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Non-Hermitian skin clusters from strong
interactions
Ruizhe Shen 1 & Ching Hua Lee 1✉

Strong, non-perturbative interactions often lead to new exciting physics, as epitomized by

emergent anyons from the Fractional Quantum hall effect. Within the actively investigated

domain of non-Hermitian physics, we provide a family of states known as non-Hermitian skin

clusters. Taking distinct forms as Vertex, Topological, Interface, Extended and Localized skin

clusters, they generically originate from asymmetric correlated hoppings on a lattice, in the

strongly interacting limit with quenched single-body energetics. Distinct from non-Hermitian

skin modes which accumulate at boundaries, our skin clusters are predominantly translation

invariant particle clusters. As purely interacting phenomena, they fall outside the purview of

generalized Brillouin zone analysis, although our effective lattice formulation provides alter-

native analytic and topological characterization. Non-Hermitian skin clusters originate from

the fragmentation structure of the Hilbert space and may thus be of significant interest in

modern many-body contexts such as the Eigenstate thermalization hypothesis (ETH) and

quantum scars.
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When many-body interactions dominate single-particle
energetics, unexpected physics often emerge1–12. A
classic example is the appearance of anyonic quasi-

particles in Fractional Quantum hall (FQH) systems, whose
emergent statistics cannot be inferred from single-particle Chern
topology alone12–18. Indeed, the effects of strong non-
perturbative interactions are determined by the structure19–24 of
the many-body Hilbert space, not the first-quantized single-par-
ticle description. Lately, research have focused on non-Hermitian
phenomena. Yet, the main avenues of non-Hermiticity—the non-
Hermitian skin effect (NHSE), which in general leads to eigen-
state accumulations along boundaries25–45 and exceptional points
from spectral singularities46–59—are essentially single-particle
mechanisms based on first-quantized notions like non-Bloch
eigenstates and single-particle band structure29,60–66. It is thus
timely to ask if strong interactions can open the door to even
more exotic phenomena. While several works have explored
many-body effects and interactions in non-Hermitian
settings67–69,69–73, interactions have not been the dominant
physical mechanism.

In this work, we report the non-Hermitian skin clusters
[Table 1] in the limit where interactions are much stronger than
single-particle energetics. They are special translation invariant
particle configurations, distinct from known non-Hermitian skin
modes, being shaped by the connectivity structure of the many-
body Hilbert space19–21,74, not the real-space lattice, and do not
even require physical boundaries. They possess features like the
loop gap rather than the existing line gap or point gap. Such
interacting phenomena cannot be understood via the generalized
Brillouin zone (GBZ), which has been highly successful in char-
acterizing conventional skin modes27–30,33,75.

Results and discussion
Emergent topology and non-locality in a minimal unbalanced
two-body hopping model. To understand how non-perturbative
non-Hermitian interactions can lead to skin clusters states, we
introduce a minimal 1D bosonic model purely consisting of
unbalanced two-body correlated hoppings. Single-particle ener-
getics are assumed to have been quenched, analogous to the
scenario of dispersionless Landau levels76–81. Our model contains
the four simplest possible asymmetric two-body hoppings, such
that one particle hops across one site and the other hops across
two sites in the opposite direction: [Fig. 1a]:

H ¼ ∑
L

i
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where ĉi (̂c
y
i ) is the bosonic annihilation (creation) operator at the

i-th site. The non-Hermiticity is controlled by γ; when γ= 0, each
hopping process and its reverse occur with equal probability t1 or
t2, depending on the direction of center-of-mass translation.
Although this Hamiltonian may superficially resemble NHSE
models with asymmetric single-particle hoppings, i.e., the
Hatano-Nelson model26,37, it does not even act on single-particle
states, implying that any skin cluster eigenstate must originate
exclusively from particle-particle interactions.

The many-body Hilbert space of our model can be system-
atically dissected by identifying its various subsectors and how
they are coupled82. We start by observing that each two-boson
sector harbors hidden Z topology associated with 1D chiral
symmetry. To concretely see that, note that two bosons only
interact if they are either on the same site or three sites apart
[Fig. 1a]. Hence, by restricting to only such configurations
[Fig. 1b], we can index the 2-boson subspace as an effective
single-body 1D chain [Fig. 1c] in configuration space. To see that,
we take a two-boson state, ψ(x1, x2), which is identified with
ψ(x2, x1) due to bosonic asymmetry, located at sites x1 and x2 ≥ x1,
and introduce a relabeling Ψ(X(x1, x2)) for the same state, as
given by

Xðx1; x2Þ ¼
2i� 3 if x2 ¼ x1 ¼ i;

2i� 2 if x2 ¼ iþ 2; x1 ¼ i� 1

�
ð2Þ

that captures configurations (x1, x2) acted by H. All other
configurations decouple trivially. As illustrated in Fig. 1c and
elaborated in the “Methods” section, the 2-boson sector reduces
to an effective 1D non-Hermitian Su-Schrieffer-Heeger (SSH)
chain with asymmetric couplings proportional to t1 ± γ and t2 ± γ,
since odd sites physically represent double bosonic occupancy
and even sites represent bosons separated by three physical lattice
spacings. We emphasize that generic models with asymmetric
multi-particle hoppings often also contain variants of generalized
SSH models27,83,84.

The merits of our abovementioned basis relabeling become
evident when we consider three or more particles. Key features of
the many-body Hilbert space structure already emerge in a
3-boson sector. We write a three-boson state as ψ(x1, x2, x3)=
Ψ(X(x1, x2), x3), with permuted particle coordinates understood
to correspond to the same state. A 3-boson sector then becomes a
collection of coupled non-Hermitian SSH chains indexed by x3
[Fig. 1b]. Their effective couplings come in two types: (i) dashed
asymmetric couplings representing physical 2-body couplings
between x3 and x1 or x2, weighted by boson degeneracy factors
such as

ffiffiffiffi
2!

p
;

ffiffiffiffiffiffi
2!2

p
and

ffiffiffiffi
3!

p
, and (ii) solid double arrows

representing pairs of identified sites that correspond to the same
physical site due to bosonic symmetry, i.e. (X(x1, x2), x3) and
(X(x2, x3), x1) for x2= x1+ 3= x3− 3. Also, due to bosonic
symmetry, some asymmetric couplings become effectively non-
local in the resultant lattice. For instance, consider three bosons,
two close together and acted by a local physical interaction, and
the third far away from both. However, due to symmetry under
particle exchange, we have an equivalent description where the
faraway boson is swapped with one of the nearby bosons, such
that the local interaction appears as a non-local effective
interaction.

Skin cluster states and Hilbert space fragmentation. Since
interactions are reduced to ordinary hoppings on the effective
lattice that represents the physically interesting many-body sec-
tor, they can be understood in terms of single-particle concepts.
We show in Fig. 1e, f the Hilbert space connectivity under open
boundary conditions (OBCs) and periodic boundary conditions
(PBCs), for 2-boson and 3-boson subspaces, respectively (see

Table 1 Characterization of non-Hermitian skin clusters. The
7 types of boundary states of our two-boson hopping model
H in Eq.(1), with the 5 types of unconventional states (3–7).

Type of state Location OBC/PBC

1 Topological edge mode Physical boundary OBC
2 Skin edge mode Physical boundary OBC
3 Vertex skin cluster Intersection OBC
4 Topological skin cluster Effective interface OBC
5 Interface skin cluster Effective interface PBC
6 Extended skin cluster Effective interface PBC
7 Localized skin cluster Non-local region PBC

Vertex (3) and Topological (4) skin clusters require both effective and physical boundaries
[Fig. 2a for open boundary conditions (OBCs)]. Interface (5), Extended (6), and Localized (7)
skin clusters are purely due to the effective interface in H [Fig. 3a for periodic boundary
conditions (PBCs)]. Only (1) and (2) have been reported in the literature. The states (3), (4) and
(5) are specific to 3-boson clusters, while states (6) and (7) can exist in generic N > 2-boson
clusters (see Supplementary Note 1 for more details).
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Supplementary Note 2 for that of 4 and 5-boson subspaces).
While the 2-body subspaces simply form 1D chains, as previously
explained, the 3-body spaces decouple into three sectors, each
containing some states that are not easily reached, suggestive of
Hilbert space fragmentation19–22,85–87. For more than two par-
ticles, the Hilbert space connectivity graphs become much more
complicated when going from OBCs to PBCs, much beyond
merely “closing up” chains into loops. This hence hints of more
exotic phenomena besides the conventional NHSE. Indeed, in the
PBC case, there exists a hierarchy of smaller loops that are cou-
pled only at a few selected states. When superimposed onto an
effective lattice structure, these inter-loop couplings correspond
to the previously mentioned effective non-local hoppings.

For concrete analysis of our specific model, we decompose the
effective lattice of Fig. 1c into regions that take different roles in
forming the skin clusters [Fig. 2a for OBCs, 3c for PBCs]. We
shall focus on clusters with N= 3 bosons, and then discuss how
some of them generalizes to generic N number of bosons. There
exists a “non-local” region around x3 ≈ X(x1, x2), which is crossed
by a large number of non-local effective hoppings across several
effective sites (diagonal effective hoppings in Fig. 1c, which hop
across the cyan “non-local” region in Fig. 2a or Fig. 3a). They
arise from physical interactions between a two-boson sector and a
third boson. The background “local” region experiences only
nearest-neighbor SSH-type effective hoppings (white in Figs. 2a
and 3a) from 2-boson processes only. Note that all effective
hoppings originate from the one and only type of interaction
term present in H; the demarcation into “local” and “non-local”

regions reflect the qualitatively different roles of processes
involving different numbers of bosons. Non-local hoppings
across the “non-local” region destroy the periodicity in the
effective lattice, precluding any GBZ description that relates the
distinct OBC and PBC spectra (Figs. 2b and 3b), unlike in non-
interacting models.

Importantly, effective interfaces emerge between the “local”
and “non-local” regions, in addition to physical boundaries at the
edges of the effective lattice, if any. This results in additional
localization behavior beyond topological and skin edge localiza-
tions. We identified seven distinct types of boundary states
[Table 1]. As effective interfaces are induced by particle statistics,
not physical boundaries, our states (Types (3) to (7)) are named
“skin cluster states”. Vertex skin clusters (3) are unique highly
localized states at point intersections (vertices) of effective and
physical boundaries [Fig. 2a], and are elaborated in Supplemen-
tary Note 1. Topological (4), Interface (5), Extended (6), and
Localized (7) skin clusters represent distinct ways by which the
effective interfaces exert topological and skin localization and will
be elaborated below.

The five types of states from (3) to (7) in Table 1 are
distinguished by the location at which they are localized in the
effective space. Under OBCs, there exist “topological skin
clusters” (see the blue mode in Fig. 2), which are mathematically
equivalent to usual topological boundary modes at the physical
boundaries. At the crossing point of the physical and effective
boundary, the localization is further squeezed into highly
localized “vertex skin clusters” represented as the pink mode in

Fig. 1 Representations of models for the Hamiltonian in Eq.(1) in the real space and the effective graph. Sketch of effective models from correlated
hoppings in Eq. (1). a The four asymmetric two-body hoppings in our interacting model [Eq. (1)], non-Hermitian whenever γ≠ 0. b Two-boson
configurations (x1, x2), which are non-trivially coupled form a 1D subspace represented by a non-Hermitian effective Su-Schrieffer-Heeger (SSH) model c of
2L− 5 (see methods), where L is the number of sites in the physical OBC chain. d Effective 2D lattice for a 3-boson OBC subspace, which comprises an
array of non-Hermitian SSH chains that are non-locally coupled by inter-chain hoppings (brown and green dashed double arrows), with certain physically
identical configurations (black solid double arrows) ((X(x1, x2), x3) and permutations) identified. See Supplementary Note 1 for details of the effective 2D
lattice. The labeled “intra-chain hoppling” is induced by bosonic statistics (see explanations in Supplementary Note 1). The “identical configuration” as the
black double arrow is explained in the “Methods” section. e, f The Hilbert space connectivity graphs of H in the 2 and 3-boson sectors for L= 15,
demonstrating non-trivial modifications to the graph structure from open boundary condition (OBC) to periodic boundary condition (PBC) beyond two
bosons.
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Fig. 2. When we consider PBCs, where the physical boundary is
no longer present, we obtain more types of states without
conventional OBC analogs. Instead of “topological skin clusters”,
we now have “interface skin clusters”, “extended skin clusters”
and “localized skin clusters”, which are represented by gray, blue,
and red modes in Fig. 3. As suggested by their name, “interface
skin clusters” are highly localized at the effective boundaries,
while the other two types, “localized skin clusters” and “extended
skin clusters”, appear in the coupled and noncoupled chains in
the effective lattice. Among these five states, only the “localized
skin clusters” and “extended skin clusters” have direct generalized
in the higher dimensional Hilbert space of N > 3-boson clusters
(N > 3-boson sector). We will further elaborate on these states in
Fig. 5 below and surrounding paragraphs, as well as in
Supplementary Note 1.

Although skin clusters also arise from asymmetric couplings,
they differ from conventional NHSE skin states in a few
important ways: (i) they only exist when two or more particles
interact; (ii) they exist due to the inhomogeneity of effective
couplings from particle statistics, not physical boundaries as in
the NHSE74: in fact (5–7) exist under PBCs, not OBCs; (iii) while
the NHSE usually gives rise to non-local responses30,31,88, here
the skin clusters themselves are already the consequence of non-
local effective couplings; (iv) due to the “non-local” region, the
various types of skin clusters do not possess GBZ descriptions,
unlike ordinary skin states.

Topological skin clusters. Topological skin clusters eigenstates
(4) are topological zero modes at the effective interface between
the “local” and “non-local” regions. Physically, they are mani-
festations of how the inherent SSH-type topology in a 2-boson
sector interplays with the presence of a third boson. Although
effective interfaces exist identically across both OBC [Fig. 2] and
PBC [Fig. 3] settings, Topological skin clusters only exist under
OBCs. PBC skin clusters (5-7) differ significantly from them in
both energetics [Figs. 2b vs. 3b] and spatial profile [Figs. 2c
vs. 3c]. This enigma arises because of the non-local effect of local
unbalanced hoppings: Under PBCs, the absence of physical
boundaries (edges) leads to significant interference between the
NHSE-like accumulation from either side of the non-local region,
destroying “unadulterated” topological states. That topological
skin clusters (4) mathematically result from the same topological
mechanism as ordinary topological edge states (1) can be seen
from their vanishing energies [Fig. 2b], and identical localization
lengths [Fig. 2c] of ðlog βÞ�1, with β= (t1+ γ)/(γ− t2) as is well-
known for the non-Hermitian SSH model27. See “Methods” for
edge states in the non-Hermitian SSH model.

Translation invariant skin clusters. Without physical bound-
aries (PBCs), the three types of skin clusters (5–7) that exist are of
special non-topological origins. They are Interface (5), Extended
(6) and Localized (7) skin cluster, so-called because they,
respectively, exist at the interface between the “local” and “non-
local” regions (5), are extended across the wide “local” region (6)
or are localized within the relatively narrow “non-local” regions
(7), as seen from ∣Ψ(X(x1, x2), x3)∣2 density plots of Fig. 3c.
Although Interface clusters (2) appear the most localized of the
three on the effective lattice, in physical coordinates, their density
plot ∣ψ(x1, x2, x3)∣2 (Fig. 3c) reveal strong correlations between
particles a few sites apart. By contrast, Localized skin clusters (7)
consist of 3 bosons that are indeed almost physically overlapping,
“caged” by the non-local effective hoppings. The extended skin
clusters (6) are the most delocalized but are still considered
clusters states because they are exponentially localized along the
effective interface.

The eigenenergies of different types of skin cluster eigenstates
generically form very distinct loci in the complex energy plane. As
shown in Fig. 3b, extended and localized cluster states (6,7) form
two concentric spectral loops, while the interface states (5) form
isolated points in the loop interiors. Under parameter tuning,
these characteristic spectral loci remain largely robust, even
though they may distort and cross each other.

Structure of skin cluster states and the loop gap.– The
concentric rings of eigenenergies in the 3-body PBC spectrum
[Fig. 3b] are robust across a large range of parameters, and can
even persist even beyond three bosons, as elaborated in
Supplementary Note 1. We name this unmistakable separation
of concentric PBC spectral loops as a loop gap, in the spirit of
point gaps for loops, which encircle interior points37. To
understand why the loop gap occurs, we note that the outer/
inner spectral ring corresponds to localized/extended cluster
states. In the fully localized limit where all bosons move rigidly
like a single composite particle, the PBC spectrum traces out a
large loop given by E=∑jtjeipj, where p∈ [0, 2π) and tj are the
effective j-site hoppings acting on the composite particle.
Compared to localized clusters, extended clusters must trace
out smaller loops because at least one boson does not move in
unison with the others [Fig. 3c], leading to “destructive
interference”. Note that localized and extended clusters move
freely as a whole, unlike interface clusters and topological edge
modes, which are constrained to specific physical locations. This
causes the latter two to be spectrally enclosed within the localized
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Fig. 2 Localizations in the effective lattic for the Hamiltonian in Eq.(1)
under OBCs. Localizations in the effective lattice for the 3-boson sector
under open boundary conditions (OBCs). a Schematic of the effective
Hilbert space lattice for the 3-boson sector under OBCs. Regions with local
(white) and non-local (cyan) effective hoppings are demarcated by the
interaction-induced effective interfaces (red lines). Topological skin cluster
modes accumulate against effective interfaces, while vertex skin clusters
are localized at intersections between effective interfaces and physical
edges (purple), which also host ordinary skin/topo edge modes. b The
three-boson OBC spectrum with parameters t1= 1.0, t2= 0.2, γ= 0.8, on a
(2L− 5) × L effective lattice (L= 20). Zero modes correspond to either
topological edge modes or skin clusters. c Spatial density profiles ρðX; x3Þ ¼
ΨðX; x3Þ
�� ��2 of both types of topological modes, which clearly accumulate at
either the effective interface or physical boundary with identical decay
profiles ρ(X, x3) ~ βX, β= (t1+ γ)/(γ− t2) (see methods). Green and yellow
dots in c correspond to the horizontal even and odd sites in a. More details
of the exponential localizations can be found in in Supplementary Note 1.
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and extended clusters [Fig. 4a] since, being confined, they cannot
be significantly amplified by the asymmetric hoppings and must
thus possess energies close to E= 0.

The above arguments can be corroborated by the following 2
and 3-site density correlators, which reveal more insight into the
real-space structure of the cluster states:

ðaÞCmðxi; xjÞ ¼
���ψm

��ninj��ψm

���; ði≠ jÞ
ðbÞCmðxi; xj; xkÞ ¼

���ψm

��ninjnk��ψm

���; ð3Þ

where ψm is the selected eigenstate and the density operator ni ¼
cyi ci measures the occupancy at site i. These correlators are plotted
in Fig. 4b for representative eigenstates ψm as specified in Fig. 4a;
to put their magnitudes in perspective, note that they scale,
respectively, as L−2 and L−3 for a perfectly uniform state, but

remain at unity for a perfectly clustered state. Comparing the
2-site-correlator Cm(xi, xj) in Fig. 4b with the single-site density
plots in Fig. 3c, both for the effective lattice, we observe similar
trends despite the different model parameters and chosen states.
However, Cm(xi, xj) always reveals conspicuously strong spectral
weights at the interfaces, suggesting that the bosons prefer to be
separated by 3–5 sites regardless of the cluster type. The three
site-correlator Cm(xi, xj, xk) further reveals that extended states
tend to consist of 2 bosons on the same site, together with another
arbitrarily far boson.

Effective interface and clustering in many-body sectors. Many
results from the three-boson sector, which we elaborated above,
continue to hold in sectors, i.e., clusters with arbitrarily number of
bosons. In essence, effective boundaries in the N-body Hilbert space
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periodic boundary conditions (PBCs). a Schematics of the effective Hilbert space lattice for the 3-boson sector under PBCs, with each panel illustrating its
respective type of PBC cluster mode. The effective interfaces in the red lines generate a “non-local region” in the lattice. Interface cluster modes (gray) and
extended cluster modes (blue) appear at the boundary of the non-local region, whereas localized cluster modes exist in the bulk. b The three-boson PBC
spectrum with parameters t1= 1.4, t2= 1.2, γ= 0.5, L= 20. Generally, localized cluster states form an outer loop with the largest ∣E∣, separated from the
inner loop of Extended skin clusters via a loop gap. Exact solutions for interface clusters form isolated spectra are given in Supplementary Note 1.
c Numerically computed spatial density distribution of the three types of clusters. ρ(X, x3)= ∣Ψ(X(x1, x2), x3)∣2 represents the density in the effective lattice,
and ρ ¼ jψðx1; x2; x3Þj2x3¼10 is for the density in the physical lattice. The color bars in c indicate the amplitude of each type of density. Interface clusters, while
seemingly constrained at the effective interface, actually consist of bosons several sites from each other. Extended clusters favor physical configurations
with two overlapping bosons and another far away. Localized clusters contain bosons that are physically localized within sites from each other.
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continue to play a crucial role, and are generalized to be regions of
high connectivity that separate regions of different levels of con-
nectivities. In this context, what is required is that there exists a
contrast between the connectivities of the nodes in the many-body
Hilbert space, rather than particular values of the connectivities.
This is because the non-Hermitian skin cluster effect acts whenever
there exists inhomogeneities in the Hilbert space graph, reminiscent
of the usual non-Hermitian skin effect, which are non-
perturbatively sensitive to any form of spatial inhomogeneity.

Shown in Fig. 5 are the Hilbert space graphs of N= 3, 4 and 5
bosons, as well as illustrative localized clusters and delocalized states.
The graph in Fig. 5a is equivalent to the two-dimensional lattice in
Fig. 3a. For the three-boson sector, we already know that the effective
interface separates the graph into different connectivity regions (see
Fig. 3). Similarly, for the four and five-boson sectors in Fig. 5e, f, i and
j, analogous effective interfaces exist at regions of highest
connectivities, such that they also separate regions of different
connectivities (see Fig. 5d, h, l, dashed blue boxes). Generally, a node
with more neighbors indicates that the corresponding state is a more
strongly correlated state. Thus, the effective interface represents
kinetic blockage constraints due to interactions (Fig. 5d). Such a
notion of an effective boundary can be directly generalized to
arbitrary number of particles. From Fig. 5c, g, and k, we also see that
localized skin cluster states always exist on the outer spectral loop
regardless of the number of particles, while other illustrative
delocalized states exist within the loop gap. Around an effective
interface, the states take the form of a cluster of particles that
accumulate against each other, hence the name “skin cluster states”.

Conclusion
Our simple model with asymmetric two-body hoppings (Eq. (1)) is
a paradigmatic representation of non-reciprocal non-Hermitian
physics in the strongly interacting limit where single-body ener-
getics are quenched. While asymmetric couplings have been asso-
ciated with the well-known single-particle NHSE, our purely
interacting model exhibits various clustering behavior [Table 1
(3–7)]. As a departure from conventional NHSE, these cluster states

are mostly translation invariant, even if they require OBCs, as in
topological skin clusters (4).

Stemming from effective interfaces in a fragmented Hilbert
space, our states should exist in generic non-Hermitian inter-
acting lattices with (i) asymmetric couplings and (ii) quenched
single-particle energetics. Unlike in Hermitian models where the
effective interfaces are physically significant only if they scale with
the system size, our non-Hermitian effective interfaces can dra-
matically modify the system dynamics even if they are of van-
ishing fractal dimension in the Hilbert space, thanks to the
profoundly non-perturbative and non-local nature of non-
Hermitian skin clustering. As such, the Hilbert space fragmen-
tation from non-Hermitian skin clustering, which violates the
eigenstate thermalization hypothesis (ETH)20,85,86,89, will likely
inspire further study into the non-equilibrium dynamics in non-
Hermitian systems, e.g., quantum many-body scars85,90–94, and
many-body localization95–97. Appropriately generalized, our
model may be physically realized with density-assisted tunneling
in driven optical lattices91,98, quantum digital computer circuits
with suitably arranged imaginary time evolution99,100, or, topo-
lectrical circuits31,44,101–107 at the effective lattice level.

Methods
Two-boson sector as a non-Hermitian SSH chain. In order to deal with our non-
Hermitian interacting model in Eq. (1), we apply its Hilbert space graph, which
serves as an effective non-interacting model. In this section, we use a minimal two-
body model for Eq. (1) to explain how the NHSE works in the Hilbert space graph.
According to the analysis in the main text, the Hilbert space graph of the two-body
model is the effective SSH chain. Here we furnish more details of this effective SSH
chain, which indirectly controls the physics of the two bosons in physical space.

We consider the zero mode in the effective SSH chain, expressed as ψ ¼
ðψ1A;ψ1B; ¼ ¼ψn�1A;ψn�1B;ψnAÞT (A,B are the labels of the sublattices in
Fig. 6). The sublattice wavefunction takes the exponential form ðψnA;ψnBÞT ¼
βnðψ1A;ψ1BÞT according to the generalized Brillouin zone ansatz27,28. In the bulk,
the eigen-equation satisfies

ffiffiffi
2

p ðt1 � γÞψiB þ
ffiffiffi
2

p ðt2 þ γÞψi�1B ¼ EψiAffiffiffi
2

p ðt1 þ γÞψiA þ ffiffiffi
2

p ðt2 � γÞψiþ1A ¼ EψiB

ð4Þ

Fig. 4 Correlation behavior in Eq.(3) under OBCs and PBCs. Correlation behaviors for different clusters in the 3-boson sector under periodic boundary
conditions (PBCs). a The 3-boson PBC spectrum (red) is characterized by a loop gap between concentric loops, which also enclose isolated PBC interface
cluster energies and most of the OBC spectrum (blue). The selected localized, extended, and interface cluster are labeled in green, black, and blue
triangular dots, respectively. b Density correlators for representative PBC eigenstates ψm of the three cluster types from a. 2-site correlators Cm(xi, xj) in Eq.
(3) (a) for i≠ j reveal that interface configurations ∣xi− xj∣= 3 are favored in all cluster types. 3-site Cmðxi; xj; xkÞjxk¼L=2 in Eq. (3) (b) is evaluated at xk= L/2.
Without loss of generality, due to translation symmetry, reveal that extended clusters are most likely to have a doubly occupied site, but that localized
clusters possess the shortest correlation range. Parameters are t1= 1.0, t2= 0.2, γ= 0.8, with L= 20. The color bars in b represent the amplitude of each
correlator, respectively.
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At the boundary, the OBC boundary condition gives

ffiffiffi
2

p
ðt1 � γÞψ1B ¼ Eψ1Affiffiffi

2
p

ðt2 þ γÞψn�1B ¼ EψnA:
ð5Þ

From them, we can obtain the solution to the zero mode of SSH chain as
ψ1B= 0, β= (t1+ γ)/(γ− t2). Figure 6b presents a zero mode in the effective SSH
chain while Fig. 6c presents its corresponding squared amplitude in physical space,
as a two-boson system. Similarly, the three-boson sector can be mapped to a two-
dimensional non-Hermitian model as shown in Fig. 1d. See more details of the
effective two-dimensional non-Hermitian model in Supplementary Note 1.

Fig. 5 Generalization of the effective interaface in the Hilbert space for the discussion in subsection "Effective interface and clustering in many-body
sectors." from the section "result and discussion". Many-body Hilbert space graphs and the densities of selected cluster and delocalized non-cluster
states in N= 3, 4, 5-boson sectors under periodic boundary conditions (PBCs). Plot a represents the delocalized state (state indicated by the light blue dot
in c), and plot b depicts the localized cluster state (state indicated by the green dot in c). Plot a and b share the same color bar, which represents the
amplitude of the wavefunction ∣ψ∣ at each node. c is for the spectra under PBCs with the selected states for a and b. In plot d, the effective boundary
highlighted in blue dashed box is the red region of higher connectivity (no. of graph neighbors Q identified in the color bar) that separates regions of
relatively low connectivity. The representations for e–h and i–l follow the manner of the plots a–d. According to a–l, we find that localized cluster states
always lie on the outer spectral loop regardless of the number of bosons N. Also, they always lie next to effective boundaries, which are regions of highest
connectivity on the Hilbert space graph that also separates regions of relatively high and low connectivity. m Schematic notion of an “effective interface” in
a Hilbert space graph: by separating regions of different levels of connectivity, it is physically interpreted as a demarcation between strongly and weakly
coupled particles. The size and filling are a–d L= 20, N= 3; e–h L= 10, N= 4; i–l L= 10, N= 5. Parameters are t1= 1.4, t2= 1.2, γ= 0.5.
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Cluster states of topological origin. In our effective lattice for 3 bosons under
OBCs from the main text, there exists both physical boundaries and effective
interfaces as shown in Fig. 2a. When γ ≠ 0, localization occurs at both the two
boundaries. Figure 7 presents the state amplitude distribution in the effective lattice
of a selected OBC zero mode with t1= 1.2, t2= 0.2, γ= 0.5, L= 20.

To show that the localizations near the interface and the physical boundary have
the same topological origin, we perform the curve fitting of these decays and compare
the analytical result β= (t1+ γ)/(γ− t2) (the solution of the effective non-Hermitian
SSH model) with the curve fitted results from numerical diagonalization of the 3-body
system. Indeed, for the zero modes of the three-body sector, the decays at the physical
boundary (β0) and effective interfaces (β″) all agree viz. β

00
; β0 � β (ρ(x) ≈ βx).

c

√2(t�+γ)

√2(t�-γ)

√2(t�+γ)

√2(t�-γ)

ba

X(x�,x�) x

X(x�,x�)

x� x�

Fig. 6 Correspondence of skin modes from Eq. (4) in the real space and the effective chain. Correspondence of localizations in the real space and the
effective chain for the two-boson sector under open boundary conditions (OBCs). a The Non-Hermitian effective SSH model corresponding to the physical
two-boson model, and the corresponding two-boson state from the physical chain that maps to odd/even sites in the effective SSH chain. The squared
amplitudes of the same zero mode in the effective chain b vs. the physical chain c with t1= 1.2, t2= 0.2, γ= 1.0, L= 20. The corresponding length of the
effective SSH chain is 2L− 5. X(1, x2) in b is given in Eq. (2), and x in c represents the position in the physical space.
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Fig. 7 Details of the skin localization in the effective for the subsection
"Cluster states of topological origin" from the section "Method".
Exponential localizations in the effective lattice for 3-boson cluster under
open boundary conditions (OBCs). 2D cross-sectional density ρ ¼
ΨðX; x3Þ
�� ��2 of the OBC effective lattice in Fig. 1d, with fixed x3= 2 (a), 10
(b), 13 (c), 16 (d) of selected states with t1= 1.0, t2= 0.2, γ= 2.0, L= 20.
For the cases x3= 2, 10, there is skin localization at the physical
boundary(the yellow curves). For the cases x3= 10, 13, 16, there is skin
localization at the interface (the blue curves). Also present are the trivial
mode and the vertex localization (the pink curve in c) at the intersection
between the physical boundary and the interface in the effective lattice. All
the blue and yellow curves exhibit the exponential localizations as ρ ~ βx

with β= (t1+ γ)/(γ− t2).
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Fig. 8 Details of the discussion on the interface of the effective lattice for
the subsection "Cluster states of topological origin" from the section
“Method”. Identified configurations from bosonic symmetry. a The yellow
curve: the skin mode of ρðX; x3Þ ¼ ΨðX; x3Þ

�� ��2
x3¼12; The blue curve: the

interface mode of ρðX; x3Þ ¼ ΨðX; x3Þ
�� ��2

x3¼18
. The “Identified configurations”

between sites allows us to move a section (the dashed rectangle) of the
skin mode to the nearest site of the interface mode (the green hollow
circle). We perform an analytic extrapolation (blue solid line) according to
the non-Bloch scaling controlled by β (the solid blue line) to link the two
ends. b The pink curve: the vertex mode of ρðX; x3Þ ¼ ΨðX; x3Þ

�� ��2
x3¼13; The

blue curve: the interface mode of ρðX; x3Þ ¼ ΨðX; x3Þ
�� ��2

x3¼19. Exponential
localizations as the blue and yellow curves follow the scaling ρ(X, x3) ~ βX

with β= (t1+ γ)/(γ− t2). In our model, bosonic symmetry leads to
equivalent “identified configurations” in the effective lattice in Fig. 1d, and
hence skin cluster states on it that can be pieced together like a jigsaw-
puzzle. The density as ρðX; x3Þ ¼ ΨðX; x3Þ

�� ��2 represents the localization in
the graph in Fig. 2a for the 3-boson cluster under open boundary conditions
(OBCs). Parameters for a and b are t1= 1.0, t2= 0.2, γ= 2.0, and L= 20.
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The interface within the effective lattice is demarcated by “identified
configurations” arising from bosonic statistics (See the structure of the 2D lattice in
Supplementary Note 1). So as to explain these interface localizations under OBC,
we plot skin (vertex) modes and the interface mode connected by the “Identified
configurations” together (Fig. 8). These results suggest that the interface mode is a
branch of the skin (vertex) mode, such that we can use analytic extrapolation to
attach the interface mode to a section of the skin (vertex) mode.

Data availability
The data that support the plots within this paper are available upon reasonable request.

Code availability
Computer codes used to generate the plots in this work are available upon reasonable
request via email to C.H.L.
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