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Collective variable model for the dynamics of liquid
crystal skyrmions

Tomés Alvim® 2, Margarida M. Telo da Gama® "2 & Mykola Tasinkevych@ 1234

Liquid crystal skyrmions are topologically protected spatially-localized distortions of the
director field which exhibit particle-like properties including translational motion in oscillating
electric fields. Here, we develop a collective variable model of the skyrmion dynamics,
extending the approach of Long and Selinger proposed earlier for one dimensional systems.
The model relates the skyrmion motion to a complex dynamics of the width of the twist wall
around the skyrmion core. The width evolves in a non-reciprocal way, quantifying squirming
deformations of the high twist region within on and off states of the field. We analyze in
details the average skyrmion velocity as a function of the frequency and strength of the field
as well as its duty cycle. The model predictions agrees qualitatively with experiments and
results of numerical minimization of the Frank-Oseen model. Our results provide insights into
the conditions necessary to observe velocity reversal as a function of the field parameters.
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spatially localized and topology-stabilized configurations!.

Examples include kink or antikink solutions of the ¢*
model?, Skyrme solitons (skyrmions) in nuclear physics3, vortex-
like spin configurations known as magnetic skyrmions in con-
densed matter systems*~, as well as torons, hopfions, and baby
skyrmions in confined chiral liquid crystals (LCs)'9-22, From the
fundamental science point of view, solitons exhibit particle-like
behavior and have been proposed as a model of the nucleon’.
From a practical standpoint, magnetic skyrmions can be moved
by using weak electric currents?, which opens an avenue to
exploit magnetic skyrmions in spintronic applications, e.g., in
racetrack memory devices?4.

LC skyrmions can also be brought into controlled directional
motion in oscillating electric fields!®13. Numerical minimization
of the Frank-Oseen elastic free energy!? has uncovered the basic
physical mechanism of skyrmion translation, which is related to
the non-reciprocal relaxation dynamics of the chiral director field
in time-modulated electric fields. More specifically, the boundary
of a region with the high director twist undergoes deformations
that resemble squirming surface waves of biological micro-
organisms undergoing self-propulsion. Contrary to micro-
swimmers, however, the squirming motion of skyrmions is not
related/accompanied to/by LC material flows and is purely due to
the reorientation dynamics of the director field. In the present
work, we provide a quantitative measure of these squirming
undulations of the high twist regions, in terms of the thickness of
the twist wall around the skyrmion core.

Experimental results have shown that the skyrmion velocity
sensitively depends on the frequency, strength, and duty cycle of
the pulse width modulated driving electric field. In multi-
skyrmion systems, unexpected collective behavior has been
reported experimentally including light-controlled skyrmion
interactions and self-assembly!4, reconfigurable cluster forma-
tion, and formation of large-scale skyrmion crystals mediated by
out-of-equilibrium elastic interactions!®. Driven LC skyrmions
offer a distinct paradigm of solitonic active particle-like structures
without mass transport!213. The experimental setups employed
to stabilize and study active skyrmions are similar to those used in
LC display technologies?®. As such, the controlled motion of a
large number of skyrmions holds potential for the development of
reconfigurable electro-optic materials*®. Numerical analysis based
on minimization of the Frank-Oseen!>!3 and Landau-de
Gennes!8-20 free energies have successfully reproduced many
experimental results regarding the structure and dynamics of LC
skyrmions. These fine-grained approaches fully resolve the
spatio-temporal structure of the LC order parameter field and are
computationally costly, which does not allow a comprehensive
sampling of the whole space of the model parameters.

To overcome this challenge, Long and Selinger proposed a
coarse-grained model of the skyrmion dynamics?2, where a few
collective variables approximately describe the skyrmion config-
uration and its response to an external field. The method was
applied to characterize the motion of one-dimensional sine-
Gordon solitons, and its extension to two-dimensional (2D)
skyrmions was outlined without detailed analysis. The method of
Long and Selinger is similar to the one used in nonlinear field
theories to construct a reduced description of soliton interactions
in terms of several relevant collective variables?2”. This method is
also similar to that employed in refs. 28-30 to study the dynamics
of magnetic skyrmions, with the only difference that in those
studies the skyrmion position was the only collective variable, i.e.,
it was assumed that the magnetic structure translates at a given
speed as a rigid body3l. By contrast,?? introduced an internal
degree of freedom — the width of the twisted wall that changes as
the skyrmion moves.

Topological solitons emerge in nonlinear field theories as

Here, based on the original idea of ref. 22 we present a collective
variable model of driven motion of LC skyrmions in 2D. We
stress that in this study only full skyrmions are considered. The
developed minimal model demonstrates that the net displacement
of the skyrmion under periodic switching of the electric field on
and off is related to the complex dynamics of the width of the
twist wall around the skyrmion. The width provides a quantitative
characteristic of the high twist region and changes in a non-
reciprocal way within each on and off state of the field, resulting
in the net skyrmion displacement over one period of the electric
field. We find that the skyrmion velocity is proportional to the
time derivative of the polar angle specifying the far-field director,
which responds to the changes in the applied voltage, and the
speed is maximal just after the electric field has been turned on or
off. The analysis also demonstrates that velocity reversal with
changing the field frequency or the duty cycle is related to the
ratio of the director relaxation times during the field-on and field-
off states. The relaxation time is given by the inverse square of the
external effective field, which also includes a fictitious component
mimicking the effects of homeotropic boundary conditions in real
3D systems. We emphasize, that the approach developed here can
straightforwardly be applied to magnetic skyrmions. One just
needs to use a suitable Ansatz for the magnetization field into the
Landau-Lifshitz-Gilbert equation3? in order to derive the equa-
tions governing the evolution of the corresponding internal
degrees of freedom (Ansatz parameters) of the magnetic
skyrmion.

Results

Skyrmion Ansatz. We assume that at zero electric field, the far-
field nematic director is aligned along the z-axis, and define an
axisymmetric Ansatz for the skyrmion configuration with the
winding number equal unity as follows:

ny(r; §) = sin(E(r; £)) cos(¥(r))
ny(r; &) = sin(E(r; §)) sin(¥(r)) (1)
n;(r; §) = cos(E(r; §)),

_p?
Br;)=n+ ﬂH(r —‘g) [exp (— 7(1’ 522) > - 1} )

Y(r) = arctanC — x5> + g 3)

s

where

r= \/(x—xs)z—l—(y—ys)z. 4)

Here H is the Heaviside step function, p is the cholesteric pitch
and r is the distance from a point (x, )T to the skyrmion center at
(x,, yS)T, where the superscript T denotes the transposition
operation. The parameter & controls the width of the twisted wall
which separates the skyrmion core of size p/2 with the vectorized
director pointing in —Z direction from the far-field director
aligned along z. The function E(r; §) is plotted in Fig. 1, and from
this point onwards, lengths are given in units of the cholesteric
pitch p.

In this study, we consider LCs with positive dielectric
anisotropy Ag, and thus when an external electric field is applied
perpendicular to z, the skyrmion will morph to a non-symmetric
so-called bimeron33 configuration, with the far-field director
n, = (sin ® cos @, sin O sin O, cos ®)"  tilted away from 2. For
strong enough electric fields, n, will be in the (x, y) plane. The
resulting bimeron configuration has no analytical representation,
therefore we resort to a simple approximation, which relies on a

2 COMMUNICATIONS PHYSICS| (2024)7:2 | https://doi.org/10.1038/s42005-023-01486-5 | www.nature.com/commsphys


www.nature.com/commsphys

COMMUNICATIONS PHYSICS | https://doi.org/10.1038/s42005-023-01486-5

ARTICLE

uniform local rotation of the symmetric director field in Eq. (1)
n(r; ©, @, &) = R(O, @) n’(r; §). )

Here. R(®, @) is the rotation matrix which transforms z to n,.
Figure 2a illustrates the director configuration of the original
Ansatz in Eq. (1), and Fig. 2b, ¢ shows the approximation (5) of
the bimeron configurations for ® = /4 and n/2.

One way to obtain n, is to rotate z by ©® about the axis
(—sin @, cos @, 0) in the (x, ) plane. The parameterization of the
rotation matrix R, in terms of the axis and the angle, is given by
Rodrigues formula34

R(®, ®) = I + sin ®M(P) + (1 — cos @)M?*(D), (6)

where I is the identity matrix and

0 0 cos ©
M(D) = 0 0 sin® |. (7)
—cos® —sin® 0

The rotated configuration (5) depends on the five parameters
& x, Y5 ®, @, and in the next section we construct equations
describing their time evolution in response to switching the
external electric field on and off.

Frank-Oseen free energy and a dissipation rate. We adopt the
one elastic constant K;; = K;, = K33 =K approximation, and
present below all the equations in a dimensionless form, with Kp
set as the unit of energy and yp?K~! the unit of time, where y is
the rotational viscosity. For the unit of the electric field we use
/2K /gyAep?, where ¢ is the vacuum permittivity and Ae is the
dielectric anisotropy. We consider here a two-dimensional system

3.0¢
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05¢
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(r;€)

0.5 1.0 1.5

r

Fig. 1 Polar angle of the director Ansatz for a skyrmion. =(r; &) defined in
Eq. (2) as a function of the distance r from the skyrmion center, for two
values of the wall thickness £ =1 and 0.5, With increasing r the director
field rotates by z, which corresponds to a full-skyrmion.

2.0 25

where the director field varies in the (x, y) plane. At zero field this
corresponds to a three-dimensional system that is translationally
invariant along the skyrmion’s symmetry axis, see Fig. 2a. This
analogy, however, does not apply to deformed configurations, as
shown in Fig. 2b, ¢, obtained at non-zero fields. The dimen-
sionless Frank-Oseen elastic free energy per length along z-axis
reads:

2
F= /((V'n)2+(VXn)2+2nn-VXn—‘(E '211) >d2r. (8)

The integral is over the whole plane (x,y), and the effective
electric field E = (0, —E, W)T, where E is the amplitude of the real
electric field applied in the —y direction, and W accounts for
effects of the homeotropic anchoring conditions at the cell sur-
faces of a three-dimensional system. This is a standard approach
to account for boundary-induced anisotropy through an effective
bulk electric field in 2D system, see ref. 18, for a detailed dis-
cussion. We introduce the ratio m of the electric and elastic
energy in the following way

m* = (B> + W?). 9)

As we show below, m controls the relaxation time of the director
when the electric field is turned on and off.
The Rayleigh dissipation function per unit length, due to the
director reorientation, has the form?22:
2
d*r.

o-t =1
(10)

Here the double vertical lines mean the absolute value of the
enclosed vector. The dynamic equations for the skyrmion
collective variables are obtained from the force balance??

8n®+8nq-)+8n ,+8né
20 o0 or

dn
dt r, ¢

oD OF
— 4+ —=0 11
5 59=" 11
oD OF
oD 9 _ 12
56 T30 0, (12)
W, (13)
of  0& 7

oD

8_3'65207 (14)
oD

where dots above the parameters indicate time derivatives, and
the two last equations take into account that the free energy F
does not depend on the skyrmion position (x,,y,)". We fix the
reference frame such that E changes in the (y,z) plane only,
which will lead to the skyrmion motion along the x-axis. Any

FY YV VY VYV NN NENY IS0 L RN T S R SR IS T VA (T
A bl"\\\\\l!!ll" CIl\\\\\\\l\||||
D e o NSO Ry gy I INEIE T T, 6 S 0 0 W0 Y V1 1 T
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DR VO N Y vatL o~ A\N\LVVY L T N S AV U I |
G 7®e L CON\ v v o WY ey Coroa N\ VYN L \NS Ul ea~x L LI
R S CONNIY U/ AR N AR SAVAV B L S S A B Y B 2 S SR |
sl s\L\vv veollUvwwwwuwenwL VY IywelLLLLTTIOFewLLI
bl Llvw~ veblFvwwwwwvr LI VY I RS T A A |
Lt v Ll v veslVwuvwwwwvell[ Wy TevsLUDLLIDVwe UL
WL\ v e L v e\l ywyvuyuwvweolll v A CANI Y 2 |
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Fig. 2 Director profile of the skyrmion Ansatz. The director field of the skyrmion configurations for ® = 0,%,%Z a, b, and ¢, respectively; ® = —Zin all the

cases. The director field is represented by cylinders. The skyrmion core has the same alignment as the background. The wall thickness parameter is £ = 0.7.
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initial background director will, after a short transient, reorient
and remain in the (y,z) plane, i.e., ® will approach a constant
equal 71/2 or — 71/2 depending on the initial orientation. Here we
set up the system such that this value is always — 71/2. As we show
below the skyrmion displacement proceeds in the direction
perpendicular to the plane in which the background director
varies, in agreement with previous experimental!? and theoretical
results?2. Considering the above, in the following we consider
only Egs. (11), (13) and (14). This system of equations is not
amenable to analytical solutions, and thus we developed a hybrid
analytico-numerical method to analyze them. The general
algebraic structure of the terms in the dissipation rate D and
the free energy F may be written as a product of two tensors

B,(©) / T, ndr, (16)
where the summation over repeated indices is implied. Tensors
B;; depend on the far-field background parameter. They are
expressed as products Ry;Ry; or Ry,0R;;/0@ and can be calculated
analytically. The spatially varying tensors T;;(, r) depend only on
the thickness & of the twisted wall and have the form of products
of pairs selected from the components of n? in (1), spatial
derivatives of n“ or its derivatives with respect to x, and & The
double integrals in Eq. (16) are calculated numerically and the
resulting functions of € are fitted to simple expressions as detailed
in Methods below.

We assume that the dynamics of ® is not dependent on the
presence of the skyrmion, and evaluate the lhs and the rhs in Egs.
(11) inserting the uniform far-field n, into Egs. (8) and (10). With
this. we obtained the following system of dynamical equations:

® = (Esin® + W cos ®)(Ecos ® — W sin @), (17)
; 15.5 s
. d1(£)<—7 T (1 + cos0) + dy(®[W? —
(18)
+3 cos(20)(E? + W?) + 6EW sin(ze))}) ,
X, = d, (9. (19)

The explicit expressions for d;(£) up to dy(¢) and the numerical
procedure for how they have been obtained are provided in the
“Methods” section below. Equation (17) for the background angle
O(t) admits an analytical solution which we present in Methods
as well.

Linear stability analysis. In this section, we carry out a linear
stability analysis of the system of Eqgs. (17)-(19) around their
fixed points. The skyrmion will evolve towards stable fixed points
and also spend time near them in the case of time-dependent
electric fields. The behavior resulting from the linearized equa-
tions sheds light on the evolution of the full nonlinear system.
Since the dynamics of x; is slaved to that of £ and ®, Eq. (19), it is
sufficient to consider only Egs. (17) and (18).

Setting the rhs of Eq. (17) to zero renders two fixed point
solutions for the polar angle ©* =arctan(E/W) and
®* = —arctan(W/E). It turns out that the second solution
corresponds to an unstable fixed point. The fixed point for the
twist wall thickness & follows from setting ® = ®" on the rhs of
Eq. (18) and finding the roots of the resulting equation
numerically. The resulting fixed point solution & is plotted in
Fig. 3 as a function of m, and is well approximated by m~2 in
agreement with!8. In experiments as well as numerical simula-
tions, the skyrmion is only stable in a finite range of electric
fields!8:35,

0.0' L L L
6 8 10 12 14

m

Fig. 3 Equilibrium thickness of the skyrmion twist wall. The stable wall
thickness & as a function of m = v/£2 + W?, at two values of the
equilibrium @®". The lines are to guide the eyes.

A at ©=0 or E/W=0
100

Aat ez’z—T or E/W=10

m

Fig. 4 Inverse relaxation time of the twist wall thickness. 1, which is the
derivative of the rhs of equation (18) with respect to & evaluated at £, as a
function of m = v/ E? + W?, for two equilibrium values of ® =0 and z/2.
For comparison the curve «m? is also shown.

y\/gk linearize equations (17) and (18) near the fixed point
©,8)

O~ —(E* + W?)(© - 8", (20)

£~ —[E— EAm, E/W), @D

where A(m, E/W) is the derivative of the rhs of Eq. (18) with
respect to & evaluated at &, ) as a function of m is shown in Fig. 4,
and it is approximately cm? in the relevant range of m. We
emphasize, that the relaxation of £ upon turning the field off is
slower as compared to the field-driven response, which provides
additional means to control the skyrmion dynamics.

Next, we substitute the solutions ©@(¢) and &(¢) of the linearized
equations (20) and (21) into (19), which renders

k(D) = —m’e (@, — O)(E + (§ — §)e ™),

where we replaced d,(§) with & for simplicity (see Methods where
dy(&) is defined), and @y is the initial value of the far-field polar
angle. An approximate equation (22) describes the skyrmion
velocity in the vicinity of the fixed point (®", &), therefore the
initial values ®, and &, must be taken close to the fixed point.

We find that in the relevant range of m A >0, as shown in
Fig. 4, and thus the late-time behavior of the velocity in (22) is
governed by the term oc exp(—m?t), and the term o exp(—Af)
may be neglected. With this in mind, the approximate solution

(22)
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x,(t) of (22) may be written in the following form

x,(t) = exp(—m*t)(®, — O*)E" + x,(c0), (23)

Ax, = x,(00) — x,(0) = (0"
where we have also defined the net skyrmion displacement Ax;.
Equation (24) highlights two important features in determining
the net skyrmion displacement: 1) a rotation from the vertical
configuration @, = 0 to a larger ®, e.g when the electric field E is
apphed yields a positive dlsplacement increasing with
AO=0" @0, ii) the displacement depends on the stable wall
thickness &". Figure 3 shows that & decreases with increasing
both m and E/W.

Imagine that the electric field E undergoes step-like osc111at10ns
between zero and a sufficiently high value, such that ©"(E) ~ /2.
Additionally, assume that the oscillation period is large enough
such that © oscillates between the two equilibrium values 0 and 7/
2. Then, durmg the field on state, the net skyrmion displacement
Ax[off — on] = & (m,, E)/2, while the net skyrmlon displace-
ment during the off state is AxJon — off] = — et (mogp 0)/2. The
expressions in the square brackets indicate the situations when
the electric field has changed from 0 to E, [off — on], or from E to

0, [on — off], also mz = W<m,, = +W? + E*. Based on the
numerical results displayed in Flg 3, we conclude that
E(mogs, 0) > € (Mo, E) and the net skyrmion’s displacement over
one period of the electric field is Ax [off — on] + Ax[on — off] <
0: the skyrmion translates in the —x direction.

We will show in the next section that in the framework of the
full nonlinear model given by Egs. (17)-(19). The skyrmion
velocity can reverse its direction. The numerical solution of the
full nonlinear dynamics demonstrates that most of the displace-
ment occurs at early times away from the stable value of &, where
the linear model is not valid.

- ®0)7 (24)

Skyrmion relaxation upon abrupt changes in the electric field.
Equation (17) can be solved analytically, where the corresponding
solution O(f) is given in Methods, Eq. (32), and Egs. (18), (19))
are solved numerically using Mathematica. We first solve for the
twist wall thickness &(f), which is coupled to ©(f), and then
determine the skyrmion position x,(f). Figure 5 depicts the time

08¢ 7

o 0.6 On 7

04 Off 1

027 1

0'0 —I 1 1 1 1 1 |—
0.00 0.05 0.10 0.15 0.20 0.25 0.30

t

Fig. 5 Relaxation dynamics of the polar angle of the far-field director. ©
as a function of time when the electric field changes abruptly from O to E,
blue curve. After the angle completely relaxes towards the horizontal

dashed-dotted red line, the field is turned off and the corresponding ©(t) is
shown by the dashed orange curve, where t = 0 coincides with the time of
turning the field off. The magnitude of the electric field is 30% larger than
that of the anchoring. £/W =1.3 and m,,, = v/ E? + W? = 6. The horizontal
dashed red line corresponds to arctan(1.3). Time is in units of yp2K—1.

evolution of ® when the electric field changes abruptly from 0 to
some value E (full blue curve), and then after ® reaches the
equilibrium value arctan(E/W), the field is turned off abruptly
and @ evolves to 0 (dashed orange curve). The solutions converge
quickly to those of the linearized Eq. (20), i.e., o exp(—m?t). If &
were constant, the skyrmion displacement would look exactly like
(1), see Eq. (19).

The internal degree of freedom of the skyrmion, the twist wall
thickness £ is shown in Fig. 6. The non-monotonic behavior of
() at early times, when the field is on, traces back to a specific
value of the initial condition &(t =0)>&(f=o0) =¢". Accordmg
to the results in Fig. 3, & decreases with the increasing E,
therefore more pronounced non-monotonic behavior of &(t) is
expected when the field changes from zero to larger values. Thus,
the skyrmion speed which is x &(¢) (see Eq. (19)) is largest just
after the field is turned on.

Having determined &(f) and ©O(f) enables calculating the
skyrmion trajectory

x() o / YOt 25)

where the proportionally constant is the coefficient 0.6 in the
function dy(§), Eq. (31).

We evaluate the integral in Eq. (25), starting with the
axisymmetric skyrmion configuration, Eq. (1) At t = 0 the electric
field is set to a value E, and the skyrmion morphs (see Fig. 7b)
towards the second fixed point, shown in Fig. 7c. Then, after
equilibrium is reached, the field is turned off and the skyrmion
relaxes back (see Fig. 7d, e) to the axisymmetric form. The
skyrmion trajectory x,(t) corresponding to this protocol is shown
in Fig. 7a together with several representative skyrmion
configurations.

When the field is turned on, the far-field director n, tilts away
from z, dragging the skyrmion along x. When the background
reaches ©* = arctan(E/W) the skyrmion stops, with the
corresponding configuration shown in Fig. 7c. Next the field is
turned off and n, rotates back to z, Fig. 7e. During this field-off
state, the relaxation time of ® is (E% + W2)/W?2 = 2.7 times slower

2-0 T T T T T T T
On
151 Off ]
un
10} 1
0.5 _I 1 1 L L 1 1 L L L 1 1 L 1 1 1 L L 1 L 1 L 1 1 L 1 L L 1 L I_
0.00 0.05 010 0.15 020 025 0.30

t

Fig. 6 Relaxation dynamics of the thickness of the skyrmion twist wall.
The thickness & of the twist wall around the skyrmion core as a function of
time, is calculated numerically by using Egs. (18) and (17). The blue curve
corresponds to the case when the field is changed abruptly from O to E.
When & reaches the equilibrium &” the field is turned off and the
corresponding &(t) is shown by the dashed orange curve, where t =0
coincides with the time of turning the field off. The subsequent dynamics
are represented by the orange curve. m,, =10, E/W =1.2 and time is in
units of yp2K=1.
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Fig. 7 Skyrmion evolution upon turning the field on and off. a Skyrmion
position x, as a function of time t when the electric field is turned on at t =0
and then turned off at t =0.2. In the on state m,, = V/E* + W? = 6 and
E/W =1.3. When the field is turned off the background and the position
take longer to relax because mos = W < mq,. Time is in units of yp2K—1.
b-e show director configurations represented by the cylindrical rods. The
configurations correspond to the times indicated by b-e in panel a. b the
skyrmion moves forward and the twist wall thickness decreases; ¢ the
stable angle ® = arctan(1.3) was reached, the shrinking continues without
skyrmion movement. d after the field changes the wall width is at its
shortest and the skyrmion moves backwards, e the far-field polar angle

® « 1, and the skyrmion speed approaches zero.

than in the preceding field-on state, recall that linear model
predicts ® o exp(—m?t), see Eq. (20).

Equation (24) is valid in the linear regime and predicts a
negative displacement under such protocol, because the stable
thickness is larger for the off state. However, the opposite is
observed here. This can be understood by analyzing Eq. (25).
Indeed, the rate of change of ® is maximal right after the field
changes, and is significantly reduced by approaching to the
equilibrium where the linear regime holds. Therefore, the initial
nonlinear transient of ® is more relevant in determining the net
displacement than the stable thickness & controlling the
skyrmion displacement at late times. This transient is affected
by the initial conditions and field parameters, which will be
discussed in the following section.
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Fig. 8 Steady-state cycle upon periodic turning of the field on and off.
Skyrmion trajectory in the (0, £) phase plane upon periodic switching of the
field on and off. The initial configuration corresponds to point A. At the
initial time, the field is on, and the corresponding stable polar angle ®" is
indicated by the vertical dashed line. The transient trajectory is shown by
the dash-dotted magenta curve, while the full blue (field-on state) and the
dashed orange (field-off state) curves correspond to the long-time steady-
state cycle. The black arrows indicate the direction of the motion. The field
is turned on at point B and off at point C. The net skyrmion displacement is
proportional to the area enclosed by the loop. The area between the field-
on (the full blue curve) trajectory and the horizontal axis is larger than the
area between the field-off (the dashed orange curve) trajectory and the
horizontal axis, which results in the skyrmion motion in the +X direction.
The field parameters are my,=7,E/W =15, T=1and D = 0.5.

1.0 1.2

Steady-state cycle in pulse width modulated electric fields:
driving protocol 1). We discuss the skyrmion dynamics in a
pulse width modulated electric field, which is switched on for a
fraction of the period, referred to as the duty cycle D, and then
turned off. The period T is the sum of the field off and on times.

We first consider a driving protocol where the electric field has
only one component in the —p direction: protocol 1). In the
course of time the skyrmion trajectory will approach a
characteristic closed loop when plotted in the phase plane
(0, £), with one example shown in Fig. 8. The loop corresponds to
a steady-state cycle and as long as the field continues to oscillate
the system follows the loop.

The repeating cycles yield skyrmion motion with a steady
average velocity (v)=Ax/T, where Ax, is the skyrmion
displacement over one period T. It is instructive to change the
integration variable in Eq. (25) from time ¢’ to ® = (') giving
the net skyrmion spatial displacement along the steady-state cycle

Op Oy
Ax, /@ do't,, (071(@)) — / dO't 4 (07(0)) |,

A ®A

(26)

where the first integral is taken over the on branch (the full blue
curve in Fig. 8) of the cycle, and the second integral over the off
branch (the dashed orange curve in Fig. 8) of the cycle. ®, and
O®p correspond to the limiting values of ® at times when the field
undergoes jumps from 0 to E and then back to 0, respectively.
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Fig. 9 Skyrmion displacement upon periodic turning of the field on

and off. Skyrmion trajectory xs(t) corresponding to the situation depicted in
Fig. 8. Over durations significantly longer than the electric field period, the
motion is characterized by a steady average skyrmion velocity (v), and the
magnitude of this velocity is portrayed by the slope of the dashed red line.
The field parameters are my,,=7,E/W =15, T=1and D = 0.5.

According to (26) Ax; is proportional to the area enclosed by the
steady cycle loop, which is divided into the on branch (the full
blue curve in Fig. 8), where the skyrmion moves in the +x
direction, and the off (the dashed orange curve in Fig. 8) branch,
where it moves in the —x direction.

The skyrmion trajectory x,(f) corresponding to Fig. 8 is shown
in Fig. 9. The instantaneous velocity is proportional to the rate of
change of ©, and in the linear regime (close to the fixed points)
@ o exp(—m?t). The relaxation of ® along the field off branch is
1+ (E/W)2 times slower compared to the relaxation along the
field on branch, such that the larger E/W is, the faster the director
rotates away from the axisymmetric configuration favored by the
effective anchoring W. This behavior gives rise to an asymmetry
between the increasing (field on) and the decreasing (field off)
parts of x,(f), which is clearly visible in Fig. 9.

Next, we compute (v) as the average slope of the numerical
steady cycle trajectories x,(f). For the case shown in Fig. 9, (v)
equals the slope of the red dashed line. (v) as a function of the
frequency f=1/T of the pulsed electric field E(f), at selected
values of the duty cycle and of field amplitude, is shown in
Fig. 10. (v) exhibits a maximum at a frequency f,,, and is always
positive. We have varied values of the model parameters in wide
ranges and have not observed velocity reversal. As we argue
below, this behavior is specific to protocol 1), and velocity reversal
may be achieved by introducing a pulsed z-component of the
electric field E/(t), such that (W + EZ(L‘))2 + E(t)* remains
constant.

To better understand the emergence of the maximum in (v) we
examine how steady-state cycles are affected by changing the
frequency, which is shown in Fig. 11. ® increases when the field is
turned on, and decreases when it is turned off. Decreasing the
frequency from f,,.x allows ® to relax completely. As a result, the
steady-state cycle shown in Fig. 1la, remains unchanged by
reducing the frequency even further. The system spends most of
the time at the endpoints of the branches. Unchanging steady-
state cycles lead to net displacements (over one period)
independent of f, such that (v) « f in the low-frequency regime
of Fig. 10.

The reduction in (v) at high frequencies is due to the decrease
in the range A® of the variation of the background director
tilting, and the reduction of the difference between &, (the full

0.8

T

0.6

v)

0.4

0.2

0 2 4 6 8 10 12

Fig. 10 Skyrmion average velocity. Steady average velocity (v) of the
skyrmion calculated numerically as a function of the frequency f=1/T.
m,, = VE> + W2 =10,E/W =15 and D = 0.5. The line is to guide the
eyes.

blue curves in Fig. 11b) and &, (the dashed orange curves in
Fig. 11b) in the two branches of the steady-state cycle. We can
write the average skyrmion velocity in the following way

) o fABE,, — &),

where we used Eq. (26) and introduced an average over ® width
¢ (o) when the field is on (off). On the other hand

A®<®,,, /f, and the maximal angular velocity ©,,,. depends
only on the field strength, and not on f, so increasing the
frequency will decrease the angular displacement A®. This
renders (v) <©,,,.(£,, — &) which tends to zero as f increases
due to the decrease of the difference in brackets.

Figure 12 summarizes the effects of the field strength, the
frequency, and the duty cycle upon the skyrmion’s average
velocity. The velocity is positive in the studied region of the
parameter space. This result is directly related to the relaxation
behavior of &(f), shown in Fig. 6, which in this regime of
parameters is effectively monotonically decreasing/increasing

@7

along the on/off states. Consequently, the difference (&, —

&) >0 for all steady cycles, and the skyrmion velocity is positive.
This analysis suggests that for the velocity reversal, there must
exist an extended range of times where &(t) exhibits a markedly
non-monotonic behavior, and where the variation A® of the
polar angle is significant. In fact, we observe a weak non-
monotonicity in &,,(¢) (the full blue curve in Fig. 6) at early times,
which in principle may give rise to velocity reversal. However, the
corresponding range of the model parameters around that bump
on &,,(f) is such that the calculated skyrmion speeds are ~107>
and our numerical method is not capable of resolving eventual
changes in the direction of motion.

Below we show that it is possible to resolve this issue by
resorting to another driving protocol. Indeed, in experiments in
refs. 1213, the background angle ® relaxes faster towards zero
when the field is turned off. This is incompatible with driving
protocol 1), which renders Tog/Ton = 1 + (E/W)2 > 1.

Pulse width modulated electric fields: driving protocol 2). We
proceed to consider a driving protocol where 7,, = To Which,
as it turns out, is sufficient to obtain velocity reversal.
To this end, we introduce an additional electric field component
in the z direction E,(t), which is in antiphase with the
field component in the J direction E(f), such that

m= \/E(t)2 + (W 4 E(t))* = const. More specifically, in the
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Fig. 11 Steady-state cycle shrinks as the frequency increases. Steady-state cycles of the system in the (@, £) configuration space. The dashed vertical
lines mark the stable ® when the field is turned on. The values of the parameters are m,, = v/ E> + W? =10,E/W =1.5,D = 0.5,af=1,and b f=8. Low
frequency in a allows the system to cover the full angular range and enables a large difference in & when the electric field is on and off, as compared to the

high-frequency loop in b.
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Fig. 12 Heat map of the skyrmion average velocity for driving protocol 1).
Color-coded steady average velocity (v) of skyrmions moving under pulse
width modulated electric fields. a (v) as a function of D and f at m,, =
VE? + W? =10 and E/W = 1.5 corresponding to the green circle in b. b (v)
as a function of m and E/W at f=3 and D = 0.4 corresponding to the
green circle in a.
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Fig. 13 Relaxation dynamics of the twist wall thickness for driving
protocol 2). Thickness & as a function of time when the electric field

(0, — E,0) is turned on at t = O, solid blue curve. After £ relaxes completely,
the electric field is turned off, and the corresponding &(t) is shown by the
dashed orange curve, where t =0 coincides with the time of turning the

field off. For both curves m = \/E(t)? + (W + Ez(i‘))2 = 7. Time is given in

units of yp2K=T.

0.2

field off state E =0 and E, > 0, while in the field on state, we set
E>0 and E, =0 to guarantee m = const.

An example of the dynamics of & under this protocol 2) is
shown in Fig. 13. The first difference, when compared to protocol
1) discussed in Fig. 6, is the reduced difference between &,,(t) (the
full blue curve) and &,(¢) (the dashed orange curve), which will
lead to an overall reduction of the skyrmion speed. Secondly, and
more importantly, the &,,(f) has a significant and extended
regime of non-monotonic behavior at early times, which enables

to tuning of the model parameters, such that (¢, — & ) changes
sign. In Fig. 14a, which corresponds to low frequencies, the
steady-state cycle explores the whole range of ® and the loop
passes through both fixed points. At the same time, & is larger
when the field is on, and the skyrmion moves in +X direction. At
higher frequency, in Fig. 14b, the steady-state cycle shrinks and is
attached to the field off fixed point ®" = 0, in contrast to Fig. 11b
where the dynamics are controlled by the field on fixed point
@* = arctan(E/W).

Figure 13 shows that when the electric field (0, — E, 0) is turned
on, ¢ passes through a broad maximum before relaxing to its
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Fig. 14 Steady-state cycles for driving protocol 2). Steady-state cycles of the system in the (8, £) configuration space for protocol 2), where a vertical

component of the electric field E,(t), oscillating in antiphase with E(t), is introduced such that m = y/E(t)> + (W + E,(t))? = 7 for both field-on and field-off
states. The dashed vertical lines mark the stable ® when the field is on. The values of the other parameters are arctan(E/W) =1.25,D =0.3,af=1, and

b f=7. Low frequency in a allows the system to fully cover the angular range ® € [0, arctan(E/W)]. In this case, (ET,, — a) >0 leading to a positive

skyrmion velocity. High frequency in b reduces the angular range covered by the system, and (a - §)< 0, which results in a negative skyrmion velocity.

stable value. If the frequency is large enough and the duty cycle is
small enough, the &,,(t) branch follows the short time increasing
part of the on curve in Fig. 13. This behavior is depicted in
Fig. 14b by the full blue curve. Next, after the field is turned off
the system follows the dashed orange curve in Fig. 14b.
Surprisingly, just after setting the field to zero, we observe a

growing &,q(t), which leads to (§,, — £,4) <0 and the velocity
reversal.

The color-coded velocity profiles in the (f,D) and
(m, arctan E/ W) planes are shown in Fig. 15a and b, respectively.
Figure 15a shows that the most efficient way to reverse the
skyrmion velocity is by using the duty cycle. Indeed, by analyzing
Fig. 15 we find that the velocity can be reversed by changing D for
any f. By contrast, reversing the velocity by changing f or E can
only be achieved in narrow ranges of D or m.

Discussion

We developed a 2D collective variable model of the driven motion
of LC skyrmions. The starting point was a five-parametric axi-
symmetric Ansazt for the director field of a skyrmion with the
skyrmion number equal to one. The five parameters are the polar
and azimuthal angles of the far-field director; the width of the
twist wall around the skyrmion core, and the location of the
skyrmion center. Assuming the driving electric field varies in a
plane perpendicular to the skyrmion plane, the azimuthal angle
can be ignored, as it quickly relaxes to the plane of the electric
field, while the skyrmion motion proceeds in the direction normal
to that plane. Therefore, only three parameters (collective vari-
ables) are relevant for the skyrmion dynamics.

The linear stability analysis of the governing dynamical equa-
tions demonstrates that the far-field director relaxes with the
characteristic time m~—2, where m = m_, = VE* + W? or m=
mogg= W for the field-on or field-off states, respectively. There-
fore, for this driving protocol the far-field background relaxes
slower towards the fixed point z, corresponding to zero field. The
skyrmion velocity is given by the product of the rate of change of
the polar angle ® and the fixed point value of the twist wall
thickness ¢ (different for field-on and field-off). The resulting
displacement of the skyrmion over one period of the pulse width
modulated electric field is given, for large periods, by
Axy = (& (Mony E) — & (mogs, E))/2 <0, which follows from the
results in Fig. 3.

The full nonlinear model predicts Ax; x A@(E,, — &), where
A® is the (absolute) range covered by the polar angle ® over one
period, and the symbols with the bars denote &(t) averaged over ®
for the field-on and field-off states. We found that Ax; is always
positive for driving protocol 1), ie., the steady average velocity
does not change direction and exhibits a single maximum at
certain values of the field frequency, duty cycle, and effective field
strength.

Velocity reversal is observed for driving protocol 2) where
m = const independent of the direction of the effective electric
field. This renders the relaxation times for the far-field director
equal in the on and off states of the cycle. We obtained positive
velocity at low frequencies and large duty cycles when the electric
field is on most of the time, and negative velocity at high fre-
quencies and small duty cycles when the electric field is off most
of the time.

Here, we focused on LCs with positive dielectric anisotropy,
and one possible future direction is to study systems with negative
ones, which is the case for most experimental systems. Another
possibility is to investigate the effects of varying the skyrmion
core radius, which was kept constant equal to half of the cho-
lesteric pitch. Additionally, the generalization of the presented
approach to many skyrmion systems could shed light on the out-
of-equilibrium collective behavior of skyrmions.

Finally, we comment briefly on the relation of the present work
to another study carried out recently in the same group3°. While
in the present work, we considered a minimal model for the
dynamics of a single skyrmion director field, represented by a
small number of collective variables (using the Ansatz to describe
the skyrmion texture), in ref. 3¢ the authors have replaced the
skyrmionic textures with Brownian particles subject to time-
dependent forces, which represent the skyrmion’s tendency to
move forwards and backward as the electric field is turned on
and off.

Methods

Functions d,(£) up to dy(§) are obtained by the following pro-
cedure. First, we construct t;(§) = [T;(& r)d?r by carrying out a
double integral numerically for a range of values of & Next, the
numerical data t;(&) is fitted to simple functions of . We find that
functions of the form a + b&", where a, b are fitting parameters,
and n=—-2,—1,0,1 are good fits in all cases. The explicit
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Fig. 15 Heat map of the skyrmion average velocity for driving protocol 2).
Color-coded steady average velocity (v) of skyrmions moving under an
electric field (0, —£(t), W + Ez(t))T, where the time-dependent components
asynchronously pulse with the frequency f and the duty cycle D. a (v) as a
function of D and f at m =10 and arctan(E/W) = 1.25, corresponding to the
green circle in b. b (v) as a function of m and arctan(E/W) at f=6 and
D = 0.4, corresponding to the green circle in a. The dashed black lines
correspond to (v) =0.

expressions for d,(§) up to dy(&) read:

4O~ ey (28)
dy(&) ~ 4 (% - 6.6) (29)
d5(8) ~ 4(0.5 + 1.98) (30)
dy(E) ~ % ~ 0.6 (1)

Equation (17) for the background polar angle ® admits an
analytical solution

1
O(t) = arctan [(EZ — W? + (E* + W?) tanh [E tE* + W?)
—E>+ W? +2EWt
+arctanh + 2+ 5 an(®y) J2EW |.
(E*+W?)

(32)

where @ is the initial (at = 0) polar angle of the background
director field. We also provide a special case of the above equation
corresponding to the case of zero electric field

O(t) = arccos [(1 + e‘zwzttanzG)O)_i} . (33)
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