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Spin operator, Bell nonlocality and Tsirelson bound
in quantum-gravity induced minimal-length
quantum mechanics
Pasquale Bosso1,2,3, Luciano Petruzziello 2,3,4, Fabian Wagner2,5 & Fabrizio Illuminati 2,3✉

Different approaches to quantum gravity converge in predicting the existence of a minimal

scale of length. This raises the fundamental question as to whether and how an intrinsic limit

to spatial resolution can affect quantum mechanical observables associated to internal

degrees of freedom. We answer this question in general terms by showing that the spin

operator acquires a momentum-dependent contribution in quantum mechanics equipped

with a minimal length. Among other consequences, this modification induces a form of

quantum nonlocality stronger than the one arising in ordinary quantum mechanics. In par-

ticular, we show that violations of the Bell inequality can exceed the maximum value allowed

in ordinary quantum mechanics, the so-called Tsirelson bound, by a positive-valued function

of the momentum operator. We introduce possible experimental settings based on neutron

interferometry and quantum contextuality, and we provide preliminary estimates on the

values of the physical parameters needed for actual laboratory implementations.
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The development of a coherent and self–consistent theory of
quantum gravity appears as one of the most ambitious and
controversial research goals in contemporary physics.

Despite the existence of promising candidate theories, progress in
their development and assessment is hampered by the difficulty of
probing genuine signatures of quantum gravitational effects at the
scales of energy, length and time required in laboratory tests or in
astrophysical observations.

In this context, much effort has been devoted to the con-
struction of physically motivated effective models with the aim of
identifying, quantifying and ideally testing specific features
expected to emerge in the regime where quantum and gravita-
tional effects can be simultaneously relevant1. A significant
number of such models imply the existence of a minimal mea-
surable length, thus forbidding the possibility of localizing
quantum systems with arbitrary precision2–11. On the other hand,
a theme of central interest that has stimulated an intense and
ongoing debate concerns the relations between quantum gravity
and the defining properties of quantum entanglement and
quantum nonlocality, since specific aspects of the latter might
provide indirect evidence of the former12–17.

Given this framework, we analyze how the existence of a
minimal length affects the structure of quantum mechanical
observables and nonlocal quantum correlations when moving
from the high-energy regimes to non-relativistic quantum
mechanics. In so doing, we show that in minimal-length quantum
mechanics (MLQM) the internal degrees of freedom are modified
by acquiring a functional dependence on the motional ones. In
turn, this generalization significantly impacts quantum non-
locality and Bell’s theorem of ordinary quantum mechanics
(QM)18–20. In particular, we find that the Tsirelson upper bound
to the violation of Bell inequalities in ordinary QM21–25 is
enhanced in MLQM by a positive multiplicative function of the
motional degrees of freedom, thereby yielding a form of quantum
nonlocality stronger than in ordinary QM.

In principle, such a quantitative prediction is experimentally
testable and could be exploited to prove or disprove the existence
of a minimal scale of length. Moreover, since the generalized
quantum mechanical observables and quantum nonlocal corre-
lations depend on the model of choice, they give rise to different
modifications of the Tsirelson bound, thus potentially allowing
for the comparison and discrimination of distinct approaches to
quantum gravity.

In order to provide some first rudimentary estimates on the
possible experimental verification of these effects, we have sup-
plemented the theoretical discussion with the description of a
table-top laboratory test involving neutron interferometry26 and
quantum contextuality27. According to the latter, for any realistic
hidden variable theory, all observables associated to a given sys-
tem (belonging to both commuting and non-commuting sets)
have preexisting, definite values that do not depend on the choice
of the quantities being measured. Therefore, this notion heavily
relies on the assumption of realism already discussed in the ori-
ginal formulation of Bell’s theorem18; on the other hand, it does
not require the locality axiom, thus making Bell nonlocality a
special case in the broader arena of quantum contextuality. By
virtue of this generality, one can devise an experiment measuring
the correlations between the distinct degrees of freedom of a
single system (in our case, the neutron), thus avoiding the much
more laborious preparation of a multipartite initial state28.

Results
Deformed commutation relations and generalized uncertainty
principle. Assuming the existence of a minimal length, in the
non-relativistic limit several phenomenological models of

quantum gravity reduce to ordinary quantum mechanics with
deformed canonical commutation relations (DCCRs) and, cor-
respondingly, a generalized uncertainty principle (GUP).

A physically and mathematically consistent starting point is the
Robertson–Schrödinger prescription for non-commuting
observables29,30, which allows to infer modifications of the
Heisenberg algebra from an uncertainty relation featuring a
minimal scale of length31–47. In particular, concerning the most
general scheme that includes coordinate commutativity, isotropy
and rotational invariance, it can be shown that the physical phase-
space variables satisfy the algebra32,48

x̂i; x̂j
� � ¼ ½π̂i; π̂j� ¼ 0; ð1aÞ

½x̂i; π̂j� ¼ i f π̂2
� �

δij þ g π̂2� � π̂iπ̂j

π̂2

" #
; ð1bÞ

with f and g being two arbitrary, analytic, dimensionless functions
and where π̂2 � δijπ̂iπ̂j (here and in the following, unless
otherwise stated, the use of natural units is understood
throughout). Verification of the only nontrivial Jacobi identity

x̂i; x̂j; π̂k

� �� �þ cycl: perm: ¼ 0

constrains the above functions to satisfy the relation

g ¼ 2 log f
� �0

π̂2

1� 2 log f
� �0

π̂2 f ; ð2Þ

where the prime denotes derivation with respect to π̂2. This
condition is consistent with the requirement of spatial commu-
tativity only if

2ðlog f Þ0π̂2 < 1; 8 π̂2: ð3Þ
A comment is in order here: coordinate non-commutativity and
minimal length are in principle two independent aspects. Distinct
models may feature minimal length and no coordinate non-
commutativity, no minimal length and coordinate non-commu-
tativity, or both minimal length and coordinate non-
commutativity at the same time. The first and the third type of
models can be directly implemented by either fulfilling or
violating the identity (2), respectively. To mention a simple
example of the second kind, one can consider the set of
commutators ½x̂i; x̂j� ¼ iθij with θij constants and ½x̂i; p̂j� ¼ iδij.
Such a scheme evidently does not predict any minimal length, but
does encompass spatial non-commutativity.

Now, in order to define proper observables associated to the
internal degrees of freedom (such as the spin) and the
corresponding notion of nonlocality in a MLQM equipped with
DCCRs and a GUP, we need to verify that the classical limit of
such extended quantum mechanics coincides with the one of
ordinary quantum mechanics, so as to guarantee the possibility of
local hidden variable theories and the validity of Bell inequalities
in both settings. The classical limit of effective schemes
encompassing DCCRs and a GUP leads to standard, unmodified
Poisson brackets at the perturbative level of small corrections to
the canonical commutation relations49. Here, the same result
applies to the general case of corrections behaving as a function
f ðπ̂2Þ of the momentum operator squared.

Since the functions f and g must be dimensionless, their
argument must be made dimensionless by introducing a
characteristic energy scale. Such quantum gravitational threshold
is commonly identified by the Planck mass mp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_ c=GN

p
, with

ℏ being the reduced Planck constant, GN the gravitational
constant and c the speed of light in vacuum, so that the argument
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of the function f is rescaled accordingly

f ¼ f
π̂2

m2
pc

2

 !
: ð4Þ

Ordinary QM is recovered in the low-energy limit, yielding
limπ̂2!0f ¼ 1 and limπ̂2!0g ¼ 0. Due to the functional depen-
dence of Eq. (4), the above limit is equivalent to the formal one
GN→ 0, which amounts to neglect the presence of gravity.
Similarly, a classical dynamical theory (CT) is retrieved in the
formal limit ℏ→ 0. Since in Eq. (4) GN comes in pair with the
inverse of ℏ, the resulting CT is independent of the gravitational
constant. Indeed, for GN→ 0 and ℏ→ 0 simultaneously, the
Poisson brackets stemming from the DCCRs can only either be
divergent/vanishing (two ill-defined scenarios) or exhibit a
constant correction. In the latter case, they are related to the
Poisson brackets of classical mechanics by a canonical transfor-
mation; correspondingly, a well-defined classical limit is necessa-
rily trivial.

The above discussion may be summarized by the following
illustrative diagram:

ð5Þ

which underpins the non-commutativity of the limits GN→ 0
and ℏ→ 0.
After having established the well-defined behavior of the

classical limit, we move to discuss how Eqs. (1a) and (1b) entail
the presence of a minimal scale of length. Recalling the
Robertson–Schrödinger derivation of the uncertainty relation
for two non-commuting observables x̂i and π̂i, namely

Δxi ≥
jh½x̂i; π̂i�ij
2ðΔπiÞ

¼ 1
2Δπi

hf ðπ̂2Þi þ gðπ̂2Þ ðπ̂
iÞ2

π̂2

* +�����
�����; ð6Þ

we note that, depending on the choice of f, the r.h.s. of Eq. (6)
may feature a global minimum, thus implying a nonvanishing
minimal length. We obtain an immediate visualization of this
occurrence by expanding f and g to leading order in π̂2=m2

p in a
generic scheme of MLQM

f ðπ̂2Þ ’ 1þ β
π̂2

m2
p

gðπ̂2Þ ’ 2β
π̂2

m2
p
; ð7Þ

where the dimensionless deformation parameter β characterizes
the specific model considered. Then, for the relevant case β > 0, to
leading order:

hf ðπ̂2Þi þ gðπ̂2Þ ðπ̂
iÞ2

π̂2

* +�����
�����≳ 1þ β

∑jΔπ
jΔπj

m2
p

þ 2β
ðΔπiÞ2
m2

p

�����
�����; ð8Þ

but since ∑jΔπjΔπ
j ≥ ðΔπiÞ2, it follows that

Δxi ≥
1

2Δπi
1þ 3β

Δπi

mp

 !2" #
: ð9Þ

This expression features a global minimum for Δxi ¼
ffiffiffiffiffi
3β

p
=mp,

which encompasses the existence of a limited spatial resolution.
Returning to Eqs. (1a) and (1b) and resorting to the Einstein

convention on repeated indices, we may introduce suitable
auxiliary operators in order to recover the canonical symplectic

structure. We thus define the canonical variables X̂
i
and Π̂

i
as

X̂
i ¼ x̂i; Π̂i ¼

π̂i

f
; ð10Þ

which satisfy the Heisenberg algebra

½X̂i
; X̂

j� ¼ ½Π̂i; Π̂j� ¼ 0; ½X̂i
; Π̂j� ¼ iδij: ð11Þ

The construction of canonical and physical operators extends to
angular momentum50. In the context of a modified quantum
mechanics with DCCRs, the physical orbital angular momentum
operator is defined as l̂i � ϵijkx̂

jπ̂k. This operator satisfies the
deformed algebra

½̂li; l̂j� ¼ iεijkl̂
k
f π̂2� �

: ð12Þ

The ordinary SO(3) algebra is recovered by introducing the
canonical angular momentum operator

L̂i ¼
l̂i
f
: ð13Þ

Note that, since π̂2 is the Casimir invariant of the algebra, there is
no operator ordering ambiguity. These considerations suggest an
analogous reformulation of the intrinsic angular momentum
in MLQM.

Spin operator in the presence of a minimal scale of length. Let
us consider a spinor field interacting with a classical magnetic
field. In momentum space, the Dirac equation describing a rela-
tivistic spin-1/2 particle reads

i∂tψ ¼ γiπ̂i þ γ0m
� �

ψ; ð14Þ
with the gamma matrices in the Dirac representation

γi ¼ 0 σ i

σ i 0

� 	
; γ0 ¼ 1 0

0 �1

� 	
: ð15Þ

In order to account for an external magnetic field such that
Aμ= (0, Ai)51 and by means of the minimal coupling prescrip-
tion, the physical momenta in Eq. (14) are replaced by the
operators p̂i ¼ π̂i � eAi that preserve the U(1) gauge invariance.
This transformation modifies the underlying gauge symmetry in
such a way that the theory remains invariant under the modified
gauge transformations.

Splitting the spinor field into its particle/antiparticle compo-
nents ψ= (φ, χ), we can consider the non-relativistic limit by
singling out a mass-dependent phase ψ→ e−imtψ and employing
the non-relativistic limit ∣mψ∣ ≫ ∣∂tψ∣. Within this framework, the
generalized Schrödinger equation governing the dynamics of the
particle wave function φ in MLQM reads

i∂tφ ¼
σ ip̂iσ

jp̂j
2m

φ: ð16Þ

Upon introducing the magnetic field Bi= ϵijk∂jAk along with the
spin operator Ŝi ¼ σ i=2; we obtain that, up to OðeÞ, the effective
state vector dynamics in MLQM reads

i∂tφ ¼ f 2

2m
Π̂

2 � ef L̂i þ 2Ŝi
� �

Bi


 �
φ ¼ π̂2

2m
� eð̂li þ 2̂siÞBi


 �
φ;

ð17Þ
where we have defined the deformed spin operator as ŝi � f Ŝi: It
is worth observing that, when written in terms of the physical
operators, no correction proportional to f appears in the
dynamical equation.

In light of the above, the physical intrinsic and orbital angular
momentum operators that the external magnetic field couples to
are, respectively, ŝi and l̂i. Consequently, the deformation of the
spin algebra coincides with the deformation of the orbital angular
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momentum algebra (12), namely

½̂si; ŝj� ¼ i_εijkŝ
kf π̂2
� �

: ð18Þ
This observation implies that expectation values of spin-
dependent observables on any quantum state must account for
the presence of the momentum operator. Therefore, given a
quantum state that is a tensor product of spin- and momentum-
dependent components, i.e.: Ψj i ¼ ψs

�� �� ψπ

�� �
, we have that in

MLQM

ŝi Ψj i ¼ Ŝi ψs

�� �� f ðπ̂2Þ ψπ

�� �
; ð19Þ

which yields

hŝii ¼ h f ðπ̂2ÞjhiŜii: ð20Þ

Quantum nonlocality and Tsirelson bound. A most funda-
mental question arising in MLQM concerns how momentum-
dependent state expectations of the form of Eq. (20) modify
quantum nonlocality as ruled by Bell’s theorem18–20.

In the standard framework of Bell nonlocality, two parties, A
and B, perform causally separated experiments on a bipartite
system. Let Â and B̂ denote two dichotomous observables
associated with party A and party B, ða; a0Þ and ðb; b0Þ two sets of
different experimental settings associated with party A and party
B, respectively, and C( ⋅ , ⋅ ) the correlation functions between
outcomes corresponding to the four available experimental
configurations. Within a local hidden variable theory, a suitable
combination S of such correlations must be bounded according
to the following Clauser-Horne-Shimony-Holt (CHSH)
inequality52:

S ¼ C a; bð Þ � C a; b0
� �þ C a0; bð Þ þ C a0; b0

� ��� ��≤ 2: ð21Þ
In the context of ordinary QM one has Cða; bÞ ¼ hÂðaÞB̂ðbÞi (and
analogously for the remaining correlations) and the inequality Eq.
(21) is violated. Remarkably, although the highest possible,
absolute algebraic value for S is Smax ¼ 4, within QM the
maximum achievable value is Smax

QM ¼ 2
ffiffiffi
2

p
, the so-called

Tsirelson bound, as it was proved for the first time by
Tsirelson21,22. This bound places a strong limit to the degree of
nonlocality featured by standard QM.

Let us now consider an experimental realization involving two
spin-1/2 observables. We can choose any one of the four
maximally entangled, two-qubit Bell states as the initial state, for
instance Ψj i ¼ ð 0; 1j i � 1; 0j iÞ= ffiffiffi

2
p

. Next, consider the four
dichotomous observables

ÂðaÞ ¼ Ŝz � 1; Âða0Þ ¼ Ŝx � 1; ð22Þ

B̂ðbÞ ¼ � 1� Ŝz þ Ŝx
� �
ffiffiffi
2

p ; B̂ðb0Þ ¼ 1� Ŝz � Ŝx
� �
ffiffiffi
2

p : ð23Þ

With this choice, one finds that S saturates exactly the Tsirelson
bound 2

ffiffiffi
2

p
, thereby realizing the largest degree of nonlocal

correlation achievable within standard QM and showing that
maximal entanglement is equivalent to maximal Bell nonlocality
on pure states. Various physical principles have been invoked to
justify the existence of such a strict upper limit to nonlocal
quantum mechanical correlations between spatially separated
events in ordinary QM23–25.

In the framework of MLQM, the basic structure of quantum
nonlocality stands firm; in particular, Bell’s theorem and the
CHSH inequality of standard QM continue to hold unmodified
by virtue of the non-commutativity of the classical and non-
gravitational limits, as summarized in (5). On the other hand,
Tsirelson bound must be generalized, as the spin correlation

functions in CHSH-type experiments become momentum-
dependent. Indeed, by virtue of Eq. (20) and upon
replacing the canonical spin operators with the physical
ones ðŜx; ŜzÞ ! ð̂sx; ŝzÞ in Eqs. (22) and (23), one has
Cða; bÞ ¼ hf 2ðπ̂2ÞjihÂðaÞB̂ðbÞi, and similarly for the other correla-
tions. Therefore, after some algebra, one finds:

Smax
MLQM ¼ hf 2 π̂2

� �iSmax

QM ¼ 2
ffiffiffi
2

p
hf 2 π̂2
� �i: ð24Þ

Equation (24) shows that non-relativistic MLQM derived from
effective, low-energy models of quantum gravity features nonlocal
quantum correlations that are stronger than the ones holding in
standard, non-relativistic QM without minimal-length induced
deformations. We might speculate that the modified Tsirelson
bound Smax

MLQM might saturate the absolute algebraic limit of
Smax ¼ 4 as one approaches the Planck regime; however, the
question must remain open, since the validity of the existing low-
energy effective models of quantum gravity breaks down at the
Planck scale. Furthermore, it is likely that in the context of
MLQM the very definition of the absolute algebraic limit might
need to be generalized accordingly.

Given the above words of caution, we can provide some explicit
(albeit very preliminary and extremely conservative) estimates of
the correcting factor f ðπ̂2Þ in Eq. (24) for two relevant classes of
model that can be found in the literature. Let us first consider the
linear correction deduced from models of the Doubly Special
Relativity type53,54:

hf 2ðπ̂2Þi ’ 1þ 2β‘
h
ffiffiffiffiffi
π̂2

p
i

mp
¼ 1þ β‘

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2MEkin

p
mp

; ð25Þ

where M is the particle mass, Ekin the kinetic energy, and βℓ the
linear deformation parameter which, in a worst-case scenario, is
typically considered to be of order unity, i.e., β‘ � Oð1Þ. It is
worth stressing that the above scheme predicts not only the
existence of a minimal length, but also the presence of a maximal
momentum. However, one can prove that the framework
introduced so far can be extended to arbitrary deformations of
standard quantum mechanics that account for minimal/maximal
length and/or minimal/maximal momentum.

Now, assuming for instance a CHSH-type experiment
performed on systems of muons of mass M � Oð10�1Þ GeV
and kinetic energy scales Ekin � Oð10�2Þ GeV, well within the
non-relativistic regime, we find for the relative correction ratio in
orders of magnitude

ΔS ¼ Smax
MLQM � Smax

QM

Smax
QM

� Oð10�20Þ: ð26Þ

On the other hand, if we consider a string-induced MLQM, we
have

hf 2ðπ̂2Þi ’ 1þ 2βq
hπ̂2i
m2

p
: ð27Þ

Assuming again a worst-case scenario for the deformation
parameter, i.e. βq � Oð1Þ; the relative correction is
ΔS � Oð10�40Þ. Obviously, considering larger values of the
deformation parameter and higher energy scales approaching
relativistic regimes leads in all cases to significantly larger
corrections.

Experiments: interferometry and contextuality. The above
crude numerical estimates can be put in perspective by con-
sidering realistic scenarios involving neutron interferometry26

and quantum contextuality27. Taking the neutron as the physical
system of choice realizes an optimal compromise in order to
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realize the most convenient experimental conditions for spin
measurements with the accuracy required to test quantum gravity
effects. In fact, the phenomenology of quantum gravity suffers
from an unfavorable feature when composite systems are taken
into account55,56. Indeed, minimal-length effects decrease with
increasing number of constituents; this degradation typically
scales with 1/Nα, with α= 2 when quasi-rigid motion is
assumed56, while various experimental bounds on its range of
definition are also available57,58. On the other hand, using
charged spin-1/2 elementary particles with N= 1 poses sig-
nificant challenges in the realization of Bell-like experiments;
therefore neutrons, being made of only three constituents,
represent the best choice also in view of the fact that neutron
interferometry is a well-established and advanced field experi-
mental physical technology. Additionally, neutron interferometry
has evolved into a standard method of experimentation within
the phenomenology of quantum mechanics, especially quantum
contextuality28,59–61, as the interferometric manipulation of
coherent neutron beams readily allows for the creation of non-
classical correlations between distinct degrees of freedom. This
trait turns out to be particularly useful, as it is significantly easier
to prepare and control a single system in an initial state featuring
entangled degrees of freedom rather than two or more initially
entangled parties which are then spatially separated and analyzed
independently, as in standard Bell-type experiments.

In light of the above, let us consider an experimental setting in
which the internal and motional degrees of freedom of a neutron
are initially correlated; to this aim, we consider the following
laboratory setup59–61, whose scheme is sketched in Fig. 1. A
neutron beam is polarized in the z-direction while it propagates
along the y-direction. By means of a π/2 flipper, the polarization
of the beam is oriented along the x-direction. Then, the initial
state can be viewed as a linear superposition in the spin z-basis

ψin

�� � ¼ "
�� �þ #

�� �ffiffiffi
2

p � g
�� �; ð28Þ

where g
�� � denotes the path state associated to the distance which

is traveled by both "
�� � and #

�� � (see the green trajectory of Fig. 1).
Subsequently, the neutron beam passes through two magnetic

Wollaston prisms (MWPs), which are capable of separating the
upper from the lower components of the spin state, allowing
them to travel distinct paths separated by a definite distance
δ, called entanglement length. The MWP is a cubic device divided

into two triangular regions whose upper and lower faces are made
up of superconducting coils. With these, it is possible to induce a
strong magnetic field B in each region. To achieve the splitting of
"
�� � and #

�� �, two antiparallel magnetic fields need to be created in
the MWP, so as to give rise to a sharply localized field
discontinuity at the interface. Such a discontinuity can be
modeled by a quantum mechanical potential step, thereby
explaining the bifurcation of the initial path. After this process,
the state ψin

�� �
has evolved into

ψ1

�� � ¼ "; r
�� �þ #; b

�� �
ffiffiffi
2

p ; ð29Þ

where "; r
�� �þ #; b

�� � � "
�� �� rj i þ #

�� �� bj i, with rj i and bj i
denoting the states associated with the red and the blue path,
respectively (see Fig. 1). Next, by letting the neutron beam pass
through a spin phase coil and a quartz crystal, a relative phase
shift between the states of ψ1

�� �
can be introduced, namely

ψ2

�� � ¼ "; r
�� �þ eiðαþχÞ #; b

�� �
ffiffiffi
2

p ; ð30Þ

where α is the relative phase for the spin and χ the one for the
path. Subsequently, the beam goes through another pair of
MWPs, which this time acts as a disentangler, thereby modifying
the state ψ2

�� �
into

ψ3

�� � ¼ "
�� �þ eiðαþχÞ #

�� �ffiffiffi
2

p � g
�� �: ð31Þ

Finally, the neutrons come across another π/2 spin-turner before
entering the polarization analyzer and the detector. One can then
reconstruct the CHSH-like contextual witness S0 from the
number N(α, χ) of neutrons detected for given phase shifts α
and χ. Indeed, in line with Eq. (21), the quantity S0 is written as

S0 ¼ Eðα1; χ1Þ þ Eðα1; χ2Þ þ Eðα2; χ1Þ � Eðα2; χ2Þ
�� ��; ð32Þ

where the expectation value E(α, χ) is defined as

Eðα; χÞ ¼ ψin

 ��σ̂sασ̂pχ ψin

�� �
; σ̂sα ¼ 2 Ŝx cos αþ Ŝy sin α

� �
;

σ̂pχ ¼ σ̂px cos χ þ σ̂py sin χ:

ð33Þ
It is worth stressing that, whilst Ŝi are correctly identified with the
spin observables since they are defined on the spin Hilbert space,

Fig. 1 Scheme of the proposed experimental setting. A beam of polarized neutrons passes through two MWPs to entangle spin states with path degrees
of freedom. Before reverting the system to its initial condition with other two MWPs to allow for the detection process, the beam travels through a spin coil
and a crystal to let the superposed states acquire a relative phase. Such phases modulate the different detector settings with which it is possible to define a
CHSH-like inequality.
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the operators σ̂pi act on the path states, thus exhibiting no
connection at all with spins.

The expectation values can now be recast in the following
form28:

Eðα; χÞ ¼ Nðα; χÞ � Nðα; χ þ πÞ � Nðαþ π; χÞ þ Nðαþ π; χ þ πÞ
Nðα; χÞ þ Nðα; χ þ πÞ þ Nðαþ π; χÞ þ Nðαþ π; χ þ πÞ :

ð34Þ
Bearing this in mind, we observe that, just like in the CHSH
scenario, the inequality S0 ≤ 2 must hold in order to preserve a
classical behavior. In fact, by selecting precisely α1= 0, α2= π/2,
χ1=−π/4 and χ2= π/4, one obtains S0 ¼ 2

ffiffiffi
2

p
, i.e. the maximal

violation of the CHSH inequality that saturates the
Tsirelson bound.

On the other hand, the numerical values obtained in concrete
laboratory tests are slightly lower than the theoretically predicted
ones. This mismatch is prominently due to the overall dephasing/
depolarization experienced by the neutron beam while passing
through the spin flippers28. As a result, the maximum achievable
violation turns out to be S0max

QM ’ 2:20, while the classical
behavior is lost as soon as S0>1:5660. Several experiments have
achieved the largest possible value S0max

QM with a precision of a part
in a hundred28,59–61.

As shown in the previous section, upon replacing the canonical
spins Ŝi with the physical ones ŝi, the quantum gravitational
correction to the standard quantity S0max

QM reads

S0max
MLQM ¼ hf ðπ̂2ÞiS0max

QM : ð35Þ
Note that the function f ðπ̂2Þ is not squared, since in Eq. (33) the
expectation value is taken on single spin operators rather than on
the product of two of them as in Eq. (24). Clearly, the effect
predicted by the MLQM-induced modification of the spin is too
tiny to be detected within the current experimental limits.

Yet, the experimental framework that we have described above
allows to extract meaningful information, as one can in principle
infer an upper bound for the deformation parameter appearing in
Eqs. (25) and (27). In particular, for neutrons of mass M � Oð1Þ
GeV and kinetic energy Ekin � Oð10�2Þ GeV, the upper bounds
for βℓ and βq are

β‘ ≲ 1019; βq ≲ 1040: ð36Þ
This result yields one of the finest set of bounds available for non-
gravitational experiments with non-elementary particles62,63.

Conclusions
In this work, we have discussed how the existence of a minimal
scale of length predicted by models of quantum gravity implies a
momentum-dependent modification of the internal degrees of
freedom, and thus a minimal-length induced modification of
non-relativistic quantum mechanics. We have explored the con-
sequences of this quantum-gravity induced deformation of
ordinary quantum mechanics on Bell’s theorem and quantum
nonlocality. We have found that the Tsirelson bound on the
violation of the CHSH inequalities that holds in ordinary quan-
tum mechanics is exceeded in minimal-length quantum
mechanics, thus leading to stronger forms of quantum non-
locality. In addition, we have investigated an experimental setting
based on neutron interferometry in order to probe the tiny effects
implied by the existence of a minimal length on ordinary quan-
tum processes in non-relativistic regimes.

In the present context, we emphasize that the modification of
the canonical commutation relation between the position and
momentum operators does not contradict any fundamental
axiom of quantum theory. Therefore, our main result as

expressed by Eq. (24) represents a generalization rather than a
violation of the Tsirelson bound because it provides a prescrip-
tion to account for the true physical observables in the presence
of quantum gravitational effects.

Our results seem to suggest that the existence of a minimal length
might be at odds with one or more of the principles that justify the
very existence of the Tsirelson bound in quantum mechanics23–25.
This conundrum has no apparently obvious resolution: either the
axioms of no-advantage for nonlocal computation postulate23,
information causality24 and macroscopic locality25 are amenable to
further generalizations, or they might be intimately related to the
structure of ordinary quantum mechanics with no minimal length.
In the latter instance, the maximum degree of nonlocality allowed
by standard quantum mechanics, as quantified by the Tsirelson
bound, would be only a lowest-order approximation to stronger
forms of nonlocality featured by more general theories, corre-
sponding perhaps to non-separable Hilbert spaces or even more
exotic structures of physical states.

Further in-depth investigations will be needed in order to
clarify the basic tenets of nonlocality in physics and in particular
the relation between quantum nonlocality and quantum gravity
phenomenology encompassing the existence of a minimal scale of
length.
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