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Topological superconductivity from forward
phonon scatterings

Shaozhi Li® '™ Lun-Hui Hu® 2, Rui-Xing Zhang 23 & Satoshi Okamoto® '

Searching for topological superconductors with non-Abelian states has been attracting broad
interest. The most commonly used recipe for building topological superconductors utilizes
the proximity effect, which significantly limits the working temperature. Here, we propose a
mechanism to attain topological superconductivity via forward phonon scatterings. Our
crucial observation is that electron-phonon interactions with small momentum transfers favor
spin-triplet Cooper pairing under an applied magnetic field. This process facilitates the for-
mation of chiral topological superconductivity even without Rashba spin-orbit coupling. As a
proof of concept, we propose an experimentally feasible heterostructure to systematically
study the entangled relationship among forward-phonon scatterings, Rashba spin-orbit
coupling, pairing symmetries, and the topological property of the superconducting state. This
theory not only deepens our understanding of the superconductivity induced by the electron-
phonon interaction but also sheds light on the critical role of the electron-phonon coupling in
pursuing non-Abelian Majorana quasiparticles.
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interest due to the great potential application of non-

Abelian states in fault-tolerant quantum computing!=>.
Topological physics in superconductors can arise in an intrinsic
or extrinsic manner®~24, For example, unconventional super-
conductors with chiral p-wave Cooper pairing provide a pro-
mising platform to achieve intrinsic topological superconductivity
in bulk systems2>27. Because unconventional superconductors
are scarce in nature, recent research activities have been focused
on extrinsic mechanisms using the superconducting proximity
effect®=1220, These extrinsic topological superconductors usually
consist of a conventional superconducting substrate to supply
pairing potential and a functional add-on layer with the spin-
orbit coupling. Thanks to the development of epitaxial growth
techniques, recent years have witnessed significant progress in
extrinsic topological superconductors?3-3%, including Rashba
nanowires30, ferromagnetic semiconductors3®, and high-mobility
two-dimensional (2D) electron gas®’. However, superconductivity
from the proximity effect is usually weaker than that from
intrinsic interactions, significantly limiting the working tem-
perature. Furthermore, the small superconducting gap of topo-
logical superconductors necessarily increases the vulnerability of
its topological boundary modes (i.e., Majorana modes) to
disorder383?. Therefore, an interesting open question in this field
is how to break the temperature barrier of artificial topological
superconductor.

The main finding in this work is that forward electron-phonon
(e-ph) scatterings tend to generate spin-triplet Cooper pairs in the
presence of a magnetic field, which motivates us to propose a
experimentally feasible platform to achieve high-temperature
chiral topological superconductivity without using the super-
conducting proximity effect!’. In our proposed protocol (see
Fig. 1), phonons originate from the vibration of dipoles at the
surface of the ferroelectric substrate coupled to the electrons in
the add-on layer, generating intrinsic superconductivity. Previous
studies on FeSe/STO showed that such interfacial e-ph interaction
has a singularity at the I' point and significantly enhances the
superconducting transition temperature?!=47. The novel effect of
forward phonon scatterings could open a pathway to engineering
high-temperature topological superconductivity. We demonstrate
that the short-ranged forward phonon scattering can induce

Topological superconductors have been attracting broad

nonzero triplet pairing potentials and further significantly stabi-
lize the triplet superconductivity against an applied magnetic
field. This effect is independent of the Rashba spin-orbit coupling
(RSOC)*® and allows us to fulfill the stringent topological
superconductivity without RSOC.

The magnetic field does not suppress the triplet super-
conductivity induced by the forward phonon scattering. In a spin
singlet superconductor, the superconducting gap vanishes when
the magnetic field strength reaches the Chandrasekhar-Clogston
limit, and the normal state becomes the ground state. With the
nonzero Rashba spin-orbit coupling, the triplet pairing field
usually comes up via the hybridization effect when the singlet
pairing field is nonzero. In this case, the triplet pairing field
vanishes as the singlet pairing field vanishes. However, in our
work, the triplet superconductivity is induced by many-body
interactions rather than the hybridization effect. Therefore, there
is no Chandrasekhar-Clogston limit#->1,

Results

We first set up a platform for free electrons on a square lattice
with e-ph coupling, as shown in Fig. 1. The entire Hamiltonian is
given by H= Hy + Hpy, + He_ph, Where

Hy=—2t kZ [cos(kxa) + cos(kya)] cit_sck‘s + 2A50¢ %: [d(k)cLTck_¢ + h‘c.}

+ kZ(U:sgL.“BBZ - #)C:;,sq(,s

M
Hp, = Q %: b;bq’ )

1
Hepn = 5 2 8@0qis(bly +by). 3

Here, clts (ck,s) creates (annihilates) an electron with spin s

(=1,}) and momentum k, b:; (bg) creates (annihilates) a phonon
with momentum q, ¢t is the nearest-neighbor hopping integral,
and a is the lattice constant. The second term in H, represents the
RSOC with the coupling strength Asoc and the momentum
dependence  d(k) = L(k) - 0 = sin(k,a) + isin(k,a), ~ where
L(k) = (sink,a, —sink,a, 0) and o is the Pauli matrix. Q is the
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Fig. 1 A sketch of a heterostructure with interfacial electron-phonon interaction. a Schematic view of a 2D topological superconductor induced by an
interfacial electron-phonon interaction. The magnetic field B, is applied perpendicular to the surface. Panel b shows two-electron scattering by a phonon
with the momentum transfer q. Panel ¢ shows electron scattering near the Fermi level, relevant to the pairing, with zero momentum transfer @ = 0. Panel
d is the same as panel ¢ but with nonzero momentum transfer q.
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optical phonon frequency, g is the Landé factor, yy is the Bohr
magneton, B, is the magnetic field, 4 is the chemical potential,
and N is the lattice size. Finally, g(q) is the matrix element of the
e-ph interaction.

We mainly focus on the forward phonon scattering, which
originates from the combination of the vibration of dipoles on the
substrate surface and the two-dimensional nature of the add-on
layer. This forward e-ph interaction was observed in FeSe/
STO*142, where it was found that the ferroelectric instability in
SrTiO; creates electric dipoles with Ti cations and oxygen anions
at the surface. The vibration of oxygen anions modulates the
dipole potential on the top layer, which is proportional to
e~ 1l/9, where qy is the wave vector parallel to the interface and
qo is the scattering range. Reference*! has shown that g is pro-

portional to , /e, /€|, where ¢ and €, are the dielectric constants

parallel and perpendicular to the interface, respectively. In two-
dimensional materials, ¢ is much larger than €,, g, itself
becomes very small. For instance, the scattering range is found to
be goa~0.1—0.3 in FeSe/STO*42. Here, we define the e-ph
coupling as g*(q) = g2f(q), where g, describes the interaction
strength and f(q) describes its momentum dependence. We adopt
f(q) = 4n? \/i ¢ 14/404347 and 1 to describe the forward and

27
uniform e-ph gz)uplings, respectively.

We analyze our Hamiltonian using the Migdal-Eliashberg
(ME) theory in the Nambu space (for details, see Supplementary
note 1)°2. Without Coulomb interactions, our model only sup-
ports spin singlet s-wave and spin triplet p-wave pairing fields
(see Supplementary note 2)°34, Therefore, the initial anomalous
self-energy has both s-wave and p-wave features. We assume that
the initial pairing field has the form of i[y,(k) 4+ L(k) - 6]0,>,
where (k) describe the s-wave pairing. The stability of the
superconducting state is determined by the self-consistent
anomalous self-energy. To further demonstrate the stability of
the superconducting state under an applied magnetic field, we
evaluate the free energy of an effective model with an attractive
interaction, which describes the second-order approximation of
the e-ph coupling (see Supplementary note 2).

Without other statement, we set the lattice size N = 40 x 40, the
temperature T = 0.01¢, the dimensionless e-ph coupling strength

Aph = % (f(qQ)) = 0.8, and the electron density n=0.2. This
small electron density is chosen because it generates a relatively
small critical magnetic field for TSC. This information will be
discussed in detail later. A weak spin-orbit coupling has a tiny
effect on the bandwidth W, and we set W = 8t. Following ref. 43,
we assume that the relevant phonon branch for the forward
scattering is an optical phonon with Q =t Our work uses an
intermediate e-ph coupling strength to generate a large super-
conducting gap to help analyze theoretical results. To connect to
the real material FeSe/STO, we also present results for a model
with A, = 0.065. The results obtained from this model are con-
sistent with the conclusion obtained from a model with A,, = 0.8.
In addition, we tested the robustness of our conclusion against the
variation of Ay, in Supplementary note 3 and Supplementary
note 4. Previous studies showed that the Migdal-Eliashberg the-
ory has difficulty in predicting the competition between the
charge-density-wave and the superconducting state when the
e-ph coupling constant Ay, >0.5°°. In addition, the prediction of
the superconducting temperature is not reliable when A, > 0.5.
However, these pathological features do not affect our conclusion.
First, the forward phonon scattering does not generate a charge-
density-wave. Second, our conclusion depends on the existence of
superconductivity rather than the superconducting transition
temperature. Therefore, the physical scenario obtained from our
results is reliable.

To further extract the topological information, an effective
single-particle Hamiltonian is constructed by fitting to the ME
theory, with H' = H;, + >, 2(k). In the Nambu space, the self-
energy at zero frequency X(k) is a 4 x4 matrix, obtained by
extrapolating the self-energy X(k,iw,) in the Matsubara fre-
quency w,, space as w, — 0. Topological invariants such as the
first Chern number of H' can thus be calculated in an efficient
way (see Methods section)>’.

Superconductivity. Superconductivity with the interfacial e-ph
interaction is studied under an external out-of-plane magnetic
field. Figure 2a shows the gy-B, phase diagram at Asoc =0.3¢. A
phase transition from a trivial superconducting (SC) state to a
topological superconducting (TSC) state occurs as the magnetic
field increases when gq < 1.2/a. The red dashed curve in Figs. 2
and 3 represents the phase boundary between these two phases.
The critical magnetic field B, for this phase transition exhibits a
nonmonotonic behavior. B, first rapidly increases with g, for
qo<0.4/a and then slightly decreases. The TSC state becomes
unstable and is replaced by a metallic (M) state when gy > 1.2/a.
For a Holstein model with a uniform e-ph coupling, the external
magnetic field rapidly suppresses the SC state (see Supplementary
note 8). These results clearly demonstrate that the super-
conductivity induced by a short-ranged forward e-ph interaction
is robust against an applied magnetic field. This fact will be
crucial to create field-induced topological superconductivity.
The persistence of the superconductivity under a magnetic field
at small qo is attributed to the emergence of a triplet pairing
potential. Now, we demonstrate this behavior using a mean-field
approach. In the second-order approximation, the two-particle
interaction mediated by the e-ph interaction is given by

V= X

a i
= Crra CksC K¢ 4)
k+q,s“k,st K —q.s YK s (
KK gss N Feskmas

which is represented by the Feynman diagram in Fig. 1b, d. In the
Bardeen-Cooper-Schrieffer theory®8, this interaction is decoupled
into pairing terms, and a pair of electrons with momenta k
and —k and spin s and s is coupled via an effective pairing

potential, given by Vi = Zq%(clt +q?scikﬂbs,). When Uy is
independent of q, the effective potential becomes

Viss = %Zkr(ci, Scik/j,). In this case, the effective potential on
two electrons with the same spin is zero because (cl, Scik, ,) has to

be odd in parity. However, when U, is nonzero only at small
momentum, say |q] =0, the effective potential on two electrons

with the same spin becomes U(clt ScL{_S), which is sketched in

Fig. 1c. In the presence of the spin-orbit coupling or a magnetic
field, the effective triplet pairing potential is no longer zero. This
nonzero triplet pairing potential can further enhance the triplet
pairing field under a magnetic field.

To shed light on the pairing symmetry, we examine the
evolution of both spin-singlet and triplet pairing fields under a
magnetic field. (The momentum-dependent anomalous self-
energy is plotted in Supplementary note 6). Here, we focus on
the average value of the pairing field and label the singlet, spin-up
triplet, and spin-down triplet pairing fields as Ay, Ay, and Ay,
respectively. These average pairing fields are defined as
Ay = 5254 |A4(K)|, where A (k) = (g ¢y ). Figure 2b, ¢ plot
Ay, and Ayy, respectively, for different values of go. The forward
e-ph interaction induces only the s-wave singlet SC state in the
absence of the magnetic field and RSOC>?. RSOC mixes spin-up
and spin-down electrons, leading to a nonzero triplet pairing field
at B,=0%. Our nonzero Ay at B,=0 shown in Fig. 2c is
consistent with this prediction. As shown in Fig. 2b, a magnetic
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Fig. 2 Phase transitions with different scattering ranges. a Phase diagram as a function of magnetic field B, and scattering range go. The magnetic field B,
is applied perpendicular to the surface. The color map represents the ratio R between spin-up triplet and singlet pairing fields. Here, SC, TSC, and M denote
trivial superconducting, topological superconducting, and metallic states, respectively. The red dashed curve represents the phase boundary between SC
and TSC states. b The evolution of the singlet pairing field A, with the magnetic field B,. ¢ The evolution of the triplet pairing field Ay 4 with the magnetic

field. Here, we set the Rashba spin-orbit coupling Asoc = 0.3t.

field suppresses the singlet pairing field and enhances the spin-up
triplet pairing field, consistent with our mean-field analysis. The
nonzero A4, under a strong magnetic field is attributed to the
RSOC. To further gain insight into the evolution of the triplet
pairing field under the magnetic field, we use the color map of
Fig. 2a to represent the ratio R between Ayy and A4. It is found
that the pairing field is dominated by the singlet (spin-up triplet)
field as giupB, < (>)0.4.

Next, we analyze the effect of the RSOC. Figure 3a plots the B,-
Asoc phase diagram at gy =0.4/a, and Fig. 3b, ¢ show the
corresponding singlet and spin-up triplet pairing fields as a
function of B,, respectively. It is found that the critical magnetic
field of this phase transition depends on Asoc very weakly. In fact,
the topological phase transition is induced by the Lifshift
transition that one of two bands moves above the Fermi level
(This result will be explained in the next section.). Therefore, the
critical magnetic field strongly depends on the charge density
rather than Agoc (see Supplementary note 4).

At Asoc =0, there is a discontinuous phase transition from a
pure singlet SC state to a pure triplet SC state at giupB, = 0.3t. In
our calculations, the spin-up and spin-down triplet pairings have
different symmetric structures (ATT & — sin ky —isink, and
Ay, «sink, —isink,), leading to+1 and —1 chern numbers

on the spin-up and spin-down bands in the pure triplet SC state,
respectively. In this case, the total Chern number is zero. These
different symmetric structures originate from the Rashba spin-

orbit coupling. When the Rashba spin-orbit coupling is absent,
spin-up and spin-down triplet pairings could have the same
symmetric structure, leading to a nonzero Chern number.
Therefore, the topological property in the pure triplet SC state
with both spin-up and spin-down pairings is undetermined. By
further increasing the magnetic field, the spin-down band moves
above the Fermi surface, and the SC state is nontrivial.

Topological phase transition. Our topological phase transition is
induced by a Lifshitz transition. This is confirmed by plotting the
momentum-dependent spectral function A (k, w) as shown in
Fig. 4a-d with gy =0.4/a and Asoc =0.3t. A((k, w) is obtained
from the analytic continuation of the imaginary-frequency
Green’s function using the Pade approximation. Here, the band
gap near the Fermi level shown in Fig. 4a-d is not the Bogoliubov
gap because the analytic continuation is performed on the normal
Green’s function. The spin SU(2) symmetry is broken by the
RSOC. With B, =0, the RSCO lifts the degeneracy of bands
except for k= (0,0) and k= (, 7). With nonzero B,, the band
degeneracy is lifted everywhere. We label a band with a smaller
(larger) Fermi momentum as band « (#). At B, =0, spin-up and
spin-down electrons have an equivalent weight on both bands. At
a fixed electron density, the magnetic field transfers spin-up
(spin-down) electrons to the # (a) band. With increasing mag-
netic field, the a band at the T’ point slowly moves from below to
above the Fermi surface. At giupB,=1.3t, the a band moves
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Fig. 3 Phase transitions with different Rashba spin-orbit couplings. a Phase diagram as a function of magnetic field B, and spin-orbit coupling Asoc. The
color map represents the ratio R between spin-up triplet and singlet pairing fields. The red dashed curve represents the phase boundary between trivial
superconducting (SC) and topological superconducting (TSC) states. b The evolution of the singlet pairing field A4y with the magnetic field B,. ¢ The
evolution of the spin-up triplet pairing field A4 with the magnetic field B,. The scattering range is set as go = 0.4/a, where a is the lattice constant.
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Fig. 4 Topological phase transition. Panels a and b plot the spectral functions A4(k, @) in the momentum (k) and the energy (w) space for the spin-up
electrons at g ugB, = 0.45t and 1.45t, respectively. g is the Landé factor and pp is the Bohr magneton. Panels ¢ and d plot the corresponding spectral
functions A (k, @) for the spin-down electrons. e The evolution of the Bogoliubov gap A as a function of the magnetic field B,. Here, ED and SF denotes
that results obtained from exact diagonalization and spectral functions, respectively. f The Chern number C as a function of the magnetic field B,. Panels
g and h plot quasiparticle band structures of a finite thickness ribbon in the trivial superconducting (SC) and topological superconducting states (TSC),
respectively. Here, the Rashba spin-orbit coupling is set as Asoc = 0.3t and the scattering range is go = 0.4/a.
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across the Fermi surface at the I' point and is dominated by the
spin-down electrons in the low-energy region (see Supplementary
note 7). The ground state becomes the TSC state when band «
moves above the Fermi surface (g upB, > 1.31).

We further examine the detail of the topological phase
transition. Fig. 4e plots the Bogoliubov gap A obtained from
the spectral function (SF) Ay(k, w) and the exact diagonalization
(ED) of the effective single-particle Hamiltonian H'. A from the
spectral function is obtained by searching for the minimal
excitation energy. With increasing magnetic field B,, both
Bogoliubov gaps gradually approach zero at giupB, = 1.3t and
rapidly increase by further increasing B,, signaling the topological
phase transition at g;upB, = 1.3t. This transition accompanies the
change in the Chern number from 0 to 1, as shown in Fig. 4f,
confirming that the Lifshitz transition induces the topological
transition.

The TSC state at high fields is further confirmed by examining
the edge spectrum. For this purpose, we construct an effective
single-particle Hamiltonian on a finite-thickness ribbon with a
periodic boundary condition along the x-direction and an open
boundary condition along the y-direction. In this case, the self-
energy X(k,,r,) is obtained from the Fourier transform of Z(k).
We cut off X(k,,r,) at a distance |r,| = 3a because Z(k,,1,) is
negligible at |r,| > 3a (see supplementary note 5). Figure 4g, h plot
the ribbon-geometry spectrum with Agoc=0.3t and a ribbon
thickness of 100a. We observe a nonzero Bogoliubov gap with
qo=0.4/a and gupB,=0.2t and gapless chiral Majorana edge
modes with g, = 0.4/a and g; ypB, = 1.8¢. This result confirms the
TSC state in the latter.

Our results show that the topological superconductivity is
induced by the Lifshitz transition, where one band moves beyond
the Fermi level. Therefore, the critical magnetic field is
proportional to the charge density. A smaller charge density
should generate a smaller critical field. For example, we observe
that the critical magnetic field is suppressed to 0.04t at n =0.1
(see Supplementary note 4).

Relevance to materials. We proposed a generic mechanism to
obtain topological superconductivity using forward phonon
scattering. Next, we will discuss some potential materials to apply
our mechanism. The most straightforward material is FeSe/STO,
although the TSC has not been observed in FeSe/STO. A previous
theoretical study found that a model with =75 meV, Q =100
meV, go=0.1/a, and g, = /0.15Q ~ +/0.2Q can reproduce the
experimentally observed angle-resolved photoemission spectro-
scopy in the monolayer FeSe/STO*3. Here, we performed calcu-
lations with these parameters at the reduced charge density
n=0.05 to suppress the critical magnetic field for the TSC. Thus,
our theoretical model should correspond to the low-density
electron gas grown on the STO substrate. The RSOC is set as
Asoc = 0.3t. This RSOC could be induced by considering metallic
compounds containing heavy elements, but the results are not
sensitive to the value of RSOC, as discussed earlier. Figure 5a, b
plot the Bogoliubov gaps from exact diagonalization of the
effective Hamiltonian for g, = +/0.15Q (A, = 0.04875) and g, =
J/0.2Q (Aph = 0.065), respectively. The green (blue) region
represents the trivial (topological) superconducting state. It is
found that the critical magnetic field for TSC is about 15 T when
8o = +/0.15Q and 52 T when g, = +/0.2Q. This range of the
magnetic field is beyond the upper critical magnetic field for
conventional superconductors, where the superconductivity
vanishes. However, the upper critical magnetic field for the for-
ward phonon scattering-induced superconductivity can be very
large. For example, the upper critical magnetic field in the
monolayer FeSe/STO is about 30.2 TOL.

9 4
= go=V20Q TSC
[0]
E.61
<

3 4

b) SC
0 . . . . :
0 10 20 30 40 50 60

B, [T]

Fig. 5 Phase transition for FeSe/STO. Panels a and b plot the evolution of
the Bogoliuov gap A as a function of the magnetic field B, for the electron-
phonon coupling strength g, = +/1.5Q and g, = +/2Q, respectively. SC and
TSC denote trivial superconducting and topological superconducting states,
respectively. Here, phonon frequency Q =100 meV, the scattering range
go = 0.1/a, the hopping parameter t =75 meV, the Rashba spin-orbit
coupling Asoc = 0.3t, and the electron density n=0.05.

Because our mechanism requires a change in the Fermi surface
topology by a magnetic field, it is necessary to reduce the carrier
density further, which might be challenging with iron-based
superconductors. However, our results with realistic e-ph
coupling parameters for FeSe/STO can be used to guide
implementing  topological ~ superconductors  with  two-
dimensional semiconductors, including KTa0%% and GaAs®3,
where a small charge density is easy to be made. Since the lowest
energy conduction band is located at the I' point in KTaO; and
GaAs, our two-dimensional tight-binding model can effectively
describe their low-energy band structure. For two-dimensional
semiconductors, we expect a large ratio between the inplane
dielectric constant € and out-of-plane dielectric constant €,
leading to a small value of gy and a large value of gy, which is

proportional to *6/——?'42. In addition, we note that the growth of

KTaO; and GaAs on the SrTiO; substrate has been achieved in
experiments®263, Furthermore, two-dimensional superconductiv-
ity has been confirmed on the surface of KTaO;%4. With these
considerations, heterostructures, such as KTaO3/STO and GaAs/
STO, might be promising pathways to achieve topological
superconductivity.

Conclusion

We have found that the forward e-ph interaction favors spin-
triplet superconductivity under a magnetic field. We also predict
a magnetic-field-induced transition (Asoc=0) or crossover
(Asoc # 0) from a singlet-dominant to a triplet-dominant pairing
phase. These results allow us to design a protocol to create arti-
ficial chiral topological superconductor via the forward e-ph
interaction. Since the triplet superconductivity is intrinsically
generated, we do expect the superconducting gap to be larger
than that of a superconducting-proxitimized system, thus pro-
viding a pathway towards high-temperature non-Abelian
Majorana platforms*65-67,
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The relaxation of Rashba interaction greatly facilitates the
materialization of our platform. For example, the 2D electron gas
can be obtained by using the metal-oxide-semiconductor field-
effect transistors®8. Since the electron gas can feature rather high
mobility, the disorder effect will be suppressed to guarantee the
robustness of Majorana physics. We hope our work will inspire
more theoretical and experimental efforts to explore Majorana
physics from an electron-phonon origin.

Methods

Migdal-Eliashberg theory. We use the self-consistent Migdal-Elaishberg
approximation to study the two-dimensional single-band model with e-ph inter-
actions. The self-consistent Migdal-Eliashberg approximation is a diagrammatic
approach, which neglects higher-order corrections to the e-ph interaction vertex. In
our calculations, we consider two self-energy diagrams in the Naumbu space,
which are represented by

sH, 0
2 (k)= 5
w=[ 72,,12} )
L GKie,)  —FK.ie,)
(i) = =35 3 =KD Ko, )| G I )

Here, G(k, i,) and F(k, iw,,) are the electron normal and anomalous Green’s
function with the momentum k and the fermionic Matsubara frequency w,,.
D(q, iv,) is the phonon Green’s function with the momentum q and the bosonic
Matsubara frequency v,. The Hartree energy ZH(k) is given by

2(q =0
219 = £ 9= 000,02 ) %)

The selfenergy is determined by self-consistently solving Dyson’s equation. In
our calculations, the self-consistent calculation is only performed on the electronic
part, and we use the bare phonon Green’s function. When the electronic density is
small, the renormalization of the phonon’s band structure is small, and this
approximation is valid. The same procedure has been adopted in the previous
studies of the monolayer FeSe/STO%3.

Exact diagonalization. In the main text, we exactly diagonalize the effective one-
particle Hamiltonian to analyze the Chern number. The effective one-particle
Hamiltonian is given by

H'(k) = Hy(k) + 2(k), ®)

where Hy(k) is the non-interaction Hamiltonian at the momentum k and Z(k) is
the self-energy at zero frequency, obtained by extrapolating the self-energy 2(k,
iw,) in the Matsubara frequency w, space as w, — 0. The effective one-particle
Hamiltonian H’'(k) is a 4 x 4 matrix, and we numerically diagonalize it.

We follow the method proposed in ref. 57 to evaluate the Chern number. we
first define a U(J) link variable from the wave function v, (k) of the nth band as

Ua(k) = (y, &)y, (k + d))/Ng(k), ©
where Ny(k) = ‘<Wn(k)‘v/n(k +d))|. Next, we define a lattice field strength by

Fpp(k) = In {Ux(k)uy(k + U (k+)U; (k+ x)] . (10)
The Chern number associated to the nth band is given as
1
=—>Fpk
& = 3 L Fall) an

Data availability
The data that support the findings of this study are available from the corresponding
authors on reasonable request.

Code availability
The Migdal-Eliashberg code can be downloaded at https://github.com/sli43/forward-
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