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Emergence of competing electronic states from
non-integer nuclear charges
James W. Furness 1,2✉, Ruiqi Zhang 1,2✉, Jamin Kidd1 & Jianwei Sun 1✉

Understanding many-electron phenomena with competing near-degenerate electronic states

is of fundamental importance to chemistry and condensed matter physics. One of the most

significant challenges for exploring such many-electron phenomena is the necessity for large

system sizes in order to realize competing states, far beyond those practical for first-

principles methods. Here, we show how allowing non-integer nuclear charges expands the

space of computationally tractable electron systems that host competing electronic states.

The emergence of competing electronic states from non-integer nuclear charges is exem-

plified in the simple 2-electron H2 molecule and used to examine the microscopic structure of

doped quasi-1D cuprate chains, showing how non-integer nuclear charges can open a window

for first-principles calculations of difficult many-electron phenomena.
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Complex materials are those exhibiting many-electron
physics emerging from competition between intertwined
charge, spin, orbital, and lattice degrees of freedom1.

While scientifically interesting in their own right, such materials
present enormous technological potential as high-temperature
superconductors and materials with charge-density wave orders.
Understanding the competition between intertwined states
remains a key step in controlling these desirable properties and
their evolution under external controls like doping, temperature,
pressure, and electromagnetic field.

Effective Hamiltonian models such as the Hubbard model2

have been important tools in these studies, e.g., for cuprate
superconductors3,4. These effective Hamiltonian models provide
a generic description of competing electronic states that can be
extended to better model specific classes of systems. For example,
the 1D Hubbard model with the on-site Coulomb repulsion can
be extended to include a near-neighbor attraction to better match
angle-resolved photoemission data for quasi-1D cuprate chains5.

First-principles electronic structure theories give an alternative
and complementary approach to effective Hamiltonian models by
providing a material-specific model that addresses electrons
directly with quantum mechanics. While in principle the first-
principles approach can be exact for the electron degrees of
freedom, the presence of many competing electronic states often
makes their solution for complex materials intractable. For
example, the parent compounds of cuprate high-temperature
superconductors are anti-ferromagnetic (AFM) insulators which
become metallic when doped with holes or electrons and then
superconductive when further cooled6. First principles models
promise a window into how electronic states of cuprates evolve
with doping and how competition between them emerges, though
the size of interesting systems has so far made such models
impractical.

Here, we show that allowing the nuclear charges to become
non-integer drastically expands the space of systems that host
competing electronic states, uncovering complex materials small
enough to allow first-principles explorations. Using non-integer
nuclear charges (NNC) we show competing strongly-correlated
and charge-transfer states emerge from the simple 2-electron
HNNC

2 molecule, and how the competition between these states
can drive exotic phase transitions when HNNC

2 units are arranged
into a stretched 1D chain. From this theoretical starting point we
apply the NNC approach in a systematic first-principles

investigation of the competing electronic states in quasi-1D
cuprate chains under doping5.

Results and discussion
H2 Molecule. The H2 molecule is a paradigm system for strong
correlation with a spin-singlet ground state that localizes one
electron onto each proton at dissociation. The symmetric nuclear
potential from the equivalent hydrogen nuclei cannot exhibit
charge transfer, however, as both nuclei exert an equal pull on the
two electrons. This left-right symmetry can be broken by repla-
cing one proton with a helium nucleus enabling charge transfer.
This drives both electrons to localize on the heavier He nucleus at
dissociation, and suppresses strong correlation. This complete
replacement of strong correlation by charge transfer is unfortu-
nate since it is the competition between them drives exotic
properties in many materials7.

By allowing the hydrogen nuclei to have non-integer charges,
the NNC H2 molecule (denoted as HNNC

2 ) extends H2 to a new
system exhibiting competition between strong correlation and
charge transfer states. To make the system charge neutral we
choose that the two nuclear charges, ZA and ZB, sum to+ 2 and
we require ZA ≤ ZB without loss of generality. Tuning ZA/ZB away
from 1 enables charge transfer without completely suppressing
strong correlation. This HNNC

2 system is shown schematically in
Fig. 1a.

There are two possible electronic configurations for the HNNC
2

system at infinite nuclear separation: a single occupation (SO)
solution, ΨSO

�
�

�

, with one electron on each nucleus characterizing
strong correlation, and a double occupation (DO) solution,
ΨDO

�
�

�

, with both electrons on the more charged ZB nucleus
characterizing charge transfer. Depending on the ratio ZA/ZB, the
ground state is either the ΨSO

�
�

�

or ΨDO

�
�

�

, or the configurations
are degenerate. This is summarized in Fig. 1a, while Fig. 1b shows
how the energies of the two configurations change across the
range of 0 ≤ ZA/ZB ≤ 1, resulting in a discontinuous ground state.
At ZA/ZB= 1, the ground state ΨSO

�
�

�

is comprised of separated
neutral hydrogen atoms, while ΨDO

�
�

�

, a H- ion and a proton, is
higher in energy by around 12 eV. At ZA/ZB= 0, ZB becomes a
Helium nucleus and ZA disappears so the converse is true: ΨDO

�
�

�

,
a lone neutral helium atom, is favored over ΨSO

�
�

�

, a He+ ion and
a free electron. This localization of both electrons onto the more

Fig. 1 Competition between charge transfer and strong correlation illustrated by HNNC
2 at infinite separation. a A schematic plot of the single occupancy

(SO) ΨSO

�
�

�

, and double occupancy (DO) ΨDO

�
�

�

configurations in the spin-singlet state for integer and non-integer nuclear charges. The nuclear charges ZA
and ZB are constrained such that ZA+ ZB= 2 with non-integer charge represented by the red area within a circle of area 2. The blue discs represent
electrons with spins labeled as arrows with tilted arrows denoting spin up-down degeneracy. b Total energies for SO and DO configurations as a function of
the nuclear charge ratio, ZA/ZB, calculated with the coupled cluster method at the singles-doubles level (CCSD). Within annotations, “⋯ ” denotes infinite
separation. These CCSD calculations consider every possible excitation and are exact energies for the large d-aug-cc-pV5Z basis set53. Turbomole version
7.4.1 was used for CCSD calculations with non-integer nuclear charges30,54.
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charged nucleus is similar to the dissociation behavior of HHe+.
Introducing non-integer nuclear charges forms a continuum
between these limits with the energy of each configuration
varying smoothly as the strong correlation of ΨSO

�
�

�

competes
with the charge transfer of ΨDO

�
�

�

. The ΨSO

�
�

�

and ΨDO

�
�

�

configurations become degenerate at ZA/ZB ≈ 0.488, at which
point the strong correlation and charge transfer competition is
maximized.

The appearance of degeneracy between ΨSO

�
�

�

and ΨDO

�
�

�

has
profound implications when the charge-neutral HNNC

2 unit is
extended to a (HNNC

2 )∞ chain with uniform inter-nuclear
distances. At short inter-atomic distances the ZA/ZB= 1 hydro-
gen chain is weakly correlated and metallic, while at larger inter-
atomic distances it undergoes a phase transition to a strongly
correlated insulating phase8–11, a prototypical example of the
Mott–Hubbard metal-insulator transition12. Consider this
(HNNC

2 )∞ chain with large inter-atomic distances such that the
electron density overlap between atomic sites is negligible. Under
these conditions the ZA/ZB= 1 chain is an insulator. Now,
following the previous analysis we can tune the ZA/ZB non-
integer nuclear charge ratio to bring each ZA− ZB pair close to
the SO-DO degeneracy. Around this point a small perturbation,
e.g., an electric field that enhances the potential at the more
positive nucleus of the pair, can drive an electron from a less
positive to a more positive nuclear site. This charge transfer
capability under small perturbation emerging from the insulating
hydrogen-like chain highlights the rich physics brought by the
non-integer nuclear charge.

HNNC
2 ∞ 1D chain. Following this thought experiment we have

carried out density functional theory (DFT) calculations of this
(HNNC

2 )∞ 1D chain, with all nuclei uniformly separated by dis-
tance R. The complexity of the infinite chain prevents exact
diagonalization so we have used DFT with the strongly con-
strained and appropriately normed (SCAN) exchange-correlation
density functional13 with broken spin-symmetry to determine the
band gap for this system as a function of ZA/ZB and R. DFT using
the SCAN exchange-correlation functional is only an approx-
imate solution of the electronic structure problem with a limited
description of many electron effects, however, it is a first-
principles method that has been shown to make relatively accu-
rate predictions for the band gaps of complex materials14–20. We
defer further discussion of DFT, more accurate methods, and
further technical details of these calculations to the Methods
section.

The size of the (HNNC
2 )∞ band gap is shown in Fig. 2 as a

function of nuclear charge asymmetry, ZA/ZB, and inter-nuclear
separation, R. The right hand edge of this figure presents the well-
studied case of the 1D hydrogen chain, equivalent to (HNNC

2 )∞
with ZA/ZB= 1. In this limit we find a metallic character with
vanishing band gap at small nuclear separations becoming
insulating as nuclear separation increases, consistent with
previous studies8–11. This metallic character at small nuclear
separation persists as nuclear charge symmetry is broken until
both electrons localize onto the more charged ZB nucleus when
ZA/ZB < 0.4, suppressing conductivity for the range of R
considered.

Following the top edge of R= 7 Bohr we see a distinct closing
of the band gap around ZA/ZB ≈ 0.55, close to the degeneracy
observed at ZA/ZB ≈ 0.488 for R=∞ (Fig. 1b). Consistent with
our thought experiment, the near degeneracy of the strongly
correlated single occupation ΨSO

�
�

�

and charge transfer double
occupation ΨDO

�
�

�

configurations removes the barrier for an
electron to hop between sites shrinking the band gap towards

zero. This transition is remarkable as it is totally driven by the
competition between strong correlation and charge transfer,
appearing at large nuclear separations where Mott insulator
character would be expected for the normal 1D hydrogen chain.
When ZA/ZB < 0.5 however, both electrons in the unit cell localize
onto the more charged ZB and a band insulator character is
restored.

The calculations of Fig. 2 qualitatively confirm our thought
experiment, though the limitations of the DFT model (discussed
in the Methods section) will likely introduce artifacts into the
quantitative detail. The corresponding DFT band structures are
presented in Figure S2 in Supplementary Note 1 with this caveat
in mind.

Quasi-1D cuprate chain: Ba2CuO3. Now, we turn our attention
to how non-integer nuclear charges can be connected to real
materials through the lens of the prototypical quasi-1D cuprate
chain: Ba2CuO3

5. This material and related hole-doped structures
have been the focus of much recent interest, with an experimental
realization recently reported by Chen et al., in Ref. 5. Alongside
spectroscopic experiments, Chen et al., find that a simple Hub-
bard model Hamiltonian requires addition of a sizable near-
neighbor attraction to capture the spectroscopic features
observed. Electron-electron Coulomb interactions are necessarily
repulsive in nature so Ref. 21 assigns this attractive term to
coupling between electron and apical oxygen phonon modes in a
Hubbard–extended-Holstein model. Aiming to complement these
studies, we will show how a density functional theory model of
Ba2CuO3 extended to allow non-integer charged barium sites,
termed BaNNC2 CuO3, can give an additional first principles window
into the electronic structure of this complex material, without
empiricism.

The extension to BaNNC2 CuO3 allows the direct modeling of
hole-doped states in the 1D Cu-O chain using a super-cell
representation. Holes are generated by removing electrons from
the super-cell while the positive nuclear charges of all barium
atoms in the supercell are uniformly reduced by the fraction
required to keep the overall charge neutrality, see in Supplemen-
tary Note 3 for details. This super-cell system can support many
different magnetic configurations, allowing insight into the rich
physics of competitions between charge, orbital, and spin degrees
of freedom. We note that the lattice degrees of freedom can be
relaxed, but we chose not to in our calculations as our focus is on
the emergence of competing electronic states. The magnetic
configurations considered are antiferromagnetic (AFM), ferro-
magnetic (FM), “spin flip” (SF), and nonmagnetic (NM),
supported in a 2 × 8 × 1 super-cell. These are shown in Figure S4
in Supplementary Note 3. The SF configuration is of particular
interest, containing mixed domains of AFM and FM orders.
Unlike HNNC

2 and its infinite chain, no nuclear symmetry has been
broken in this model, in particular for the 1D Cu-O chain. The
low-energy physics pertaining to the 1D Cu-O chain is therefore
expected to be well captured by this model. Similar to our
previous analysis of the (HNNC

2 )∞ chain, these calculations use the
SCAN exchange-correlation functional. We note, in all systems
considered here, the numbers of electrons in the super-cell are
kept integer, as shown in Supplementary Table 1, and thus high-
level wavefunction and Green’s function-based methods can be
applied in principle.

First, we focus on the pristine cuprate chain (0% doping) where
more experimental data are available. The left edge of Fig. 3a
shows that our first principles calculations predict the AFM
configuration is more energetically stable than the other magnetic
configurations considered, indicating an AFM magnetic coupling
as observed experimentally22–24. The band gap of the AFM
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configuration is predicted to be 1.12 eV, in agreement with
experimental measurements of related Ca2CuO3 (1.7 eV) and
Sr2CuO3 (1.5 eV) materials25. Additionally, the Cu ions are
predicted to have an average absolute magnetic moment of
0.469μB, close to the magnetic moments typically observed in
cuprates26. The J exchange-coupling between the nearest Cu ions
can be calculated from the total energies of the AFM and SF
configurations, using the Heisenberg Hamiltonian,

H ¼ J
2
∑
i
SiSiþ1; ð1Þ

where Si is the spin vector at site i, and J > 0 and J < 0 represent
the AFM and FM spin exchange interactions respectively. Our
calculations predict J= 0.346 eV, in good agreement with J= 0.3
eV obtained in Ref. 5 by fitting to experimental data. This
generally good agreement of first principles predictions with
existing experimental data for the pristine AFM ground state
indicates that the SCAN DFT model can be usefully accurate for
this complex material.

Now considering the hole-doped material, Fig. 3a shows the
relative stability of each magnetic configuration with respect to
the NM configuration as a function of hole doping percentage.
The mean absolute magnetization of the copper atoms is also
shown for each configuration as a function of hole doping in
Fig. 3b. We can identify four phase domains from these figures.
Up to 12.5% hole doping, the AFM configuration is the most
stable, defining an “AFM regime”. Throughout this regime
increasing hole doping destabilizes all three configurations with
respect to the NM configuration, accompanied by a decreasing
copper magnetization. As the doping level increases from 12.5%
to 25%, the three configurations become close in energy, to within
20 meV/Cu, indicating an “intertwined phase” (IP) regime. In
particular, the energy differences between the AFM and SF
configurations are smaller than 5 meV/Cu at 15.625% and 18.75%
doping levels. Within this IP regime, some differences in
magnetic response to increasing hole doping are seen: the
magnetization of the copper sites in the AFM configuration
continues to smoothly decline while for the SF and FM

configurations copper magnetization increases. For the SF
configuration this increase in magnetization is accompanied by
a lowering of total energy resulting in the SF configuration
becoming slightly favored over AFM, although all three phases
remain close in energy. We note there is a clear drop in the
average copper magnetization in the SF configuration when
crossing from the AFM regime to the IP regime, indicating a first
order phase transition.

The stabilization of the SF, and to a lesser extent FM,
configurations reaches a maximum around 25% hole doping,
after which a new paramagnetic regime (PM) is found where only
the SF configuration retains the local magnetic moments. It is
likely that more competing spin-disordered configurations exist
around the IP and PM regimes, though for the present study, we
restrict ourselves to the relatively simple SF configuration
supported by the 2 × 8 × 1 super-cell system. In the PM regime,
increasing hole doping lowers copper magnetization and
destabilizes the SF configuration with respect to NM. By 35%
hole doping the copper magnetization is inhibited in all
configurations and the system reverts to the NM configuration,
defining the NM regime.

Figure 3 c shows how the dopant hole is distributed over
the Cu, chain O, and apical O sites for the AFM configuration as
a function of doping level. The hole density is reasonably
equally distributed across the Cu and O sites, with each increasing
at a similar rate with increasing doping level. For the copper
sites this hole accumulation leads to the unpaired nominal
d electron number decreasing, resulting in the decrease in
copper magnetization observed with hole doping. This reduction
in magnetic moment has a destabilizing effect, raising the
energy of the AFM configuration towards that of the NM
configuration. At doping levels of ≤12.5% (AFM regime) the
SF configuration shows similar behavior in magnetic moment
and stability. In the 12.5%− 25% IP regime, however,
the behavior of the SF configuration is markedly different to
the AFM configuration, with the average copper magnetization
slightly increasing and energy decreasing as hole doping
increases.

Fig. 2 Band gap for the 1D (HNNC
2 )∞ chain. The calculated band gap of 1D (HNNC

2 )∞ chain using SCAN exchange-correlation functional as a function of
nuclear charge asymmetry (ZA/ZB) and nuclear separation R. Each calculation was begun from a spin-symmetry broken set of guess orbitals and then
optimized to self-consistency.
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To understand this different behavior Fig. 3d plots the charge
density difference between the SF and AFM configurations for
selected doping levels, alongside the copper site magnetic
moments for the SF configuration and mean absolute copper
magnetization of the AFM configuration. The distribution of
magnetic moments in the SF configuration reveals domains of
AFM order (denoted AFMSF) separated by boundaries, illustrated
in Fig. 3d with vertical dashed lines. When hole doping is ≤12.5%
this domain boundary lies on the chain oxygen between two Cu
sites with parallel magnetic moments (bond centered). In the IP
regime (15%− 25%) the domain boundary lies on one of these
two Cu sites which had shared parallel magnetic moments at

lower doping levels (site centered). This domain boundary
switching from bond centered to site centered across the change
from AFM to IP doping regimes aligns with the drop in mean
absolute magnetization seen at the same point in Fig. 3b.

Studying the charge difference between SF and AFM config-
urations in Fig. 3d, the AFM doping regime (≤12.5% hole doping)
shows significant charge redistribution between the two config-
urations in the volume around the AFMSF domain boundaries.
This redistribution minimizes the effect of parallel neighboring
magnetic moments on the AFMSF domains, which is unfavorable
at low doping levels, (see the relative energies of FM and AFM
configurations in Fig. 3a).

Fig. 3 The total energy and charge redistribution of Ba2CuO3with doping effects. a Total energy of the ferromagnetic (FM), spin-flip (SF), and anti-
ferromagnetic (AFM) spin configurations of BaNNC2 CuO3relative to the non-magnetic (NM) configuration, as a function of hole doping percentage.
Calculations that converged to a non-magnetic state are indicated by empty markers. Vertical bands indicate AFM, intertwined phase (IP), paramagnetic
(PM), and non-magnetic (NM) regimes. The same regimes are indicated in the other sub-figures. Hole doping is modeled using the technique of non-
integer nuclear charges discussed in the text. b Mean absolute copper magnetization, and c hole concentration in the AFM configuration evaluated by
Bader hole population analysis55 for copper (solid), chain oxygen (dashed), and apical oxygen (dot-dashed), as a function of hole doping. d Charge
reorganization between SF and AFM configurations illustrated as the difference in electron charge-density. Yellow indicates accumulation and blue
depletion. Copper atom magnetization in the SF configuration is given below each copper site, with red and blue text coloring indicating spin up and down
character, and black “∣AFM∣” labels show the absolute copper magnetic moment for the AFM configuration. Spin anti-parallel pairs are highlighted with red
background shading, while spin-parallel pairs are unshaded. Vertical dashed lines indicate AFM domain boundaries in SF configurations.
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A different pattern of electron redistribution is seen in the IP
doping regime (15−25%), with significant reorganization within
the AFMSF domain and at the boundaries. This enhancement of
magnetic moments in the AFMSF domain and the diminishing of
the magnetic moment at the boundary Cu site is a result of
redistribution of the dy2�z2 orbital among the two spin channels.
Specifically, a Cu site with a spin-up magnetic moment within the
AFMSF domain changes spin-down into spin-up dy2�z2 occupa-
tion, while this change is reversed for a Cu site at the AFMSF

boundaries. See Figure S5 in Supplementary note 3 for further
details, in particular the one with the 18.75% doping level. We
note that the total net magnetic moment of the SF configuration
is still zero. The above analysis shows that the stabilization of the
SF configuration with respect to the AFM configuration in the
IP regime results from the interplay between charge, orbital,
and spin.

Experimentally, Ref. 5 found that the holon folding bands
observed at low doping levels disappear at ~ 30% hole doping
level. Our prediction of a NM regime beyond ~ 35% doping level,
where no local magnetic moment can be stabilized, offers a
possible explanation for the disappearance of the holon folding
band at > 30% hole doping, indicating the importance of spin
degree of freedom. Our first principles calculations therefore
suggest that the competing electronic states driven by the
interplay between charge, orbital, and spin can be important in
addition to the electron-phonon coupling21 for deriving the
microscopic understanding of the spectroscopic observations that
are intensively pursued 5,27–29.

Although the precise pairing mechanisms for high-Tc super-
conductors, including cuprates, still remain unclear, there is
growing consensus that “competing orders” play a crucial role1.
Our first-principles calculations show how such phenomena can
emerge in a quasi-1D cuprate chain under hole doping.

Conclusions
In summary, from the above simple H2 molecule and the pro-
totypical Ba2CuO3 1D cuprate chain under doping, the amenity
of our non-integer nuclear charge model to first principles
modeling shows how tuning competing electronic states in both
finite and periodic systems can offer a handle to probe the elec-
tron behaviors of exotic materials.

Methods
Non-integer nuclear charges. Non-Integer nuclear charges are
implemented under the Born–Oppenheimer approximation by
assigning desired Zi 2 Rþ to each nucleus and evaluating the
nuclear-electron attraction and nuclear repulsion integrals in the
standard way. This modification is trivial for most existing elec-
tronic structure codes and is available in the standard TURBO-
MOLE release used for this work30. Within the NNC approach,
the electrons are treated exactly in principle with quantum
mechanics, while the nuclear charges come in as external para-
meters. The present application to the quasi-1D Ba2CuO3 cuprate
chain under doping is encouraging. In general an NNC model
must be constructed carefully to connect to the underlying real
material problem, in particular when nuclear degrees of freedom
(including charge and mass) are important.

We note that other non-integer nuclear charge systems were
investigated by Cohen and Mori-Sánchez in the context of the
DFT derivative discontinuity and delocalization error in Ref. 31

and by Zhang and Wasserman in the context of partition density
functional theory in Ref. 32.

We further note that the virtual crystal approximation (VCA),
see reference33 and the references therein, employs a similar idea,
usually used to study disordered alloys and solid solutions. VCA

utilizes “virtual” atoms that interpolate between the behavior of
the atoms in the parent compounds. Our approach proposed here
focuses on the competing electronic states whose emergence can
be tuned by the non-integer nuclear charge.

Computational details. All finite molecular calculations were
carried out in the large d-aug-cc-pV5Z basis set, using the Tur-
bomole program30. Calculations of the (HNNC

2 )∞ chain were
performed using Turbomole with a periodic boundary condition
along the bonding axis (z), and non-periodic dimensions per-
pendicular (x, y). This avoids the need for vacuum spacing
between neighboring chain images that would be required for a
calculation that is periodic in all three dimensions. The def2-
TZVP Gaussian type basis set34 was used for orbitals and density
fitting in the continuous fast multipole method (CFMM). 10,000
k-space samples were taken along the periodic direction including
the Γ point and Gaussian smearing of orbital occupations was
used with σ= 0.001. Each calculation was begun from a spin-
symmetry broken set of guess orbitals and then optimized to a
self-consistent symmetry broken ground state.

All calculations of BaNNC2 CuO3 were performed by using the
pseudopotential projector-augmented wave method35 as imple-
mented in the Vienna ab initio simulation package (VASP)36,37.
A high-energy cutoff of 520 eV was used to truncate the plane-
wave basis set. The exchange-correlation effects were treated
using the SCAN13 density functional. A 7 × 2 × 5 k-point mesh
was used to sample the Brillouin zone of these super-cells using
the Monkhorst–Pack method. The electronic energy were
converged to 10−6 eV. The structure parameters we used here
are a= 3.827Å, b= 4.113Å, and c= 13.087Å, which were
obtained by relaxing the AFM pristine phase with SCAN. The
pseudo-potentials of Ba with non-integer nuclear charges were
generated using code provided by VASP developers.

Accuracy of methods used. First, the CCSD results of HNNC
2 in

Fig. 1 are exact within the given basis set. The ability to calculate
electronic structure exactly is invaluable for understanding the
HNNC

2 system. Hartree–Fock (HF) theory is exact (for the chosen
basis set) for single electron systems such as H and Hþ

2 but is
insufficient for systems of multiple electrons. It is difficult in
general to obtain exact solutions for multi-electron systems,
normally requiring exponentially scaling methods such as full
configuration-interaction (FCI). Fortunately, the two electron
HNNC

2 system is small enough that exact diagonalization of the
Fock space is feasible and a basis-set exact solution can be found.
For technical convenience Fig. 1 uses the coupled-cluster method
at the singles-doubles level (CCSD) which considers all possible
excitations for a two electron system and is thus equivalent to
exact diagonalization. We note however, that CCSD is not gen-
erally reliable for strongly correlated systems with more than two
electrons.

Calculations of (HNNC
2 )∞ and BaNNC2 CuO3 used supercell

representations with DFT employing the SCAN density
functional.

DFT is exact in principle for the ground state and some
excited-state38 total energy and electron density in the Kohn-
Sham (KS)39,40 or generalized KS (GKS) scheme41, if the exact
XC functional were known. Within the GKS scheme, in which
our calculations were conducted, the eigenvalue band gap of a
density functional for a periodic system is equal to the
functional’s fundamental band gap, defined as the difference
between ionization potential and electron affinity from total
energy calculations19. If the exact XC functional were used then
the ground states would be exact, giving an exact fundamental
band gap. All the eigen-orbitals other than the frontier orbitals
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that define the eigen-energy band gap from a KS or GKS
calculation are auxiliary however. Despite these formalities, in
practice the accuracy of a DFT calculation is limited by the
approximation to the exchange-correlation functional used.

Strongly correlated electron systems are generally challenging
to DFT calculations using approximate exchange correlation
functional although DFT being exact in principle. A common
practice for accurately calculating total energies of such systems
with approximate exchange correlation functionals is to allow
symmetry breaking20. The appearance of broken symmetries of
the electron density or spin density in a DFT calculation however
can reveal strong correlations among the electrons that are
present in a symmetry-conserved solution from high-level
quantum mechanics methods20. For example, certain strong
correlations present as fluctuations in the exact symmetry-
conserved solution are frozen in symmetry-broken electron
densities or spin densities of approximate DFT. This can be seen
from the practical DFT solution of H2 at a large nuclear
separation, which breaks the spin symmetry for an accurate total
energy by putting one spin-up electron on one proton and one
spin-down on the other while the exact solution should be spin-
singlet. In the infinite 1D chains studied here, the spin SU(2)
symmetry should be conserved in the exact solutions if the spin-
orbit coupling is not considered. In our DFT calculations with the
SCAN density functional, we break the spin symmetry for better
total energy descriptions by allowing local magnetic moments to
be fixed in direction.

For the study of (HNNC
2 )∞, SCAN can experience significant

self-interaction error42,43 that causes the electron density to be
overly diffuse, especially when the nuclear separation R is large.
We expect this to manifest in (HNNC

2 )∞ as a broadening of the
vanishing band gap region of Fig. 2 by over-stabilizing the
delocalization of the electrons across both centers. Despite this
deficiency the SCAN calculations appear qualitatively correct,
agreeing with our thought experiment about (HNNC

2 )∞ at large
separation. We have confirmed that SCAN shows qualitative
agreement with exact FCI predictions of the fundamental gap of
the HNNC

2 molecule, see Figure S1 in Supplementary note 1.
The (HNNC

2 )∞ model in our DFT calculations has an equal
nuclear separation and is represented by a periodic unit cell
containing a single HNNC

2 unit. This limits exploration of some
more complicated and exotic physics, including the short-range
magnetic ordering, Peierls distortion44, etc.

Taking the 1D hydrogen chain, i.e., (HNNC
2 )∞ with ZA/ZB= 1,

as an example, at the small nuclear separation the metallic phase
can have short-range magnetic ordering11 which is inaccessible
with our unit cell. We note however that band structures
predicted by our SCAN calculations reveal the metal-insulator
transition for the short-separation 1D hydrogen chain with the
expected self-doping mechanism11, see Figure S2 in the
Supplementary note 2. At large nuclear separation a quasi-long-
range anti-ferromagnetic (AFM) ordering has been predicted by
density-matrix renormalization group (DMRG) for the equally
spaced 1D hydrogen chain11. Consistently, in our calculations,
SCAN predicts the AFM configuration has the lowest energy. For
(HNNC

2 )∞ with ZA/ZB < 1 at large nuclear separation, SCAN also
finds the AFM configuration to be the lowest energy state
associated with the band gap transition as ZA/ZB decreases from
1. Certainly, the AFM configuration being the lowest energy state
here is the result of unit cell choice and the spin-symmetry
breaking treatment of DFT calculations. We expect, however, that
the total energy predicted by SCAN from this AFM configuration
is accurate and close to the true ground state energy17,20. As these
total energies are accurate, the generalized-Kohn–Sham band gap

predictions of Fig. 2 are expected to be qualitatively correct for
equally spaced (HNNC

2 )∞ chains.
While dimerization Peierls distortion44 are important for

hydrogen chain systems, we do not consider such effects here and
constrain ourselves to chains with uniform inter-nuclear
distances for the simplicity of being an illustration to our thought
experiment.

Owing to the approximate nature of the DFT calculations and
the limitations of small unit cell representation, the results of the
(HNNC

2 )∞ model should be confirmed with the high accuracy
methods as in Refs. 10 and11, and with the periodic unit cell
expanded to include more HNNC

2 units for more exotic phases.
This is beyond the scope of the present investigation, however.

For the study of BaNNC2 CuO3, we expect the results predicted by
SCAN are reasonably accurate. First, in comparison with conven-
tional density functionals, SCAN has shown useful accuracy for
many correlated materials14–17,45,46. In particular, SCAN has been
demonstrated to provide accurate geometric, energetic, and magnetic
properties for pristine14,15 and doped16 cuprates, although we note
that SCAN is still a semilocal density functional approximation47–49.
This improvement has in part been attributed to the reduction of
self-interaction errors in SCAN17. Second, SCAN predicts accurate
magnetic and electronic properties for the pristine Ba2CuO3

discussed in the main text. We expect more competing electronic
states and physics will be discovered for BaNNC2 CuO3if larger
supercells are used or many-electron techniques are applied on top
of the electronic structures obtained with SCAN50.

It is also interesting to extract an effective Hamiltonian based
on the SCAN results that encompass competing electronic states
under doping, from which the pairing mechanism for the
superconductivity can be studied. A similar study has been
performed in the Ba2CuO3+δ with the Perdew-Burke-Ernzerhof
(PBE) density functional51, where a multi-orbital effective
Hamiltonian model was constructed based on the PBE band
structure calculated from the non-magnetic configuration with
the Lieb-lattice structure model52.

Data availability
Full data for all figures is available from the authors by request.

Code availability
Calculations of HNNC

2 and (HNNC
2 )∞ use TURBOMOLE version 7.4.130. Calculations of

BaNNC2 CuO3use VASP version 6.2.135–37.
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