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Probe for bound states of SU(3) fermions and
colour deconfinement

Wayne J. Chetcuti 123 j,an Polo3, Andreas Osterloh® 3, Paolo Castorina?? & Luigi Amico23°6

Fermionic artificial matter realized with cold atoms grants access to an unprecedented degree
of control on sophisticated many-body effects with an enhanced flexibility of the operating
conditions. Here, we consider three-component fermions with attractive interactions to study
the formation of complex bound states, whose nature goes beyond the standard fermion
pairing occurring in quantum materials. Such systems display clear analogies with quark
matter. We address the nature of the bound states of a three-component fermionic system in
a ring-shaped trap through the persistent current. In this way, we demonstrate that we can
distinguish between color superfluid and trionic bound states. By analyzing finite temperature
effects, we show how finite temperature can lead to the deconfinement of bound states. For
weak interactions, the deconfinement occurs because of scattering states. In this regime, the
deconfinement depends on the trade-off between interactions and thermal fluctuations. For
strong interactions the features of the persistent current result from the properties of a
suitable gas of bound states.
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utually attracting quantum many-body systems can
M form bound states. Their nature depends on the parti-

cles’ quantum statistics. Bosons can give rise to ‘bright
solitons’ in which all the particles are bound together!=%. Due to
the Pauli exclusion principle, such states are hindered for fer-
mions. Nevertheless, two-component fermions with opposite spin
can form bounded pairs°.

The advent of ultracold atomic systems has enabled the
investigation of many-body systems made of interacting
N-component fermions in the laboratory: the so-called SU(N)
fermions®~11, In contrast to their two-component counterparts,
N-component fermions can form bound states of different type
and nature. Here, we focus on SU(3) fermions. On one hand,
this can provide paradigmatic features of the bound states that
can be formed for the general cases of N>2. On the other,
three-component fermions are of special interest because of
their potential to mimic quarks and specific aspects of quantum
chromodynamics (QCD)!2-1> for which it is clearly advanta-
geous to explore “low-energy" quantum analogues!®-20, Speci-
fically, SU(3) fermions can form two types of bound states: a
colour superfluid (CSF) wherein two colours are paired, and the
other is unpaired; and a trion where all colours are involved in
the bound state. Trions and CSFs are the analogues of hadrons
and quark pairs in QCD. As such, important aspects of the
QCD phase diagram like colour deconfinement and resonance
formation in nuclear matter, can be analysed in cold atom
platforms.

Fuelled by the recent aforementioned research activity in
quantum technology, a considerable interest has been devoted to
three-component fermions!3-1>21-27. However, devising physical
observables paving the way to explore the nature of the SU(3)
bound states in cold atoms systems remains a challenging
problem.

In this paper, we demonstrate how the frequency of the per-
sistent current in a ring-shaped gas of three-component fermions
pierced by an effective magnetic field, can provide the sought-
after observable to study the problem. The persistent current is a
matter-wave current probing the phase coherence of the system?$,
that in line with the recent research activity in atomtronics?%-30,
can be exploited as a diagnostic tool to explore quantum states.
Persistent currents have been observed experimentally for both
bosonic31-3# and very recently fermionic systems3>36.

Very important for our approach is the Leggett theorem,
stating that the persistent current periodicity is dictated by the
system’s effective flux quantum?’. For example, the effective flux
quantum of a gas of non-interacting particles is the bare flux ¢g;
while in a gas of Cooper pairs, the period is halved since a flux
quantum is shared by two particles333%, A persistent current with
a periodicity reduced by the total number of particles 1/N,, has
been found, indicating the formation of an N,-bound state in
bosonic systems?0-42, Recently, the persistent current was used to
investigate an SU(N) fermionic atomtronic circuit with repulsive
interactions*344,

In our work, trion and CSF bound states correspond to specific
ways in which the persistent current responds to the effective
magnetic field. By monitoring the persistent current for different
interaction regimes, we demonstrate how thermal fluctuations
can lead to a specific deconfinement of the bound states. As an
experimental probe in the cold atoms quantum technology, we
analyse the time-of-flight imaging?®30,32:4546,

Results

Setup. To model N, strongly interacting three-colour (compo-
nent/species) fermions trapped in an L-site ring-shaped lattice
pierced by an effective magnetic flux ¢, we employ the SU(3)

Hubbard model

3 2
H=3 5 |—HeT ¢ oGure+he)+ X Ugniang| (1)
j=la=1 B>a
where c;a creates a fermion with colour « on site j, and n;, =

c;acj,a is the local particle number operator. The parameters ¢ and

Uys denote the hopping amplitude and interaction strength
respectively. We consider attractive interactions i.e. U <0 and
t =1 fixes the energy scale. The effective magnetic field is realized

through Peierls’ substitution ¢ — tert.

In the continuous limit of vanishing lattice spacing or,
equivalently, the dilute lattice limit v = N,/L <1 the physics of
the system can be captured by the Gaudin-Yang-Sutherland
model#748. According to the general Bethe Ansatz machinery, the
energy of the system is obtained after a set of coupled non-linear
equations—the Bethe equations—are solved for the quasimo-
menta k; of the system. The spectrum is obtained by such kj, and
results to be labelled by a specific set of quantum numbers*7:4
(see Supplementary Note 1). Bound states result from complex
values of the quasimomenta (see Supplementary Note 2). In
the limit of large UL/t>1, the spectrum of the SU(3)
Gaudin-Yang-Sutherland regime of the Hubbard model is
obtained by solving a set of three equations, the so-called
Takahashi equations, parametrized by n,, n, and n; denoting the
number of unpaired, pairs, and trions respectively (see Supple-
mentary Note 2). We point out that the strongly attractive regime
of model (1) cannot be recast into a Lai-Sutherland anti-
ferromagnet since the condition of one particle per site cannot be
achieved!?>0. Bound states of different nature can arise in
systems described by model (1): CSF bound states, wherein two
colours form a bound pair with the other colour remaining
unpaired; trions, wherein all the three colours form a bound
state. CSF bound states can be achieved by breaking the SU(3)
symmetry!>22242527  Here, we break the SU(3) symmetry
explicitly in the canonical ensemble by choosing asymmetric
interactions between the different colours (see?42527 for
symmetry breaking in the grand-canonical ensemble by adjusting
the chemical potentials for each species). In the following, U
refers to symmetric interactions between all colours.

SU(3) bound states of model (1) have been recently studied
through correlation functions due to their relevance in emulating
quark matter!>2320, It is important to stress such systems are only
analogues as they lack key features of quark matter such as string
breaking and colour charge screening. The probe we use to study the
system is the persistent current I(¢), which is the response to the
effective magnetic flux threading the system: I(¢) = — 0F(¢)/0¢, with
F being the system’s free energy in the canonical ensemble38. The
zero temperature persistent current arises only from the ground-state
energy Eo, such that I(¢) = — 0Eq(¢)/0¢. Relying on the experimental
capability of addressing fermions of different colours separately!l,
especially to analyse the broken SU(3) cases, we utilize the species-
wise persistent current: I, = — dF,(¢)/0¢. We point out that this
calculation cannot be easily implemented in Bethe ansatz. The reason
being that the species-wise persistent current has to be done with
two-point correlations, which is very challenging in Bethe ansatz.

An important result in the field, due to Leggett, states that the
energy of a many-body system displays periodic oscillations with
the flux ¢37. If single particle states are involved in the persistent
current, the period is the bare one ¢y =/A/mR2, with m and R
denoting the atoms’ mass and ring radius, respectively. When
bound states are formed, the corresponding effective mass leads
to a reduced periodicity in ¢,3840-31,

In cold atom systems, it has been demonstrated that most
features of I(¢) can be observed through time-of-flight (TOF)
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imaging®2. TOF expansion entails the calculation of the particle
density pattern n, (k) = |w(k)|22jjlelk'("f_"1)(c;ac,_’“) where w(k)
are the Fourier transforms of the Wannier function and x;
denotes the position of the lattice sites in the plane of the ring.
From the experimental side, n(k) can be accessed through
contrast image measurement of the density distribution after a
TOF expansion of the condensate is carried out by switching off
the confinement potential3%>2, The variance of the width of the
momentum distribution is given by 051";) = /() — (f,)°.

Zero temperature persistent current of SU(3) bound states. For
small U, I(¢) is found to be a function with a period of the bare flux
quantum ¢,. However, for stronger U, I(¢) displays fractionaliza-
tion reducing its period. In contrast to attracting bosons*4042 or
repulsing N-component fermions*33, for attracting N-compo-
nents fermions with symmetric interactions, the reduction of the
period is dictated by N irrespective of Nj,. In the SU(3) symmetric
case, we find that trions are formed for arbitrary small attraction
(see works!026) in the three particle sector. This is corroborated by
exact results based on the Bethe Ansatz analysis of the Gaudin-
Yang Sutherland model (see Supplementary Note 3) and by the
analysis of three-body correlation functions. In this regime and
large UL/t, the analysis based on Takahashi’s equations, demon-
strates a perfect tri-partition of the period ¢o/3 that amounts to the
formation of a three-body bound state (Fig. 1b). By Bethe ansatz
analysis, we find the exact expression of the zero temperature I(¢)
in the continuous limit for a system consisting solely of trions in the

limit of large U:
2
¢ = —6(%”) [% + ¢]

where K, denotes the aforementioned quantum numbers. This
implies that as the flux is increased, K, need to shift to counteract
this increase in flux (see Supplementary Note 2). Here, level
crossings occur between the ground and excited states, causing the
fractionalization. Discrete excitations can only partially compen-
sate for the increase in flux, causing oscillations with a reduced
period of 1/N, thereby accounting for the ‘size’ of the bound state.
For the CSF, which is out of reach of Bethe ansatz due to SU(3)-
symmetry breaking, I(¢) displays a halved periodicity ¢o/2 for the
paired colours and a bare periodicity ¢, for the unpaired colour
(Fig. 1a). Further confirmation on the nature of the bound states is
achieved through the analysis of correlation functions (see Sup-
plementary Note 4).

It is worthwhile to point out that there are several routes in
which a trion can be created in our system depending on if the
system is endowed with isotropic interactions or anisotropic ones
(see Supplementary Note 5). Additionally, the specific parity

)
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effects of the persistent current are observed to not be washed out
upon fractionalization contrary to the repulsive and attractive
two-component cases (see Supplementary Note 6).

Finite temperature effects and colour deconfinement. The
interplay between temperature T and attractive interaction U leads to
peculiar effects in the persistent current I(¢): Besides the generic
smoothening of the saw-tooth behaviour, finite temperature leads to
specific changes in the frequencies of I(¢) depending on the inter-
action -Fig. 2. Such a phenomenon is consistent with the thermal
effects on two-component fermions with repulsive interactions>,
which we show also holds for attractive interactions, irrespective of
the number of particles in the system (see Supplementary Note 7). In
the following, we discuss the thermal effects on the SU(3) symmetric
interaction case (finite temperature CSF case is discussed in Sup-
plementary Note 7). For small and moderate interactions, the analysis
shows that I(¢), and its frequency in particular, arise from thermal
fluctuations populating the scattering states (for the band structure of
the system see the work?® and Supplementary Note 7). Here, the
relevant parameter is the relative size between interaction U and
thermal fluctuations T (measured in units of /kg). At moderate U the
bound states can remain well-defined for large U/T, whilst for smaller
values of U/T the bound states’ deconfinement occurs because the
temperature makes scattering states accessible. On increasing U, the
relevant contributions to I(¢) come from the bound states’ sub-band
only. For such a ‘gas of bound states’, the periodicity of I(¢) changes
because the temperature allows the different frequencies of the
excited states to contribute to the current. In this regime, since the
level spacing between the bound states energy levels decreases,
the thermal effects are increasingly relevant by increasing U.

To study the specific dependence of I(¢) on T and U, we analyse
its power spectrum. Specifically, we consider the Fourier weight C;
of I(¢) corresponding to trion formation at different U values and
follow its decay with increasing temperature (see Supplementary
Note 7 for the explicit definition). Such a weight corresponds to the
reduced tri-partite periodicity corresponding to the formation of
trions. This coefficient is rescaled by the maximum amplitude
[Lnayl of I(¢). We find that Cs/|Lu] = UAG(T — T, in which
A, T" (see Fig. 3 caption) and the function G as shown in Fig. 3a, ¢
are markedly distinct in the aforementioned different interaction
regimes (see also Supplementary Note 7). In the cross-over region
between the colour deconfinement region and the bound states gas,
the two regimes result to be indistinguishable (Fig. 3b).

Time of flight. Persistent currents can be probed in cold atom
systems through TOF. To read out the nature of the states in our
system, it is necessary that such images arise as an interference
pattern of the gas wave functions. For the specific case of coherent
neutral matter circulating with a given angular momentum, a
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Fig. 1 Persistent currents of colour superfluids (CSFs) and trions. Persistent current I(¢) of the three colours (red squares, green circles, blue crosses)
against the effective magnetic flux ¢/¢o. a, b depict the persistent current of a CSF and trion respectively. The interactions for the CSF are |Uag|/t = |Ugcl/
t=0.01and |Uacl/t = 3. For a trion, |U|/t =3 for all colours. All presented results are obtained for N, =9, L =15 and using DMRG. The lines are meant to
be a guide to the eye for the reader, to aid in perceiving the fractionalization.
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Fig. 2 Persistent current dependence on the interplay between temperature and interaction. Persistent current I(¢)/t of SU(3) fermions for various
interactions U/t (temperatures Tkg/t) in the upper (lower) panel. In a for Tkg/t = O, the persistent current fractionalizes with increasing U/t. The bare
period ¢/t is reduced to ¢o/N for large U/t. For fixed U/t in b, the persistent current regains the period ¢o upon increasing Tkg/t. The results were

obtained by exact diagonalization with N, =3, L =15. The lines are meant to be a guide to the eye for the reader, to aid in perceiving the fractionalization

with increasing interaction.
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Fig. 3 Quantitative analysis of the persistent current scaling as a function of temperature and interaction. Interplay between temperature Tkg/t and
interaction U/t for the persistent current I(¢)/t, by monitoring the Fourier weight C5/t of the current that reflects its tri-partite periodicity. This coefficient
decreases upon increasing temperature showing the breakdown of trions and in turn deconfinement. The three plots demonstrate that C3(T")//max(T")
obeys distinct laws in the different regimes of interaction discussed in the text, where I/t is the maximum persistent current used to re-scale the Fourier
weight across different interactions. The constant shift in C3(T")/Ima(T"), is fixed for all curves by Ag=0.5. Top right insets display the temperature
displacement T kg/t as a function of U/t. Lower left insets show the raw data as a function of Tkg/t. T'kg/t is defined by C3(T")/lmax(T) =1/2. In the regime
of weak U/t displayed in a, 4= —1.25 and T'kg/t is an increasing function of |U|/t. For intermediate U/t depicted in b, A= — 0.33 and T kg/t is still
increasing, but with a different algebraic law. For the strong U/t regime in ¢, A= — 0.1 and T'kg/t is decreasing with |U|/t. All results were obtained with
exact diagonalization for N, = 3, L =15 with the temperature Tkg/t ranging from 0.01 to 0.08. Note that in the lower left insets only a few data points are

displayed to enhance the readability of the figure.

characteristic hole is displayed. Due to the reduced coherence, no
holes have been found in TOF for bound states (see exponential
decay of correlations in the Supplementary Note 4)*1:>1:5556,
Nevertheless, current states and the corresponding angular
momentum quantization emerge in the variance o of the width of
the momentum distribution as discrete steps. Here, trions display
three steps in o reflecting the reduced tri-partite periodicity of the
current. For CSF states, we find a characteristic TOF with
decreased density in the centre of the interference pattern. By
analysing, the different colour contributions to the TOF, we

deduced that the images arise as superpositions of the hole cor-
responding to the delocalized weakly coupled species and the
smeared peak corresponding to the bound state of the paired
particles. Such bound states are found to be characterized in TOF
by just two steps in o (reflecting the particle pairing) (Fig. 4).

Conclusions
In this paper, we studied the bound states of attracting three-
component fermions through the frequency of the persistent current
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Fig. 4 Time-of-Flight (TOF) expansion for colour superfluids (CSFs) and trions. a TOF expansion of the CSF configuration. Main (top) panel displays the
TOF expansion, n(k), in arbitrary units for all (each) colours. Interactions are set to |Uag|/t = |Ugcl/t = 0.01 and |Uxcl/t = 5. b, ¢ Variance of width of the
TOF expansion, g, (¢), against the effective magnetic flux ¢. b shows the CSF configuration and |Uapl/t = |Upcl/t = 0.01 and |Uacl/t =5 for Tks/
t=1{0, 0.01, 0.1}, solid, dotted and dashed lines respectively. The secondary y-axis (red ticks) corresponds to the variance of the paired species (red lines).
¢ shows the trionic configuration at |U|/t =5 for different Tkg/t. Insets next to the curves in b show the momentum distribution ny(k,, k,) at ¢ =1 of each
component while in ¢ we only show one colour due to SU(3) symmetry. Note that a colour bar was omitted from a as the values of the momentum
distribution are displayed on the z-axis. Furthermore, the insets in b, € convey a qualitative description of the momentum distribution, with yellow (black)
indicating a maximum (minimum) in the momentum distribution. The presented results are done for N, =3, L =10 using exact diagonalization.

I(¢) both at zero and finite temperature. To this end, we apply a
combination of Bethe ansatz and numerical methods that, especially
for the finite temperature results, are among the very few non-
perturbative approaches that can be applied to our system. Our
analysis hinges on the fact that the effective flux quantum, defined by
the frequency of I(¢) provides information on the nature of the
particles involved in I(¢)*37-3843. For our specific system of attractive
SU(3) fermions, such a frequency indicates that three-colour bound
states are formed, irrespective of the number of particles. This N=3
case is the general feature we find for SU(N) attracting fermions
whose bound states are formed by N particles; in contrast to repulsive
fermions and attractive bosons in which the frequency is fixed by the
number of particles. Our analysis can clearly distinguish between
trions and CSFs: the first are characterized by the persistent currents
of the three species displaying a periodicity that is increasingly
reduced by interaction until reaching 1/3 of the original periodicity
(for large interaction); CSFs, instead, result in persistent currents
having two different periodicities for the different species (Fig. 1).

Finite temperature T induces specific changes in the persistent
current frequency. We analysed the interplay between interaction and
thermal fluctuations quantitatively and obtained specific laws
describing it. For mild interactions, the frequency of I(¢) changes as
result of the population of the scattering states. Indeed, we observe
that the phenomenon occurs as a crossover from a colourless bound
state to coloured multiplets, governed by the ratio U/T without an
explicit SU(3) breaking (Figs. 2 and Fig. 3a). Although specific non-
perturbative effects near the QCD transition are missed by our
analogue system (such as string breaking and colour charge screen-
ing), the bound states’ deconfinement in this regime displays simi-
larities with the Quark-Gluon plasma formation at large T and small
baryonic density’”. Moreover, the introduction of a chemical
potential, i, could permit us to study of the “critical line" in the T-u
plane, in analogy with QCD at finite temperature and density, related
with relativistic, but lower energy, heavy ion collisions and with the
equation of state in the neutron stars core®®>°, However this aspect
requires a dedicated forthcoming analysis. For stronger attraction, the
system defines a gas of bound states separated from the scattering
states by a finite energy gap. In this regime, a ‘single particle’ thermal
persistent current arises from the combination of the frequencies
characterizing the different energy levels in the bound state sub-band
(Fig. 3c). In the cross-over region between the scattering-states
dominated and the gas of bound states, the change of the frequency
of I(¢) takes place with an identical functional dependence on U and
T (Fig. 3). For increasing interaction, the bound states’ sub-band gets
tighter and, therefore the temperature is increasingly relevant to wash
out the fractionalization of the persistent current’s periodicity.

The suggested implementation of our work is provided by cold
atoms. Thus, we studied the time-of-flight images of the system
obtained by releasing the cold atoms from the trap (Fig. 4). Addi-
tionally, we point out that recent advancements in the platform of
programmable tweezers have paved the way to experimentally realize
fermionic ring lattices®". This way, we believe that most of the pre-
sented results can be tested experimentally within the current cold
atoms quantum technology infrastructure.

To conclude, we briefly comment on the phenomenon of three-
body losses. In principle, these losses can be due to the presence of
Efimov states®!. However, we note that, unless specifically tuned,
Efimov states occur as excited states®?, and as such they are not
expected to impact the nature of the ground-state. Although, the
formation of a stable three-component Fermi gas has been experi-
mentally realized®3, experimental studies of three-body losses in one-
dimensional SU(3) fermions are still lacking. In the case of spinless
and SU(2) fermions, three-body losses are suppressed on account of
the Pauli exclusion principle. However, the exclusion statistics of
SU(3) fermions could allow the possibility of three-body recombi-
nation. In the case of bosonic systems, this phenomenon is sup-
pressed in one-dimensional systems and thus by employing a similar
logic, we expect a similar behaviour occurs in our system®1:6264,
Whilst there is not a general consensus on the explanation, the
theoretical analysis on bosonic systems indicates that the char-
acteristic increase in the 1D scattering length® may result in a lower
probability of forming resonant bound states®®.

Methods

The method employed utilizes a combination of numerical methods such as
exact diagonalization and DMRG®7:%8, as well as Bethe ansatz results whenever
possible, in order to identify and characterize the bound states of SU(3) fer-
mions, for systems with an equal number of particles N, per colour. In parti-
cular, the zero temperature properties are addressed through DMRG; finite
temperature results are obtained through exact diagonalization. As was already
pointed out, the model is Bethe ansatz integrable in the case of certain para-
meters and filling fractions. Such constraints make the finite temperature ana-
lysis out of reach of Bethe ansatz.

Data availability
The data supporting the findings in this study are available from the corresponding
author upon reasonable request.

Code availability
The codes utilized in this study are available from the corresponding author upon
reasonable request.
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