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Engineering non-Hermitian skin effect with band
topology in ultracold gases
Lihong Zhou1, Haowei Li2,3, Wei Yi 2,3✉ & Xiaoling Cui 1,4✉

Non-Hermitian skin effect(NHSE) describes a unique non-Hermitian phenomenon that all

eigen-modes are localized near the boundary, and has profound impact on a wide range of

bulk properties. In particular, topological systems with NHSE have stimulated extensive

research interests recently, given the fresh theoretical and experimental challenges therein.

Here we propose a readily implementable scheme for achieving NHSE with band topology in

ultracold gases. Specifically, the scheme realizes the one-dimensional optical Raman lattice

with two types of spin-orbit coupling (SOC) and an additional laser-induced dissipation. By

tuning the dissipation and the SOC strengths, NHSE and band topology can be individually

controlled such that they can coexist in a considerable parameter regime. To identify the

topological phase in the presence of NHSE, we have restored the bulk-boundary corre-

spondence by invoking the non-Bloch band theory, and discussed the dynamic signals for

detection. Our work serves as a guideline for engineering topological lattices with NHSE in

the highly tunable environment of cold atoms, paving the way for future studies of exotic non-

Hermitian physics in a genuine quantum many-body setting.
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Open quantum systems undergoing particle or energy loss
can be effectively described by non-Hermitian Hamilto-
nians. They exhibit intriguing non-Hermitian phenom-

ena that are absent in their Hermitian counterparts and have thus
attracted significant attention in recent years1,2. An outstanding
example here is the non-Hermitian skin effect (NHSE)3–20, under
which all bulk eigenstates are localized near the boundary. While
NHSE is topologically protected by the winding of eigen-
spectrum in the complex energy plane12,13, the spectrum itself
is sensitive to the actual boundary condition. For instance, both
the eigen-spectrum and eigen-wavefunction can be dramatically
different under an open boundary condition (OBC) from those
under a periodic boundary condition (PBC). A remarkable con-
sequence is the failure of conventional bulk-boundary corre-
spondence in topological systems with NHSE, whose restoration
calls for the so-called non-Bloch band theory by employing a
generalized Brillouin zone (GBZ)3–6. Apart from the fundamental
impact on band topology, NHSE can strongly influence many
other bulk properties such as the dynamics9,16,21–23, the parity-
time symmetry24,25, and localization26,27.

To date, NHSE has been observed in various non-Hermitian one-
dimensional (1D) topological systems, including photonics28–30,
topoelectrical circuits31, and metamaterials32, wherein the non-Bloch
bulk-boundary correspondence has also been confirmed28,29,31. In
these studies, NHSE is predominantly achieved through non-
reciprocal hopping, by simulating either the Hatano-Nelson model33

or the nonreciprocal Su-Schrieffer-Heeger model3. At the moment,
the study of NHSE deserves a substantial extension to a broader
context. On the one hand, the appearance of NHSE is not limited to
these models. For instance, a simple spin rotation in momentum
space can directly convert the nonreciprocal hopping to on-site
dissipation3,34, under which NHSE persists7,9,14–16. On the other
hand, given the existing experiments are either classical or on the
level of single photons, it is desirable to engineer NHSE in a quantum
many-body setting, which would offer exciting opportunities for
investigating the interplay of NHSEs with many-body statistics and
interactions.

Ultracold atomic gases, with highly controllable parameters,
are an ideal candidate for the task. In this platform, through the
photon-mediated Raman coupling technique, both the 1D and
2D spin-orbit couplings (SOC) have been realized35–43, culmi-
nating in the successful generation of topological bands in optical
lattices42–46. Meanwhile, laser-induced atom loss has enabled the
experimental realization of parity-time symmetry in ultracold
atoms47–49, and a very recent experiment manages to incorporate
the SOC with laser-induced loss in a single setup49.

In light of these achievements, we propose to engineer NHSE with
band topology in ultracold atoms by utilizing the Raman-assisted
SOCs and laser-induced atom loss. Specifically, we consider a one-
dimensional optical Raman lattice with two distinct types of SOCs,
where the nontrivial band topology is facilitated by one type of SOC,
and the NHSE originates from the other, along with the laser-
induced loss. While both types of SOC are indispensable in inducing
the NHSE with nontrivial band topology, they are not a trivial
combination but exhibit a strong interplay effect in this process. We
have mapped out the topological phase diagram, tabulated the
parameter regimes for NHSE and band topology, and proposed the
dynamical detection scheme. As all aspects of our proposal are
readily accessible, our work represents a significant step toward the
observation of NHSEs and the associated exotic phenomena in a
genuine quantum many-body setting.

Results
Model. As illustrated in Fig. 1, we consider a two-component(↑,↓)
atomic gas in a 1D optical lattice (along x), described by the

Hamiltonian H= ∫dxH(x), with

HðxÞ ¼ p2x
2m

� V0 cosð2k0xÞ þM0 sin k0xðeiϕ0σþ þH:c:Þ
þMrðei2krxσþ þ h:c:Þ þ iγσz:

ð1Þ

Here σ±= σx ± iσy, with σα(α= x, y, z) the Pauli matrices, and p2x
2m

is the kinetic term.
The optical Raman lattice42,43,46, characterized by V0 and M0, is

generated by two Raman lasers: a standing wave propagating along
x with the electric-field vector E1x ¼ ez2E1xe

iϕ1þ cosðk0x þ ϕ1�Þ,
where ϕ1 ± ¼ ðϕ1x ±ϕ01xÞ=2, and ϕ1x ðϕ01xÞ is the phase of incident
(reflected) light; and a plane wave propagating along z with
E1z ¼ exE1ze

ik0zþϕ1z . As shown in Fig. 1b, E1x and E1z come from
the same laser source (laser 1) through a beam splitter, enabling
easy manipulation of various relative phases. For instance, the phase
ϕ1−(=− k0L1x) is adjustable through the optical-path L1x from the
sample (gray dot) to mirror M1. By taking ϕ1−=− π/2 and z= 0,
the field E1x generates a lattice potential with spacing a= π/k0 and
lattice sites at xi= ia. E1x, E1z combine to form the SOC that couples
different spins with amplitude M0 sinðk0xÞ and phase
ϕ0= ϕ1+− ϕ1z. The phase ϕ0= k0(L1x− 2L1z) is tunable through
L1x or L1z, with L1z the perpendicular distance (along ẑ between the
mirrors M2,M3 and the sample).

An additional SOC, characterized by Mr and known as the
equal Rashba and Dresslehaus coupling35–39,44,45, is created by
two plane-wave Raman lasers(E2x,E0

2x) with opposite wave-
vectors along x and equal phase. As shown in Fig. 1b, E2x and
E0
2x are both from the laser source 2 (with wave-vector k0) and

intersect at the sample following reflections by two mirrors
M4,M5. By adjusting the angle θ between their propagation
directions and x̂, the recoil momentum in (1) is tunable as
kr ¼ k0 cos θ. Their relative phase can be tuned to zero, as is the
case with (1), by adjusting the optical-path L between the mirrors
and the sample such that 2k0L2ð1þ sin θÞ ¼ 2nπ, with n 2 Z.

To ensure the atomic transitions as illustrated in Fig. 1a and
the zero detuning between different spins, it is required that the
laser-frequency difference between {E1x, E1z}, and that between
fE2x; E

0
2xg, exactly match the Zeeman splitting between ↑ and ↓.

This can be achieved through the acousto-optical modulater
(AOM), which has been widely used for two-photon Raman
processes in cold atoms experiments35,37,40–42,46. Note that we
have not shown AOM explicitly in Fig. 1.

A laser-induced loss term, characterized by γ, is generated by
coupling spin-↓ atom to an excited state that is subsequently lost
from the system due to spontaneous emission47–49. The
conditional dynamics of the system under post-selection are
characterized by the non-Hermitian Hamiltonian (1), after
dropping the global loss term ( ~ iγ).

The tight-binding model corresponding to Eq.(1) is

H ¼� t∑
j

cyj"cjþ1" þ cyj#cjþ1# þ h:c:
� �

þ Ω0 ∑
j
eiϕ0 ð�1Þj cyj"cjþ1# � cyj"cj�1#

� �
þ h:c:

h i
þ Ωr ∑

j
eiϕr jcyj"cj# þ h:c:
� �

þ iγ∑
j

cyj"cj" � cyj#cj#
� �

:

ð2Þ

Here the two SOCs respectively provide the nearest-neighbor and
the on-site spin flip with amplitudes Ω0 and Ωr. We henceforth
denote them as the Ω0- and Ωr-SOC, respectively, along with the
phase parameters ϕ0(= ϕ1+− ϕ1z) and ϕr(= 2πkr/k0). Since all
the parameters in (2) are highly tunable, in this work, we fix the
hopping rate t as the energy unit (t= 1) and take ϕ0, ϕr∈ [0, 2π).

Our scheme is applicable to a wide range of alkali and alkali-
earth(-like) atoms. A promising candidate is 173Yb, where both
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the optical Raman lattice with band topology46 and non-
Hermitian SOC49 have been realized using the Raman-induced
1S0↔ 3P1 transitions. A detailed Raman-transition scheme
corresponding to Fig. 1a for 173Yb can be found in [Supplemen-
tary Note 1].

NHSE and band topology. To provide insight and highlight the
individual role of two SOCs, we consider the following
three cases:

Case-I: Ω0= 0,Ωr ≠ 0
This is the lattice version of the continuum gas with non-

Hermitian SOC, as implemented recently in ref. 49. Here,
following the gauge transformation cj# ! cj#e

�iϕr j, we obtain

the Bloch Hamiltonian HðkÞ ¼ �2t cosðϕr=2Þ cos ~kþ Ωrσx þ
ðiγ� 2t sinðϕr=2Þ sin~kÞσz (with ~k ¼ kþ ϕr=2) and the eigen-
energy

EðIÞ
k± ¼� 2t cosðϕr=2Þ cos ~k

±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2

r þ ðiγ� 2t sinðϕr=2Þ sin ~kÞ
2

q
:

ð3Þ

The eigen-spectrum supports two exceptional points at Ωr= γ,
when ~k ¼ 0; π or ϕr= 0.

Importantly, the system hosts NHSE for ϕr ≠ 0, π, as clearly
indicated by the closed-loop topology12,13 of (3) in the complex
plane. The presence of NHSE leads to distinct spectra under PBC
and OBC, and localized bulk eigen-modes near the OBC
boundary (see Fig. 2a (ii), b (ii)). Nevertheless, this case is trivial
in band topology, since H(k) does not show any spin-winding as k
traverses the Brillouin zone. As a result, the OBC spectrum does
not feature any in-gap topological modes (see Fig. 2a (i), (ii)).

Case-II: Ω0 ≠ 0,Ωr= 0
This is the case with only optical Raman lattice and dissipation.

Following the transformation cj↓→ (−1)jcj↓, the Bloch Hamiltonian
HðkÞ ¼ 2Ω0 sin kðsin ϕ0σx þ cos ϕ0σyÞ þ ðiγ� 2t cos kÞσz , and the
eigen-spectrum is

EðIIÞ
k± ¼ ±

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Ω0 sin k
� �2 þ iγ� 2t cos k

� �2q
: ð4Þ

Clearly, there is no NHSE—the spectrum (4) exhibits no loop

structures in the complex plane. However, H(k) possesses nontrivial
band topology, as further confirmed in Fig. 2a (iii), b (iii) by the
appearance of in-gap zero modes under OBC and their localized
wave functions near boundaries. The topological transition occurs at
γ= 2Ω0 for all ϕ0, when the band gap closes at k= π/2, 3π/2. We
note that the topological phase of a similar model under a real
Zeeman field (iγ→ Γz) and ϕ0= 0 has been studied in ref. 50, where
the topological transition occurs at Γz= 2t.

One can see that the Ωr-SOC and the Ω0-SOC can,
respectively, give rise to NHSE and band topology, as they
respectively lead to spectral and wavefunction windings. In order
to achieve both in a single setting, one needs to incorporate all
essential gradients to satisfy both winding conditions. A natural
contender is by combining both types of SOCs, as well as the on-
site loss.

Case-III: Ω0 ≠ 0,Ωr ≠ 0
When both types of SOCs are switched on, an analytical form of

the eigen-spectrum is generally unavailable. An exception is when
ϕr= π, under which the two SOCs are commensurate, and k is still
a good quantum number. The Bloch Hamiltonian is HðkÞ ¼
ðΩr þ 2Ω0 sinϕ0 sin kÞσx þ 2Ω0 cos ϕ0 sin kσy þ ðiγ� 2t cos kÞσz ,
with the eigen-spectrum

EðIII;ϕr¼πÞ
k± ¼± Ω2

r þ 2Ω0 sin k
� �2 þ 4ΩrΩ0 sinϕ0 sin k

�h
þ iγ� 2t cos k
� �2i1=2

:
ð5Þ

We see immediately that once ϕ0 ≠ 0, π, the spectrum (5) would
form a loop in the complex plane, signifying the presence of
NHSE. Moreover, H(k) in this case keeps a similar spin-winding
pattern as in case-II, and thus the system acquires a band
topology. In particular, when ϕ0= π/2, 3π/2 the system has the
chiral symmetry: σyH(k)σy=−H(k), which protects the degen-
erate topological zero modes. In Fig. 3, we have numerically
verified the coexistent skin and topological properties for ϕr= π
and ϕ0= π/2, from both the different eigen-spectra between PBC
and OBC (Fig. 3a), and the localized bulk state and in-gap zero
modes (Fig. 3b).

The band topology can be conveniently tuned by γ and Ω0,Ωr.
In Fig. 4a (i), we take a specific set of Ω0 and Ωr, and show that by

Fig. 1 Schematics of the experimental setup in generating two types of spin-orbit couplings (SOCs). a Two sets of Raman lasers couple the ground spin
states via electronically excited states (dashed). b Laser configuration and optical-path diagram. The green and orange lines show the propagation
directions of the two sets of lasers in a, and the black arrows indicate their polarizations. L1x, L1z, and L2 are, respectively, the optical paths from the sample
to mirror M1, from the beam splitting to mirror M2, and from the sample to M4 (and M5). The optical lattice potential and the Ω0-SOC are generated by
electric fields (E1x, E1z), and the Ωr-SOC is created by electric fields (E2x; E

0
2x). c The Ω0- and Ωr-SOCs, respectively, generate the nearest-neighbor and the

on-site spin flip with tunable strengths Ω0e
iϕ0 ð�1Þj and Ωre

iϕr j (j is the site index).
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increasing γ to a critical γc, the in-gap zero modes merge into the
bulk and the gap closes and reopens across this critical point. This
signifies a topological transition into the trivial phase. Remark-
ably, γc is different from the gap-closing point of the eigen-
spectrum (5) under PBC, where γc,PBC= ∣Ωr ± 2Ω0∣. This is
exactly the breakdown of conventional bulk-boundary corre-
spondence under NHSE.

To restore the bulk-boundary correspondence, we adopt the
non-Bloch band theory3–6 and compute the winding number W
in the GBZ. As shown in Fig. 4a (ii), W can well predict the
topological transition under OBC: the in-gap zero modes emerge
where W= 1 (γ < γc) and vanish where W= 0 (γ > γc). In fact, γc
can be obtained analytically through the gap-closing condition of
the GBZ spectrum[Methods]. The resulting topological phase
diagram is given in Fig. 4b, where γc is plotted as functions of Ω0

and Ωr for the case of ϕ0= π/2. The ϕ0= 3π/2 case is found to
share the same diagram due to symmetries[Methods].

When (ϕr, ϕ0) deviate from (π, π/2) and (π, 3π/2), the chiral
symmetry is broken, and the topological modes would split and
gradually merge into the bulk. In comparison, NHSE is much
more robust, which can persist for all (ϕr, ϕ0) except for ϕr= 0 and
two discrete points (π, π) and (π, 0)[Supplementary Note 2]. In
Table 1, we summarize the conditions for band topology and
NHSE for cases I–III. The main message is that both SOCs are
indispensable in achieving NHSE and topology simultaneously.
Their combination shows an intriguing interplay effect, instead of
being a trivial superposition. For instance, the application of Ωr-
SOC in case-III changes the topology condition as compared to
case-II, and the Ω0- SOC changes the skin condition as compared

Fig. 2 Non-Hermitian skin effect and band topology for cases I and II. Eigen-spectrum (a (i–iii)) and spatial profile of eigen-modes (b (i–iii)) for case-I and
-II when only one spin-orbit coupling (SOC) is present. Here we take the dissipation strength γ= 0.2, and the other parameters are
(Ω0, ϕ0,Ωr, ϕr)= (0,− , 0.3, π) for a (i), b (i); (0,− , 0.3, π/2) for ((a)ii,(b)ii); (0.5, π/2, 0,− ) for a (iii), b (iii). The non-Hermitian skin effect shows up
only in a (ii), b (ii). a (iii), b (iii) are topological with two in-gap zero modes localized at both boundaries. Here the energy unit is taken as hopping t.

Fig. 3 Coexistence of non-Hermitian skin effect and band topology for
case-III with ϕr= π,ϕ0= π/2, and Ω0= 0.5,Ωr= 0.3, γ= 0.2. a Energy
spectra under periodic boundary condition and open boundary condition in
the complex plane. b Spatial wave functions for the two topological edge
modes and two randomly chosen bulk states. Here the energy unit is taken
as hopping t.

Fig. 4 Topological phase transition for case-III with ϕr= π,ϕ0= π/2. a (i, ii)
The amplitude of spectrum ∣E∣ under open boundary condition (blue) and
the winding number W obtained from ed Brillouin zone as functions of γ.
Here we take Ω0= 0.5,Ωr= 0.3. The topological transition occurs at γc ~ 1,
which differs from the periodic boundary condition predictions
γc,PBC= 0.7, 1.3 (gray arrows). The periodic boundary condition eigen-
spectrum is shown in gray for comparison. b Contour plot of γc in (Ω0,Ωr)
plane (here the color bar represents the value of γc). The energy unit is
taken as hopping t.
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to case-I. In particular, for the latter case, the presence of Ω0-SOC
further broadens the parameter region of observing skin modes,
signifying a positive effect of band topology in enhancing NHSE.

Dynamic detection. To detect the topological phase with NHSE,
we propose an edge-to-edge transport measurement. In the
Hermitian case, the topological edge modes play the dominant
role in such transport 51. However, in the presence of NHSE, the
transport is expected to be significantly modified since all bulk
modes also localize near the edge. To examine such an effect, we
compare two topological systems in our setup, one is Hermitian
at γ= 0, and the other is with NHSE at finite γ. We study the
probability of particle occupation at the β-edge of the system at
time τ, when the initial state starts from the α-edge (α, β= L or R)

PαβðτÞ ¼ β
� ��e�iHτ αj i
�� ��2: ð6Þ

To eliminate the difference caused by spin, we take the initial state
as the equal population of ↑ and ↓ and show its dynamics in Fig. 5. In
the Hermitian case (Fig. 5a), the left-to-right (PLR) and right-to-left
(PRL) transports are identical. As a manifestation of the topological
edge states, the oscillation frequency of PLR (or PRL), as given by the
energy gap between the two edge modes in a finite-size system, is
found to decay exponentially with increasing system size (inset of
Fig. 5a). In the presence of NHSE (Fig. 5b), the transport properties
are dramatically different. Due to the localization of skin modes at
the left boundary, the transport shows a strong directional preference
towards the left side, namely. In this case, the topological edge modes
play little role in affecting the dynamics (inset of Fig. 5b). These
features distinguish the topological phases with and without NHSE.

Optical lattices with sharp boundaries can be implemented
using box-trap potentials52–56, where the spatial extent of an edge
is determined by the optical wavelength ~1 μm (much smaller
than the typical trap length ~10–100 μm). Such a small
imperfection does not visibly change the dynamics in Fig. 5

[Supplementary Note 3]. Even sharper edges (~10 nm) can be
created via the dark state in atomic Λ-system57–59. Alternatively,
without edges, the NHSE can also manifest itself in bulk
dynamics16,21,22. Indeed we have confirmed that NHSE can lead
to visible directional bulk transport under typical harmonic
trapping potentials[Supplementary Note 3].

For the detection of the non-Bloch band topology, one may
further resort to quench dynamics or measurement of the
biorthogonal chiral displacement60,61. Alternatively, topological edge
states may be probed through a time-integrated state tomography28.

Discussion
We have proposed a realistic scheme for utilizing the SOCs and the
spin-dependent dissipation in ultracold atoms to engineer NHSE
with band topology. We emphasize that both SOCs are indispensable
in the scheme. Their mutual interference, along with their interplay
with the on-site dissipation, determines the ultimate parameter
regime for skin modes with nontrivial band topology (Table 1).

For future studies, an intriguing possibility would be tuning ϕr
away from π such that the two SOCs become incommensurate. The
competition between quasiperiodicity and NHSE would potentially
lead to unique localization features26,27. Further generalization of
our scheme to higher dimensions would offer the opportunity for
achieving Weyl exceptional rings62, high-order skin effect, and band
topology featuring corner or hinge modes63–65. Moreover, the
implementation of NHSE in ultracold atoms paves the way for
exploring collective phenomena therein due to interatomic inter-
actions, which are easily tunable through Feshbach resonances. Our
proposal, therefore, ushers in a wide variety of possibilities for the
quantum simulation of non-Hermitian physics.

Methods
Derivation of the tight-binding model. To derive the tight-binding model, we
expand the field operator ψσ(x)=∑iωn=0(x− xi)ciσ, where ωn=0(x) is the lowest-
band Wannier function, and i is the index of lattice sites. In this way, the second-
quantized single-particle Hamiltonian can be reduced to the tight-banding model,
with the following parameters:

(1) the nearest-neighbor hopping term

t ¼ �
Z

dxω0ðxÞ
p2x
2m

� V0 cosð2k0xÞ
	 


ω0ðx � aÞ: ð7Þ

(2) the on-site spin-flip terms

tj"# ¼
Z

dxω�
0ðx � xjÞMre

i2krxω0ðx � xjÞ � eiϕr jΩr ; ð8Þ

tj#" ¼
Z

dxω�
0ðx � xjÞMre

�i2krxω0ðx � xjÞ � e�iϕr jΩr ; ð9Þ

where the amplitude Ωr ¼ Mr

R
dxω2

0ðxÞei2krx , and the corresponding phase
ϕr= 2kra= 2πkr/k0. Note that here we pin down the coordinate of the j-site atom
as xj= ja, with a= π/k0 as the lattice spacing.

(3) the nearest-neighbor spin-flip terms

tj;jþ1
"# ¼

Z
dxω�

0ðx � xjÞðM0 sin k0xe
iϕ0 Þω0ðx � xjþ1Þ

� eiϕ0 �1ð ÞjΩ0;

ð10Þ

tj;j�1
"# ¼

Z
dxω�

0ðx � xjÞðM0 sin k0xe
iϕ0 Þω0ðx � xj�1Þ

� � eiϕ0 �1ð ÞjΩ0;

ð11Þ

Table 1 Conditions for achieving topological phase and non-Hermitian skin effect (NHSE) for various cases.

Topological NHSE Topological+NHSE

Case-I Ω0= 0, Ωr≠ 0 × ϕr≠ 0, π ×
Case-II Ω0≠ 0, Ωr= 0 γ < 2Ω0 × ×
Case-III Ω0≠ 0, Ωr≠ 0 ϕr ¼ π;ϕ0 ¼ π

2 ;
3π
2 and γ < γc ϕr≠ 0 and (ϕr, ϕ0)≠ (π, 0), (π, π) ϕr ¼ π;ϕ0 ¼ π

2 ;
3π
2 and γ < γc

Ω0 and Ωr are, respectively, the nearest-neighbor and the on-site spin-flip amplitudes, γ is the dissipation strength, and ϕr, ϕ0 are the phase parameters. " × " means absence for all occasions.

Fig. 5 Topological transport with and without non-Hermitian skin effect.
Edge-to-edge transport properties for the topological system without (a)
and with (b) non-Hermitian skin effect. We take Ω0= 0.5,Ωr= 0.3, and
γ= 0 (a), 0.2 (b). In the main plots, the system size L= 8. The inset of
b shows the contribution from the topological edge states. Here the energy
unit is hopping t, and the time unit is ℏ/t.
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where the amplitude Ω0 ¼ M0

R
dxω0ðxÞ sin k0xω0ðx � aÞ. Again we have used

xj= ja.
Finally we get the tight-binding model as Eq. (2) in the main text.

Non-Bloch band theory. We have adopted the non-Bloch band theory3–6 to
investigate the topological properties for case-III with non-Hermitian skin effect.
Replacing the vector k by β= eik in the Bloch Hamiltonian, the non-Bloch
Hamiltonian in the spin space can be written as

HðβÞ ¼ iγ� tðβþ β�1Þ Ω� eiϕ0 tsoðβ� β�1Þ
Ωþ e�iϕ0 tsoðβ� β�1Þ �iγþ tðβþ β�1Þ

 !
: ð12Þ

Then the eigenvalues E follow

E2 ¼ iγ� tðβþ β�1Þ� �2þ½Ω� eiϕ0 tsoðβ� β�1Þ�
ðΩþ e�iϕ0 tsoðβ� β�1ÞÞ:

ð13Þ

For a given value of E, the four solutions of β can be organized as
∣β1∣ ≤ ∣β2∣ ≤ ∣β3∣ ≤ ∣β4∣. Imposing the condition ∣β2∣= ∣β3∣ would pin down all β-
solutions for the generalized Brillouin zone (GBZ).

The non-Bloch winding number accumulated in the GBZ is then

W ¼ i
2π

Z
β

∑
ν¼ ±

uνLðβÞ
� ��∂β uνRðβÞ

�� 

; ð14Þ

where the right and left eigenvectors are defined through HðβÞ uνR
�� 
 ¼ Eβν uνR

�� 

and HyðβÞ uνL

�� 
 ¼ E�
βν uνL
�� 


. Note that H(β) satisfies the chiral symmetry σyH(β)
σy=−H(β), for ϕ0= π/2, 3π/2.

Topological phase transition point. The gap-closing condition, indicative of the
topological transition, requires the solution E= 0 of (13), i.e.,

0 ¼½iγc � tðβþ β�1Þ�2 þ ½Ω� eiϕ0 tsoðβ� β�1Þ�
½Ωþ e�iϕ0 tsoðβ� β�1Þ�: ð15Þ

In combination with the continuum band requirement: ∣β1∣ ≤ ∣β2∣= ∣β3∣ ≤ ∣β4∣, we
obtain the relation between γc and Ω0,Ωr. In particular, since the topological zero
modes are protected by the chiral symmetry when ϕ0= π/2, 3π/2, in the following,
we shall discuss the topological transition in these two cases separately.

1. ϕ0= π/2
The solution of γc as a function of Ω0,Ωr can be divided into two regimes

ð1Þ forΩ0 ≤Ω0c : γc ¼ Ωr ; ð16Þ

ð2Þ forΩ0 ≥Ω0c : 2ðtγc þ ΩrΩ0Þ ¼ ðt þΩ0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωr þ γc
� �2 þ 4t2 � 4Ω2

0

q
� ðt �Ω0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωr � γc
� �2 þ 4t2 � 4Ω2

0

q : ð17Þ

Here Ω0c satisfies

ðt þ Ω0cÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2

r þ t2 �Ω2
0c

q
�Ωr

	 

¼ ðt � Ω0cÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 �Ω2

0c

q
: ð18Þ

2. ϕ0= 3π/2
From Eq. (13), we see that the case with ϕ0= 3π/2 can be related to that with

ϕ0= π/2 by the transformation β→ β−1. This means that we can directly utilize the
four β-solutions in ϕ0= π/2 case, i.e., ∣β1∣ ≤ ∣β2∣= ∣β3∣ ≤ ∣β4∣, to obtain the solutions
in the ϕ0= 3π/2 case as ∣β4∣−1 ≤ ∣β3∣−1= ∣β2∣−1 ≤ ∣β1∣−1, without any change of the
spectrum E. Therefore the topological transition points in the two cases should be
identical. We have numerically confirmed that γc has the same dependence on the
parameters Ω0,Ωr as in the case of ϕ0= π/2.

Data availability
The data that support the results of this study are available from the corresponding
author upon reasonable request.
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