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Nonlocal bonding of a soliton and a blue-detuned
state in a microcomb laser
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Laser cavity-solitons can appear in a microresonator-filtered laser when judiciously balancing
the slow nonlinearities of the system. Under certain conditions, such optical states can be
made to self-emerge and recover spontaneously, and the understanding of their robustness is
critical for practical applications. Here, we study the formation of a bonded state comprising a
soliton and a blue-detuned continuous wave, whose coexistence is mediated by dispersion in
the nonlinear refractive index. Our real-time dispersive Fourier transform measurements,
supported by comprehensive theoretical analysis, reveal the presence of an elastic bonding
between the two states, resulting in an enhancement of the soliton’s robustness.
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occurring in dynamical systems that are far from

equilibrium!. Basic formations like dissipative solitons
balance wave dispersion and nonlinear focusing together with
gain and loss®3. These structures are ubiquitous in many fields,
from chemistry* and physics to biology®. Understanding their
real-time, dynamic evolution is fundamental to advancing our
knowledge of complex nonlinear and out-of-equilibrium systems,
and is thus critical to developing next-generation optical sources.

While passive mode-locking remains the most established
technology for pulsed lasers>3, recent advances have witnessed a
myriad of different approaches for broadband optical generation.
The discovery of temporal cavity-solitons in Kerr cavities has, in
particular, provided an effective way of harnessing parametric gain,
greatly advancing the field of microcombs or microresonator-based
frequency combs®23. More recently, they have been observed in
quantum cascade lasers?1:2425, Based upon nonlinear wave-mixing
that exists in most materials, parametric amplification can over-
come the common bandwidth limitation of laser gain based on
stimulated emission. These novel approaches have tremendously
impacted many fields. In integrated optics, microcombs and
quantum cascade lasers have formed the basis of breakthroughs
in communications!41819, metrology?6-3¢ and quantum optics2’,
while new fibre optic sources based on these concepts show
enhanced functionalities3”#!. In this context, understanding
the physical ingredients needed to create and sustain useful tem-
poral structures beyond the established approaches of ultrafast gain
saturation and filtering, typical of passive mode-locking, is parti-
cularly pressing and requires a holistic understanding of the
system.

In this framework, we have recently shown that laser cavity-
solitons in a microresonator-filtered fibre laser#? can self-emerge
and recover thanks to the interaction of the slow nonlinearities of
the system*34 Nonlocal nonlinearities such as thermal
detuning*>~48 and gain saturation*? can have a significant impact
on the global properties of such systems®0. They act on slower
timescales than the fast ones (i.e., Kerr effect) and can be made to
enhance the robustness of the solitary regimes. Slow non-
linearities played a role also in other configurations, such as
lithium niobate microcombs®!, Brillouin-mediated Kerr cavity-
solitons®>°3, and dark solitons®*>. Solitons sustained by such
global effects can be exceptionally robust. Nonlocal nonlinearities,
for instance, strongly underpinned the optical spatial solitons
literature, famously preventing the catastrophic collapse of bidi-

mensional solitons and allowing their observation and practical
56,57
use’%7,

N onlinear dissipative structures are striking formations

The investigation of such pulses dynamics is significantly
important. New measurement techniques for ultrafast optical
pulse characterisation provide novel and exciting methods of
understanding the formation and interaction between dissipative
laser structures, from rogue waves to soliton molecules. In its
beauty and simplicity, the Dispersive Fourier Transform (DFT)
can measure the spectral transformation of a laser output in real-
time and isolate its dynamics over different timescales®-70.
When connected with comprehensive modelling of the under-
lying physics, this technique can reveal the elementary interac-
tions between different physical effects>8-64,

Among the different states that we have observed in our
system, we will focus on states where solitons bond with
independent continuous waves (CWs) thanks to an energy-
dependent nonlinearity that underpins the interaction between
them. In our system, solitons are generally found red-detuned
with respect to the microcavity resonances®3. In such cases,
however, the soliton state coexists with an independent, blue-
detuned CW state in well-defined regions of the erbium-based
laser emission spectrum. Interestingly, these states have also

been observed in configurations using a fibre-based Fabry-Perot
resonator’! to filter the erbium laser cavity. Indeed, the coex-
istence of nonlinear states having different natures, such as
cavity-solitons of different durations or cavity-solitons with
Turing patterns’?, is generally difficult to generate, as they
require a special type of multistability. Hence, such states have
only been recently predicted and observed in externally driven
systems’374,

Microcombs based on a nested cavity configuration are natu-
rally multimodal systems, so the coexistence of states having
different natures for a fixed cavity setting occurs more readily. In
principle, these states are free to appear anywhere within the
microcavity linewidth. As we have recently shown*3, however, the
slow nonlinearities effectively govern the system’s dominant state,
selected by choosing appropriate values for a reduced set of global
parameters. The observation of such a soliton-CW bonded state
in very different settings, with microcavities of different natures”!,
indicates that these states are common and naturally robust.
Counterintuitively, the interactions between solitons and a CW
can provide a strong long-term stability”17>. The reason for their
formation in microresonator-filtred lasers, however, is not yet
clearly understood.

Here, we study the nonlinear formation and recovery of a
bonded state comprising a soliton and a CW, respectively red and
blue locked on the microcavity resonance slopes. We reveal that
the blue-detuned continuous wave and soliton form in two dis-
tinct regions of the erbium laser spectrum, where the slow reso-
nant nonlinearity of the amplifier has a different sign. The physics
of this state is particularly rich, and our real-time measurements,
implemented via DFT, show that the slow and fast dynamics are
deeply interconnected and mediated by the modal structure of the
system. Our key observation is the formation of a nonlocal
bonding of these composite states. These interactions reveal the
main physics sustaining the system dominant attractors, and here
we show how to use the gain refractive index dispersion to induce
such a state.

Results and discussion

Our system consists of a focusing Kerr microcavity based on an
integrated micro-resonator in anomalous dispersion regime
coupled to an Er-doped fibre amplifying cavity (Fig. la and
Fig. S1) and including a free-space delay line to match the group
delay of the cavities and an intracavity bandpass filter to select
the gain bandwidth (Methods). Our intracavity passband filter is
very broad and does not induce phase-related effects. In our
current implementation, the free spectral range (FSR) of the
microcavity is ~48.89 GHz and the linewidth of the microcavity
resonances is 2120 MHz. The FSR of the main cavity (FSRg) is
<100 MHz (~92 MHz), allowing in principle multiple resonances
of the main cavity to lase within the same microcavity resonance
and multi-modal operation to take place. CWs and Turing pat-
terns usually appear on the blue-detuned slope of the micro-
cavity, where microcavities with a focusing Kerr nonlinearity
display monostable behaviour, while solitons appear on the red-
detuned slope of the microcavity, where the system is
bistable*3:76, The slow nonlinearities of the two cavities (i.e.,
thermal detuning and gain saturation) affect the resonance
positions which shift as a function of the optical energy and
hence the working regime of the laser. In our system, both the
microcavity and the erbium fibre laser are characterised by a
predominantly focusing slow nonlinearity, which red-shifts the
resonances with increasing power. As we discussed in ref. 43,
when the red-shift of the microcavity dominates, the system will
lock to blue-detuned states, forming CWs or Turing pattern.
This balance, however, is generally affected by the system loss
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Fig. 1 Coexistence of blue- and red-detuned states. a Conceptual diagram of the locking as a result of the energy balance between the main cavity and the
microcavity. When the energy increases in the microresonator, its resonances are red-shifted. A similar behaviour can also be found for the main cavity
resonances, with an increasing energy producing a red-shift. Depending on the proportion of these two effects, the lasing modes can be blue-detuned or
red-detuned with respect to the microcavity resonances. The yellow (green) tank represents the microresonator (main cavity), while the tank level
represents the energy level. b Example of blue-detuned locking in a continuous wave (CW) state, with the optical spectrum in blue (left) and the laser
scanning spectroscopy (LSS) in black (right). € Example of red-detuning locking in a two-soliton state, with the optical spectrum in red (left) and the LSS in
black (right). d Representation of the gain and refractive index spectrum for the erbium-based amplifier, saturating with optical energy. The arrows indicate
the sign of the variation following an optical energy increase. e State formed by a coexisting, blue-detuned CW and a red detuned soliton, highlighted by
LSSs performed in different portions of the spectrum. Note the blue-detuned modes position coinciding with the gain peak position as well as the refractive
index step in (d) and the red detuned modes being elsewhere. The bandpass filter position is highlighted by the black rectangle superimposed on the

optical spectrum of the bonded state in (e).

and gain pump power, and can be tuned to have a predominantly
red shift in the laser modes, to obtain soliton states. In Fig. 1b, c,
we show an example of a blue-detuned CW state and a red-
detuned two-soliton state respectively, whose locking detuning
can be inferred from laser scanning spectroscopy measurements
(LSS), here shown at different microcavity modes (see Methods
for details regarding the LSS technique).

Interestingly, these two opposite locking behaviours can
simultaneously coexist if certain conditions are satisfied. As we
can see in Fig. 1d, because of the resonant nature of the gain
medium, the refractive index exhibits a step-like response which
is related to the specific gain profile by the Kramers—Kronig
relationship®77. The jump in the refractive index, therefore,
roughly increases with the increasing resonant gain. We notice
that this gain is also affected by the amplified light in the
fibre that, when it increases, causes the gain to saturate. This
reduces the amplitude of the refractive index step and produces
a refractive index variation of opposite sign before and after

the step position. Longer wavelengths will then experience an
increase in refractive index, whilst shorter wavelengths will
experience a decrease. Although the slow nonlinearity of the
erbium laser, which is dominated by thermal effects, is self-
focusing in both cases, such a step can change the balance
between the thermal nonlinearity of the microcavity and favour
either blue or red-detuned states in different spectral regions. For
the case studied here (Fig. 1le), a red-detuned single soliton state
coexists with a few blue-detuned lines, whose emergence is
favoured by the peak in the gain profile of the Er-doped fibre
amplifier. Experimentally, we use an intracavity filter to select a
portion of the erbium gain around the refractive index step in
order to observe both behaviours at the same time (Fig. 1e). This
creates a coexisting CW and soliton state in the two different
spectral regions. A LSS measurement of the resonance shows red-
detuned lines in the spectral region where the soliton is dominant,
and a coexistence of red and blue-detuned states where the CW
lines are present, indicating that these states are superimposed on
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the soliton state. We will show that the two locking mechanisms
act together to stabilise the whole microcomb.

Model. We start with the model utilised in our previous
literature24376.78 'We consider that the normalised slowly varying
amplitudes of the electric fields are a(x, t) in the microcavity and a
superposition of 2N + 1 super-modes b,(x, t), being q the mode
order, in the amplifying loop. In all our simulations, we use N=7,
i.e., we account for 15 main cavity modes per microcavity reso-
nance. The time ¢ is normalised with respect to the roundtrip time
of the amplifying loop, while the space x is normalised with respect
to the microcavity length. The field a(x, t) is defined for 0 <x <1,
and we use the same definition for the amplifying field, based on
the super-mode expansion. The equation for the amplifying cavity
modes is expressed in the Fourier domain with f . spatial frequency

and Zq (fx) = b,(x) exp (Zm'fxx) dx. With these definitions, the
system reads

i N
ata:%axxa+2ﬂiAaa+i|a|2a—Ka+ﬁ 2 b, (D)
q=—N
- i - . -
atbq =47-[2 <_7b + 0'> fibq +2mi (Ab — q>bq

N 2)
+8() b= 2 b+

Here the two cavities are group velocity matched and have
normalised second order dispersions {, ). We also use a gaussian
filter with dispersion ¢ to model the filter which we use to shape the
gain bandwidth. The two equations are dissipatively coupled by
the constant «, representing the normalised roundtrip loss of the
microcavity. The gain parameter is g and the cavity-frequency offsets
are A, ;) in units of the amplifying cavity FSR, which depend on the

N 2
energies E, = f(l)|a|2dx,Eb = X f(l)’bq‘ dx. Specifically, we set
q=—N
A, = Ay, with Ay, obeying to the following equation:
TTuatATa = _ATu + FTuEa(t)' (3

This equation models the thermal behaviour. As done
previously*3, we approximate the thermal response with a single
equation for the microcavity, with I, being a nonlinear coefficient
designed to compensate for the effects of the amplifier and 7,
being the timescale, here normalised against the fibre cavity
roundtrip T,. the detuning in the amplifying cavity equation is
ruled by the properties of the gain material, so it is helpful to
define first the gain equation.

In particular, for the fibre amplifier, by standard Maxwell-
Bloch formalism with the approximation of a fast decay of the
potential?, the saturable gain g, is

0:8y = — S (1+7Ey (1)) +& (4)
Te Tg

where 7 is a normalised inverse of the saturation energy, 7, the
gain decay time constant and g, the pumping gain. Here g, is a
real variable. Our erbium amplifier is characterised by a narrow
peak at 1536 nm and a broad peak extending at longer
wavelengths which we consider flat, as we use a bandpass filter
0 (~12 nm) to limit the working region. We express the gain as

f—1)*

g(fx>=g0 1+yexp _( 2 O) ) (5)
fw

with f,, and f, frequency centre and width of the gain resonance.

The variable y represents the amplitude of the resonance (the excess
of gain compared to the central reference wavelength).

The amplifier refractive index change due to the gain saturation
is generally frequency dependent and results from the Kramers—
Kronig integral of the difference between the absorption and the
gain spectra. In general, the relationship yields a decrease in the
refractive index on the blue side of the spectrum and increase of
the refractive index on the red side of the spectrum, depicted
in Fig. 1d. The detuning for the amplifying cavity can be then
defined as A, = A 4 Q(f,), with A a fixed relative detuning, and
Q(f ) a frequency and gain dependent term taking into account
Kramers—Kronig relations. Here we use a simplified function and
consider only a step detuning, which changes sign around the gain
resonance at f:

Q(f,) = g Qsign(f, — fo)- (6)

The parameter (), models the strength of the change and is
positive for a focusing nonlinearity. The system effectively sees
two different types of nonlinearities between the resonance
points, as it is well established in the literature on laser
amplification®®””. The parameter f, allows one to move the
position of the filter with respect to the erbium laser gain
resonance. For large positive values of f, this modelling results in
pure soliton formation (Fig. S2), as Q(fx) <0 for most of the
microcavity resonances. However, with f, = 10, ie., ten micro-
cavity modes away from the centre, we can promote the
formation of a CW state at the peak of the gain with a soliton
state and hence, demonstrate coexisting behaviour. For larger
positive values of f, the soliton state is favoured compared to the
CW, because Q(f,) <0 for most of the microcavity resonances.
This modelling results in pure soliton formation for larger values
(Fig. S2 reports an example for f, = 20), which is consistent with
our experimental findings.

Figure 2a-d reports the microresonator spatial and spectral
intensity evolution during the formation of the bonded state and
resulting outputs for f, = 10 (see Methods for the parameters).
The output intensity profiles of the microresonator (Fig. 2b,
green) suggest a modulated pulse, carrying the clear signature of a
soliton (pulse) with a CW element (modulation), which is
apparent in the spectral profile (Fig. 2d, green). Compared with
the gain profile (Fig. 2d, yellow), the CW mode is aligned to the
peak gain and refractive index step (black line), while the soliton
carrier mode is centred to the gain in the region of low refractive
index. In Fig. 2e, we plot the evolution of the relative detuning
A+ Q(f,) — Apy at different frequencies. For f, < f, (e.g., soliton
carrier) the detuning increases (red-detuned locking), while for
frequencies close to the CW mode, the detuning decreases (blue-
detuned locking). Such an effective dispersion on the detuning
causes the soliton and the CW mode to exhibit distinct carrier
frequency offsets, depicted in Fig. 2f as red and blue respectively.
Specifically, the soliton operates at a frequency of 0.8 FSR,
whereas the CW mode is 0.2 FSR, showing a blue deviation from
the soliton value. The simulated radio frequency (RF) output at
x =0 (Fig. 2f), hence, shows a predominant DC component
related to the average pulse power and a beat-note at ~0.6FSR;
resulting from the beating between the soliton and CW frequency
offsets. The coexistence is also noticeable in the energy
distribution of the super-modes: the main super-mode (Fig. 2b,
d in red) supports the soliton pulse while the higher order blue-
detuned (in blue) super-mode is filled with a quasi-CW state. The
dynamic process to get to this state shows a first set of high
energy, Q-switched bursts until reaching modulational instability
and solitary propagation (Fig. 2g), accompanied by energy
exchanges between the microcomb modes and a progressive
saturation of the gain. The final solitary state (Fig. 2h) clearly
show the interference with the CW state. We will discuss this
further in the context of our experimental results.
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Fig. 2 Simulation of a bonded state starting-up from noise. a Microresonator intensity in the direct space (x) versus simulation time. b Intensity profiles
of the microresonator (green), main supermode (red) and higher order supermode (blue) at the last temporal slice. € Power spectral density in the
reciprocal space (F,) of the field in (a). d Power spectral density profiles of the microresonator (green), main supermode (red) and higher order supermode
(blue) at the last temporal slice along with gain (yellow) and refractive index (black) profiles. e Detuning plot of the quantity A + Q(fx) — Apy at
frequencies below and above the refractive index step at f, versus simulation time. f Radio frequency spectrum, calculated from t>14,000 for the
microcavity field at a fixed point x =0 (black), with temporal spectrum of the f, =0 component (red) and f, =10 component (blue) of the microcavity
field. g Zoom at the beginning of (a). h Zoom at the end of (@) showing stable solitary propagation with modulations in the form of diagonal stripes.
Simulation data obtained integrating Egs. (1-6) with parameters in the Methods.

Start-up of the bonded state. In Fig. 3a, we used the DFT
technique (see Methods and Fig. S3 for its calibration against
optical spectra) to capture the fast spectral dynamics arising
during formation of the single soliton state with coexisting CW
state. Specifically, we stretch the pulse with a ~10 km long high
dispersion fibre (D= —1360 ps/nm), in order to observe the
spectral features of the state in the temporal domain. As we
operated in a regime of high repetition rate (48.89 GHz) and large
bandwidth (>60 nm), which is generally difficult to handle in
DFT due to pulse overlapping, the soliton train is gated through
amplitude modulation with a 300 ps window signal at ~33 MHz
(see Fig. S4 for a simulation of a gated DFT for a pulse train
derived from the state in Fig. 2). Hence, our real time traces show
the spectrum of a bundle of about 10 consecutive pulses at a
33 MHz repetition rate, which is more than sufficient to study the
slow dynamics of our system (~0.1 ms). The use of gating also
improves the DFT technique under the presence of the CW state,
which gets pulse-shaped and would otherwise cause detrimental
interference effects. A DFT measurement generally brings the
information of the RF noise of the pulses superimposed on the
traces. While this is usually disregarded, this information is very

useful in our case as the RF noise carries the information of the
frequency beating of the modes where soliton and CW lines
coexist (Fig. S5). We use the combination of these two effects to
study, in real time, both the fine frequency and optical evolution
of the system.

We started the system in a CW regime (see Fig. 3b, top and 3c).
The CW state is formed at A & 1543.2 nm, which is in the low
refractive index region of the erbium amplifier, where solitons are
observed. After a quick (milliseconds) adjustment of the filter
towards the short wavelengths, the system showed a Q-switched
behaviour, with energy exchange between the microcomb modes,
until it reached a bonded state (Fig. 3b, bottom and 3d) with a
soliton centred around A ~1543.5 nm and a CW state centred at
A~ 1536.7nm. As soon as the bonded state emerges, a clear
beating effect appears in the DFT trace (see Fig. S5 for a detailed
explanation on this aspect).

It is instructive to compare the experimental results with
theory (see Fig. 4). In Fig. 4a—d, we focused our attention on two
specific start-up dynamics. The first (Fig. 4a, b) is the energy
exchange between the strongest microcavity modes of the state,
namely the soliton carrier (F = 0, A &~ 1543.5 nm) and one of the
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blue-detuned coexisting modes (F = 10, A & 1536 nm). During
this initial phase, the system is not able to support the
simultaneous existence of these modes, since they compete with
each other. One way to explain this oscillatory behaviour is by
considering the role of the slow nonlocal nonlinearities; the
system may briefly support a state, but its energy will determine a
change of the global parameters which may cause the state to
break after some time; new states would then cyclically emerge
until the system finds a viable state whose microcavity and main
cavity energy balance produces a suitable detuning. In other
words, the nonlocal nonlinearities constrain the optical energy of
the states and, under specific conditions, enhance their robustness
by implementing in turn an energy-detuning feedback#3. In the
experimental configuration of this study, the system satisfied its
energetic balance when the bonded state appeared. During the
formation stage, both experiments and theory highlight a
recurring exchange of energy between the spectral region of the
soliton and blue-detuned CW state. As can be seen in Fig. 4c, d,
the two sub-states started coexisting with multiple breaks
until the system developed into stable operation. When this
happened, the modes of the comb became extremely narrow,
and the RF noise showed clear beat-notes both theoretically
(Fig. 4e) and experimentally (Fig. 4f and Fig. S5c). We have
extracted the frequency of this beat-note in our simulations
(Fig. 4g) and for the experiment (Fig. 4h) immediately after
soliton formation. In both cases, the system showed a first order
relaxation dynamic, indicating that the system still evolved for
some time after the appearance of the state, likely driven by the
intrinsic nonlocal feedback which experimentally settled in less
than 200 us®3.

Bonded state self-healing. As a final case-study, we focused on
the fast recovery mechanisms which enhance the robustness of
the state. We perturbed a stable bonded state by inducing a quick
change on the main-cavity length (see Methods) of ~2 pm and we
studied how the system reacted to this abrupt perturbation
(Fig. 5). The soliton state was lost for <5 ms (Fig. 5a). Specifically,
the state in Fig. 5b (top) initially breaks into an unstable comb

(Fig. 5¢), which leads to the CW state multiple times (one of these
transitions is shown in Fig. 5d) guiding the recovery eventually
happening in Fig. 5e, with the final state plotted in Fig. 5b
(bottom). Following the same analysis of Fig. 4h, we retrieved the
frequency variations of the coexistence beat-note (Fig. 5f), and we
show how the system initially drifts away from its original con-
ditions until the state is lost (start until 4.8 ms). Subsequently, the
nonlocal feedback will act as a “return spring” bringing the
soliton back in stable conditions after a few damped frequency
oscillations (8.9 ms until the end). Note the different frequency
which the system settles to at the end of the experiment (0.8%
increase with respect to the initial value), indicating the reaction
of the feedback mechanism necessary to reach the equilibrium at
the new cavity length conditions.

Conclusions

In this study we have shed light on the mechanisms and dynamics
involved in the formation of solitons with significant presence of
a coexistent CW component. This particular bonded state appears
due to the dispersion in the nonlinear refractive index of the
erbium fibre. The soliton and continuous wave appear in two
discrete spectral regions of the gain and interact elastically. The
modal structure mediates their existence, but their equilibrium is
maintained by their relative nonlocal potential. Surprisingly, these
states see a different effective global nonlinearity due to the gain
dispersion and which is mediated by both the microcavity and the
fibre slow nonlinearities. Their formation is characterised by fast
energy exchange between their respective spectral regions until an
energetically viable composite is formed, which shows damped
oscillations, a signature of elastic bonding, until stability is
reached. The CW state, moreover, acts as an additional energy
reservoir further thermally stabilising the system. Our experi-
ments show that this state is robust and appealing for out-of-the-
lab applications. Our theoretical modelling explains the origin of
the state, linked to the step-like response of the nonlinear
refractive index of the amplifier. Such a bonded state is well suited
for studying the real-time evolution of the system, as the beha-
viour of the nonlocal feedback is visible in the energy exchange
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between the different spectral components of the coexisting CW
and soliton states during the formation stage. When the bonded
state is reached, the coexistence is revealed in the RF noise. Our
real-time DFT measurements highlight the role of the nonlocal
feedback in the start-up, recovery and stabilisation of solitary
states. The presence of coexisting, blue-detuned modes assists in
preserving the soliton states, even after significant perturbations
are applied.

Although this study focuses on the dynamics behind the for-
mation and recovery of a composite between a soliton and a
quasi-CW state, the multi-modal structure of our topology may
support a variety of coexistent states. As an example, similarly to
the quasi-CW state, Turing patterns could be also able to coexist
with laser cavity-solitons as they are blue-detuned, a scenario
which could be worth exploring in future works.

Methods

Numerical parameters. In our simulations we used: N=7,
(,=125x107% (,=35x10"% o=15x10"% «=2n,
Ty =2, Ty, =4000, 7=0.1, 75=28000, y=6, f,, =2,
Q,=15.9. For the case of Fig. 2, we used: A=1.321,
go = 0.144, f, = 10. For the case of Fig. S2, we used: A = 1.326,
go =0.15, f, =20. Note that the microring here does not

include intrinsic losses, discussed instead in ref. 44 concerning
conversion efficiency. However, from a qualitative perspective,
adding this parameter does not alter significantly the dynamics
exhibited by our laser, justifying its absence in the model pre-
sented in this manuscript.

In Fig. 2f, we calculated the frequency carrier offset of the
soliton and the CW by the Fast Fourier Transform (FFT) of the
temporal series of the microcavity field components at f, = 0 and
f, =10, which are respectively related to the soliton and the
CW state.

Setup. Our experimental setup consists of a nonlinear micro-
cavity nested in a longer amplifying fibre cavity (Fig. S1). The two
main elements that are used to control the pulse formation are an
Erbium Doped Fibre Amplifier (EDFA), whose gain bandwidth is
limited by a bandpass filter, and an adjustable delay line, used to
modify the cavity length, thus the mode spacing. By only
adjusting these parameters, we manage to obtain a broad range of
regimes, such as the recently described laser cavity-solitons*2-44,
As this study is focused on the laser cavity-soliton regime, the
setup parameters are tuned accordingly. Laser cavity-solitons
obtained from this setup present a 60 nm FWHM bandwidth, at a
repetition rate of 48.89 GHz.
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Laser scanning spectroscopy (LSS). To retrieve the position of
the lasing modes with respect to the hot microcavity resonances, a
frequency-swept CW source is injected at the Through port of the
microresonator by means of a circulator. Therefore, the CW
signal is injected counter-propagating to the normal laser direc-
tion to be then extracted at the Add port and photodetected. The
recorded signal contains information regarding the profile of the
microcavity resonances with a superposition of the beat-notes
between the CW source and the back-scattered lasing modes,
which allows to retrieve the detuning parameters. For more
information, refer to refs. 4243,

Modulated DFT and few-pulses-approximation. To apply a real
time diagnostic to these pulses using DFT, the repetition rate of
the pulses must be decreased first. Indeed, applying DFT to
ultrashort pulses significantly stretches the pulses, in this case a
factor of ~10°. This pulse broadening will inevitably lead to pulse
overlapping in this case, thus information losses which must be
avoided. This problem is solved by optically sampling our laser
emission rate at a reduced repetition rate using intensity mod-
ulation. By lowering the repetition rate to a value close to
33 MHz, we manage to reduce the signal duty cycle thus allowing
pulses temporal stretching without overlap. Nevertheless, as our
modulation system speed does not allow for selecting single
pulses, bunches of ~10 pulses are kept and the approximation
that these can be considered as one average pulse is made. We
justify this approximation by the fact that this study is focused
over longer timescales for which the pulse-to-pulse variation is
negligible. Thus a 10-pulse bunch can be considered as one
average pulse, allowing us to study the spectral evolution over
longer timescales (i.e., >30 ns). Because of this approach, the DFT
loses the ability to resolve the spectrum of a single optical pulse,
gathering instead information on the spectrum of the bunch of
pulses. This leads to a comb-like DFT signal which can be

calibrated against an optical spectrum analyser (OSA) trace
(see Fig. S3 for the calibration and Fig. S4 for a simulation of the
gated DFT technique).

The gating step is achieved using a 3 GHz pulse generator
(Keysight 8133 A) with a 10Gb/s LiNbO; Optical Intensity
Modulator. The signal is modulated over a 300 ps width window.
The modulated signal can then be submitted to the DFT
diagnostic, converting the spectral profile of the pulses into a
temporal profile. To do so, a 10 km-long Telecom Dispersion-
Compensating Fibre (DCF) is used, with a dispersion of
D=-1360 ps/nm (B, =1730ps’* at 1550 nm). Using this
technique, one must be careful about the peak power of the
input pulses, as nonlinearities can be easily exhibited by
femtosecond pulses in dispersive fibres. DFT is not supposed to
influence the spectral profile of the pulse, thus the quality of the
pulses and the effect of nonlinearities is checked by comparing
the spectra before and after travelling through the DCEF.
The effective dispersion needed for this setup is estimated using
the so-called far field condition, which consists of the effective
length of fibre needed for the pulse to adopt the temporal shape
of its spectrum, here a ~10km long high dispersion fibre
(D= —1360 ps/nm). The pulse train is finally acquired using a
15 GHz bandwidth photodetector (EOT 3500-F) connected to a
fast oscilloscope (Lecroy LabMaster MCM-Zi @ 10 GSa/s, 4 GHz
bandwidth), yielding an equivalent DFT spectral resolution below
200 pm. The pulse generator and oscilloscope’s time base clocks
are derived from the same source to ensure synchronism and
eliminate temporal drifts. A simple algorithm is then used to
process the data and display it in a 2D graph, by stacking the DFT
spectra over time.

An important feature of the DFT technique is that it allows to
measure at the same time the RF beating and the optical
spectrum. This is particularly useful for our set of states, because
the RF spectrum shows the real-time frequency detuning between
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the soliton state and any other additional mode coexisting with it.
A typical example of this type of measurement is in Figs. 3-5,
where the DFT traces show, along with the optical spectrum, a
strong transversal modulation related to the frequency difference
of the red- and blue-detuned modes within a microcavity
resonance. We explain this phenomenon with Fig. S5, where we
have considered a couple of blue- and red-detuned modes in a
microcavity resonance at a frequency difference F, = 92 MHz,
and their sidebands obtained after intensity modulation takes
place (Fig. 4a). In Fig. 4b, we estimated the radio frequency
spectrum of the photocurrent associated to the frequency
components in Fig. 4a. Note the presence of sidebands around
each harmonic of the modulating frequency f, = 32.7 MHz. The
difference Af between the harmonics and their respective
sidebands is found to be Af = |F0 — Nf,,|, where N is the
integer which gives the smallest Af. In the case considered, N = 3
and Af ~ 6MHz. This modulation at Af is related to the
transversal modulations visible in the DFT traces.

Data availability

The data that support the plots within this manuscript have been deposited on
Loughborough University Research Repository’®. All other data used in this study are
available from the corresponding authors upon reasonable request.
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