theorem; it relates the pulse parameters to the system 

parameters in a general way. Equation 5b is a complementary relation that determines the required detuning for 
a given comb duration or peak power.

For analysis of frequency combs, we further generalized the known class of solutions given in ref. 40 to include 
a phase factor, ψ, that accounts for the phase difference between the resonantly circulating cavity mode and the 
coherent pump (or drive). The relation of the phase on the pulse to that of the coherent pump is determined by 
the so-called ansatz technique. In addition, for convenient representation of both soliton and wavetrain forms, we 
set f =  cn. Thus, the generalized closed-from analytic solution to Eq. 3 is given by
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where cn is the Jacobi Elliptic function and G, K, L, τ and m are real pulse parameters which are determined by the 
system parameter, h. The pulse parameters are solved for by inserting the ansatz into Eq. 3 with =∂

∂
0U

Z
 and sep-

arately satisfying the real and imaginary parts. This process requires the solution of four nonlinear algebraic 
equations. Before examining the solution for arbitrary values of m, it is instructive to first examine the solution for 
the values where the cn function reduces to the hyberbolic cosine (m =  1) and the cosine (m =  0) functions.

With the particular value of m =  1, Eq. 6 reduces the the soliton solution and can be written as
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where CW, A, B, and τ are real parameters. The four nonlinear algebraic equations, in this case, have two solu-
tions. One solution is known to be unstable30 and the other (stable) solution is given by
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Here, the parameters are written in terms of τ instead of h for compactness. In addition, sδ =  1. It is clear 
that when h =  0 the equation reduces to the NLSE and the solution (Eq. 7) reduces to the well-known soliton 
solution of the form Asech(AT). In this special case, F =  1, and Eq. 5a reduces to the familiar soliton area theo-
rem. However, when h >  0, the pulse develops a continuous-wave background with a characteristic dip in field 
amplitude at the wings of the pulse (Fig. 2a). This is the result of a phase shift when the electric field changes sign 
(Fig. 2b).

U0
2, ΔΤ 2, F and are plotted for the soliton solution in Fig. 3(a). When h =  0, |U0|2, ΔT 2, F and are equal to 1 

and Eq. 5 reduces to the well-known soliton area theorem and phase relation41. When h takes on a maximum 
allowed value of =h 2/27 , the prefactor of the Kerr comb area theorem becomes F =  0.8, revealing significant 
deviation of the true cavity-soliton solution from the background-free NLSE soliton area theorem. Surprisingly 
however, despite the clear differences in the solutions, the area theorem is qualitatively identical. This is of par-
ticular importance because it provides theoretical justification for the utility of the NLSE for modeling real 
Kerr-comb systems. For example, in ref. 24 the authors showed that the NLSE solitons do indeed accurately pre-
dict the solutions to several experimental results. This can now be understood as a result of the qualitatively 
identical area theorem given by the theoretical model for the driven system. Through careful theoretical study, a 
subset of the solutions to Eq. 3 were tied to the damped case (Eq. 2)30, validating this solution as a general model 
for solitons in Kerr-comb systems. It is also noteworthy that, in the normal dispersion regime, this same ansatz is 
a closed-form analytic solution for a dark soliton.

Numerical evaluation of Eq. 3 produces convergence to a stable soliton solution, as seen in Fig. 4. Despite the 
absence of a linear damping term in Eq. 3, energy decay occurs through spectral shedding; when convergence 
is achieved, the pump-wave no longer adds energy to the pulse due to wave-interference. For comparison, this 
numerical soliton solution of Eq. 3 is plotted atop the analytic soliton solution (Eq. 7), revealing excellent agree-
ment without any fitting parameters. The background-free NLSE soliton is also shown in Fig. 4. While the center 
of all three pulses show good agreement, divergence from the background-free NLSE solution is apparent when 
the phase changes and the continuous-wave background begins.

Figure 2. Representative closed-form solutions. Temporal (left) intensity and (right) phase profiles for (a,b) 
the soliton (Eq. 7) and (c,d) trigonometric wavetrain solutions (Eq. 9). The solitons are identified by h including 
the h =  0 solution and the trigonometric solutions are also identified by h but h =  0 is not a solution. The cnoidal 
wavetrain solutions are qualitatively the same as the trigonometric solutions.
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Another case of interest occurs when Eq. 6 is evaluated for m =  1. In this case, the solution can be written as
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Hence, the solution exhibits a periodic time dependence. In this case, the set of equations from which the 
pulse parameters are found can be expressed as
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Figure 3. Solution dependence the normalized drive strength. Kerr-comb area theorem prefactor F, 1/|U0|2, 
and ΔT 2 for the (a) soliton and (b) trigonometric wavetrain solution. The dashed line represents the value for 
the NLSE soliton for comparison. The pulse form is represented in the inset.

Figure 4. Numerical simulations of the driven NLSE (Eq. 3).The temporal (a) intensity and (b) phase profiles 
are displayed (black solid) along with Eq. 7 (red) and the NLSE soliton solution with the same peak power (blue) 
for comparison. β2 = 0.3 ps2/m, γ = 1(Wm), δ = 15.0133/m and g = 0.35 mW/m.
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This wavetrain solution is periodic with period 2πτ (Fig. 2(c)). The wavetrain deviates from a sinusoid at the 
troughs of the intensity profile as a result of a phase shift (Fig. 2(d)). The detuning for the trigonometric solution 
is also negative (sδ =  1). The Kerr-comb area theorem and phase relation can again be derived and written in the 
form of Eq. 5. Figure 3(b) reveals that the prefactor, F, is again close to 1. This can be understood by considering 
that the dominate contributions to the pulse formation are nonlinearity and anomalous dispersion. Therefore, just 
as for the soliton, the magnitude of the dispersion must also be comparable to that of the nonlinearity for their 
contributions to be equal and opposite. 

The broader class of solutions for arbitrary m has pulse parameters which can be determined numerically 
from the solutions of the four nonlinear algebraic equations which relate them. The period of the solution is given 
by 2τRe[K[m]], where Re[K[m]] is the real part of the complete elliptic integral of the first kind (plotted vs. m in 
Fig. 5(a)). As m approaches 1 the period approaches ∞  where the localized soliton forms. That is, when m is very 
near one, Eq. 6 represents an infinite train of soliton pulses of the form from Eq. 7. The broad class of wavetrain 
solutions are qualitatively similar to Eq. 9. A Kerr-comb area theorem again takes the form of Eq. 5. The prefactor, 
F, can be determined, as for the other cases, by solving four characteristic nonlinear algebraic equations. The 
result is plotted as a function of m for constant h in Fig. 5(b). Interestingly there exists a regime of parameters 
where F becomes much smaller than unity. In this regime, for a transform-limited pulse, larger bandwidths can be 
achieved with a given peak power; this is a desirable trait for wideband frequency comb applications. Note that, in 
contrast to the bright soliton solution, which only exists with negative detuning (δ >  0) and anomalous dispersion 
(β2 >  0), these periodic wavetrain solutions can exist at both signs of dispersion and detuning. This feature of 
the wavetrain solution is consistent with previous simulations and experiments14,23,39. For the purposes of stable 
frequency comb generation these periodic solutions are intriguing; they permit tunability of the comb FSR, and a 
wider range of wave-forms over a parameter space that is much larger than soliton solutions.

Discussion
The ability to relate the pulse parameters to the nonlinear system parameters enables direct application towards 
design. For example, to design a soliton frequency comb with a given bandwidth (∝ 1/Δτ), Eq. 5a can be used 
to determine the peak power, P, and Eq. 5b can be used to determine the detuning, δ. Given the detuning, 
peak power and bandwidth, the required pump power for a given free-spectral range frequency comb can be 
 calculated. Hence, the parameters of the system are fully determined using this closed-form treatment.

While the conditions for the existence of the cavity soliton and wavetrain solutions in Kerr-comb systems 
have been outlined here using this analytical framework, the stability of the solutions is paramount for their 
experimental observation. Wavetrain solutions have been studied extensively through numerical simulations. 
While the existence of wavetrain solutions has been demonstrated in full simulations here (Fig. 1(c,d)) and in refs 
14,23,39, further study is required to rigorously connect the large class of wavetrain solutions produced by Eq. 6 
to the damped driven NLSE of Eq. 2. Hence, further numerical studies of the damped driven NLSE, with a focus 
on the wavetrain solutions, would be valuable.

By contrast, the stability of cavity solitons has been established through experiments14,15 as well as in full 
numerical simulations (Fig. 1(a,b)). In addition, the analytical cavity soliton solutions presented here were shown 
to be stable with numerics (see Fig. 4); following ref. 30, this class of soliton solutions is known to be stable with 
damping. The physical relevance of this analytical cavity soliton solution is corroborated by numerical models, 
analytical treatments, and recent experiments.

Perhaps the most valuable next step based on the results of this study would be to use this new solution as a 
trail function for a variational analysis of the Lugiato-Lefever equation over a broad range of system parameters. 
Such an approach would be more efficient than full numerical simulations and more accurate than approaches 
based on the NLSE, which cannot readily account for the structure between the pulse and the background, for 
the deviation of the pulse from a hyperbolic secant, and for the more complete group of wavetrain solutions. This 

Figure 5. Trends of the cnoidal wavetrain solution. (a) The wavetrain period vs. m and (b) Kerr-comb area 
theorem prefactor, F vs. m for two values of h. The dashed lines represent discontinuous points in the roots to 
the nonlinear algebraic equations. Note that the period approaches infinity at m =  1, where the cnoidal solution 
reduces to the soliton solution.
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technique, when verified by numerical solutions16 and experimental results, should provide the ideal pathway 
toward Kerr-frequency comb design for optimum performance.

In conclusion, we have demonstrated a closed-form solution that represents a large range of Kerr frequency 
comb forms. The cavity soliton is shown to deviate from the soliton solutions of the undriven NLSE, the wave-
trains represent a stable nonlinear attracting solution with implications for high performance frequency combs, 
and a simple Kerr-comb area theorem and detuning relation were derived and used to generate experimental 
design guidelines and to predict new regions of performance. These solutions provide an ideal ansatz for studies 
based on the variational approach for identifying new regimes of stable Kerr-comb generation.
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This Article contains errors.

The title of Figure 3,

“Solution dependence the normalized drive strength.”

should read:

“Solution dependence on the normalized drive strength.”

In the legend of Figure 4,

“γ =  1(Wm)”

should read:

“γ =  1/(Wm)”
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