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The response of the microchip solid-state Nd:YAG laser, which is subjected to external frequency-shifted
feedback, is experimentally and theoretically analysed. The continuous weak response of the laser to the
phase and amplitude of the feedback light is achieved by controlling the feedback power level, and this
system can be used to achieve contact-free measurement of displacement, vibration, liquid evaporation and
thermal expansion with nanometre accuracy in common room conditions without precise environmental
control. Furthermore, a strong response, including chaotic harmonic and parametric oscillation, is
observed, and the spectrum of this response, as examined by a frequency-stabilised Nd:YAG laser, indicates
laser spectral linewidth broadening.

L
aser feedback, also called self-mixing interference, is a commonly observed phenomenon that can easily be
caused by any surface in the light path of optical systems. Initially, laser feedback was regarded as a severely
detrimental to laser performance, inducing instability in the laser’s power and frequency1,2, as well as strong

quantum noise3–5 and coherent collapse6–8. Thus, significant attention was placed on eliminating the external
feedback. However, the fruitful phenomena in a laser diode subjected to external optical feedback attracted
increasing interest, indicating the possibility of actively using laser feedback to improve laser performance to
suit practical demands. Sacher and co-workers6 analysed the coherence collapse in a diode laser with optical
feedback and were able to narrow the laser spectral linewidth. Utilising orthogonal polarisation optical feedback,
GHz pulses of a single-mode diode laser were produced by Cheng9. In addition, polarisation switching and optical
bistable states have been widely investigated10,11.

A common view about laser frequency-shifted feedback is that the laser resonator has gain amplification to the
external feedback power. This amplification depends on the ratio of cc/c1, where cc and c1, are, respectively, the
damping rate of the laser cavity and the population inversion (i.e., the inverse of photon lifetime and of laser
upper-level lifetime). For a laser diode, the typical value12 of this ratio is approximately 103. Benefiting from this
amplification of ,103, the weak feedback power reflected/scattered by a diffusing or absorbing surface of a
measured target can be amplified by three orders of magnitude in a laser resonator, and thereby, detectable
intensity modulation signals can be generated. From these intensity signals, the movement information of the
measured target can be recovered. Thus, the gain amplification makes the laser diode sensitive to external
feedback power and suitable for some cases of contact-free measurement (non-cooperative targets with diffusing
or absorbing surfaces). For micro-chip solid-state lasers, this value12 of the ratio reaches as high as ,106.
Consequently, these lasers can sense the extremely weak feedback power as low as 10212, which permits broad
application in fields such as tomography12,13, microscopy14, interferometry15, vibrometry16, and velocimetry17.
However, it is not yet clear to what amount of feedback power, the laser can be used for heterodyne phase
measurement. Additionally, this large amplification of ,106 will result in a strong response of the laser to the
external feedback power even when that power is very weak. Some phenomena reported in diode lasers should
also be observed in solid-state lasers, such as spectral linewidth broadening, chaotic spiking oscillation, and
multiple stable states.

We have previously reported on the frequency characteristics of an Nd:YAG laser subjected to frequency-
shifted feedback18. Only the frequency distribution in the low frequency region (i.e., in the frequency range
around the laser’s own relaxation oscillation frequency) was observed, and laser intensity information was not
collected. In addition, the optical spectrum was not examined by frequency-stabilised lasers; thus, detailed
spectrum information could not be obtained. Accordingly, it was difficult for us to judge whether the spectrum
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is broadened by the strong response of the laser to external feedback
power. Moreover, the principle of a contact-free measurement
scheme and its application were not performed.

In this report, we present the weak and strong response of the
microchip solid-state Nd:YAG laser to external frequency-shifted
optical feedback. For very weak feedback, the response of the laser
to external frequency-shifted feedback exhibits continuous intensity
modulation in amplitude and phase. From this intensity modulation,
the movement information of a measured target can be extracted
with high sensitivity, resolution and accuracy by heterodyne phase
measurement. Based on this principle, a laser feedback interfero-
meter is designed and developed to meet the demand of non-coop-
erative displacement/vibration measurement for all types of material
surfaces, such as blackened aluminium, liquids, piezoelectric mater-
ial, and even heated iron at high temperatures. In addition to weak
response, with the increase of the feedback level, the laser displays a
strong response to external feedback, which results in harmonic and
parametric oscillations in the frequency domain and corresponding
abrupt change in laser intensity and phase in the time domain.
Through examination of a frequency-stabilised Nd:YAG laser, the
spectrum is observed to be broadened.

Results
The experimental setup employed in this work is illustrated in Fig. 1.
A w5 mm 3 1 mm Nd:YAG crystal microchip, with both surfaces
coated to be highly reflective (R1 5 99.8%, R2 5 99%) at the lasing
wavelength of 1.064 mm, was employed to form a plane-parallel
Fabry-Perot resonator. A fibre-coupled single-mode laser diode
(not shown in Fig. 1) with a narrow linewidth (, 0.1 nm) served
as pump source, whose output was focused on the Nd:YAG crystal
using a GRIN lens. The pump end of the Nd:YAG crystal was coated
to be highly transmissive at the pump wavelength of 808 nm. The
lasing threshold was Pth 5 10 mW. During the entire experiments,
this microchip Nd:YAG laser worked in a linearly polarised TEM00

transverse mode. The path between the microchip lasers and the
external feedback mirror M is the so-called external feedback cavity
or external cavity. A variable attenuator ATT was inserted into the
external cavity to modify the feedback level. Here, the feedback level
k is defined as the ratio of the feedback power to the laser output
power.

The laser output is divided into two parts by the beam splitter BS1.
The transmissive one is frequency-shifted by a pair of acousto-optic
modulators (AOM1 and AOM2, the central frequencies are V1 5

70.04 MHz and V2 5 70.08 MHz, respectively.). By carefully align-
ing the AOMs and external feedback mirror M, we shift the optical

carrier frequency by an amount of V 5 2 3 (70.08 2 70.04) 5
80 kHz after a roundtrip of the laser beam.

The reflected beam is again separated into two parts by the beam
splitter BS3. One part is detected by a photoreceiver (New Focus
Model 1592, 3.5 GHz) accompanied by an oscilloscope to capture
the laser intensity modulation and its power spectrum. The other
part is combined with a frequency-stabilised Nd:YAG laser
(Innolight M500, linewidth 100 kHz). The beat signal is sent to
another photoreceiver (New Focus Model 1592, 3.5 GHz) followed
by a spectrum analyser (Agilent N9020B) to capture the spectrum
distribution of the beat signal.

Actually, after a roundtrip in the external cavity, four beams can
return to the laser resonator, whose frequency shifts are V, V/2, V1,
and V2 for each beam. Owing to the limited bandwidth of the relaxa-
tion oscillation15, the microchip laser cannot respond to feedback
light whose frequency shift is much larger than the relaxation oscil-
lation frequency fR 5 290 kHz at the pump level of P/Pth 5 2.
Consequently, the two beams of frequency shifts V1, and V2 can be
omitted. In Fig. 1, the red line with the heavy arrow represents the
feedback light with the frequency shift at V, and the blue line with
light arrow represents the feedback light with the frequency shift at
V/2.

Weak response to external frequency-shifted feedback. By setting
the very weak feedback level (k is approximately 1026), the microchip
Nd:YAG laser exhibits weak response to external feedback, as
illustrated in Fig. 2 (a). The Fig. 2 (a1) is the laser intensity, and
Fig. 2 (a2) is the corresponding power spectrum. If represents the
laser intensity with feedback, and I0 represents the laser intensity
without feedback. The laser intensity is sinusoidally modulated at a
frequency of V 5 80 kHz, which is the shifted frequency of the light
after one roundtrip propagation in the external cavity. The insert
shows a temporal zoom of the laser intensity. The corresponding
power spectrum (observed by the fast Fourier transform function
of the oscilloscope) displays two oscillating frequencies, i.e., V 5

80 kHz, and fR 5 290 kHz. The signal envelope is approximately
5 kHz corresponds to the noise of the photoreceiver.

By slightly increasing the feedback level a little (k is approximately
2 3 1026), an expected intensity increment occurs, which is the
intensity modulation depth in Fig. 2 (b1) and is twice that in Fig. 2
(a1). Although the power spectrum exhibits slight harmonic oscilla-
tions at 2V, 3V and so on, the laser intensity remains sinusoidally
modulated. The results are quite different from the results in Fig. 9,
where the strong feedback causes large resonant quantum noise of
270 dB and the multiple solutions to laser frequency. Consequently,
the laser frequency skips the unstable region of multiple solutions

Figure 1 | Schematic of experimental setup. ML: microchip solid-state Nd:YAG laser crystal, L: lens, BS1–4: beam splitter, AOM1,2: acousto-optic

modulator, ATT: attenuator, M: feedback mirror (or target to be measured), PD1,2: photoreceiver, and P: polariser.
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Figure 2 | Weak response of the laser to external frequency-shifted feedback: (a) k 5 1026 and (b) k 5 2 3 1026. The insert displays a temporal zoom of

the intensity.
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and jumps down to the neighboring stable region. For the weak level,
there is only one solution, and the laser is continuously modulated by
external feedback. We will explain this phenomenon in detail in the
discussion section. Here, the intensity modulation depth proportion-
ally increases with that of the feedback level k, which’s why this
response is called weak (linear) response.

When the laser is subjected to external frequency-shifted feedback
with a weak level (k , 1024), the laser output exhibits a weak (linear)
response to the feedback field, whose intensity amplitude linearly
increases with the feedback level and the phase of the light is con-
tinuously modulated without abrupt change. If the feedback mirror
M in Fig. 1 is replaced by a moving target, its movement information
will be loaded on a continuous phase change in the V-modulated
laser intensity. Using a heterodyne phase measurement, we can
obtain the movement information of the target. In addition, the weak
response is validated under a weak feedback level (k , 1024), which
makes it appropriate for the contact-free measurement of materials
with low or even extremely low reflectivity.

Based on this character, a scheme of non-cooperative measure-
ment is developed to achieve high resolution, high sensitivity, and
environmental robustness in the later sections.

Contact-free measurement scheme with high accuracy, sensitivity
and environmental robustness. Based on the weak response of the
laser subjected to the weak feedback level, a scheme of contact-free
measurement is developed to achieve high accuracy, high sensitivity
and environmental robustness, as illustrated in Fig. 3.

Except for the reference mirror Mr, most of the components used
in Fig. 3 are the same as those presented in Fig. 1. The laser beam
(frequency: v) in turn passes through two AOMs. Then, after AOM2,
one of the resultant beams (frequency: v 1 V/2), denoted by the red
line with the heavy arrow in Fig. 3, serves as the probing beam and
impinges on the measured target (M). The reflection by the target
then returns to the microchip laser resonator along its incoming
path, forming the feedback measurement arm (frequency: v 1 V).
The other part, denoted by the blue line with light arrow, remains v
because it is not diffracted. This part is reflected by the Mr back to the
resonator along the path of the measurement arm, forming the feed-
back reference arm (frequency: v 1 V/2).Thus, the total path of the
measurement and reference arms Lm and Lr can be written as

Lm~2|(L0zLd1zD0zDL) ð1Þ

Lr~2|L0zLd0zLd1 ð2Þ

where L0 is the light path between the laser and the AOM1; Ld1 is the
light path of the diffracted beam between AOM1 and Mr; Ld0 is the
light path of the un-diffracted beam between AOM1 and Mr; D0 is the
light path between Mr and the initial position of M; and DL is the
displacement to be measured.

Therefore, the optical path changes in the arms of measurement
and reference are obtained

DLm~2|(DL0zDLd1zDD0zDL) ð3Þ

DLr~2|DL0zDLd0zDLd1 ð4Þ

Because it is close enough for the arms of measurement and reference
to be subjected to the same environmental disturbance, the optical
path changes induced by the environment can be assumed to be the
same, i.e., DLd1 < DLd0.

Then, we can obtain

DLm~DLrz2DD0z2DL ð5Þ

Thus,the corresponding phase change can be written as

Dwm~DwrzDwD0z2kDL ð6Þ

where k is the wave vector of the laser beam. In the measurement, the
reference mirror is placed close enough to the initial position of the
measured target. Therefore, the phase changeDwD0 in this path (DD0

< 0) can be omitted. Then, we obtain

Dwm~Dwrz2kDL ð7Þ

This equation clearly indicates that the phase change in the measure-
ment arm contains two parts: one is the real displacement to be
measured, and the other is the phase change in the reference arm,
which represents the environmental disturbance. Consequently, the
difference between the measurement and reference arms really
reflects the movement of the measured target. This scheme compen-
sates for the environmental disturbance between the laser and ref-
erence mirror Mr. Thus, in the practical use, it is important to place
the reference mirror Mr close enough to the measured target.

To obtain the real displacement of the measured target, the phase
changes in the measurement and reference arms in Eq. (7) should be
recovered from the intensity modulation signals of the laser fre-
quency-shifted feedback system.

For weak feedback, when both the frequency-shifted lights at V
andV/2 are reflected/scattered back into the laser resonator, the laser
output is modulated at two frequencies separately as follows:

DIm

I0
~

ffiffiffi

k
p

G(2V) cos (2pVtzwmzQ0m) ð8Þ

DIr

I0
~

ffiffiffi

k
p

G(V) cos (pVtzwrzQ0r) ð9Þ

where DI is the laser intensity modulation; k is the feedback level;
G(V) is a frequency-dependent gain amplification factor12,15,16,17,18

that reaches its maximum cc/c1 when V approaches fR; V 5

80 kHz is the frequency shifting; w is the phase of the light carrying
the information of the measured targets; and Q0 is the fixed initial
phase. The subscript symbols m and r represent the measurement
and reference arms, respectively.

Figure 3 | Schematic of contact-free measurement with quasi-common path compensation.
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Compared with traditional interference, the intensity modulation
has an extra gain factor G(V), whose value ranges from 104 to 106.
Therefore, even if the reflected/scattered light is extremely weak such
as 10212, the relative intensity modulation amplitude can reach 100%,
which implies it has high sensitivity to external feedback. Thus, this
characteristic promises the ability of contact-free measurement.

Using a heterodyne phase measurement technique, the phase
changes Dwm and Dwr in Eq. (8) and (9) can be demodulated, respect-
ively. Then, according to Eq.(7), their difference (Dwm 2 Dwr 5 2k 3

DL) accurately reflects the real movement or displacement (DL) of the
targets with an accuracy on the nanometer level under common room
condition without precise temperature control and vibration isolation.

To verify the points discussed above, the scheme is used to directly
measure the displacement (movement) of a servo-controlled PZT
stage (PI Model P-762) driven by a triangular waveform with an
amplitude of approximately 40 nm. The laser beam impinges on
the stage’s surface, and the reflected/scattered light returns to pro-
duce a V-frequency modulated laser intensity. By demodulating the
signals from the measurement and reference arms, the displacement
(optical path change) is obtained and is shown in Fig. 4. The DLr

results indicate that the light path change in the reference arm
induced by the environmental disturbance is approximately
40 nm, which is at the same level as the stage’s movement amplitude
DL. Consequently, it is difficult to judge the stage’s displacement
from the DLm, which is submerged into the environmental disturb-
ance DLr. After the compensation of subtracting DLr from DLm, DL
accurately reflects the movement of the stage with an amplitude of
40 nm. It is concluded that the contact-free measurement with nano-
metre accuracy and environmental robustness can be achieved by a
combination of frequency multiplexing (environmental compensa-
tion) and frequency-shifted feedback (gain amplification).

Based on this principle, a compact laser feedback interferometer
was developed as shown in Fig. 5. To simultaneously demodulate the
measurement and reference signals, a commercial phase meter is

used, whose effective resolution is about 0.1u, corresponding to
0.14 nm resolution of displacement. Given the influence of the resid-
ual dead path (D0 in Fig. 3) on the measurement, the effective reso-
lution of displacement measurement is evaluated as about 1 nm.
During the measurement process, the laser beam emitted from the
instrument output directly impinges onto the surface of the targets to
be measured, and then the feedback light generates intensity modu-
lation, from which information about the targets can be recovered.
Note that an attenuator should be added to decrease the feedback
power if the reflected or scattered light is too strong. In remote
sensing where the target is several metres far from the instrument,
to guarantee high accuracy, a movable reference mirror Mr is placed
outside but near the measured target. Thus, the large dead path
between the target and the instrument can be compensated for. Of
course, the movable reference mirror Mr is a sophisticated arrange-
ment of mirrors and lens to ensure the feedback reference arm can
return to the resonator parallel to the measurement arm.

Application in vibration measurement. The hysteretic characteris-
tic of the piezoelectric ceramics supplied by PI Company was directly
measured using the instrument above. The results are presented in
Fig. 6 (left). We also tested the vibration of the piezoelectric ceramics
at different frequencies ranging from 1 Hz–10 kHz with different
amplitudes from several tens to hundreds of nanometres. A typical
result for vibration test at a frequency of 6 kHz with an amplitude of
tens of nanometres is presented in Fig. 6 (right). The piezoelectric
thin films were also successfully measured using this instrument with
an amplitude of tens of nanometres at common room conditions.

Application in liquid evaporation. The common approaches19–21

for measuring the liquid evaporation involve capacitive sensors, a
fibre liquid level sensor, or laser triangulation. The first two approa-
ches are not convenient because of the contact measurement. The last
approach requires frequent calibration based on the measured
targets.

We used the instrument presented above to measure the evapora-
tion rates of four types of liquids: (1) water, (2) alcohol, (3) acetone,
(4) ether. The measurement laser beam is turned 90u down onto the
surface of the liquid directly. The fall of the liquid surface is trans-
formed into the optical path change in the measurement arm and
thus, it is detected.

The experimental results illustrated in Fig. 7 reveal that after 20
minutes, the levels of the liquids decline as a result of evaporation as
follows: water, 41.165 mm; alcohol, 206.098 mm; acetone, 1117.854
mm; and ether, 2818.231 mm. The evaporation rate is expressed by
the declined height divided by the time. Therefore, the evaporation
rates for these four liquids are as follows: water, 34 nm/s; alcohol,
172 nm/s; acetone, 932 nm/s; and ether, 2349 nm/s.

Other experiments indicate that the evaporation rate is higher in
the afternoon than in the morning due to the increasing temperature.
The evaporation rate decreases when the liquid is maintained in a
closed container due to vapor saturation.

Figure 4 | Contact-free measurement of servo-controlled PZT stage
under common room conditions.

Figure 5 | Laser feedback interferometer based on external frequency-shifted feedback.

www.nature.com/scientificreports
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Application in thermal expansion of materials at high tempera-
ture. Previous methods22,23 for thermal expansion measurement
include optical interference, X-ray, optical and mechanical lever,
and density measurements; most of these methods require pre-
processing of the surface, a certain geometric shape of the mate-
rials, or need cooperative reflective mirrors.

The laser feedback interferometer is expected to solve the above
problem. First, 45# steel is heated in a muffle furnace, whose tem-
perature can be set from room temperature (approximately 20uC) to
1200uC. In the front surface of the muffle furnace, a hole is drilled to
pass the measurement light. In the experiments, the beam emitted
from the laser feedback interferometer passes through the hole into
the muffle furnace and impinges on the surface of the 45# steel. Then,
the reflected or scattered light returns back into the laser resonator to
generate the V-frequency modulation in laser intensity, from which
the thermal expansion (optical path change) of the steel at different
temperatures can be determined.

The change in the optical path (i.e., the displacement between the
instrument and the surface of the steel) is used to represent the
thermal expansion of the steel. The results measured here can qua-
litatively reflect the thermal expansion of the steel to some degree.

As shown in Fig. 8, the entire heating process lasts approximately
30 minutes, and the optical path change (displacement) between the
instrument and the steel is approximately 150 microns. The insert on
the left is the initial state of the 45# steels (not the same one but the
same material), and the insert on the right shows the final state of the
steels heated. Clearly, its property has changed as a result of the

chemical reaction. In the experiments, the temperature in the muffle
furnace is changed from 20uC to 500uC. The reflectivity of the steel
surface decreases with increasing temperature due to strong oxida-
tion. Above 500uC, the reflectivity of the steel is extremely low that
the feedback signal cannot be adequately detected using the present
scheme. A lock-in amplifier could possibly be used to further
improve the detectability.

Strong response to external frequency-shifted feedback. When the
amount of feedback is increased to 1023 or even higher, a strong
response clearly results, as demonstrated in Fig. 9. Both the
feedback light frequency shifted at V and V/2 returns to the laser
resonator, shown in Fig. 9 (a). Therefore, the intensity is modulated
by these two frequencies. Unlike the cases in Fig. 2, the spiking pulses
superpose on the weak response signals. Every spiking pulse
represents an abrupt change in laser frequency caused by strong
frequency-shifted feedback. The power spectrum exhibits strong
harmonic (2V, 3V, 4V …) and parametric (V/2 1 V, V/2 1 2V,
V/2 1 3V …) oscillations resulting from these two frequencies.
Additionally, the parametric oscillation frequency (280 kHz) reso-
nates with the relaxation oscillation frequency (fR 5 290 kHz).
Consequently, compared with Ref18, the parametric oscillation
peaks (fR 1 V/2, fR 2 V/2, fR 1 V,…) related to the relaxation
oscillation frequency vanish. Only the harmonic peaks at V and
the mixed parametric peaks between V and V/2 survive. Simul-
taneously, the laser quantum noise (280 dB) is stronger than that
in Fig. 2 (2100 dB). The insert indicates that the amplitude and
phase of the laser intensity break abruptly, where the frequency of
the laser is thought to also jump sharply. This result is similar to the
cases occurring in diode lasers25. The laser frequency is modulated
by the phase of the external feedback light. At the strong feedback
level, the modulation of the external feedback is so large that multiple
solutions of laser frequency co-exist in the laser feedback system25,26.
However among these solutions, some are unstable and violate the
stability criteria26. Consequently, during the modulation, when the
laser frequency is tuned to the region of unstable solutions, the
frequency suddenly jumps to the stable one in the nearest neighbor
period. A detailed interpretation will be provided in the discussion
section. In this feedback regime, the intensity modulation depth no
longer increases with the feedback level k(.1023), which is accord-
ingly called the strong (nonlinear) response to external feedback.
However, a more complicated spectrum distribution occurs.

For strong feedback level, a sharp change such as a spiking pulse in
the laser intensity indicates that it is not suitable for heterodyne phase
measurement. Although electronic filter can be used to filter the
irregular spiking pulses, this filter can cause an extra phase change

Figure 6 | Contact-free measurement for the hysteresis loop and vibration of piezoelectric ceramics: hysteresis loop (left) and vibration (right).

Figure 7 | Liquid evaporation measuremnt for serveral types of liquids.
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in the measurement signals, which causes the considerable errors in
measurements on the nanometre level. However, the fruitful infor-
mation of the power spectrum, as shown in Fig. 9 implies that the
frequency of the laser subjected to the external frequency-shifted
strong feedback is greatly affected. Consequently, in the following
section, the optical spectrum distribution is examined using a
frequency-stabilised Nd:YAG laser (Innolight M500, linewidth
100 kHz).

Spectrum broadening induced by strong response. To observe the
optical spectrum, the microchip Nd:YAG subjected to external
frequency-shifted feedback is compared with a frequency-stabilised
Nd:YAG laser, whose linewidth is approximately 100 kHz. When the
feedback loop is off, the beat frequency is located near the frequency
of 1 GHz around, whose linewidth is approximately 3 MHz, as
indicated in Fig. 10. Given that the linewidth of the frequency-
stabilised Nd:YAG laser is only 100 kHz, we can qualitatively
determine that the linewidth of the microchip Nd:YAG laser is at
most 3 MHz. When the feedback loop is on, the linewidth of the beat
frequency is greatly broadened to about 30 MHz. Thus, the linewidth
of the microchip laser is approximately 30 MHz under strong
external frequency-shifted feedback. Although it is called strong
feedback, the feedback level is only 2 3 1023. If it is largely
increased, the linewidth of the laser is expected to be further
broadened to several hundreds of MHz.

We also verify the case of weak feedback. The linewidth hardly
broadens under this condition and, thus, does not affect the applica-
tion of the frequency-shifted feedback on precision measurement.

Discussion
In the presence of frequency-shifted optical feedback, the dynamic
behaviour of a re-injected laser can be described using the modified
Lang–Kobayashi equation16–18:

dN(t)
dt

~c1½N0{N(t)�{BN(t)E(t)2

dE(t)
dt

~
1
2
½BN(t){cc�E(t)

zcc

ffiffiffi

k
p

cos½2p(Vt{vt)�E(t)

ð10Þ

dW
dt

~vc{vz
a

2
BNzcc sin½2pVt{vt�

where N(t) is the population inversion, E(t) is the amplitude of the
laser electric field, W is the phase of the light, vc is the laser cavity
frequency, v is the optical running laser frequency, V is the fre-
quency-shifting by the AOMs, and t is the roundtrip time in the
external cavity. B is the Einstein coefficient, c1N0 is the pumping
rate, c1 is the decay rate of the population inversion, cc is the laser
cavity decay rate, k is the effective laser feedback level, and a is the
linewidth enhancement factor in solid-state microchip lasers.

Solving Eq.(10) above, the following equations are obtained:

v~vcz
a

2
cc{

a
ffiffiffiffiffiffiffiffiffiffiffiffi

1za2
p cc

ffiffiffi

k
p

sin (2pVt{vtztg{1a) ð11Þ

DI
I0

~
ffiffiffi

k
p

G cos (2pVt{vtzQ0) ð12Þ

Similar to the cases reported for diode lasers24, this transcendental

Eq. (11) has only one solution for v, when
cct

ffiffiffi

k
p

a
ffiffiffiffiffiffiffiffiffiffiffiffi

a2z1
p , 1. This result

means that the laser frequency is continuously tuned during the
frequency-shifted feedback under this condition, as is the laser
intensity. This situation is called weak feedback. The amplitude
and phase of the laser intensity is modulated continuously without
any abrupt changes, as illustrated in Fig. 2. Therefore, under very
weak feedback, the movement information of the targets loaded on
the modulated intensity signals can be demodulated to recover the
information.

However, when
cct

ffiffiffi

k
p

a
ffiffiffiffiffiffiffiffiffiffiffiffi

a2z1
p . 1, Eq. (11) has multiple solutions in the

region bounded by two special points, which have a vertical slope on
the curve of v versus t, as reported by Ref 25. This area is well known
as the hysteresis region, which is an unstable region. When the laser
frequency is increased to one of these points, the frequency skips the
unstable region and suddenly drops down to another stable region in
the nearest neighbouring period. Correspondingly, the laser intensity
also changes abruptly. Accordingly, representative spiking pulses
superpose the modulated laser intensity expressed by Eq.(12), as
observed in Fig. 9 (a1) and (b1).

Figure 8 | Thermal expansion of 45 # steel with temperature change from 206C–5006C.
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Figure 9 | Strong response of the laser to external frequency-shifted feedback: (a) k 5 2 3 1023(V, V/2) and (b) k 5 2 3 1023(V). The insert displays a

temporal zoom of the intensity.
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By straightforwardly solving Eq. (10), the laser intensity jEj2 and
the corresponding power spectrum can be obtained. Fig. 11 presents
the numerical simulation of the intensity and relevant power spec-
trum for the laser subjected to external frequency-shifted feedback at
weak and strong levels, which agree well with the experimental
results in Figs. 2 and 9. The values used for numerical simulation
are summarised bellow: cc 5 6 3 109 s21, cc 5 4 3 103 s21,a5 2, t5

1028 s, all of which are related to the parameters of the laser resonator
and external cavity. Other parameters, such as Einstein coefficient B
and the pumping rate c1N0 can be simplified in the arithmetic pro-
cess. Details about solving the differential equations (10) can be
found in Ref 18.

In a similar manner to laser diodes27, the linewidth broadening of
microchip solid-state lasers in the presence of frequency-shifted
feedback can be defined as:

Dn~
Dn0

½1zC cos (2pVt{vtzQa)�2
ð13Þ

where C~
cct

ffiffiffi

k
p

a
ffiffiffiffiffiffiffiffiffiffiffiffi

a2z1
p , Dn is the broadened laser spectral linewidth, and

Dn0 is the solitary laser spectral linewidth. According to Eq.(13), the
broadened spectral linewidth is related to a, feedback level k, and the
roundtrip time in the external cavity. Under the weak feedback level
(k , 1024), there is no evident broadening in the laser linewidth.
However, it is clear that the linewidth can be broadened considerably
for a large value of C. Although large narrowing of the laser linewidth
by three orders of magnitude has been observed in laser diodes28, we
did not observe any significant linewidth narrowing in our experi-
ments. The linewidth broadening with a maximum Dn/Dn0 , 10

Figure 11 | Numerical simulation of the response at k 5 1026 and k 5 2 3 1023: (a) laser intensity and (b) power spectrum.

Figure 10 | Spectral linewidth broadening of Nd:YAG laser subjected to external frequency-shifted feedback under strong feedback level: (a) without
feedback and (b) with feedback(k 5 2 3 1023).
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occurred when chaotic spiking oscillation at the shifting frequency
appeared, as demonstrated in Fig. 10. Along with the increase of the
feedback level or the shifting frequency, larger broadening of laser
spectral linewidth can be further achieved.

In conclusion, we investigate the weak and strong response of
lasers to external frequency-shifted feedback. Based on a weak res-
ponse, a contact-free measurement scheme combining external
frequency-shifted feedback and frequency multiplexing has been
developed to achieve high sensitivity, high accuracy and high envir-
onmental robustness. Its application in the measurement of displace-
ment, vibration, liquid evaporation, and thermal expansion has also
been experimentally demonstrated. Furthermore, spectral linewidth
broadening of the order of 10 is observed in the condition of strong
response regime. A theoretical analysis that agrees well with the
experiments is also presented.

Methods
Differential frequency-shifting. A pair of AOMs is used in the differential
frequency-shifting model. The laser beam (frequency v) passes through the AOM1

(driven at V1), whose output contains 0-order (frequency v) and -1-order (frequency
v-V1) diffracted beams. The distance between the two AOMs is kept short enough to
ensure that both the output from AOM1 pass through the aperture of AOM2 (driven
at V2). Simultaneously, the incident angle of the laser beam at AOM2 is carefully
adjusted to ensure the generation of a 11-order diffracted beam. Then, after AOM2,
four laser beams are obtained, whose frequencies are v,v2V1, v1V2, andv2 (V1

2 V2). Among these beams, the beams whose frequencies are v and v 2 (V1 2 V2)
are selected as reference and measurement arms, which return to resonator along the
incoming path of the beam (frequency v 2 (V1 2 V2)). Thus, this process is called
differential frequency-shifting. The -1-order diffracted beams of AOM1 and the 11-
order diffracted beams of AOM2 are combined to obtain the differential effect. The
relative position of the AOMs to each other is important in constructing this
differential frequency-shifting.

The gain amplification G(V) is a frequency-dependent factor. The closer the V
approaches to fR, the larger the G(V) is. Thus, in the practical laser feedback inter-
ferometer, to get larger gain amplification G(V) and thereby to sense the measured
target with extremely low reflectivity, the frequency shifting of V (typical value
200 kHz) is more close to the fR (290 kHz) than that (80 kHz) in the experiments.

Signal processing and data analysis. Both the measurement and reference signals are
filtered and amplified and are then sent to a dual-channel phase meter (Pretech
Science, PT-1313B-2D, China) for simultaneous demodulation to obtain the
movement information of the measured targets and the environmental disturbance.
Afterwards, the data are transmitted to a computer by USB. A graphic interface
programmed by Labview software (developed by National Instruments, USA) is used
to read the data, to analyse the data, and to display the final results.
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