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An orientation measurement method based on Hall-effect sensors is proposed for permanent magnet (PM)
spherical actuators with three-dimensional (3D) magnet array. As there is no contact between the
measurement system and the rotor, this method could effectively avoid friction torque and additional
inertial moment existing in conventional approaches. Curved surface fitting method based on exponential
approximation is proposed to formulate the magnetic field distribution in 3D space. The comparison with
conventional modeling method shows that it helps to improve the model accuracy. The Hall-effect sensors
are distributed around the rotor with PM poles to detect the flux density at different points, and thus the
rotor orientation can be computed from the measured results and analytical models. Experiments have been
conducted on the developed research prototype of the spherical actuator to validate the accuracy of the
analytical equations relating the rotor orientation and the value of magnetic flux density. The experimental
results show that the proposed method can measure the rotor orientation precisely, and the measurement
accuracy could be improved by the novel 3D magnet array. The study result could be used for real-time
motion control of PM spherical actuators.

V
arious working principles have been proposed for displacement measurement of single direction
motions1–7, as well as planar linear motions8–10. However, the emergence and development of spherical
actuators bring forward the demand of real-time and closed-loop control for multiple degree-of-freedom

(DOF) rotational motions in recent years. Detecting the orientation of rotor precisely thus becomes an important
research topic for the study of spherical actuators. Quite a few orientation measurement approaches have been
proposed by researchers. For example, Lee et al. developed a 3-DOF orientation measurement system by utilizing
three single-axis encoders to detect the rotor orientation11,12. This type of orientation measurement method is
capable of achieving high-resolution measurement result. However, it requires two arc-shaped guides and sliding
blocks to connect the rotor shaft with the encoders. In this case, there is large friction torque existing on the
bearing and sliding blocks, which unavoidably compromises the rotor dynamics and complicates the control
implementation. Additional inertial moment is also brought in by the motion of guides. To eliminate this
drawback, non-contact sensors are preferred for orientation measurement. A non-contact real-time vision-based
orientation measurement system has been proposed by Garner et al13,14. A spherical shell marked with grid
patterns on the surface can be mounted on the rotor shaft. By using imaging processing vision system to capture
the grid pattern images, the rotor orientation can be detected. Although there is no contact between the rotor and
the measurement system, the surface gridding with high resolution is challenging and the incorporation of image
processing module may increase the system size significantly. Lee et al. have also proposed another non-contact
orientation measurement system by employing optical sensors15,16. The operating principle is similar to that of
optical mouse. Although the spherical shell with grid patterns is no longer necessary, the output of optical sensor
is very sensitive to the gap size between the rotor surface and the sensor tip, and the operation is not very stable.
Yan et al. also proposed a 3-DOF high-precision non-contact orientation measurement method based on laser
detection17. By utilizing laser detector to measure the distance between the laser tip and the light spots on a flat
plane of the moving body, the orientation of the moving body could be computed. The precision of this
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measurement method is impressive, and not affected by gap size.
Similarly, the integration into the spherical actuator may increase
the system size. Another possible measurement method is Hall-effect
sensor. Due to its compact size, it is possible to be integrated into the
spherical actuator. The cheap price of Hall-effect sensors also bene-
fits its actual use in future products. Wang et al. have used Hall-effect
sensors to measure the rotor orientation in spherical actuators18,19.
Son et al. have also employed the similar approach in the spherical
wheel motor20. Several Hall-effect sensors are placed at different
positions surrounding the stator to measure the flux densities. By
comparing the measured results with the analytical models of mag-
netic field distribution, the rotor orientation can thus be obtained.
Foggia et al. utilized a similar approach to detect the position of
bottom aperture of a spherical actuator21. Jin et al. have demonstrated
a method using single Hall-effect sensor to measure the orientation
of a non-contact electronic joystick22. However, the magnetic field of
the rotor with PM poles does not vary too much at certain positions,
and thus it is very difficult to detect the rotor orientation in high
precision, which constrains the implementation of Hall-effect-based
orientation measurement method.

The objective of this paper is to combine novel 3D magnet arrays
with Hall-effect sensors, and thus to improve the measurement accuracy
of the rotor orientation. The employment of 3D magnet array helps to
compensate the variation of magnetic field in 3D space, and thus to
increase the measuring resolution. In addition, curved surface fitting
method is proposed for the formulation of complex magnetic field in
3D space, to promote the mathematical modeling accuracy. The concept
design and poles arrangement of the spherical actuators with 3D magnet
array is presented. The magnetic field distribution is then analyzed
numerically. A novel distribution of Hall-effect sensors is presented to
measure flux density around the rotor. The result is compared with the
analytical flux model, and thus to obtain the rotor orientation.
Experiments are conducted on research prototype to validate the pro-
posed measurement method. The proposed method could be imple-
mented into other spherical actuators with different pole patterns.

Results
Figure 1 shows the schematic structure of permanent magnet spherical
actuator with 3D magnet array. Two Cartesian coordinate systems,

XYZ and xyz, are attached on stator and rotor, respectively. They are
coincident with each other at the initial position. The motion of rotor
can be separated into two steps: 1) the rotor shaft is moved to coincide
with desired vector; 2) the rotor rotates about the vector. In this paper,
the rotation sequence of the rotor is presented as follows.

. Firstly, frame {xyz} rotates about x-axis by an angle of a, and is
transformed into frame {x1y1z1}.

. Secondly, frame {x1y1z1} rotates about y1-axis by an angle of b,
and is transformed into frame {x2y2z2}.

. Lastly, {x2y2z2} rotates about z2-axis by an angle of c, and is thus
transformed into frame {x3y3z3}.

The direction of rotor’s output shaft is determined by two angles, a
and b, and spinning angle about the vector is described by c.

Distribution of Hall-effect sensors. To obtain the analytical
solutions of the rotor orientation, Hall-effect sensors are mounted
on the stator to detect the magnetic field distribution of the rotor as
shown in Figure 2. These sensors point to the sphere center in radial
direction. The positions of the sensors are represented with vectors
referred in the frame XYZ as

Sensor1 : r cos a0 { sina0 0½ �T , Sensor2 : r cos a0 sin a0 0½ �T

Sensor3 : r { sin a1 0 cos a1½ �T , Sensor4 : r sin a1 0 cos a1½ �T

Sensor5 : r 0 cos a2 { sin a2½ �T , Sensor6 : r 0 cos a2 sin a2½ �T :

ð1Þ

where r is the distance from the origin of the coordinate system to the
sensors. The positions of these Hall-effect sensors are flexible by
changing the values of a0, a1, and a2.

Derivation of orientation. To calculate the rotor orientation,
analytical model of magnetic field distribution is important. Two
types of magnetic field models are employed for this purpose. One
is the conventional magnetic field model based on harmonics
expansions, and the other is the curved surface model proposed in
this paper.

Derivation of orientation from magnetic field model with harmonics.
The modeling process with harmonics expansions of magnetic field

Figure 1 | Concept design and coordinate systems. Twenty four coils are mounted on the stator and symmetrically distributed along the equator. The PM

poles are arranged on two rotor surfaces. The inner and outer rotors are fixed together through the L-shaped links. In other words, the magnets are

not constrained on a single spherical surface. Instead, they are extended in the radial direction. It helps to improve the torque output and the orientation

measurement.

www.nature.com/scientificreports

SCIENTIFIC REPORTS | 4 : 6756 | DOI: 10.1038/srep06756 2



for spherical actuators can be found in23,24. The voltage output of
Hall-effect sensors, Vj ( j 5 1,2,...,6 ), can be generally represented as

Vj~K
X

Brj: ð2Þ

where K is the sensitivity of Hall-effect sensor and Brj is the radial
component of flux density at the position of Hall-effect sensor, con-
tributed by the inner and outer magnets. The output voltage Vj con-
tributed by the magnetic field is represented as

Vj~KK1 sin4hj cos4Qj: ð3Þ

where K1 is a constant associated with the distribution of PM poles,
and hj, Qj are spherical coordinates representing the sensor’s axis with
reference to the moved coordinate system. Substituting the absolute
positions of Hall-effect sensors into equation (1) and considering the
periodicity of c and the range of a and b, the analytical expressions of
the rotation angles could be obtained as
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where

a 5 sina1, b 5 cosa cosa1, c 5 sina cosa1, d~
V3zV4

KK1
z16c4,

e~
V3{V4

KK1
A 5 cosb cosa0, B 5 cosa sina0, C 5 sinasin bsina0,

D~ A{Cð Þ2{B2
� �2

{4B2 A{Cð Þ2, E 5 24B(A 2 C)[(A 2 C)2

2 B2],

F~ AzCð Þ2{B2
� �2

{4B2 AzCð Þ2: ð5Þ

Numerical computation is employed to validate the derived ana-
lytical model of rotor orientation. The finite element method (FEM)
model and the magnetization patterns of the PM poles are presented
in Figure 3. Figure 4 shows the comparisons between analytical and
actual rotation angles with 3D magnet array. The red line represents
the actual tilting angle in FEM model, whereas the blue line is the
tilting angle from analytical model. Relative large difference is

Figure 2 | Distribution of orientation measurement sensors. Sensor 1 and

2 are placed on Plane XY of the stator and a0 is the angle between the sensor

position vector and X-axis. Sensor 3 and 4 are arranged on Plane XZ of the

stator and a1 is the angle between the sensor position vector and Z-axis.

Sensor 5 and 6 are placed on Plane YZ of the stator and a2 is the angle

between the sensor position vector and Y-axis.

Figure 3 | FEM model of the PM spherical actuator with 3D magnet array. In the analysis, the connection links and housing parts are removed, because

they have no significant influence on the magnetic flux distribution.

www.nature.com/scientificreports
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observed between the actual and analytical results in Figures 4(a) and
(b), which is mainly caused by the simplification of analytical models.
However, in Figure 4(c), the analytical model fits with the actual
value more closely. The periodical variation of PM poles in the spin-
ning direction may help to improve the precision of analytical
models.

Derivation of rotor orientation from curved surface fitting method. To
improve the precision of analytical models, curved surface fitting
method is proposed to formulate the magnetic field distribution of
spherical actuators. Numerical result of the magnetic field distri-
bution of the PM rotor is obtained from Maxwell. It is known that
the radial component of magnetic flux density decreases when the
concerned point moves away from the rotor equator, and it varies
periodically along the rotor equator. Therefore, a hybrid mathemat-
ical expression with exponential and trigonometric functions is
employed to fit the numerical computations of 3D magnet array as
following

Br~0:159e
{

h{90
21

	 
2

cos4Q: ð6Þ

where h and Q are the spherical coordinate angles of the position
vector referred to the rotated coordinate system. And Vj ( j 5 1,2,...,6)
can be expressed as

Vj~KBr~0:159Ke
{

h{90
21

	 
2

cos4Q: ð7Þ

However, from this equation, it is very challenging to derive the
analytical solutions of the orientation by using the six Hall-effect
sensors at the above-mentioned positions. To obtain the analytical
solutions conveniently, two additional Hall-effect sensors are utilized
to measure the rotor orientation. The positions of these two sensors
are given by

Figure 4 | Comparisons between analytical and actual rotation angles with 3D magnet array. (a) Comparison between analytical and actual rotation

angle a. (b) Comparison between analytical and actual rotation angle b. (c) Comparison between analytical and actual rotation angle c.
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Sensor7 : r 1 0 0½ �T , Sensor8 : r 0 1 0½ �T : ð8Þ

The analytical expression of the rotor orientation thus becomes

y~21sgn Vij j{ Vj
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: ð9Þ

where y 5 a when i 5 5,j 5 6,l 5 8, and y 5 b when i 5 3,j 5 4,l 5

7.Experiments are also conducted on the orientation measurement
for spherical actuators with 2D magnet array. The outer rotor in
Figure 1 is removed from the system, i.e., the magnet poles are
arranged in 2D surface. By using the same approach, the analytical
solution of rotor orientation is expressed as

y~24sgn Vij j{ Vj
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The actual rotation angles are compared with those computed
from analytical equations with the experimental sensor datum.
Figure 5 shows the comparison of a about x-axis, b about y-axis,
and c about z-axis in 3D and 2D magnet array, respectively. The
red line represents the tilting angle read from the arc guide, whereas
the blue line is the tilting angle from analytical model by experiments.
It shows that the employment of 3D magnet array helps to increase
the measuring resolution.

Discussion
The maximum difference between actual rotation angles and experi-
mental results for 2D magnet array is about 2u, and 0.5u for 3D
magnet array, which indicates that the use of 3D magnet array helps
to improve the orientation measurement accuracy of the spherical
actuator. To observe the variation of flux density more clearly, the
derivative of Br is taken with respect to the tilting angle. The result is
presented in Figure 6. The measurement range of tilting angle for 3D
magnet array can be derived from

dBr

dh

����
����~ 159e{ h{90

21ð Þ2 {2ð Þ h{90
212

����
����v0:4: ð11Þ

Figure 5 | Comparison between the experimental and actual rotation angles with 3D and 2D magnet array. (a1) Comparison between experimental and

actual rotation angle a with 3D magnet array. (a2) Comparison between experimental and actual rotation angle awith 2D magnet array. (b1) Comparison

between experimental and actual rotation angle b with 3D magnet array. (b2) Comparison between experimental and actual rotation angle b

with 2D magnet array. (c1) Comparison between experimental and actual rotation angle c with 3D magnet array. (c2) Comparison between experimental

and actual rotation angle c with 2D magnet array.
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Its solution is

46:09360,89:44490ð Þ| 90:55510,133:90640ð Þ: ð12Þ

Similarly, the measurement range of 2D magnet array can be
derived from

dBr

dh

����
����~ 50e{ h{90

24ð Þ2 {2ð Þ h{90
242

����
����v0:4: ð13Þ

Its solution is

46:33660,87:67430ð Þ| 92:32570,130:66340ð Þ: ð14Þ

Figure 6 shows that the derivative of 3D magnet array is twice
larger than that of 2D magnet array when the rotor tilts the same
angle, which indicates that the 3D magnet array helps to improve the
measurement precision about three times as that of 2D magnet array.
The 3D magnet array can also help to improve the measurement
range of the tilting angles.

Methods
Experimental apparatus. Experiments are conducted to validate the analytical
solution of rotor orientation. Figure 7(a) shows a single converted SS496A Hall-effect
sensor that is used in this experiment to measure the magnetic flux density. The
integrated circuit in it is apart from the back side about 1 mm, and the inner radium of
the stator is 60 mm. Thus, the distance from Hall-effect sensors to the rotor center is
about 59 mm. The measurement of the Hall-effect sensor is from 20.8 T to 0.8 T and
the sensitivity is 2.5 mV/G. Due to the embedded amplifier, voltage outputted by the
Hall-effect sensor is always equal to one half of the supply voltage when there is no
magnetic field. So Vj is equal to the absolute value of the discrepancy between the
detected voltage and the half of the supply voltage, rather than the voltage detected,
i.e.,

Vj~ Vd{
1
2

Vs

����
����: ð15Þ

where Vd is the voltage detected by the digital multimeter directly and Vs is the voltage
supply of Hall-effect sensors. The distribution of Hall-effect sensors is presented in
Figure 7(b). It is consistent with that in figure 2. Hall-effect sensors are fixed on the
stator and the wires leaded from the pins of each Hall-effect sensor are marked with
numbers for distinguishing. Figure 7(c) presents the apparatus for measuring tilting
angle. The DC power supply provides the voltage of Hall-effect sensors and the digital
multimeter is used to measure the output voltage of Hall-effect sensor when the rotor
tilting along the arc guide. The rotor center is coincident with the center of arc guide.
Hence, the actual tilting angle of the rotor is indicated by the grids on the arc guide.

Figure 6 | Derivative of Br with respect to h. The red line shows the derivative of Br with respect to h of 3D magnet array. And the blue one shows that of

2D magnet array. When h is equal to 75.1508u, the derivative of Br with respect to h of 3D magnet array gets its maximum. To 2D magnet array,

the h is equal to 73.0294u.

Figure 7 | All apparatuses for measuring tilting angle. (a) The converted SS496A Hall-effect sensor. (b) The distribution of Hall-effect sensors on stator.

(c) The test bed for measuring tilting angle.
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Curved surface fitting method. Figure 8(a1) and (a2) present the relationship
between Br and Q at h 5 90u. The sampling points from numerical computation are
arranged from 0u to 360u at the step of Q by 0.36u. Figure 8(b1) and (b2) show the
relationship between Br and h at Q 5 0u. The sampling points are from h 5 0u to 180u
at the step of h 5 0.18u. Figure 8(c1) and (c2) are the 3D views of the curved surface
fitting equation for 2D and 3D magnet array. Enlarged views consisting of small parts
of the fitting curved surfaces are represented in Figure 8(d1) and (d2) to illustrate
more fitting details. They show that the curved surfaces match the numerical results
well. Therefore, transcendental equation can be used to describe the distribution of
the magnetic field in 3D space.
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