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In the framework of quantum computational tensor network, which is a general framework of
measurement-based quantum computation, the resource many-body state is represented in a
tensor-network form (or a matrix-product form), and universal quantum computation is performed in a
virtual linear space, which is called a correlation space, where tensors live. Since any unitary operation, state
preparation, and the projection measurement in the computational basis can be simulated in a correlation
space, it is natural to expect that fault-tolerant quantum circuits can also be simulated in a correlation space.
However, we point out that not all physical errors on physical qudits appear as linear completely-positive
trace-preserving errors in a correlation space. Since the theories of fault-tolerant quantum circuits known so
far assume such noises, this means that the simulation of fault-tolerant quantum circuits in a correlation
space is not so straightforward for general resource states.

Q
uantum many-body states, which have long been central research objects in condensed matter physics,
statistical physics, and quantum chemistry, are now attracting the renewed interest in quantum informa-
tion science as fundamental resources for quantum information processing. One of the most celebrated

examples is one-way quantum computation1–3. Once the highly-entangled many-body state which is called the
cluster state is prepared, universal quantum computation is possible with adaptive local measurements on each
qubit. Recently, the concept of quantum computational tensor network (QCTN)4–6, which is the general frame-
work of measurement-based quantum computation on quantum many-body states, was proposed. This novel
framework has enabled us to understand how general measurement-based quantum computation is performed
on many other resource states beyond the cluster state. The most innovative feature of QCTN is that the resource
state is represented in a tensor-network form (or a matrix-product form)7–9, and universal quantum computation
is performed in the virtual linear space where tensors live. For example, let us consider the one-dimensional open-
boundary chain of N qudits in the matrix-product form

Yj i:
Xd{1

k1~0

� � �
Xd{1

kN ~0

Lh jA kN½ � . . . A k1½ � Rj i kN , . . . , k1j i, ð1Þ

where {j0æ, …, jd 2 1æ} is a certain basis in the d-dimensional Hilbert space (2 # d , ‘), jLæ and jRæ are D-
dimensional complex vectors, and {A[0], …, A[d 2 1]} are D 3 D complex matrices. Let us also define the
projection measurementMh,w on a single physical qudit by

Mh,w: ah,w

�� �
, bh,w

�� �
, j2i, . . . , d{1j i

� �
,

where

ah,w

�� �
: cos

h

2
0j izeiw sin

h

2
1j i,

bh,w

�� �
: sin

h

2
0j i{eiw cos

h

2
1j i,

0 , h , p, and 0 # w , 2p. If we do the measurementMh,w on the first physical qudit of Eq. (1) and if the first
physical qudit is projected onto, for example, jah,wæ as a result of this measurement, the state Eq. (1) becomes
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X
k2,...,kN

Lh jA kN½ � . . . A k2½ �
A ah,w

� �
A ah,w

� ��� �� Rj i kN , . . . , k2j i6 ah,w

�� �
,

where

A ah,w

� �
: cos

h

2
A 0½ �ze{iw sin

h

2
A 1½ �:

Now we can imagine a virtual linear space where A’s, jRæ, and jLæ live.
This virtual linear space is called the correlation space4–6,10–12. Then,
the above equation can be interpreted that the ‘‘gate operation’’

Rj i?
A ah,w

� �
A ah,w

� ��� �� Rj i is implemented on the ‘‘quantum state’’ jRæ in

the correlation space. In particular, if A[0], A[1], h, and w are appro-

priately chosen in such a way that A[ah,w] is proportional to a unitary,

we can ‘‘simulate’’ the unitary evolution
A ah,w

� �
A ah,w

� ��� �� Rj i of the vector

jRæ in the correlation space. The core of QCTN is this ‘‘virtual
quantum computation’’ in the correlation space. If the correlation
space has a sufficient structure and if A’s, jLæ, and jRæ are appropri-
ately chosen, we can ‘‘simulate’’ universal quantum circuit in the
correlation space4–6,10–12.

For the realization of a scalable quantum computer, a theory of
fault-tolerant (FT) quantum computation13–17 is necessary. In fact,
several researches have been performed on FT quantum computa-
tion in the one-way model3,18–22. However, there has been no result
about a theory of FT quantum computation on general QCTN. (See
the recent progress to this direction23–26.) In particular, there is severe
lack of knowledge about FT quantum computation on resource states
with d $ 3. It is necessary to consider resource states with d $ 3 if we
want to enjoy the cooling preparation of a resource state and the
energy-gap protection of measurement-based quantum computa-
tion with a physically natural Hamiltonian, since no genuinely
entangled qubit state can be the unique ground state of a two-body
frustration-free Hamiltonian27.

One straightforward way of implementing FT quantum computa-
tion on QCTN is to encode physical qudits with a quantum error
correcting code:

Xd{1

k1~0

. . .
Xd{1

kN ~0

Lh jA kN½ � . . . A k1½ � Rj i ~kN , . . . , ~k1

�� E
,

where ~ki

�� E (i 5 1, …, N) is the encoded version of jkiæ (such as
~0
�� �~ 000j i and ~1

�� �~ 111j i, etc.) In fact, this strategy was taken in
Refs.21,22 for the one-way model (d 5 2), and it was shown there that a
FT construction of the encoded cluster state is possible. For d $ 3,
however, such a strategy is difficult, since theories of quantum error
correcting codes and FT preparations of the encoded resource state
are less developed for d $ 3. Furthermore, if we encode physical
qudits with a quantum error correcting code, the parent Hamil-
tonian should no longer be two-body interacting one.

The other way of implementing FT quantum computation on
QCTN is to simulate FT quantum circuits in the correlation space.
Since any unitary operation, state preparation, and the projective
measurement in the computational basis can be simulated in a cor-
relation space (for a precise discussion about the possibility of the
measurement, see Ref.12), it is natural to expect that FT quantum
circuits can also be simulated in a correlation space. An advantage
of this strategy is that theories of FT quantum circuits for qubit
systems are well developed13–17. In fact, this strategy was taken in
Refs.18,19 for the one-way model (d 5 2). They introduced a method
(which we call ‘‘the ensemble method’’ since the ensemble of all
measurement results are considered) of simulating quantum circuits
in the correlation space of the cluster state, and showed that all
physical errors on physical qubits can be linear completely-positive
trace-preserving (CPTP) maps in the correlation space of the cluster

state. (For details, see Sec. I of the supplementary material.) This
means that FT quantum circuits can be simulated in the correlation
space of the cluster state.

In this paper, however, we point out that it is not so straightfor-
ward to simulate FT quantum circuits in the correlation space of a
general resource state. In order to see it, we consider two standard
methods of simulating quantum circuits in the correlation space.
First, we directly apply the ensemble method of Refs.18,19 to the
one-dimensional Affleck-Kennedy-Lieb-Tasaki (AKLT) state28,29,
as an example, and see that not all physical errors on physical qutrits
can be linear CPTP maps in the correlation space of the AKLT state.
Since all theories of FT quantum circuits known so far assume such
noises13–17, this means that it is not so straightforward to apply these
FT theories to quantum circuits simulated in the correlation space of
general resource states. (Note that quantum error correction is not
equivalent to fault-tolerant quantum computation: non-CPTP errors
can be corrected by quantum error-correcting codes, but that does
not necessarily mean the possibility of fault-tolerant quantum com-
putation.) We give some intuitive explanations of reasons why the
cluster state is so special and why not all resource states work as the
cluster state. Second, we consider another natural method of simu-
lating quantum circuits in the correlation space, which we call ‘‘the
trajectory method’’ (since only a specific history of measurement
results, i.e., a specific trajectory, is considered). This method is
another standard way of simulating quantum circuits in the correla-
tion space when the system is assumed to be error-free4–6,10,28. We
show a general theorem which says that if d $ 3 not all physical errors
on physical qudits can be linear CPTP maps in the correlation space
if we consider the trajectory method. This means that the trajectory
method does neither work in general.

In short, we show in this paper that it is not so straightforward to
simulate FT quantum circuits in the correlation space of a general
resource state. Since all errors behave nicely in the correlation space
of the cluster state18,19, less attention has been paid to the difference
between a real physical space and a correlation space of a general
resource state. Our results here suggest that these two spaces can be
different, and because of the difference, simulations of FT quantum
circuits can be difficult in a general correlation space. To our know-
ledge, there is so far no other methods than those two methods, i.e.,
the ensemble method and the trajectory method. However, of course
there is a possibility that a new method will be developed in a future.
Therefore, what we show here is not the impossibility of making
QCTN fault-tolerant. Such a new method might be able to make
all QCTN fault-tolerant. We hope that our results here will help to
tackle such a challenging subject of a future study.

Results
Assumption. Throughout this paper, we make the following
assumptions: Since the MPS Y L, Rð Þj iN1 , Eq. (1), is a resource state
for measurement-based quantum computation, we can assume
without loss of generality that A[ah,w], A[bh,w], A[2], A[3], …, A[d
2 1] are unitary up to constants:

A ah,w

� �
~caUa,

A bh,w

� �
~cbUb,

A 2½ �~c2U2,

A 3½ �~c3U3,

� � �

A d{1½ �~cd{1Ud{1,

ð2Þ

where ca, cb, c2, … cd21 are real positive numbers, Ua, Ub, U2, …,
Ud21 are unitary operators, and
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A bh,w

� �
: sin

h

2
A 0½ �{e{iw cos

h

2
A 1½ �:

This means that any operation implemented in the correlation space
by the measurementMh,w on a single physical qudit of Y L, Rð Þj iN1 is
unitary. Note that this assumption is reasonable, since otherwise
Y L, Rð Þj iN1 does not seem to be useful as a resource for

measurement-based quantum computation. In fact, all known
resource states so far including the cluster state and the AKLT
state, satisfy this assumption by appropriately rotating each local
physical basis. Furthermore, we can take ca, cb, c2, …, cd21 such that

C:c2
azc2

bz
Xd{1

k~2

c2
k~1,

since
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fN Lj i, Rj ið Þ
p X

k1,...,kN

Lh jA kN½ � . . . A k1½ � Rj i kN , . . . , k1j i

~
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fN Lj i, Rj ið Þ
p ffiffiffiffi

C
p N X

k1,...,kN

Lh jA kN½ �ffiffiffiffi
C
p . . .

A k1½ �ffiffiffiffi
C
p Rj i kN , . . . , k1j i

and we can redefine A ki½ �

 ffiffiffiffi

C
p

?A ki½ �.

Simulation on the AKLT state with the ensemble method. Let us
first consider the direct application of the ensemble method of
Refs.18,19, which was used for the cluster state, to the AKLT state.
As is shown in Refs.18,19, all physical errors can be linear CPTP
maps in the correlation space of the cluster state. (This is also the
case for the tricluster state30. See Sec. III and IV of the supplementary
material.) However, here we show that if we directly apply the
ensemble method to the AKLT state, not all physical errors can be
linear CPTP maps in the correlation space of the AKLT state.

Roughly speaking, in the ensemble method, we consider the mix-
ture of all measurement results (measurement histories) during the
feed-forwarding stage. For the cluster state, it works well, since the
desired gate operation can be implemented deterministically because
of the feed-forwarding, and if we trace out states which registered
each measurement results after the feed-forwarding, the entire state
again becomes pure. (For details, see Ref.19 and the Supplementary
Material.)

The one-dimensional AKLT state is the matrix-product state
defined by d 5 3, A[0] 5 X, A[1] 5 XZ, and A[2] 5 Z. Let us assume
that a CPTP error r?

P
w
j~1FjrF{

j , where
P

w
j~1F{

j Fj~I, occurs on
a physical qutrit of the AKLT state. If we simulate quantum circuits
in the correlation space of the AKLT state after this error with the
ensemble method, the map

Rj i Rh j?EAKLT Rj i Rh jð Þ:
X

j

Jj Rj i Rh jJ{
j

is implemented in the correlation space, where Jj’s are certain opera-
tors which depend on {Fj}. (For details, see Sec. II of the supplement-
ary material.) For example, let us consider the error with

w 5 1 and F1~
1ffiffiffi
2
p ah,w

�� �
z bh,w

�� �� �
0h j{ 1ffiffiffi

2
p ah,w

�� �
{ bh,w

�� �� �
1h jz 2j i 2h j. Then, we can show thatX

j

J{
j Jj~dIz

2
3

1j i 1h j,

where d is a certain positive number. This means that the map EAKLT

is not linear CPTP.

Intuitive explanations. We have seen that the ensemble method of
Refs.18,19 for the cluster state cannot be directly applied to other
resource states, such as the one-dimensional AKLT state. Why the
cluster state is so special? And why it does not work for other resource
states? Although the complete answer to these questions is beyond
the scope of the present paper, since the study of QCTN itself has not
been fully developed (for example, no one knows the necessary and
sufficient condition for tensor-network states to be universal
resource states), let us try to give some intuitive explanations here.

Figure 1 illustrates the reason why all physical errors become
CPTP maps in the correlation space of the one-dimensional cluster
state. Let us first consider the ideal case (a) where there is no error.
The actual protocol (a-1) is mathematically equivalent to the ‘‘input-
output’’ picture (a-2) where the physical input state jyæ is teleported
into the left-edge of the short-length cluster chain (indicated in yel-
low) and finally the physical output state jy9æ is extracted from the
right-edge of the short-length cluster chain (indicated in yellow).
Since both jyæ and jy9æ are physical states, what is going on in the
correlation space which maps the input state jyæ to the output state

Figure 1 | The ‘‘input-output’’ picture for the one-dimensional cluster state.
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jy9æ can be described by a linear CPTP operation. In other words, if
we can describe measurement-based quantum computation with this
‘‘input-output’’ picture19, the map implemented in the correlation
space is guaranteed to be a linear CPTP operation19.

For the cluster state, this ‘‘input-output’’ picture also holds even if
there is an error19: In the imperfect case, Fig. 1 (b), let us assume that
the input state is degraded by an error and becomes a mixed state r.
We also assume that measurements are imperfect. However, we can
still consider a similar ‘‘input-output’’ picture (b-2)19, which corre-
sponds to the actual protocol (b-1), and again the physical state r is
mapped into another physical state r9, which means that what is
going on in the correlation space which maps r to r9 can be described
by a linear CPTP operation.

Note that two special properties of the cluster state enable such an
‘‘input-output’’ picture. First, the one-dimensional cluster state can
be decomposed into small pieces of one-dimensional cluster states by
applying nearest-neighbour two-body unitary operations (i.e., CZ
gates). As we can see from Fig. 1 (a-2) and (b-2), this property is
necessary for allowing the ‘‘input-output’’ picture. Second, the num-
ber of qubits that are measured in order to implement a specific gate
does not depend on the measurement results. In other words, for the
cluster state, a specific gate can be implemented up to Pauli bypro-
ducts at a fixed site irrespective of measurement results. Such a deter-
ministic implementation of a gate at a fixed site is necessary for the
deterministic (i.e., trace-preserving) ‘‘output’’ in the ‘‘input-output’’
picture, since in the ensemble method, the ensemble (mixture) of all
measurement results are considered: If the site where the desired gate
operation is completed depends on the measurement results, we
cannot extract the same output state at a fixed site irrespective of
measurement results as is shown in Fig. 1 (a-2) and (b-2).

On the other hand, such an ‘‘input-output’’ picture seems to be
impossible for the one-dimensional AKLT state, because of the follow-
ing two reasons: First, as is shown in Fig. 2 left, no nearest-neighbour
two-body unitary operation can decompose the one-dimensional
AKLT chain into two chains due to the existence of the non-vanishing
two-point correlation in the AKLT state. (If the one-dimensional
AKLT chain can be decomposed into two chains by such a unitary,
it contradicts to the well-known fact that the two-point correlation is
non-vanishing in the AKLT state.) Second, we cannot deterministically
implement a specific gate at a fixed site of the AKLT chain irrespective
of measurement results4,5,28. In short, the ‘‘input-output’’ picture seems
to be impossible for the AKLT state. If we can no longer use the ‘‘input-
output’’ picture, it is not unreasonable that we have some anomalous
maps in the correlation space since the correlation space is not a
physical space but an abstract mathematical space.

Simulating quantum circuits with the trajectory method. As we
have seen, it is not always possible for general resource states to
implement a specific gate at a fixed site irrespective of measure-
ment results. This fact prohibits a general resource state from allow-
ing the ‘‘input-output’’ picture. One might think that if we abandon
such a deterministic ‘‘output’’ at a fixed site for all measurement

results, and if we just consider a specific history (trajectory) of
measurement results, we might be able to avoid the emergence of
non-CPTP errors, such as EAKLT. (Physically, this means that we
project the system onto a pure state at every measurement step:

Yj i? P Yj i
P Yj ik k

with the corresponding projector P. Note that considering a specific
trajectory of certain measurement results does not mean that if we
obtain other trajectories, such events are discarded as done in, for
example, linear optical quantum computation. Rather, it means that
we describe measurement-based quantum computation with respect
to each trajectory instead of the ensemble of all trajectories.) If the
system is assumed to be error-free, this ‘‘trajectory method’’ is
another standard way of simulating quantum circuits in the
correlation space4–6,10,28. (Note that in this trajectory method,
correct unitary operators can be implemented in the correlation
space if there is no error, although what we are physically doing
are projections, i.e., non-trace-preserving operations).

However, we here show that such a natural another way of simu-
lating quantum circuits does neither work if d $ 3. In other words, we
can show the following theorem. (For a proof, see Methods.)

Theorem: If d $ 3, there exists a single-qudit CPTP error E which
has the following property: assume that E is applied on a single
physical qudit of Eq. (1). If the measurement Mh,w is performed
on that affected qudit, and if the entire system is projected onto a
pure state as a result, a non-TP operation is implemented in the
correlation space.&

Discussion
In order to gain an intuitive understanding of the above theorem, let
us finally consider the tensor-network state proposed in Ref.31 as an
example. The state is defined by the following tensor network31:

A> z
3
2

 �
~ 1j i 0h j6 1h j,

A> {
3
2

 �
~ 0j i 1h j6 0h j,

A> z
1
2

 �
~{

1ffiffiffi
3
p Z6 1h jz 1j i 0h j6 0h jð Þ,

A> {
1
2

 �
~

1ffiffiffi
3
p Z6 0h j{ 0j i 1h j6 1h jð Þ,

B z
3
2

 �
~ 0j i 1h j,

B {
3
2

 �
~{ 1j i 0h j,

Figure 2 | Left: The AKLT state cannot be decomposed into two chains by a local unitary. Right: The tensor network of Ref.31.
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B z
1
2

 �
~ 1j i 1h j,

B {
1
2

 �
~{ 0j i 0h j

(see Fig. 2 right). AH’s are defined in the same way. Each horizontal
line works as a single-qubit wire. Two nearestneighbour horizontal
chains are decoupled by measuring sites B in the z-basis. Before
starting the computation, the filtering operation {F, F9}, where

F:
1ffiffiffi
3
p 3

2

����
�

3
2

� ����z 1ffiffiffi
3
p {

3
2

����
�

{
3
2

� ����z 1
2

����
�

1
2

� ����z {
1
2

����
�

{
1
2

� ���� and

F0:

ffiffiffi
2
3

r
3
2

����
�

3
2

� ����z
ffiffiffi
2
3

r
{

3
2

����
�

{
3
2

� ����, is applied on each site A. Let

us assume that the filtering is succeeded (i.e., F is realized) and a site B

is projected onto
3
2

����
�

. Then, the measurement

Mp=2,w:
1ffiffiffi
2
p 1

2

����
�
+eiw {

3
2

����
�� �

, {
1
2

����
�

,
3
2

����
�� �

implements ZXeiZw/2, XeiZw/2, or Z, respectively. (The result
3
2

����
�

does

not occur.) Let us assume that the singlequdit error

r?pErE{z 1{pð Þr,

where E is the error which exchanges
1
2

����
�

and {
1
2

����
�

, occurs, and

that thus affected particle is measured inMp=2,w. If the measurement

result is {
1
2

����
�

, we obtain the map

r?p 1j i 0h jr 0j i 1h jz 1{pð ÞZrZ,

which is not linear CPTP, is implemented in the correlation space.

Methods
Proof: In order to show Theorem, let us assume that

There is no such E: ð3Þ

We will see that this assumption leads to the contradiction that d # 2. First, let us
consider the state

I6N{1
6U1<2

� �
Y L,Rð Þj iN1 , ð4Þ

where Ua«b ; jaæÆbj1jbæÆaj1I – jaæÆaj – jbæÆbj is the unitary error which exchanges
jaæ and jbæ, and I is the identity operator on a single qudit. In Eq. (4), the error U1«2 is
applied on the first physical qudit of Y L,Rð Þj iN1 . If we do the measurementMh,w on
the first physical qudit of Eq. (4), and if the measurement result is j2æ, Eq. (4) becomes

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fN{1 Lj i,A 1½ � Rj ið Þ

p A 1½ �k k
Xd{1

k2~0

� � �
Xd{1

kN ~0

Lh jA kN½ � . . .

A k2½ �
A 1½ �
A 1½ �k k Rj i kN , . . . ,k2j i6 2j i:

ð5Þ

In other words, the operation Rj i? A 1½ �
A 1½ �k k Rj i is implemented in the correlation

space. By the assumption Eq. (3), this operation should work as a TP operation in the
correlation space. Therefore,

A{ 1½ �
A 1½ �k k

A 1½ �
A 1½ �k k~I: ð6Þ

By taking g ; jjA[1]jj2,
A{ 1½ �A 1½ �~gI: ð7Þ

Second, let us consider the measurementMh,w on the first physical qudit of
I6N{1

6U0<2Vsð Þ Y L,Rð Þj iN1 , where s[ 0,1, . . . ,d{1f g,V:
P

d{1
p~0 e{ivp pj i ph j is a

unitary phase error, and v ; 2p/d. If the measurement result is jah,wæ,

e{2isv cos
h

2
A 2½ �ze{i wzsvð Þ sin

h

2
A 1½ �

� �� ffiffiffi
c
p

is implemented in the correlation space, where

ffiffiffi
c
p

: e{2isv cos
h

2
A 2½ �ze{i wzsvð Þ sin

h

2
A 1½ �

����
����. By the assumption Eq. (3), this

should work as a TP operation in the correlation space. Therefore,

cI~ cos2 h

2
A{ 2½ �A 2½ �z sin2 h

2
A{ 1½ �A 1½ � sin h

e{i w{svð ÞA{ 2½ �A 1½ �zei w{svð ÞA{ 1½ �A 2½ �
� �

:

By the assumption Eq. (2), A{[2]A[2] 5 jI, where j ; jjA[2]jj2. Furthermore, as we
have shown, A{[1]A[1] 5 gI (Eq. (7)). Therefore,

c0I~e{i w{svð ÞA{ 2½ �A 1½ �zei w{svð ÞA{ 1½ �A 2½ �, ð8Þ

where c0:
2

sin h
c{j cos2 h

2
{g sin2 h

2

� �
. Finally, let us consider the measurement

Mh,w on the first physical qudit of I6N{1
6U0<1U0<2Vtð Þ Y L,Rð Þj iN1 , where t g {0,

1, …, d – 1}. If the measurement result is jah,wæ,

e{itv cos
h

2
A 1½ �ze{iw{2itv sin

h

2
A 2½ �

� �� ffiffiffi
d
p

is implemented in the correlation space, where

ffiffiffi
d
p

: e{itv cos
h

2
A 1½ �ze{iw{2itv sin

h

2
A 2½ �

����
����. By the assumption Eq. (3), this should

also work as a TP operation in the correlation space. Therefore,

d0I~ei wztvð ÞA{ 2½ �A 1½ �ze{i wztvð ÞA{ 1½ �A 2½ �, ð9Þ

where d0:
2

sin h
d{j sin2 h

2
{g cos2 h

2

� �
. From Eqs. (8) and (9), I 5 [e–2i(w–sv) –

e2i(w1tv)]A{[2]A[1], where ; e–i(w–sv)c9 – ei(w1tv)d9. Let us assume that e–2i(w–sv) – e2i(w1tv)

? 0. Then, 9I 5 A{[2]A[1], where 0:
e{2i w{svð Þ{e2i wztvð Þ. If 9 5 0, A{[2]A[1] 5

0, which means A[1] 5 0 since A[2] is unitary up to a constant (assumption Eq. (2)).
Therefore, 9 ? 0. In this case, A[1] 5 0A[2] for certain 0 ? 0, since A[2] is unitary
up to a constant. Hence e–2i(w–sv) – e2i(w1tv) 5 0. This means

2wz t{sð Þv~rs,tp, ð10Þ

where rs,t g {0, 1, 2, 3, …}. Let us take t 5 s 5 0. Then, Eq. (10) gives w~r0,0
p

2
(r0,0 g

{0, 1, 2, …}). Let us take s 5 1, t 5 0. Then, Eq. (10) gives w~
p

d
zr1,0

p

2
(r1,0 g {0, 1, 2,

…}). In order to satisfy these two equations at the same time, there must exist r0,0 and

r1,0 such that r0,0
p

2
~

p

d
zr1,0

p

2
. If r0,0 5 r1,0, then 0 5 1/d which means d 5 ‘.

Therefore r0,0 ? r1,0. Then we have d~
2

r0,0{r1,0
ƒ2, which is the contradiction. &

One might think that if we rewrite the post-measurement state Eq. (5) as
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fN{1 Lj i,A 1½ � Rj ið Þ
p A 1½ � Rj ik k

Xd{1

k2~0

� � �
Xd{1

kN ~0

Lh jA kN½ � . . . A k2½ �
A 1½ �

A 1½ � Rj ik k Rj i kN , . . . ,k2j i6 2j i

and redefine the operation implemented in the correlation space as

Rj i? A 1½ �
A 1½ � Rj ik k Rj i, the TP-ness is recovered in the correlation space. However, in

this case, the non-lineally appears unless A{[1]A[1] / I, and therefore if we require
the linearity in the correlation space, we obtain the same contradiction.

In short, if d $ 3 not all physical errors on physical qudits appear as linear CPTP
errors in the correlation space of pure matrix product states.
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