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Three-dimensional spontaneous flow
transition in a homeotropic active nematic
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Vincenzo J. Pratley®, Enej Caf ® 2, Miha Ravnik ® 2° & Gareth P. Alexander®'

Active nematics are driven, non-equilibrium systems relevant to biological processes including tissue
mechanics and morphogenesis, and to active metamaterials in general. We study the three-
dimensional spontaneous flow transition of an active nematic in an infinite slab geometry using a
combination of numerics and analytics. We show that it is determined by the interplay of two
eigenmodes - called S- and D-mode - that are unstable at the same activity threshold and
spontaneously breaks both rotational symmetry and chiral symmetry. The onset of the unstable
modes is described by a hon-Hermitian integro-differential operator, which we determine their
exponential growth rates from using perturbation theory. The S-mode is the fastest growing. After it
reaches a finite amplitude, the growth of the D-mode is anisotropic, being promoted perpendicular to
the S-mode and suppressed parallel to it, forming a steady state with a full three-dimensional director
field and a well-defined chirality. Lastly, we derive a model of the leading-order time evolution of the

system close to the activity threshold.

Active matter is a class of materials that lie outside of thermodynamic
equilibrium due to the conversion of energy consumed by the constituent
particles to mechanical work'™. Active matter can be considered an active
nematic when the constituent particles display orientational order akin to a
nematic liquid crystal’. Such systems can be natural, such as cell colonies™,
epithelial tissues®’, bacterial suspensions'*™"?, and microtubule and motor
protein mixtures”, or artificial, such as vibrated granular rods'*". A key
property of active matter is the emergence of spontaneous, collective motion
on scales much larger that that of the individual constituents. This has
important real-world implications. In biology, for example, collective
motion plays a role during organ formation and development'® and wound
healing'”. There is also potential to harness the self-generated flows of active
nematic materials to create self-operating microfluidic devices that do not
rely on external forcing, or to incorporate other aspects of passive liquid
crystals, such as utilising colloidal inclusions'* .

Active nematic systems may be modelled by adapting the well-
established dynamical equations of passive nematic liquid crystals** to
include active terms*”’. One key triumph of the theory of active nematics is
the prediction that such systems will spontaneously transition to a flowing
state on their own accord due to their fundamental hydrodynamic
instability . In unbounded systems, this instability sets in at arbitrarily long
perturbation wavelengths and the system eventually transitions to a chaotic
state known as active turbulence™'*"*"***. Confinement of active nematic

systems can suppress the onset of active turbulence and instead the
hydrodynamic instability acts to produce non-chaotic flows, first predicted
theoretically by ref. 25 and later confirmed in simulations performed by
ref. 26. The spontaneous flow transition has been observed in experiments
on spindle-shaped cells in confined strips”, demonstrating potential rele-
vance to cell transport in development or cancer.

The confinement of active nematics and the resulting spontaneous
flows have been a topic of great interest to the scientific community **. Most
research has focused on two-dimensional systems'"***’, but more recently
the attention has shifted towards understanding three-dimensional
systems''™.

Of particular interest to us are the spontaneous flow transitions within
rectangular channels. Different flow states can be found, depending the
boundary conditions and parameters. Flows can be roughly separated into
two categories: streaming flow states and swirling flow states™. These two
categories can be further sub-divided. For example, the streaming flow
category can be subdivided into Poiseuille-like flows***, shear-like flows”,
oscillatory flows™*, grinder train flows and double helix-like flows*. The
latter two are only seen in three dimensions and possess non-zero helicity
and are yet to be seen experimentally.

Here, we study the spontaneous flow transition for an active nematic in
a three-dimensional cell with normal anchoring and no-slip boundary
conditions. This geometry is analogous to the Frederiks transition in a
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Fig. 1 | Director and flow fields of the spontaneous flow transition. a Steady-state
director and velocity fields after the spontaneous flow transition to the state with left-
handed chirality. We show also the decomposition into x and y components of both
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fields in a three-dimensional cell of cell gap d. b Steady-state director and velocity
fields after the spontaneous flow transition to the state with right-handed chirality.
We show also the decomposition into x and y components of both fields.

homeotropic cell, and is a complement to the well-known analysis of
refs. 25,26 in two-dimensional geometry with planar anchoring. The three-
dimensional cell geometry with normal anchoring has been considered
recently for the case of stress-free boundary conditions®. We find that the
transition we are considering leads to a twisted director field and a spon-
taneous flow that has both Poiseuille-like and shear-like components. The
twist is right-handed or left-handed with equal probability and represents a
spontaneous chiral symmetry breaking, in addition to the spontaneous
rotational symmetry breaking of the direction of the Poiseuille-like flow. We
identify the reason for this as the degeneracy of two eigenmodes of the linear
stability operator for the system at the threshold of instability. The degen-
eracy is accidental, rather than arising from an underlying symmetry, and
clarifies some aspects of the existing literature for planar anchoring. We label
these modes the S-mode and the D-mode. We develop a hierarchical per-
turbative analysis of the growth of both modes above threshold that
reproduces all aspects of the instability in excellent agreement with full
numerical simulations.

Results and discussion

Spontaneous flow transition

We consider an extensile, uniaxial active nematic confined between two
infinite, parallel plates with a fixed cell gap, d. We assume no slip boundary
conditions and strong homeotropic anchoring on both plates. For this
anchoring condition and with the normal of the plates being e,, the ground
state (i.e., the state that the system is in below threshold) director field is
n = e, which possesses evident rotational symmetry around the z axis.

We establish the basic character of the active instability and spon-
taneous flow transition by performing numerical simulations with ran-
dom initial perturbations to the ground state. We find that there is a
threshold in activity, below which the system remains in the ground state
and above which the system spontaneously starts flowing. The flow field
consists of a Poiseuille-like component and a shear-like component
perpendicular to it. The Poiseuille-like flow component results in a net
flux within the system, the direction of which is random and represents
spontaneous rotational symmetry breaking. The director field is twisted
with either a right or left handedness, occurring with equal probability.
Hence, the system also undergoes spontaneous chiral symmetry break-
ing. We note that the shear-like component of the flow is reversed
between the two possible twist configurations. The director and flow
fields are shown in Fig. 1.

This twisted flow state arises from the coupled evolution of two
degenerate eigenmodes that both become unstable at the activity threshold.

We believe that this is an accidental degeneracy, rather than arising due to
some underlying symmetry. The degeneracy may be lifted by applying a
generic perturbation, such as the application of an electric field. We label
these modes the S-mode and the D-mode. The different chiralities emerge
from the fact that the D-mode can evolve in one of two possible directions
perpendicular to the S-mode, with each direction being equally probable.
The flow components associated with the S-mode and D-mode are the
Poiseuille-like and shear-like flows respectively.

Linear instability and threshold
Active nematic systems can be modelled by the active Beris-Edwards Egs. **'

ap+ V- (pv) =0, 1)
pov+pv-Vv=V_.II, 2)
(0, +v-V)Q=TH+S, 3)

which describe the coupled evolution of the fluid density, p, velocity, v, and
the nematic order paramerter, Q. We solve the Beris-Edwards equations
numerically using a hybrid lattice Boltzmann (LB) algorithm™, with full
details given in the Methods. The activity is incorporated into (2) in the usual
way by adding an additional contribution to the stress, ITI* = — {;3Q,
modelling a force dipole at the microscopic level with a strength given by the
phenomenological activity parameter, {; 5. Extensile activity corresponds to
(13> 0 and contractile activity to {15 <0.

In the analytical analysis, we work in terms of the director field,
reducing the Beris-Edwards nematodynamic equations to the Ericksen-
Leslie form™. Assuming low Reynolds number, constant density, and a

uniaxial form for the nematic order parameter, Q; = 8 (n;n; — &;/3), with
constant S, one writes:
V.v=0, (4)
—Vp+uVv+V- (¢%+6°) =0, (5)
1
a,n+v~Vn+Q~n=;h—V[D~n—(n~D-n)n]. (6)

In (5), o denotes the elastic stresses coming from the nematic director
and the active stress is ¢* = — {nn, where { = 33{; ;. We consider only the
flow aligning regime, where the flow aligning parameter v < — 1”°. Further
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relevant aspects of the correspondence between the Beris-Edwards and
Ericksen-Leslie equations are given in the Methods.

We start by considering the Ericksen-Leslie formalism in quasi-one-
dimensional geometry where the spatial dependence is only along the cell
normal (z-direction) but the flow field, v, and active nematic director, n, can
be in any direction. This part of our analysis parallels that of ref. 25, with the
difference being that they considered parallel anchoring. The continuity
equation then implies that v, =0 and the Stokes Eq. (5) can be integrated
directly to give

|
p = 0, + 0%, + constant, @)

1 z
v, = ; (z<ag + U?Z> - /0 02 + 05, du>. 8)

Here, the notation (---) =% fod - -+ du represents the average of the
argument over the cell gap; these terms arise from the no slip condition at the
two cell boundaries, z= 0, d. For the director dynamics, we will find it
convenient to write n in the form

n = cos ¢(cosfe, + sinfe,) + sin pe,, )

parameterised by two angles 0 and ¢, in terms of which the director
dynamics (6) becomes

1 1
9,0 = I%~Lh—“LH+VD’m} (10)

Ccos ¢ y

1
o, =m, - ;h—(ﬂ-n+uD~n), (11)
where we have defined the unit vectors

m, = —sinfe, + cosOe,, (12)
m, = —sing(cosbe, +sinfe,) +cosge,. (13)

Substituting the flow solution (8) for D and €, (10) and (11) reducetoa
pair of coupled, nonlinear integro-differential equations for the two angles,
which we give in full in the Methods. Both equations have the same line-
arisation, which we write only for 6,

0,0 = %aﬁe (926 — (226))

+ K(14!—4 I/)2
(- -

+2M

60— (0)=Lo.

The uniform state (6 = 0) is linearly unstable when the linear integro-
differential operator, £, has a positive eigenvalue, A. A perturbation along
the associated eigenfunction then grows exponentially with rate A until it
saturates at a steady-state solution of the full nonlinear equations. The
eigenfunctions of £ separate into two symmetry classes according to whe-
ther they are odd or even about the cell midplane.

For the odd eigenfunctions, the integral terms in (14) vanish and £
reduces to a Schrodinger-type operator whose eigenfunctions are

2nnz

9:Assin7, nelN, (15)

where Ag is an amplitude. The lowest mode, n = 1, becomes unstable first,
which happens at the threshold activity

Cin

82 uK { (16)

1—v)
R LS )].

4u

In the flow aligning regime (v < —1), which we restrict our attention to,
the instability is for extensile activity. We note, however, that the instability
will be for extensile activities in the flow tumbling regime (|v| < 1) as well.
For v> 1, the instability arises for contractile activity. A more extensive
discussion of the effects of flow alignment can be found in ref. 32. The
unstable mode (15) is associated with a flow

_ 4AnKAg 1 — 2mz
V_y(l—y)d ST )

that is even about the cell midplane and represents a fluid flux along a
spontaneously chosen direction. We refer to this unstable mode, and the
steady spontaneous flow state it evolves into, as the ‘S-mode’ due to the
appearance of the director across the cell gap.

For the even eigenfunctions of £, the integral terms in (14) do not
vanish and we have not found closed-form expressions for all of the
eigenfunctions. However, one can verify directly that

6=A7D(1—c05277;z>,

is an eigenfunction with eigenvalue zero at the threshold activity, { = {y,. Ap
is an amplitude for the mode. The associated fluid flow

(17)

(18)

_ 21K Ap sin%
yl—vyd  d’

V=

(19)

is shear-like and odd about the cell midplane with no net flux. As before, the
direction is chosen spontaneously. We refer to this unstable mode as the ‘D-
mode’, again due to the appearance of the director across the cell gap.

Numerically, we seed an S-mode of the form (15) and a D-mode of the
form (18) separately and let them evolve into steady state for activities very
close to the threshold. To effectively isolate the individual eigenmodes (and
speed up simulations), we perform quasi-2D simulations, consisting of
201 x 45 bulk points. The same results are obtained with full three-
dimensional simulations (for example with 201 x 201 x 45 bulk points). The
results of the S- and D-modes are shown with their associated flow fields in
Fig. 2, along with direct comparison to analytical predictions, where there is
excellent agreement.

Overall, the spontaneous flow instability with homeotropic and no-slip
boundary conditions is characterised by having two degenerate modes, one
in each symmetry class, that become linearly unstable at the same threshold
activity, each with a spontaneously chosen in-plane direction. This degen-
eracy in the linear instability distinguishes the active spontaneous flow
transition from the Frederiks transition in a passive system, where the
instability is to the fundamental mode in the even sector at a threshold well
below that of the first mode in the odd sector™.

Finally, we remark that (14) is derived using the one elastic constant
approximation. However, as the linear director perturbation is pure bend,
the general case would yield the same equation with Kj replacing K. In
particular, this shows that anisotropy in the elastic constants does not lift the
degeneracy of the S- and D-modes at threshold.

Growth rates above threshold

Above the threshold activity both unstable modes will grow exponentially at
rates given by their respective eigenvalues of the linear stability operator L.
We first determine these for the S- and D-modes separately and subse-
quently consider how they coevolve. The S-mode (15) is an eigenfunction of
L for all values of the activity, with eigenvalue

_1—1/
s = 2u

A

(C—=Ca)- (20)

For the D-mode, the expression (18) is an exact eigenfunction only at
the threshold activity, { = {;,, where the eigenvalue is zero. We do not have its
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Fig. 2 | Linearly unstable modes at threshold. Comparison of the simulation results
of the director and flow profiles (solid blue and red curves) with the corresponding
analytical predictions (black dashed curves) for activity in the vicinity of the
threshold activity, {15 = 0.063. The blue curves show the director (left) and velocity
(right) profiles of the S-mode, so called because of its ‘S’-like appearance across the
cell gap. The red curves show the director (left) and velocity (right) profiles of the D-
mode, again, named after the ‘D’-like appearance of its director profile. The observed
amplitude of the S-mode profile is Ag = 0.0043 and the velocity amplitude is
vs=1.71-10"*TL/£,. Observed ratios between S- and D-mode are Ap/Ag = 0.95 and
vp/vs = 0.25.
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Fig. 3 | Unstable mode growth rates. Exponential growth rates vs activity for an
individually seeded S-mode (blue), and D-mode (red). The black dashed lines are
linear fits of the numerical data close to threshold, where the growth rates exhibit a
linear relation with activity.

closed form more generally. However, for activities close to threshold we can
determine the eigenvalue from perturbation theory, expanding to first order
in {— {y. We provide the details in the Methods and state here only the
result

1—v

=y —op G

e2y)

Ao

Comparing against the eigenvalue of the S-mode gives a ratio
A/Ap =3+ "(12;#”)2, from which we see that the S-mode will grow fastest

above threshold. As a result, unless it is suppressed, it will dominate the
initial evolution of the system post instability.

To acquire the growth rates numerically, we individually seed S- and
D-modes with the forms given by (15) and (18) respectively, and simulate
their evolution using quasi-two-dimensional simulations at different values
of {1 5. To extract their linear growth rates, we plot the mode amplitude over
time on a logarithmic scale and use the gradient to extract the mode’s
exponential growth rate. We plot the exponential growth rates vs activity in
Fig. 3, from which we can extract the growth rate coefficient and the activity
threshold. To allow for comparison with numerical simulations, we convert
(20) and (21) to simulation units

Ag = 0.0178({ 15 — 0.0629), (22)

Ap = 0.00307 ({5 — 0.0629). (23)

We see a very good agreement with both the growth rate magnitude
and the threshold for both the S- and D-mode, with percentage differences
not exceeding 5%. The small difference in the simulated thresholds for the
emergence of the S- and D-modes (which is predicted to be the same from
theoretical analysis) is due to numerically challenging stabilisation of pure S-
and D- modes. Finally, as expected, the growth rates eventually deviate from
a linear scaling at a large enough activities above threshold.

The difference in the numerical values of the two growth rates suggests
a separation of timescales that allows us to treat the instability as effectively a
two-stage process. Initially, the S-mode grows fastest and attains a finite
amplitude and steady state, while the D-mode remains infinitesimal. Sub-
sequently, the D-mode evolves on top of the established S-mode. As the
S-mode spontaneously breaks rotational symmetry within the cell, the
problem is no longer isotropic and we consider separately growth of the
nascent D-mode parallel and perpendicular to the established S-mode.

We denote by 0'(2) the steady state solution of (10) with ¢ =0, cor-
responding to a fully established pure S-mode. It is given by

5826* {(1 — v cos 26") sin 292 —o, (24)
y 4p + y(1 — v cos 26%)
and reduces to the quadrature
_ A 1+201—wveos20?]
lz d/4| _ + 4[4( v cos ) d@’, (25)

V2IIK/E e

where the expression applies for 0 < z < d/2; for d/2 < z < d we use the odd
symmetry 6'(z) = — 0 (d — z). The amplitude of the mode is A¥ = 6*(d/4),
which may be obtained implicitly as a function of { by setting z=6"=0 in
(25). We show this dependence in Fig. 4. The behaviour close to threshold
has the square root form A ~ ({ — (th)l/ *, which may be found from an
expansion of (25) (withz = 6" =0) to linear order in As. Explicitly, to leading
order we find the amplitude is

1 +ﬁ(l — vcos2A%)

P e R )

(26)
S 2

y(1—-v)"(142v)

1 — 4y 4 M0 (i

We now determine the growth rate of the D-mode, to linear order in
{ — (u in the presence of a steady state S-mode. This amounts to retaining
all terms up to O(A%?) from the steady-state S-mode in the linearised
dynamics for the D-mode, which therefore modifies the growth rates as
compared to (21). We consider separately the growth of the D-mode parallel
and perpendicular to the (spontaneously chosen) direction of the estab-
lished S-mode. For the perpendicular case we substitute 6=6'(2),
¢ =08¢p(z, t) into (11) and linearise in d¢p. The calculation of the growth
rate uses the same perturbation theory as before and is given in the Methods.
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Fig. 4| S-mode amplitude. Plots of the S-mode amplitude against {/{,. The blue line
shows the quadrature solution, Eq. (25), and the black, dashed line the leading order
part of the expansion of A, given by Eq. (26). The black data points show numerical
data of an individual S-mode in steady state, using the quasi-two-dimensional setup.
The numerical data is scaled with a threshold activity of {y, = 0.062 to fit the ana-
Iytical prediction, again in good agreement with the theoretical prediction.
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Fig. 5 | D-mode growth rate. Plot of the D-mode’s growth rate perpendicular to an
established S-mode. The black dashed line is a linear fit of the numerical data in the
selected range of data close to the threshold for three-dimensional simulation box
with 201 x 201 x 45 mesh points.

For the parallel case we substitute 0 = 6'(2) + 80p(z, t) into (10) and linearise
in 80p; the analysis is again given in the Methods. The two growth rates are

4-2w+3(1 -2 +v)
1 —4v+10 — (1 +2w)

1 AD7 (27)

8v + %I/(l —v)

A = , (28)
= - w4+ L1 -1 +2w) "
which in simulation units read
A, = 0.00747 ({15 — 0.0629), (29)
Ay = —0.0166 ({5 — 0.0629). (30)

The main result is that A <0 and A, >0 so that the D-mode only
remains linearly unstable along the direction perpendicular to that set by
the S-mode. As a result, the director evolves into a truly three-
dimensional configuration with the S- and D-modes growing along
orthogonal in-plane directions. This interplay between the two modes
leads to twisted director fields with

€Y

n-VXxn=cosOcosgsingd,f —sinbo,y,

m 2nz
= — E ASAD (1 — COS7>,

where in the second form we have linearised in 6 and ¢ and taken them
to have the threshold forms (15) and (18), respectively. The twist
maintains a single sign (handedness) throughout the cell, vanishing only
on the two boundaries. Since the S-mode spontaneously breaks rotational
symmetry in the plane, we define our coordinate system around it,
labelling its direction as e,. Consequently, its amplitude Ag is always
positive. In contrast, the amplitude of the D-mode, Ap, can be positive or
negative (corresponding to the two directions orthogonal to the
established S-mode, iey); when it is positive the twist is right-handed
and when negative it is left-handed. In a nematic material we expect both
to occur with equal probability and any particular realisation represents a
spontaneous chiral symmetry breaking. This general mechanism for
confined active nematics may also be relevant to the emergence of twist
in bulk three-dimensional systems***' and possibly also to the prevalence
of twist loops in the statistics of their defect loops™*.

The growth rate A,(27) for the orthogonal D-mode can be verified
numerically by initialising the director with an S-mode along e, and a small
amplitude D-mode along e,. Tracking the exponential growth of the
D-mode as a function of activity allows for a fit of the growth rate and
threshold activity as before. This is shown in Fig. 5. The agreement with the
theoretical prediction is again excellent. We note, particularly, that we
obtain better agreement for the threshold activity {;, than we found from
simulations with only the D-mode.

(32)

Mode evolution and steady state
We now summarise and describe the full evolution of the instability to
the steady spontaneous flow state. This can be studied systematically in
numerical simulations with a full three-dimensional simulation box. We
seed a small amplitude director perturbation consisting of an S-mode
along e, and a D-mode along e, and track their amplitudes—the max-
imum values of 0 and ¢ - over time. This is shown in Fig. 6. The
evolution can be divided into three distinct regimes: in the first (I), there
is exponential growth of both modes, but with the S-mode growing
significantly faster. This corresponds to the independent and isotropic
mode dynamics described in Fig. 3. In the second regime (II), the S-mode
amplitude attains a plateau and there is an increase in the exponential
growth rate of the D-mode. The S-mode amplitude at its plateau cor-
responds to the value AY and the enhanced growth rate of the D-mode is
the cross-over to the rate A as described in Fig. 5. Finally, in the third
regime (III) the D-mode amplitude attains its steady state value and
promotes a small further increase of the S-mode amplitude to its
steady state.

This joint evolution can be cast as a coupled dynamical system for the
amplitudes Ag, Ap of the S- and D-modes

dAg dAp

7 :gS(AstD)7 7 :gD(ASvAD)7

(33)
where the growth rate functions gs and gp, have the fixed point structure
shown in Fig. 7. We define Ag to be strictly positive, meaning that Ap can
take either sign. There are three important fixed points: the origin and the
two points corresponding to the right- and left-handed states. Below
threshold, the origin is a stable fixed point, but above it becomes unstable to
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Fig. 6 | Evolution of mode amplitudes. a Comparison of the numerical evolution of
the S-mode amplitude and D-mode amplitude (blue and red lines, respectively), with
the analytical predictions of the leading order amplitude evolution from Egs. (40)

and (41) (black, dashed lines) at {; 3 = 0.0675. The plot has a logarithmic scale on the
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Fig. 7 | Phase portrait of the spontaneous flow transition. The phase portrait for
the system above threshold as obtained from full three-dimensional numerical
simulations. The vertical blue line is the S-mode trajectory, where the S-mode grows
independently of the D-mode, whereas the horizontal red line is the D-mode tra-
jectory where the D-mode grows independently of the S-mode. Black lines show the
trajectories of the coupled evolution of the S- and D-modes to the left- and right-
handed chiral stationary states. Trajectories are initialised with weakly perturbed
pure S- and D-modes. Dots represent significant stable (full), unstable (empty), and
saddle-like (empty with a line) fixed points.

all S- and D-mode perturbations. Depending on the sign of Ap,
perturbations around the origin will either flow to the left-handed or the
right-handed stable fixed points, corresponding to the handedness of the
resulting flow state’s chirality. These flows are shown by lines in Fig. 7.
Trajectories starting close to the origin follow closely to the Ag axis until Ag is
large and then rapidly moves away from the axis to one of the stable fixed
points. This corresponds physically to the S-mode growing to a large
amplitude before there is any significant D-mode growth. Finally, we note
that in the absence of a D-mode, the S-mode grows to the semi-stable fixed
point labelled as A, which has a slightly smaller amplitude than the left- and
right-handed fixed points. This fixed point is described in (25). For activities
close to threshold, the fixed points are close to the origin and we can expand

the growth functions as

8s(As, Ap) = AsAs — M A + MAGAL + -+, (34)

8p(As; Ap) = ApAp + AAZAL — MAp + -+ (35
where the non-linear terms are those allowed by symmetry. We give the
calculation of the A coefficients in the Methods. This system connects to our
previous results and reproduces the numerically observed dynamics of
Fig. 6. The amplitude A of the S-mode plateau in regime II is given by
(Ag/ Al)l/ ? and matches the value in (26). Similarly, the enhanced growth
rate of the D-mode in regime IT is given by Ap + (A3/A;)As and matches the
rate A in (27). At this leading order, we obtain the steady state amplitudes

Mg + AL
Ag =[5 —D /(- 36
ST\ A, — A, X VT e (36)
Adp + As)
A= [Pip T hAs 37
=\ AA, —Ayh, X VT e 37)
We note that
A
A =AY +2A}. (38)

A

This coincides with the numerical observation that there is an increase
in the S-mode amplitude when the D-mode comes into steady state. In the
numerical observations, this increase in small, implying that the D-mode
coupling to the S-mode evolution is small, ie, Ay/A; < 1. Indeed, in
simulation units, A,/A; = 0.08. With this weak coupling, the evolution of the
S-mode can be approximated by
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A (0)2 -1/2
Ag(t) = Ag(0) Mt |1 + ﬁ(e”‘st — 1)} ) (40)
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We can substitute this into the leading order part of g, and solve to give the
approximate the evolution of Ap, as

A (0)2 A3 /20,
AD(t) =AD(0) ellnt 1 + % (ez’lst — 1):|
S

y 1+Aam%u<1_A4mj‘

(41)

wt g Ao Ay A A0
€ 2F1 ) ) 1 + ) 2 Py
As ' A As " Ag(0)* — A§

Yo A Ao AP
AT AT AT A0 — AP
where ,F; is Gauss’s hypergeometric function.

We compare (40) and (41) with numerical data of mode ampli-
tude evolution in Fig. 6 for {=0.0675. The analytical model captures
the qualitative, triphasic nature of the system well. For the S-mode, the
agreement is very good up to phase III, where the second plateau is not
captured due to the decoupling approximation that was made. For the
D-mode, the analytical prediction of the growth rate in phase I, (23), is
larger than the numerics, although this is consistent with what we have
already observed when we seeded an independent D-mode. Recall that
the numerical isotropic growth rate for a D-mode has a shifted
threshold compared to (23) which has a significant effect on the
growth rate close to threshold, thus making the numerical growth rate
noticeably smaller than what is analytically predicted. Nevertheless,
the analytical prediction tracks the numerical data very well thereafter,
albeit translated upwards due to the first phase growth rate being
too large.

As we move further and further above threshold, the analytical
model becomes increasingly worse. If, however, 6 and ¢ are in odd and
even symmetry classes respectively, then the functions 9,8 and 0,¢ are
also odd and even respectively which can be checked by inspection of
each term in (10) and (11). This implies that if 6 and ¢ start off as odd
and even respectively, then the functions will remain in the same
symmetry class for the entirety of their non-linear, coupled time
evolution. Furthermore, we can analyse the symmetry of v and upon
inspection of the formula, if 8 and ¢ are in their aforementioned
symmetry classes then v, will be an even function and v, will be and
odd function. Hence, we expect that the generation of a chiral director
field is a general property of the system, rather than just a feature close
to threshold.

-1/2

I

Conclusions

We have studied a spontaneous flow transition in an active nematic fluid
with an infinite slab geometry and normal surface anchoring. We find the
existence of two independent flow instabilities, the S-mode and the D-mode,
that occur at the same threshold but have different growth rates above
threshold, which we calculate using perturbation theory of a non-Hermitian
integro-differential operator. Above threshold, the S-mode with its larger
growth rate grows in a random direction to steady state, breaking the initial
rotational symmetry of the system. Thereafter, any perturbations within the
system are subject to an anisotropic environment. In particular, D-mode
perturbations that are parallel and perpendicular to the direction of aniso-
tropy decay and grow respectively. The growth of the D-mode perpendi-
cular to the S-mode yields a steady-state with a full, three-dimensional chiral
director field, with spontaneously broken chiral symmetry. We analytically
describe the mode growth with a leading-order model that captures the key

The first natural extension of this work is to explore the possible
inhomogeneity of the flow within the cell plane, enabling the study of the
chiral flowing state’s stability to the Goldstone mode coming from the
breaking of rotational symmetry and the umbilic defect lines associated to
this. Furthermore, in large systems, the spontaneous chiral symmetry
breaking could yield domains of different chirality, leading to an effective
non-conserved binary mixture. We hope the novel three-dimensional flow
instability we have uncovered can provide motivation for experimental
research of active nematic systems with normal anchoring,

Active nematics are fundamentally analogous to passive (i.e., non-
active) nematic liquid crystals, with the orientational ordering of the ani-
sotropic material building blocks crucially determining the material
dynamics, including at the surface. Today, surface anchoring in passive
nematics can be realised experimentally in different configurations, ranging
from uniform planar and degenerate planar to homeotropic and even tilted
and tilted degenerate. Such advanced control over surface alignment was
shown together with control over confinement geometries to diverse
material structures and phenomena, such as realisation of colloidal and field
knots™™,  self-assembly”’,  hexadecapolar ~and  32-pole field
configurations™”, memory™*", static and dynamic solitons**, tunable
positioning of topological defects”®. Clearly, advancing the ability to
control different surface anchoring regimes in combination with
confinement” could open diverse research directions in confined active
nematics, especially at the experimental level. Even rather simple surfaces
like spheres imposing homeotropic anchoring on active nematics would
lead to the emergence of topologically imposed and conditioned bulk Saturn
ring defect states that are commonly observed in passive nematics but not
seen in active nematics. For example, could combining three-dimensional
self-assembly of (active) nano-objects (e.g., bacteria) combined with con-
finement lead to different effective anchoring beyond the typical planar?*®

Another possibly emerging direction from this work is the obser-
vation of the spontanenous chiral symmetry in an active (nematic) sys-
tem, for example speculatively in the three-dimensional active nematic
material of extensile microtubule bundles in a passive colloidal liquid
crystal, provided that appropriate homeotorpic surface anchoring could
be realised”. At least in non-active nematic materials, chiral symmetry
breaking naturally leads to the emergence of different phenomena, such
as chiral domains and associated topological defects such as solitonic-like
nematicons”. In active systems, chiral activity can lead to topological
edge modes™ and odd elastic responses’’. Combining spontaneous chiral
symmetry breaking with activity in more advanced geometries and set-
ups - beyond the simple homeotropic cells studied in this work - could
lead to an exciting advancement of the control and design of novel active
functional matter.

Methods

Numerical methods

We solve the Beris-Edwards Eqs. (1)-(3) using a hybrid lattice Boltzmann
algorithm. In these equations, I is the stress tensor defined by

I = — P&'j + H(ai"j + aj"i) + QuHj — HyQj

1 1
+2y (Qij +3 5,7) QuHy — xHy, (ij t3 5kj) (“2)
1 OF
- X(Qik + 5%) Hy; —0,Qy 50,0 CisQys
where p is the pressure, ¢ is an isotropic shear viscosity, x is the flow

alignment parameter, I' is a rotational viscosity and (i is the activity

parameter. H;; = — 6‘55 + % 8,.].Tr(%2) are the components of the molecular
field, in which '

F= 4
characteristics of the system and its evolution into the spontaneously / FpdV+ / Fsds, (43)
flowing state.
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is the free energy, where

QIJQJI+ Qngka1+ (Q,]sz) += (ale]> ) (44)

Fo= % ACE QE})Z- (45)

The bulk part of the free energy is described via phenomenological
constants for phase transition A, B, C, one constant approximation for the
elastic part L, and the surface part is described via homeotropic anchoring
with strength Wy, and orientation Qg- corresponding to the preferred per-
pendicular director on the surface plate n = + e,. Finally, the tensor S with

components
1
Q) [ Qy + 3%

+ (Qik + 161‘/() <Xij + ij)

=(xDy —

(46)
-2 (Q +z 61]) QuDp

describes the coupling between the nematic order parameter and the flow
field. We use D and Q to represent the symmetric and antisymmetric parts
of the velocity gradient tensor respectively.

In the lattice Boltzmann simulations, the fundamental scaling para-
meters are the nematic correlation length

£, = \/L/ (A+BS+9CS?/2) (47)

and the nematic time scale

1, =& /TL. (48)
All of the parameter values are expressed in units of the elastic constant L.
We used the following Landau-de Gennes parameters A = —0.687 L/&,
B=—3.53 L/E andC = 2.89 L/, describing the phase transition part
of the free energy and the rotational viscosity I' = > Under this choice of
parameters S=0.651. This corresponds to the use of Beris-Edwards
parameters y =1, 4 =1.38/T and p = 0.031 X 15. We performed simula-
tions with a cell size of 201 x 201 x 45 bulk points confined between the two
plates using homeotropic anchoring with strength W, =2 L/¢, and
periodic boundary conditions on the side. We used disretisation of spatial
coordinates Ax = 1.5 &, and a time step At =0.025 7,,.

The nematic director, n, is obtained as the eigenvector associated with
the largest eigenvalue of Q, which represents the magnitude of the order
parameter, S.

Details of the Ericksen-Leslie Equations

In the Er1cksen Leslie Egs. (4), (5) and (6), y = and V=
hy=—44 & n n; is the molecular field, in Wthh we use the Frank free
energy w1th the one elastic constant approximation,

_(35+4)

K
=E/a,n]a,nj dv, (49)

where K = %L. We explicitly separate out the stress tensor. The elastic
contribution is

Full evolution equations
Using equation (8), we can eliminate velocity from (10) and (11) to obtain
evolution equations for the director angles 0 and ¢, giving

0,0 = % (9260 — 2tan ¢ 9,9 9,0)

1 —wvcos20

- Vzi ( ot sz <0:eclz + O'?cz>) (51)

t

1+ v H €l a €l a

— 7tan<psm9(a},lz + 0, — <in + O'yz>),

_ K 2 . 2

0,9 = ; (az(p + sin ¢ cos ¢(9,0) )

1 —vcos2¢ el a el a

- Tcos@(ayz + 0}, — <0yz + ayz>) (52)
v, . .

- @sm 2¢sin20(0%, + 0%, — (0% + %)),

where
0 +¢* = — {cos*¢sin O cos O
— w (cos’p 920 — sin 29 9,9 9,6) (53)
— %sin 2¢sin 20(82(,0 + sin ¢ cos (p(826)2>,
el a :
0, + 0}, = — {sin g cos ¢ cos 0

K(1 — v cos2¢) cos 8 )

_ ( 5 9) <8§<p + s1n(pcos<p(829)2> (54)

K(1
- Msinq)sin 6(cos 9 920 — 25in ¢ 9,9 9,0).

Eigenvalues above threshold

We solve for the leading order correction to the eigenvalue, A, of the stability
operator equation £0 = 10 when (> {y,. To do so, we perform a pertur-
bation expansion, £ = L, + £, + ... (and likewise for A and 6), in powers
of { — (i, with £, corresponding to £ when { = {y, (and likewise for Ay and
0p). In the main text, £ is defined by (14). However, it is important to note
that the analysis provided in this section is valid for all operators, £, that
linearise to

2
£6="a0+ 1<(14;y) (26— (326))
Ll =g
2u

when (= {y,. We proceed in the usual way of expanding £0 = A6 and
equating order by order, giving

(56)

Ly, + L,6, = 1,0, + 1,0, = A,6,. (57)
L, is non-Hermitian over the interval z € [0, d] due to the (Eﬁ -) term,
meaning that we cannot apply standard methods for Hermitian operators to
solve for A;; we must instead take a slightly different approach that is unique
to operator (55). Firstly, we take the average of all terms in (57) and
rearrange to get

v
ol = <n h—hn ) +2 (n,-hj + h,-n]) — Kamdm,  (50) Ko
(Lo0,) = ;<az91> =1 (60) — (£16,)- (58)
and the active contribution, ¢}, = —(n;n;, where { = B
Communications Physics| (2024)7:127 8
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Next, we multiply (57) by 6, and average, giving

(60L06,) + (0pL16) = A, (65). (59)
To simplify this, we make use of the result
(80L06:) =(6:L460)

K(1 —v)? (60)

T ((00)(2261) — (61)(0265)).

K(1 — vy

—F 00 @), (61
where the second equality comes from the fact that (6,£,6,) = 0 and

(Bﬁé)o) = 0. We can combine (58), (59) and (61) to eliminate (Bié)l) and
solve for A,, giving

(0,60 + 15 0,)(6,0)
T wesm ey

We note that in the case where the mode is antisymmetric about the cell
midplane, all of the integral terms in (55) vanish, making £, Hermitian over
the interval z € [0, d]. As expected, (62) reducestoA; = (6,L,6,)/ (93), the
standard result of perturbation theory on Hermitian operators. We use (62)
to calculate the isotropic and anisotropic growth rates for the D-mode,
separating into different cases.

Isotropic D-mode growth rate

We calculate the exponential growth rate of a D-mode perturbation to the
ground state, n = e,, which is isotropic within the cell plane. In this case, both
6 and ¢ are infinitesimal, meaning we consider the stability operator given
by (14) (recall that the equations for 6 and ¢ both linearise to the same
equation in this case). We recall that the D-mode eigenfunction at threshold
is

2nz

0y x 1 — COST. (63)
Next, we expand (14) in powers of { — {, to give
1— _
£,6, =" ) (g (). (o1
U
We now substitute these results into (62) to obtain
G -0 ((8) - (8)) )
20 ({6 + 22 (6,)7)
1 —
7 ((=w)- (66)

6#+y(1 vy

This is the result given in equation (21) in the main text.

Anisotropic D-mode growth rates

In this section, we calculate the exponential growth rates of D-mode per-
turbations on top of an anisotropic steady state due to an S-mode established
in the spontaneously chosen direction, e,. The S-mode is denoted by 6(z)
and is the solution to (24). We consider the two cases: a D-mode pertur-
bation to ¢, 6= 6'(z) and ¢ =0¢p(z, t), and a D-mode perturbation to 6,
0=0(z) + 60p(z t). In the small angle regime close to threshold, these
perturbations have leading order contributions along e, and e, respectively,

thus we interpret them as perpendicular and parallel perturbations to the
direction of anisotropy.

Perpendicular growth rate. We substitute 6= 6'(z) and ¢ = Spp(z, £)
into equation (52) and linearise about d¢p, giving

K K
9,09, = ;aja% + ; (aze*)z dop,

K1 — v)? "
e (cos?6 (2200, + 09, (2.6)°)

— cos 9*<cos 0 (aﬁ&Pg + S¢p (aZG*)2> >)
K(1—1?
+ M (cos 6" sin 0% 926" Sy,
— cos 9*<sin g* af, o* 5(pD>) ©7)
LR (sin 26%926"(1 — v cos 26%)
4u

— sin 26*<8§6*(1 — v cos 20*)>)8¢D

+ % (cos”6" ¢y, — cos 6 (cos 6" gy, ) )
g
(

+ ™ sin®26* — sin 26" (sin 26" ) ) 8¢y, .

The right-hand side is the stability operator, £, of d¢p. In the limit
{— {6 — 0 and the right-hand side of (67) reduces to the form given in
(55), meaning that we can apply the perturbation theory outlined in the
subsection Eigenvalues above Threshold. Close to threshold,
6" = A§ sin2Z% + higher order terms, where A} ~({ — Cth)Z Therefore,
upon expandmg the stability operator in 6", we obtain the expansion
L=Ly+ L, +...,with terms O8> contributing to £,

K *

L,6¢p, :; (820 )2 oy,
K1 — v)? 2 )2
o (@.0)80 = ((0.07)090))
K(1 -2
N

KV(I - V) * (N2 k
+—2H 6* (026
K1~ v)?

8

_|_
(226")) 390
(07 (289p — (9289y))

(68)

2
K-y ((6")°320p, — ((6°)0209p))

8u
% (8pp — (0¢p))
<5‘PD>)

2u
Ca% (8¢p, —
Wl =) (4250, — (0" 0py))

w1 -v)
4u

w1 -
4y

+ 50 g0 _ ()95,
I
Only the leading order term of 6" contributes to this order. Thus, to
calculate the growth rate, we evaluate (62) with d¢p, 5 & 1 — cos 22 and
6% = A sin2Z% The result is given by Eq. (27).

Parallel Growth Rate. The calculation is the essentially the same as in the
preceding subsection. We substitute 8= 6"(z) + 80p(z, ) and ¢ =0 into
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(51) and linearise about 80p, giving

K Kv "
0,60, :;825913 + a(l — vcos 26%)

x (sin 26*026" 86y, — (sin 26*926* 86}, ))
K
—+ o (1 — vcos26)((1 — v cos 26") 32086y,
u

—{(1 — vcos26*) 9286 ))

Calculation of the S-mode amplitude evolution equation
We first expand (51) up to combined cubic order in 6 and ¢, giving

K K
9,0 =7a§e 2290090+

S Kv(1 - ) (9282
U

K1 — v)?
T (026 — (a26))

SCCOREECD)

Kv(l —v) 5
K + (90029 — (96039))
2 (sin260°226°(1 — v 0s26°) (©9) 2u
U K1 —-v)(1+v)
— sin20* (326"(1 — v cos 26%))) 86y, LR (9699 — 96(3z0))
+£(1 — v cos 26%)(cos 26" 80}, — (cos 26* 86}, )) _K(l——y)z((pZazg_ (20)) (73)
2p ” z E
2 (sin 26" sin 26" — sin 26" (sin 26%)) 66 K1 —v)?
o b K= (52,0,6 - (92.00.0))
From this, we expand in 6 to obtain _a-v (970 — (%6))
2u
Kv(l — 1-— 1-—
£,80, =517 (o260 50, — (60267 06,)) C( )(e 0)) — “37#”) (6 — (6%))
Kv(l —v " " v 14+v
S (@ 0200, - (0 06, + % (93 - 00) + S (007 — ().
Kv(1 —
+ ”(2 Y (6 (2200, — (3206,)
H Only 6, and ¢, contribute to £, 6, meaning that
Kv(1 —
-y . ) g (326" — (226°)) 56
_ B (70) KV(l V) (22 BRIV pryse
_"_w((sg _ <66D>) 5190 608260 2<908260> 290<8290>
Kv(1 —v) 5
S (1 V) oo y +——— (9,049, 9 6,0’
Sl — V) (6 )60, —((® )269D>) 2u (90 — (90609290))
K1 - VZ) 2 2
+(T(9*) (86D _ <86D>) +T ((pOGOaz(PO - (P090<az([)0>)
K
2 —2—¢,0,9,9,0
+ﬂ9*(9*—<9*>)56]) y(PO 290 9200
! K(1—v) 242 242
We again evaluate (62) with 00y, , o< 1 — cos %% and 6" = Ag sin 22, T (#5020, — (#5026, ))
The result is given by Eq. (28). K — ) (74)
—v
- T (‘Poaz‘l’oazgo - <(Poaz¢oaz90>)
Amplitude evolution above threshold (=) —Cy)
We obtain the leading order time evolution equations of the S- and D-mode FILS A B TV (60— (60))
amplitudes close to threshold. We take 6 to be an S-mode and ¢ to be a D- 24
mode, and then make the usual expansion 0=6,+6,+ ... and =) s ol 3 o
. : I (65— (65)) + = (65 — 65¢6,))
@ =@+ @1+ ... in powers of { — {y,. We substitute these expansions into 3u 7
(10) and (11) and equate order by order. The leading order balance gives us Cn(l=1)
the now familiar eigenfunctions which we write as 6, = Ag(#) sin 2% := Y " ( b — <‘P >)
As(H)ys(2) and ¢, = A“(t) (1 cos ZZZ) = AD(t)wD(z) The subsequent G (1+ )
analysis is given in terms of 6, but is the same for ¢. At the next order in + thzi (6595 — 9006 (95))-
¢ — {4, we obtain #
v % = £,6,+ Lo, 71) In this case (72) reduces to
We can now solve for 44 in the same way as we solved for 1, in the previous % = M , (75)
sub-section, giving us t (ys)
A (WL,6,) + )’(1 u) (W)(L,0 ) o After evaluating (75), we obtain the coefficients
R ” Sy (-4 + 52 a4 ),
Al = 2 ) (76)
This is the equation used to obtain the leading order parts of (34) and 4(1 + %) #
(35) in the main text.
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(1-v)°
A, = (1— 21/)<7 P 1) (_th o

(1-v)°
16(1 + VT) u

Calculation of the D-mode amplitude evolution equation
Following the same method as the preceding subsection, we expand (52) up
to cubic order, giving

K K(1 — vy
g =2+ (g — (2)
+ R 26 — go(o26) +§(p(329)2
+ L(;#_ 2 (2922 — (¢739) — *(29)
K(1-2?) 2 2
T (¢09;6 — (960:6))
2
+ KU (0o, 07 — (900.07"))
! (78)
KO ity (¢ate) - ()
R (Cl?) (U
(0= {0) - 2~ ()
+%(‘P3 —9%(9))
+ % (0% — 90(0))
¢ -
S - (#g) - ().
from which we extract
Ligy = I;%(a 0,)" +(T(2¢232¢0
— (#39200) — 93(290))
Y
+ % ((PO(aZGO)Z - <(P0(azeo)z>)
2
SO (o0, — (Gieiey) — 63(F0,)
+ %ﬂ_y) (90069205 — 905(26,))
L (79)
+ S0 (000220, — (9u002200)
1— _
+ =) g, ()
1— v
-8 - o) + 2 03 - i)
+%<ea%—%eo<eo>>
1—
-0 ot — (6hp) - i)
In this case (72) is evaluated as
dAp _ WpLige) + 15 (o) (Ligy) )
dt W)+

from which we obtain the coefficients
2 2

G+a)+2E ¢

2 2 ,

4(3 + V(IZ—MV) > (1 + )’(1;4’/) ) u

2

51— 4) + M2 (5—6) ¢,
= 5 2.

16<3 +%) (1 +7“4;H”)> “

(81)

(82)
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