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Rebuilding the vibrational wavepacket in TRAS
using attosecond X-ray pulses
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Xiao-Jing Liu3, Oriol Vendrell 4, Kiyoshi Ueda3,5 & Song Bin Zhang 1✉

Time-resolved X-ray photoelectron spectroscopy (TXPS) is a well-established technique to

probe coherent nuclear wavepacket dynamics using both table-top and free-electron-based

ultrafast X-ray lasers. Energy resolution, however, becomes compromised for a very short

pulse duration in the sub-femtosecond range. By resonantly tuning the X-ray pulse to core-

excited states undergoing Auger decay, this drawback of TXPS can be mitigated. While

resonant Auger-electron spectroscopy (RAS) can recover the vibrational structures not

hidden by broadband excitation, the full reconstruction of the wavepacket is a standing

challenge. Here, we theoretically demonstrate how the complete information of a nuclear

wavepacket, i.e., the populations and relative phases of the vibrational states constituting the

wavepacket, can be retrieved from time-resolved RAS (TRAS) measurements. Thus, TRAS

offers key insights into coupled nuclear and electronic dynamics in complex systems on

ultrashort timescales, providing an alternative to leverage femtosecond and attosecond X-ray

probe pulses.
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T ime-resolved pump-probe experiments provide a powerful
tool for tracking ultrafast electronic and nuclear dynamics,
where the evolution of the nuclear (vibrational) wave-

packet, which may go through the conical intersection in the
excited states populated by the pump pulse, can be precisely
unveiled aided by the advanced theoretical simulations1–7.
Notable techniques such as time-resolved photoelectron
spectroscopy1 and high-harmonic interferometry2 allow to dis-
cern and track coupled vibrational and electronic dynamics, and
attosecond transient absorption spectroscopy3 has enabled direct
mapping of non-adiabatic curve-crossing dynamics. These tech-
niques have been successfully implemented in numerous
laboratories using ultrafast lasers.

The recent development of X-ray free-electron laser sources
(XFELs) has introduced new possibilities for pump-probe
techniques8–14, resulting in time-resolved X-ray absorption
spectroscopy15,16, time-resolved X-ray photoelectron spectro-
scopy (TXPS)17–21, time-resolved X-ray photoelectron
diffraction22–24, ultrafast X-ray Raman spectroscopy25,26, ultra-
fast X-ray scattering27–32, femtosecond X-ray solution
scattering33–35 etc., which have been extensively utilized at XFEL
facilities to investigate ultrafast electronic and nuclear
dynamics36.

As the temporal duration of X-ray pulses decreases from tens
of femtoseconds to hundreds and tens of attoseconds, however,
the vibrational structures in TXPS become unresolved due to the
broad bandwidth of attosecond X-ray pulses17,37,38.

If the incoming X-ray photon is tuned to resonantly promote a
core electron to an unoccupied orbital to trigger the resonant
Auger decay, the Auger lifetime broadening dominates the
resolution of the resonant Auger-electron spectroscopy (RAS),
and thus vibrational structures involved in RAS do survive39–41.
This has been demonstrated as well for transient X-ray absorption
of optically phototriggered molecules using a core-to-valence
excitation42. Therefore, time-resolved RAS (TRAS) as a probe
technique can become an invaluable complementary technique to
TXPS43,44, e.g., to follow vibrational and vibronic dynamics with
femtosecond to attosecond time resolution.

Attosecond transient absorption spectroscopy (ATAS) has
been successfully used to reconstruct the coherent valence elec-
tron motion between states Krþð4p�1

1=2Þ and Krþð4p�1
3=2Þ45 and

within doubly excited states in He46. More recently, this techni-
que has been used to reconstruct the c1 J1

�� �þ c2 J2
�� �

rotational
wavepacket of H2 and D2 molecules47; ATAS also shows great
potential in disentangling complex multi-mode nuclear dynamics
for polyatomic molecules48,49. The delay-dependent kinetic
energy release technique is able, as well, to resolve the phase
interference of a prepared ionic vibrational wavepacket of Hþ

2
50,

whereas another recently proposed approach uses time-resolved
photoelectron spectroscopy from molecular autoionization51 to
reconstruct the time-dependent electronic wavepacket, also of
Hþ

2 . High-harmonic generation spectroscopy has also been used
to reconstruct the electronic wave packet that describes charge
migration in the HCCI molecule52.

As described above, the reconstruction of femto- to attosecond
vibronic and electronic wavepacket dynamics is one of the central
goals of femtochemistry and attosecond science45–52, and given
the broad interest of tracking vibronic at conical intersections in
ultrafast photochemistry17,49, this research may pave the way for
broad application of femtosecond and attosecond X-ray probe
pulses. Here, we theoretically explore the application of attose-
cond X-ray pulses and demonstrate that the detailed dynamics of
a coherent vibrational wavepacket can be fully reconstructed from
TRAS using attosecond X-ray pulses. Namely, the oscillatory
nuclear wavepacket motion of a showcased diatomic molecule is
reconstructed by TRAS by fitting a simple time-dependent

formula, and the relative populations and phases of the involved
vibrational states are extracted with high accuracy.

Results and Discussion
TRAS using attosecond X-ray pulses. We consider a CO
molecule as illustrated in Fig. 1a. A nuclear wavepacket of state
5σ−1π*A1Π is generated by exciting CO from its ground state
X1Σ+ using a 8.0 fs UV pulse with central frequency of 8.0 eV and
Rabi-frequency of 0.002 a.u. This wavepacket is probed by a time-
delayed (Δt) resonant attosecond X-ray pulse (τ = 1 fs and ω =
280.0 eV) initiating resonant Auger decay from the core-excited
state C1s−1π*1Π. We then calculate the TRAS signal, which
depends on the pump-probe delay Δt and corresponds to the
Auger decay to the 1π−1 2Π ionic state. In the calculations of
TRAS, we employed the potential energy curves and the Auger
width Γ = 0.08 eV in reference53. The whole time evolution
(about 100 fs) is much shorter than the rotational period of the
CO molecule (about 8.64 ps) and thus the molecular rotation can
be neglected during the interaction with the pulses and the Auger
lifetime. The quantum time-dependent wave-packet method,
accounting for the broad vibrational excitation by ultrashort
pulses and lifetime-vibrational interference as implemented in
references38,39,41,43,44,54,55, is used to calculated the RAS spectra,
and the time-dependent Schrödinger equation is solved using the
Heidelberg MCTDH package56.

Figure 1 (c) shows the calculated TRAS spectra σ(ε, Δt) (which
has been given in the Supplementary Data). The joint coherent
contributions between initial wavepacket and broad excited
intermediate vibrational levels result in the diverse peak
structures in the spectra44. The TRAS varies as a function of
the pump-probe delay Δt, illustrating how TRAS is sensitive to
the coherent nuclear wavepacket motion. The pattern of TRAS
exhibits distinct ‘revival’ patterns with respect to Δt (The time
zero Δt= 0 is 24 fs from the pump pulse center). To further
characterize the vibrational behavior, the time-dependent expec-
tation value of inter-nuclear distance 〈RCO〉(Δt) on state
5σ−1π*A1Π is shown in Fig. 1b. 〈RCO〉(Δt) presents a pronounced
‘revival’ period of about 22 fs, corresponding to elongating and
contracting dynamics of the nuclear wavepacket on state
5σ−1π*A1Π. Moreover, there is a slight decrease in amplitude
with increasing Δt, suggesting the involvement of more than two
vibrational states in the initial wavepacket. To investigate the
sensitivity of TRAS to the vibronic dynamics, the Auger electron
spectra are selected for cases where 〈RCO〉(Δt) corresponds to left
(L1 and L2) and right (R1 and R2) turning points, as shown in
Fig. 1d. Minor differences are observed between the spectra
obtained from the two turning points, further highlighting the
sensitivity of TRAS to probe the nuclear wavepacket dynamics.
Figure 1e depicts the time evolution of the Auger signals for
selected Auger energies ε = 270.9 and 271.1 eV. Significantly,
distinct beating evolution with varying structure is clearly
observed, providing evidence consistent with the involvement of
several vibrational states in the initial wavepacket.

Rebuilding the initial wavepacket from TRAS. Following the
descriptions in section of Methods, if the molecule was initially in
a coherent vibrational wavepacket in electronic state I, the
amplitude of each vibrational state could be expressed as
aIiðtÞ ¼ cIie

iðφIi�EI
i tÞ, where cIi and φI

i represent the initial coefficient
(a positive number) and phase of the vibrational state iI

�� �
,

respectively. The amplitude of final state f FðqÞ
�� �

is given by

aFf ðε; tÞ ¼ ∑
i
aIiðΔtÞaFðiÞf ðε; tÞ. We can reach the following formula

for the total Auger electron spectra from the coherent wavepacket

ARTICLE COMMUNICATIONS PHYSICS | https://doi.org/10.1038/s42005-023-01507-3

2 COMMUNICATIONS PHYSICS |             (2024) 7:1 | https://doi.org/10.1038/s42005-023-01507-3 | www.nature.com/commsphys

www.nature.com/commsphys


ψ0ðq; tÞ ¼ ∑
i
cIie

iðφI
i�EI

i tÞ iIðqÞ
�� �

, as

σðε;ΔtÞψ0
’ ∑

i
cIi c

I
iσ iiðεÞ

þ∑
i>j

2cIi c
I
jReðσ ijðεÞÞ cos ΔφI

ij � ΔEI
ijΔt

� �� �

þ∑
i>j

2cIi c
I
j Imðσ ijðεÞÞ sin ΔφI

ij � ΔEI
ijΔt

� �� �
;

ð1Þ

where ΔEI
ij ¼ EI

i � EI
j represents the relative energy, and ΔφI

ij ¼
φI
i � φI

j denotes the relative phase between vibrational states iI
�� �

and jI
�� �

. In Eq. (1), the first term corresponds to the incoherent
contribution of the resonant Auger signal σii(ε) (direct photo-
emission) from a pure vibrational state iI

�� �
, with a weight cIi c

I
i

being the square of its population. The second and third term
represent the time-dependent coherent contributions arising from

the cross interplay σij(ε). The signal σij(ε) satisfies σ ijðεÞ ¼

∑
f
lim
t!1

aFðiÞf ðε; tÞðaFðjÞf ðε; tÞÞ� and is independent of the initial

information of the coherent wavepacket but depends on the X-ray
parameters. It is worth noting that the same formula in Eq. (1)
can be derived from the Kramers-Heisenberg equation36,57.

Eq. (1) contains detailed information about the initial coherent
wavepacket. To reconstruct the initial wavepacket ψ0 through
TRAS, a possible approach is to fit the measured time-delay
Auger signals σðε;ΔtÞψ0

with the calculated signals σij(ε) using Eq.
(1). In the following, we demonstrate the application of
reconstructing the vibrational wavepacket using TRAS in a CO
molecule, considering states I, N and F corresponding to the
valence-excited state 5σ−1π*A1Π, core-excited state C1s�1π�1Π,
and final ionic state 1π−1 2Π, respectively.

Directly fitting the TRAS pattern shown in Fig. 1(c) using Eq.
(1) presents a caveat. One sees in Eq. (1) that the relative

vibrational energies ΔEI
ij are independent of the Auger energy ε.

Therefore, in principle, the number of involved vibrational states
and their relative energies ΔEI

ij can be determined initially by
fitting the time-evolution of spectra for any selected ε using Eq.
(1). This makes a suboptimal use of the available information. To
enhance stability across different ε data, we fit the summed signal
over all ε, denoted as SðΔtÞ ¼ ∑

i
σðεi;ΔtÞ. A modified formula of

Eq. (1) is utilized for this fitting, expressed as
SðΔtÞ ’ s00 þ∑

i>j
rij cosðΔEI

ijΔtÞ þ∑
i>j
iij sinðΔEI

ijΔtÞ. Figure 2a illus-
trates the fitted signals SN(Δt) for different models with N
vibrational states. Obviously, the two-state model signal S2(Δt)
significantly deviates from the original signal S(Δt), whereas the
three-state (S3(Δt)) and four-state (S4(Δt)) models exhibit
excellent fitting with S(Δt). The ratio difference RSN

S ¼ j1�
SN=Sj effectively demonstrates the feasibility of models with
varying numbers of vibrational states (Fig. 2b). The ratio
difference decreases from approximately 5 × 10−3 for the two-
state model to 10−4 for the three-state model, and further to 10−6

for the four-state model. The fitted vibrational energy values are
summarized in Table 1. These values show energy differences of
approximately 10−3 eV and 10−4 eV from the real calculated
values, utilizing the potential energy curve of state I (5σ−1π*A1Π),
for the three-state and four-state models, respectively. Fitting with
more states (N > 4) results in a breakdown of the fitting process,
particularly with neighboring states of identical values. Therefore,
it can be concluded that the initial wavepacket on state I must
involve at least three dominant vibrational states, with four
vibrational states being the most plausible scenario.

The algorithms of Levenberg-Marquardt and Universal Global
Optimization are employed in fittings implemented in 1stOpt
software58, which is widely recognized in the field of nonlinear
regression and offers a powerful built-in general global
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Fig. 1 Time-resolved resonant Auger-electron spectroscopy of CO. a Illustration of TRAS by UV-pump and X-ray probe to trigger the resonant Auger
decay, detecting the nuclear wavepacket of state I (5σ−1π*A1Π); b The time-evolution of expectation value of inter-nuclear distance (〈RCO〉(Δt)) from
nuclear revival dynamics on state I; c The Δt-dependent resonant Auger electron spectra σ(ε,Δt) from a nuclear wavepacket of state I; d Auger electron
spectra from selected 〈RCO〉(Δt) being the left and right turnings; e The time-evolution of Auger signal of selected Auger electron energies.
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optimization algorithm for parameter collection. The accuracy of
fitted parameters is evaluated using a commonly used index in
regression analysis, the coefficient of determination (R2), which
approaches 1.0 when the fitting results closely resemble the actual
calculation results. In our case, the R2 values for the fitting of two-
state model S2(Δt), three-state model S3(Δt), and four-state model
S4(Δt) shown in Fig. 2a are 0.986329, 0.9999697, and
0.99999999895, respectively. Obviously, as the number of
vibrational states increases, the R2 value tends to approach 1.0,
indicating a closer fit between the calculated and actual results.

To determine the relative coefficients and phases of the initial
wavepacket ψ0 using Eq. (1), it is necessary to obtain the signals
σij(ε) for all the involved vibrational states in advance. The
calculation of σii(ε) is straightforward and can be obtained by
setting the initial state to a specific vibrational state iI

�� �
, where i

ranges from 0 to 3. On the other hand, the cross signal σij(ε) can
be estimated using two specific coherent wavepackets, ψ1 ¼
ð iI
�� �þ jI

�� �Þ= ffiffiffi
2

p
and ψ2 ¼ ð iI

�� �þ i jI
�� �Þ= ffiffiffi

2
p

. By applying Eq. (1),
the real part of σij(ε) can be expressed as
Reðσ ijðεÞÞ ¼ σ ijðεÞψ1

� 1
2 ðσ iiðεÞ þ σ jjðεÞÞ, and the imaginary part

as Imðσ ijðεÞÞ ¼ σ ijðεÞψ2
� 1

2 ðσ iiðεÞ þ σ jjðεÞÞ. All the relevant data
for σij(ε) are provided in the Supplementary Data.

Based on Eq. (1), the original TRAS signal σ(ε, Δt) is fitted
using both the three-state and four-state models with corre-
sponding vibrational energies as listed in Table 1. The ratio
difference RσN

σ ¼ j1� σNðε;ΔtÞ=σðε;ΔtÞj, obtained from the
fitted spectra σN(ε, Δt) in the N-state model, is presented in
Fig. 3. The results show that the overall ratio difference is
approximately 1% for the three-state model and 0.1% for the
four-state model. Table 2 provides the fitted relative coefficients
and phases. We find that both models yield values of the
coefficients for the first three states that are in close agreement.
Surprisingly, the four-state model also predicts a minor
contribution (0.01% population) from the fourth state, which
differs from the original values (obtained by projecting the initial
wavepacket onto each vibrational state of state I (5σ−1π*A1Π)) in
the fourth decimal place. Regarding the relative phases, the three-
state and four-state models differ from the original values in the
second and third decimal places, respectively. In the absence of
any information regarding the initial wavepacket for comparison,

it can be concluded that both the three-state and four-state
models perform well. The four-state model achieves an accuracy
of population prediction within 0.01%. Furthermore, the R2

values for the three-state and four-state models are 0.9996943
and 0.9999909561, respectively. These results confirm the
feasibility and accuracy of using TRAS for reconstructing the
nuclear wavepakcet in both forward and backward directions.

Reconstruction from blurred TRAS. To account for the unex-
pected instabilities in measurements such as energy resolution,
temporal jitters or other external disturbances, we blur the TRAS
spectra σ(ε, Δt) (shown in Fig. 1(c)) by multiplying a random
mask function Rk(ε, Δt) (its value is randomly generated in
[1.0−k, 1.0+ k] by both seeds ε and Δt), and produce the blurred
signal σk(ε, Δt)= σ(ε, Δt) × Rk(ε, Δt) as well as the summed signal
as SkðΔtÞ ¼ ∑

i
σkðεi;ΔtÞ. The instability k = 1% and 5% are

evaluated in the following, corresponding to cases with minor and
intermediate instabilities. Please refer to Supplementary Fig. s1 in
Supplementary Note 1 for the blurred signals σk(ε, Δt).

Figure 4a and c show the summed signals Sk(Δt) for the blurred
spectra with k = 1% and 5% and the fitted ones in three-state
(S3kðΔtÞ) and four-state (S4kðΔtÞ) models. It shows the signal
S5%(Δt) is no longer smooth. Figure 4b and d suggests that the

ratio difference (R
SNk
Sk

¼ j1� SNk =Skj) differs not too much for the
models, but positively correlates with the instability in measure-
ments. These have been reflected in the R2 values, which are
0.99978875 and 0.99981915 for the three-state and four-state
models, respectively, with k = 1%, and more closer to 1.0 than

Table 1 Rebuilding the vibrational energy from summed
signals.

ΔEI10 ΔEI21 ΔEI32
Two-state 0.182317
Three-state 0.182283 0.180372
Four-state 0.183542 0.179707 0.166836
Original 0.183378 0.179847 0.166515

The fitted relative vibrational energy (eV) of state I (5σ−1π*A1Π) in two-, three- and four-state
models from Fig. 2, the original ones are achieved by diagonalizing the potential of state I.
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0.995671 and 0.996274 for the three-state and four-state models,
respectively, with k=5%. Table 3 presents the collected vibra-
tional energies from Fig. 4, after considering the instability in
measurements. The energy difference compared to the original
calculations can still be maintained within the range of 10−3 to
10−4 eV.

Subsequently, the blurred TRAS signal σk(ε, Δt) are fitted using
both three- and four-state models, and Fig. 5 illustrates the ratio

difference (R
σNk
σk ¼ j1� σNk ðε;ΔtÞ=σkðε;ΔtÞj), which remains

within the range of 1% to 0.1% for k= 1%. However, for
k= 5% the ratio difference significantly exceeds 1% and reaches
about 10%. These are consistent with the R2 values of
0.9999038073 and 0.9981426 in the four-state model for k= 1%

and 5%, respectively. Furthermore, the relative coefficients and
phases, as shown in Table 4, demonstrate that the three- and
four-state models can still be fitted with both k= 1% and 5%. The
simulations suggest that the relative phases are sensitive to both

Table 2 Rebuilding the coefficients and relative phases from Time-resolved resonant Auger-electron spectroscopy.

cI0 cI1 cI2 cI3 ΔφI
10 ΔφI

20 ΔφI
30

Three-state 0.8436 0.5264 0.1062 2.6767 −0.7190
Four-state 0.8431 0.5267 0.1077 0.0108 2.7371 −0.6967 2.5961
Original 0.8431 0.5269 0.1075 0.0107 2.7276 −0.7024 2.5790

The coefficients and relative phases of the initial wavepacket by fitting σ(ε, Δt) using Eq. (1) in three- and four-state models from Fig. 3, the values of original are achieved by projecting the initial
wavepacket to each vibrational states of state I (5σ−1π*A1Π).
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Table 3 Reconstruction the vibrational energy from blurred
spectra.

k ΔEI10 ΔEI21 ΔEI32
1% Three-state 0.182184 0.180510
5% Three-state 0.182914 0.180734
1% Four-state 0.183001 0.179501 0.166157
5% Four-state 0.183703 0.181000 0.165001

original 0.183378 0.179847 0.166515

Same as in Table 1 but in three- and four-state models from Fig. 4 of the summed signals for
blurred spectra with instabilities k= 1% and 5%.
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Fig. 5 Ratio difference for blurred spectra. The ratio difference R
σNk
σk ¼

j1� σNk ðε;ΔtÞ=σkðε;ΔtÞj between the blurred spectra σk(ε, Δt) and fitted
ones in three-state (σ3k ðε;ΔtÞ, a and b panels) and four-state (σ4k ðε;ΔtÞ,
c and d panels) models with instability k= 1% (a and c panels) and k= 5%
(b and d panels).
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the fitting model and the noise: the better of fitting model and the
smaller of noise, the closer the retrieved phase to the reference
data. The retrieved results from the blurred spectra are
encouraging, further demonstrating the feasibility of using TRAS
for reconstructing the vibronic dynamics.

Considering the experimental energy resolution may be worse,
simulations with bigger instability as k= 10% and k= 20% are
also implemented and given in Supplementary Note 1. As it
shows clearly, worse energy resolution reduces the accuracy of
extracted wavepacket data.

Conclusions
Thanks to the energy resolution of RAS, determined by the Auger
lifetime, time-resolved RAS improves on the comparatively low
energy resolution of time-resolved photo-electron spectroscopy
by ultrashort X-ray pulses. We show that the signal of time-
resolved resonant Auger-electron spectroscopy using attosecond
X-ray pulses still contains enough information to rebuild coher-
ent wavepacket dynamics. The derived simple relationship offers
a promising approach to retrieving and reconstructing the com-
plete information of the initial coherent wavepacket. By applying
this framework to a CO molecule, we demonstrate the feasibility
and accuracy of reconstructing the full information of the
vibrational wavepacket created by the pump pulse. This includes
the relative energies, populations, and phases of the vibrational
states, even when the signals are blurred by significant
random noise.

We should note that the present method also works when the
Auger decay width is larger than the energy separation between
the vibrational levels. In Supplementary Note 2 (Supplementary
Fig. s2), we artificially increase the Auger decay width of CO from
0.08 eV to 0.4 eV. The corresponding TRAS spectra lose the
ability to resolve vibrational structures but they are still sensitive
to the time-delay of the initial wavepacket. The information on
the initial wavepacket can still be reconstructed as shown in
Supplementary Table s1 and Table s2 in Supplementary Note 2.
This result can be understood from the fact that Eq. (1) does not
explicitly depend on the Auger decay width. This methodology
can be extended without further modification to investigate
attosecond electronic dynamics using attosecond X-ray pulses.
Given the widespread interest in tracking nuclear and electronic
dynamics in ultrafast physics and photochemistry, this work
opens up new possibilities for the application of femtosecond and
attosecond X-ray probe pulses.

Methods
Let us consider a diatomic molecule initially in electronic state I
and excited by a X-ray pulse to the Auger electronic state N. The
ensuing Auger decay emits an electron with energy ε to ionic
electronic state F. νγðqÞ

�� �
and Eγ

ν are vibrational wavefunction
and energy of each electronic state γ= {I, N, F}. Following the
theoretical frame for few-level system40,54, the total time-
dependent wavefunction of the system reads ψðq; tÞ ¼ ∑

i
aIi

ðtÞ iIðqÞ
�� �þ∑

n
aNn ðtÞ nNðqÞ

�� �þ∑
f

R
dεaFf ðε; tÞ εj i f FðqÞ

�� �
, where εj i

indicates the free wavefunction of Auger electron, aγνðtÞ is the
amplitude of vibrational level νγðqÞ

�� �
. After inserting ψ(q, t) into

the time-dependent Schrödinger equation for the total interaction
Hamiltonian and employing the local approximation59,60, we
reach the evolution equation for the amplitudes as _�ψðε; tÞ ¼
�Hðε; tÞ�ψðε; tÞ with �ψðε; tÞ ¼ ½faIiðtÞg; faNn ðtÞg; faFf ðε; tÞg�

T ({} is the
simplified notation for all possible vibrational states), and the
dressed Hamiltonian

�Hðε; tÞ ¼
fEI

ig fVNI
in g 0

fVNI
ni ðtÞg fEN

n � iΓ
2g 0

0 fVFN
fn g fEF

f þ εg

0
B@

1
CA; ð2Þ

where VFN
fn ¼

ffiffiffiffi
Γ
2π

q
hf FðqÞjnNðqÞi is the efficient Coulomb inter-

action matrix weighted by the Franck-Condon factor
〈fF(q)∣nN(q)〉 from state nNðqÞ

�� �
to state f FðqÞ

�� �
;VNI

ni ðtÞ ¼
g0gðt;ΔtÞ cosðωtÞdNIhf NðqÞjnIðqÞi is the laser dipole interaction
with dNI being the electronic transition dipole moment.
g0; gðt;ΔtÞ ¼ e�4 ln 2ðt�ΔtÞ2=τ2 ;ω; τ and Δt are the peak intensity,
envelope, frequency, duration, and pulse centre, respectively. If
the molecule is in state iIðqÞ

�� �
at time zero, in the weak field limit

aFf ðε; tÞ ¼ aIiðΔtÞaFðiÞf ðε; tÞ can be well represented by second-order
time-dependent perturbation theory as

aFðiÞf ðε; tÞ ’ �∑
n

Z Zt;t0

�1;�1

dt0dt00eiω
FN
fn t0VFN

fn eiω
NI
ni t

00
VNI

ni ðt00Þ; ð3Þ

where ωFN
fn ¼ EF

f � EN
n þ εþ iΓ

2 ;ω
NI
ni ¼ EN

n � EI
i � iΓ

2 , then the
total Auger electron spectrum can be calculated as the sum over
all final states for the norm square of aFf in the long time limit as

σðεÞ ¼ ∑
f
lim
t!1

jaFf ðε; tÞj2 ¼ jaIiðΔtÞj2 ∑
f
lim
t!1

jaFðiÞf ðε; tÞj2.
We should note that the above method can, in principle, be

modified and applied to polyatomic molecules. The case of a
separable nuclear Schrodinger equation in normal modes61–63

can be readily considered and we note that normal modes are
good coordinates for photochemical processes at short times64–67.
If the relevant normal-mode coordinates are {qQ}(Q= 1,...,QT)
and are well localized as harmonic oscillators, the initial coherent
wavefunction could be written as

ψ0ðfqQg;ΔtÞ ¼ Q
Q¼1

∑
i
aIiQ ðΔtÞ iIQðqQÞ

���
E
;

aIiQ ðΔtÞ ¼ cIiQ e
i φI

iQ
�EI

iQ
Δt

� � ð4Þ

where cIiQ ;φ
I
iQ
and EI

iQ
represent the initial coefficient, initial phase

and energy of vibrational state iIQðqQÞ
���

E
of each normal mode qQ,

respectively. As presented in Supplementary Note 3, the Δt-
dependent Auger signal could be written as the incoherent

Table 4 Reconstruction the coefficients and relative phases from blurred spectra.

k cI0 cI1 cI2 cI3 ΔφI
10 ΔφI

20 ΔφI
30

1% Three-state 0.8443 0.5269 0.1063 2.6740 − 0.7112
5% Three-state 0.8440 0.5281 0.1081 2.7098 − 0.6697
1% Four-state 0.8442 0.5270 0.1071 0.0105 2.7122 − 0.7289 2.5450
5% Four-state 0.8437 0.5282 0.1091 0.0112 2.7465 − 0.6311 2.6542

Original 0.8431 0.5269 0.1075 0.0107 2.7276 − 0.7024 2.5790

Same as in Table 2 but in three- and four-state models from Fig. 5 of the blurred spectra with instabilities k= 1% and 5%.
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contributions from each normal mode as

σðε;ΔtÞ ¼ ∑
Q¼1

σQðε;ΔtÞ; ð5Þ
with

σQðε;ΔtÞ ’ ∑
i
cIiQ c

I
iQ
σ iQiQ ðεÞ

þ∑
i>j

2cIiQ c
I
jQ
Reðσ iQjQ ðεÞÞ cos ΔφI

iQjQ
� ΔEI

iQjQ
Δt

� �� �

þ∑
i>j

2cIiQ c
I
jQ
Imðσ iQjQ ðεÞÞ sin ΔφI

iQjQ
� ΔEI

iQjQ
Δt

� �� �
:

ð6Þ

It might as well be possible to work directly at the level of the
correlated vibronic eigenstates for multidimensional problems,
thus obviating any underlying separability. These cases can turn
up to be quite challenging if the the density of vibronic states is
high. Future investigations shall consider how much of this
information can still be retrieved by carefully fitting the TRAS
signal to sensible models of the vibronic wavepacket.

Data availability
Data that support the plots within this paper and other findings of this study are available
from the accompanying Supplementary Notes. The original spectra and all incoherent
contributions from a pure vibrational state and coherent contributions from the cross
interplay are provided as Supplementary Data 1 and 2. Any additional detail can be
obtained from the corresponding authors upon reasonable request.

Code availability
The codes associated with this manuscript are available from the corresponding author
on reasonable request.
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