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Analog photonic solutions offer unique opportunities to address complex computational tasks

with unprecedented performance in terms of energy dissipation and speeds, overcoming current

limitations of modern computing architectures based on electron flows and digital approaches.

The lack of modularization and lumped element reconfigurability in photonics has prevented the

transition to an all-optical analog computing platform. Here, we explore, using numerical

simulation, a nanophotonic platform based on epsilon-near-zero materials capable of solving in

the analog domain partial differential equations (PDE). Wavelength stretching in zero-index

media enables highly nonlocal interactions within the board based on the conduction of electric

displacement, which can be monitored to extract the solution of a broad class of PDE problems.

By exploiting the experimentally achieved control of deposition technique through process

parameters, used in our simulations, we demonstrate the possibility of implementing the pro-

posed nano-optic processor using CMOS-compatible indium-tin-oxide, whose optical properties

can be tuned by carrier injection to obtain programmability at high speeds and low energy

requirements. Our nano-optical analog processor can be integrated at chip-scale, processing

arbitrary inputs at the speed of light.
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Current computing tasks are characterized by an elevated
level of complexity and therefore require high computa-
tional cost. A major criticality of today’s digital computing is

related to the required computational power, which does not scale
well with the problem complexity. For this reason, developing
innovative analog accelerators, which could take the load off from
traditional computers by solving specific complex processes, holds
the promise to significantly reduce energy consumption and can
lead to the development of next-generation heterogeneous com-
puting systems. Analog computers are not a recent invention and
are, in fact, well-rooted in human history prior to this digital age,
being applied to a vast variety of fields1. While digital processing
became dominant in the preceding 50 years, recently, several
research groups explore innovative solutions to address growing
compute-limitation to business-as-usual. This trend favored the
advancement of several non-Von Neumann hardware architectures,
which aim to homomorphically map specific algorithms directly
into hardware. Analog memory2,3, neuromorphic photonics for
deep learning applications4–7, optical co-processors for high-speed
convolutions8, integral equation solvers9, and quantum analog
computers10 are only some examples of currently explored analog
architectures, which can tackle complex tasks more efficiently than
a conventional digital processor.

One of the mathematical tasks that can exploit these paradigms
and may greatly benefit from using analog co-processors, and the
object of this study, is solving partial differential equations (PDEs).
In fact, numerous scientific and engineering problems require the
solution of PDEs11, such as problems in thermodynamics12, air-
craft design13, and others in electrical and mechanical engineering
field14. For solving multidimensional PDEs, current processors
require a large number of (iterative) operations, which are com-
putationally intensive, and, based on the complexity, necessitate
considerable amount of memory and power15. Analog computers
capable of solving PDEs have been implemented since the 1950s11;
primarily using networks or grids of resistive or reactive elements
to model the spatial distribution of physical quantities such as
voltage, current, and power (in electric distribution networks),
electrical potential in space, stress in solid materials, temperature
(in heat diffusion problems), pressure, fluid flow rate, and wave
amplitude. However, the complexities of an effective integration of
a high-speed-programmable and concurrently energy-efficient
static-like analog mesh significantly reduced the advancement of
this technology.

Novel compute systems are often enabled by new hardware
platforms, such as metatronics, which was introduced by Engheta
a decade ago as the branch of optics that focuses on the control of
light at the nanoscale through metamaterial-inspired optical
nanocircuitry. Thus, metatronics offers an avenue for designing
dense circuits and analog compute paradigms. Despite finding
diverse applications, such as ultra-thin sub-wavelength filters
for optical signal16,17, circuit for performing mathematical
operations9,18, and for modeling Hamiltonian of quantum
system19,20, its application as an alternative integrated platform
for implementing a compact analog reprogrammable processor is
still outstanding. The applicability of the metatronic concepts has,
so far, been limited by four main factors: (a) the lack of avail-
ability of materials required to realize its individual circuit ele-
ments, (b) the absence of controlled processes for straightforward
fabrication, (c) lack of reprogrammability, “write”, and (d) diffi-
culties in accessing the results, “read”.

Here, we introduce a nanoscopic programmable analog pro-
cessor based on a metatronic nanocircuit board aiming to map a
finite difference PDE onto a mesh similar to a network of resis-
tors, but in an integrable and ultra-compact fashion using nano-
optics. We design and show through numerical simulation, an
ultra-compact nano-optic circuit design based on air groove

meshes, engraved into indium tin oxide (ITO) substrate, oper-
ating at its epsilon-near-zero (ENZ) wavelength. We show that
such a metatronic circuit, mimicking an electrical lumped circuit,
demonstrates the ability to solve PDEs using finite difference. We
demonstrate, assisted by experimentally derived optical char-
acterization and control of deposition techniques, that ITO
nanoelements exhibiting resistive, inductive, and capacitive
behavior, sputtered using different sputtering conditions21, can be
embedded within the air grooves. Electrostatically fine-tuning
their optical properties at high speed22 through carrier accumu-
lation/depletion enables approximate solutions to a variety of
PDEs, including Laplace equation, Poisson equation, diffusion
equation, and wave equation. Interestingly, the power con-
sumption to obtain an approximate discretized solution is
effortlessly computed within the transit time of the electro-
magnetic wave propagates in the chip, once the chip is set to a
particular boundary condition. In this view, we ultimately envi-
sion the implementation of an all-optical readout paradigm based
on a near-field optical microscopy measurement, providing
information of the local dielectric displacement, at given points of
the nano-optics circuit, thus allowing to extract the results of the
computation in a discretized manner. Such wavelength-scale
analog compute nodes can offer a variety of functionality in
compact and efficient signal processing, computing, or artificial
intelligence.

Results and discussion
Metatronic circuit as a PDE finite difference solver. Before
beginning the description of the nano-optic accelerator, we ought
to describe a metatronic mesh and how it compares to a finite
difference and lumped resistive meshes. (Fig. 1a) We start by
considering the steady-state homogeneous Laplace’s differential
equation, where f(x, y) is the distribution of the physical entity
(i.e., PDE solution) of the two-dimensional (2D) domain (i.e.,
mesh). As a relevant example, we select the homogeneous heat
equation, because it is widely employed in a variety of mathe-
matical and engineering problems, ranging from machine learn-
ing in graph Laplacian methods23 to image analysis24,25. Then,

∇2f ¼ 0; ð1Þ
where the field f in the case of the heat equation denotes the
temperature distribution, and can be written in the Cartesian 2D
space via

∂2f
∂x2

þ ∂2f
∂y2

¼ 0 ð2Þ

The same equation may eventually represent a steady-state
distribution of temperature, as well as stress distributions,
potential, and flows. (Fig. 1b.i) The finite difference method
allows current processors to iteratively solve differential equa-
tions, such as Eq. 2, by approximating them via a difference
equation, in which finite differences approximate the derivatives.
Considering equidistant points in the domain (and constant point
function ∈i), Eq. 2 can be approximated via the finite difference
relaxation method (Fig. 1b), at the point O of a mesh, as11:

∇2f ¼ 1
h2

f P1
� �þ f P2

� �þ f P3
� �þ f P4

� �� 4 f P1
� �� �� � ð3Þ

The finite difference equation can be straightforwardly
compared to the application of Kirchhoff’s law to the currents f
(Pi) netting at the junction O of a lumped circuit mesh (Fig. 1b),
where resistances are opportunely scaled (R= h2). Ohm’s law, in
fact, shows a linear relationship between voltage and current,
whilst Kirchhoff’s law states that the input and output of current
into a node will always be equal.
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According to these equivalences, as previously proposed26,27,
approximate experimental solutions of Laplace’s and Poisson’s
boundary value problems can be obtained using networks of
electrical resistances with a rather low tolerance26. The measure-
ment of voltage values at grid points provides the equivalent
discrete solution for given resistor values. However, when the
parameters of the circuits are programmed at a given rate (i.e., write
speed) and its inputs initiated, then an electric mesh might be
affected by resistive-capacitive (RC) time delay. Moreover, at high
speeds the time at which the signal changes become comparable to
the propagation time in the circuit, which therefore makes it into a
distributed network. Under these conditions, the circuit would lose
the ability to map a finite difference mesh-grid that is able to solve
PDEs. For this reason, a processor capable of solving PDEs using
nano-optics circuitry is highly desirable. Here, we exploit the fact
that sub-wavelength nanoparticles (NPs) in the optical domain can
be treated as lumped circuit elements, whose impedance is defined
in terms of the induced displacement current jD, in response to the
local electric field E. According to Maxwell’s equations, eε, the
complex material permittivity, relates these two quantities through

JD ¼ ∂D
∂t

¼ �jeεωE ωð Þ; ð4Þ

which, for element size considerably smaller than the optical
wavelength (d << λ)28, represents an equivalent Ohm’s law in the

optical domain, enabling the mapping of the resistive circuit.
Nevertheless, arranging different NPs with absolute control on
permittivity and position is far from easy29,30, and as the size of the
circuit grows it is challenging to make sure that the flux of
displacement current is funneled to ensure the required circuit
connections without phase delays. For these reasons, ENZ
substrates are ideal for the implementation of nanocircuit boards,
as they enable light to travel through the grooves just like electric
currents in copper wiring31 (Fig. 1b.iii). Resistors, capacitors, and
inductors can be implemented within the air grooves by tailoring
the local permittivity values. To map Eq. 3 in the metatronics
paradigm, the resistors are modeled as dissipative dielectrics. Due
to the confinement of displacement current in the air grooves32, as
in an ideal ENZ substrate there is no displacement current leakage
in the background, the circuit elements are locally coupled,
implying that the Norton/Thevenin equivalents are admissible. In
other words, local variations in the network generate global effects.
Therefore, for a limited functional bandwidth over which the
material of the board is ENZ (proportional to the full-width at half-
maximum of the ENZ resonance peak), Kirchhoff’s law is satisfied
in the mesh, resulting in identical results with respect to a resistive
network, reported in Eq. 3.

A node of a metatronic mesh, equivalent to a resistive one, is
represented in Fig. 1b. This approach is not limited to resistive
networks and consequently to Laplace homogeneous equations.

Fig. 1 Solving partial differential equation with metatronics. a Sketch of the mapping from a generic partial differential equation to a metatronic circuit,
passing through the discretization of finite differences and related Kirchhoff’s lumped-element equivalent circuit. The schematic shows the solutions of a steady-
state heat transfer problem with Dirichlet’s boundary conditions obtained analytically, and in a discretized fashion with a defined mesh density. The discretized
problem is successively converted into a resistive circuit problem which can be ultimately converted into a metatronic circuit in which the nano-optical elements
are coupled and the light traveling through it is not affected by any phase variation or transit time. b Node equivalence between finite difference (i), resistive
mesh (ii), and metatronics using epsilon-near-zero (ENZ) board and air trenches (iii). A finite difference method (i) applied to a heat transfer problem (Laplace
equation) is mapped to a purely resistive network and a nano-optic circuit in which the constant point function, ∈i, are replaced by resistors in the electrical (ii)
and lossy dielectric in the nano-optic circuit (iii), respectively. The finite differences of the function f, netting at point O, are represented as electrical currents
in the electrical circuit (ii) and displacement currents, JD,i (iii) c Generality of the approach: introducing different nanoelements, either resistive (red block,
Im eεf g≠0), capacitive (dark blue, Re{eε} > 0) or inductive (yellow, Re{eε} < 0), lead to the implementation of diverse time variant second-order PDE, such as
Diffusion equation (i) and Wave equation (ii). In these configurations, for avoiding continuity of the current, the nano-capacitor is placed in a “shunt”
configuration with respect to the node. Here, for preserving the symmetry of the node, the current splits into 4 different channels. Alternatively, a nanocapacitor
in shunt configuration can be placed at the node O, extruding the ENZ board, and related air trench, in the third dimension.
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Indeed, by using plasmonic NPs (negative permittivity) to
construct nanoinductors and dielectric nanoelements (positive
permittivity) for nanocapacitors, it is possible to map other time-
dependent PDEs applied to a 2D mesh, such as diffusion or wave
equation (Fig. 1c).

Programmability of the nano-optic elements. In order to prove
the ability to reprogram the circuit and control its electro-
magnetic response33, in this section, we aim to demonstrate that
different lumped-element functionalities can be achieved in ITO
films by modulating the free carriers of the ITO nanoelements via
electrostatic doping.

In detail, an electrical voltage bias can be applied across a
capacitor, whose plate is the ITO film, and according to the bias
polarity an accumulation/depletion layer is formed at the
ITO–oxide interface, increasing/decreasing locally the ITO’s
carrier density (1 × 1019−1 × 1021 cm−3)34–36, which ultimately
alters its complex optical properties.

For doing so, we use a straightforward, yet effective, demonstra-
tion of a programmable nano-optic circuit based on ITO in which a
meta-ring is engraved in an ITO substrate, defining an air loop
(Fig. 2a). The optical response of the system is obtained by
performing a full-wave electromagnetic simulation of an ITO layer.
An electric field is driven by a dipole (quantum dot, QD) placed
within the channel, forming a directional flow of the displacement
current when the ITO layer is in the ENZ range. By way of an
example, in the simulation, the QD is considered as point source,
neglecting far-field to near-field coupling. In this case, we optimized
the air trench of width 0.1 λ to form a closed loop with an average
total length of 2πr= 2440 nm which is twice the wavelength, and it
is sufficiently small for supporting TE10-like mode excited by a
dipole and concurrently does not experience phase variation within
the trenches. In Supplementary Fig. 2a, b we provide the eigenmode
analysis as function of the width and height of the air trenches. For
this exemplary-selected condition, the characteristic length scale of
the nano-optic chip (D) is considerably smaller than the effective
wavelength, therefore guaranteeing quasi-static approximation (D <
λeff, D < λ, πD ~ λeff).

It is worth noticing that suitable QDs for these wavelengths are
scarce37 and usually comparable in size with the trenches. For this
reason, the trenches can be modified to host the source, while
preserving excitation, coupling, and mode propagation (Supple-
mentary Fig. 11).

The dispersion of the ITO layer can be electrostatically tuned
by varying the carrier concentration (Fig. 2b), thus changing the
behavior at a given operating frequency. We evaluate the spectral
response of the meta-ring, by averaging the field displacement
within the air groove for three different carrier concentrations: (i)
depletion (ii) ENZ, and (iii) accumulation (Fig. 2c, d).

It is worth observing that for different carrier concentrations
we obtain a similar response, energy shifted in the same fashion
as at the ENZ resonance, indicating a moderately robust response.
Additionally, the spectral response is archetypal of a low-pass
frequency filter (long-pass wavelength), i.e., integrator-type, since
we are considering a voltage drop on a capacitor (dielectric air
loop) hosted by a resistive circuit board (lossy ENZ) of
the equivalent lumped circuit. We then fix the excitation
wavelength of the film at the ENZ crossing point for the as-
deposited case (1 × 1021 cm−3) and take a snapshot of the
simulation result of the distribution of the field displacement and
current density in the middle plane. In the first scenario
(i) when ITO is depleted of its carriers, the material turns
dielectric (capacitance, ENZ red-shift), providing relatively low
losses (ε0 λENZ

� �
> 0; ε00 λENZ

� � � 0). As a direct consequence, the
displacement field in the board hosting the channels becomes

non-negligible; (ii) on the other hand, when the excitation
matches the ENZ wavelength (ε0 λENZ

� � ¼ 0; ε00 λENZ
� �

> 0), the
air loop behaves as D-dot, in which the displacement current
circulates in the loop with relatively low losses; (iii) however,
when carriers are accumulated, ITO exhibits a predominantly
metallic behavior (inductance, ENZ blue-shift) characterized by
higher ohmic losses (ε0 λENZ

� �
< 0; ε00 λENZ

� � � 0). Equivalent
circuit which maps the nano-optic response are displayed as
insets (Fig. 2d).

Meta-resonator. For demonstrating the generality of this
approach, it is possible to introduce reprogrammable nanoele-
ments for implementing different chip functionality. At ENZ
wavelength, the specific response of lumped elements (R, L, C)
can be achieved by partially filling the air grooves with ITO
nanoelements electrostatically modulated with specific voltage
polarity. For illustrative purposes, we design the equivalent of an
electronic resonator.

Following the characterization of the meta-ring, next we
introduce nano-optic elements within the air trench, thus adding
resonator tunability to the system towards adaptation functionality
of the nanoscale “filter” (Fig. 3a). The nanoelements are physically
realized with the same basic material as the ENZ circuit board,
namely ITO, however, bear a different carrier density to exhibit an
RL or RC element. Note, this is realized either statically such as via
changing the material process conditions during the ITO sputter
recipe, and/or actively (i.e., electrostatic tuning) towards delivering
element-wise independent tunability of sub-wavelength small (i.e.,
lumped) elements (Fig. 3b). As a demonstration, here we consider
one element to be injected with carriers (L) and the other one
depleted (C), resulting into an LCR-like behavior at the ENZ
wavelength. Note, since ITO’s index tunability originates from free
carrier modulation and the carrier densities are rather high (even in
the depleted case, i.e., depleted here refers to a reduced carrier
concentration, not void-of-carriers), an EM wave impeding ITO
will always experience a non-zero imaginary optical index, this
adding loss, which electrically resembles a resistance R. Thus, a pure
C or pure L element is not simply possible in ITO unless gain or
loss-compensation methods are used. Our model nanocircuit
considered here acts as a nano-optic resonator storing energy
oscillating at the circuit resonant frequency calibrated to be at ENZ
(Supplementary Movie 2).

In an electrical RLC circuit, the voltage drop on a capacitance
and inductance are represented by the following rational functions:

Vc ωð Þ ¼ 1
�ω2LC þ 1

Vin; VL ωð Þ ¼ ω2LC
ω2LC � 1

Vin ð5Þ

The function Vc(ω) is characterized by two poles in ω ¼ 1=
ffiffiffiffiffiffi
LC

p
,

while VL ωð Þ has two zeros at 0 frequency and 2 poles in
ω ¼ 1=

ffiffiffiffiffiffi
LC

p
. Besides the correct mapping of the optical circuit at

ENZ, the anticipated low-pass (LP)/high-pass (HP) frequency
response of the electrical circuit is not perfectly mapped by the
dielectric displacement in the ITO nano-optics circuit for each
wavelength (Fig. 3d). This is primarily due to three factors:

(i) ITO nanoelements are affected by a strong dispersion are
functions of the wavelength unlike the electrical counterpart.
More in detail, the optical impedances can be written as:

Zc ωð Þ ¼ �iωC ωð Þð Þ�1withC ¼ ε0c ωð Þε0t=l beingeεc ωð Þ � εC0 ωð Þ
ZL ωð Þ ¼ iωL ωð Þwith L ¼ �l= ω2 eεL ωð Þε0t

� �

ð6Þ
considering l and t, length and thickness of the nano-optic
element, respectively, and ω the optical angular frequency. It can
be noticed that the dielectric displacement (and consequently the
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electric field) within the capacitance is in counter phase with
respect to the phase in the inductance (Fig. 3c), as expected. (ii)
The static-like behavior of the metatronic board is guaranteed
only at ENZ; (iii) optical losses in the circuit boards.

As shown in Supplementary Movie 2, the energy bounces
between a nano-optic inductance and capacitance, thus proving
that nano-optic circuits, entirely based on ITO, can be used as
programmable oscillators or filters for tuning transmitters and
receivers in the telecommunication bandwidth. When electro-
statically tuned, the permittivity of the ITO nanoelements can
map different problems. Although, when the carriers are
electrostatically modulated, Kramers–Kronig (KK) relation
dictates that exclusive change of the real part (or imaginary
part) of the complex index is not achievable. As the real part
decreases with modulation (Δn), the imaginary part increases
(Δκ), affecting the performance of the nano-optic circuit, as the
equivalent of capacitances or inductances are unwantedly
added. Phase change materials that exhibit large Δn with
relatively broad transparencies38 can be considered for future
implementation, especially in regards of their nonvolatile

retention of the information, which enables near-zero static
power consumption (i.e., no voltage needs to be applied to
retain the programmed state). It is also worth mentioning that
the ITO region in which the carriers are accumulated is within
several nanometers and the 1/e2 decay-length is only about 10
nm36,39,40, extended in the simulation to the entire nanoele-
ment. However, the desired extinction ratio can be also adjusted
by the applied voltage at the expense of (static) power
consumption for a selected design. However, considering the
tight confinement within the trenches and slow-light effect,
thanks to a high Δneff, it is possible to achieve high modulation
even in relatively short devices22.

Therefore, in principle, the nano-optic elements in the
proposed ITO-based nonophotonic chip should be deposited
using specific process parameters to achieve the desired
permittivity according to chosen functionality (capacitance,
inductance, and resistance), while fine-tuning can be achieved
using carrier modulation. In terms of PDE mapping, this means
that a circuit can solve a class of PDE whose coefficient can be
modified by tuning the optical properties of its nanoelement.

Fig. 2 Epsilon-near-zero tunable meta-ring. a Schematic representation of a meta-ring engraved in an indium tin oxide (ITO) layer. The dielectric
displacement field within the trench is generated by a dipole, i.e., emitting nanoparticle at 1220 nm, which is in resonance with the epsilon-near-zero (ENZ)
crossing point of the ITO layer. The boundary of the ITO board are considered to be perfect electric conductor (PEC). b For simulating the spectral
response of the meta-ring we consider experimentally derived optical properties using spectroscopic ellipsometry. When the ITO carrier concentration is
unaltered (as-deposition), the ITO film displays a carrier concentration of 1 × 1021 cm−3, mobility 38 cm2 V−1 s−1 and scattering rate τsc= 7 fs, which
translates to an ENZ wavelength of 1.2 µm. The model for the “active” dispersion is obtained by fitting experimental ellipsometry data using Drude’s model
(Supplementary Fig. 6). The active tuning is envisioned to be obtained by means of carrier injection in a capacitor configuration. The horizontal and vertical
dashed lines indicate the ENZ crossing point and the ENZ wavelength of the intrinsic device. c Simulated average dielectric displacement within the air
groove for different carrier concentrations: depletion (7.5 × 1020 cm−3), intrinsic (1.0 × 1021 cm−3), and accumulation (1.5 × 1021 cm−3). d Numerically
derived displacement field and equivalent electrical circuit for various carrier concentration of the ITO layer. Blue arrows represent the displacement
current: (i) for low carrier concentration ITO board behaves as dielectric with low losses; (ii) for a higher concentration (1 × 1021 cm−3) the displacement
field is within the air trench; and (iii) for furtherly higher carrier concentration, the film is metallic with high losses. Scale bar 200 nm. Time domain
response of the meta-ring shown in Supplementary Note 1 and Supplementary Movie 1 highlights ring behavior for the different regimes. Color bar
represents the normalized dielectric displacement.
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Solution of Laplace homogeneous equation using an “ideal”
metatronic analog processor. For validating the functionality of
the prototyped nano-optic circuit as constituent node of the
proposed nanocircuit mesh, we find the solution of a steady-state
heat transfer problem in a uniform domain. For demonstration
purposes only, we consider the diffusion problem Eq. 1 with
Dirichlet boundary conditions, setting the temperature T at the
left edge of a rectangular domain L, with H and W height and
width of the domain, respectively (Fig. 4a, further details on the
derivation provided in the SI). The resistive circuit that solves the
finite difference method of a 3 × 3 mesh is shown in Fig. 4b, it can
be numerically solved using a “spice tool”, thus obtaining current
and voltage distribution. The boundary conditions that mimic the
fixed temperature “potential” at the boundary is a voltage gen-
erator V, while the heat sink is a simple connection to the ground
(relative GND or simply unbiased). The thermal conductivity k of
the medium is modeled in the electrical circuit assigning the
resistors to be defined as R= L/kA. Similarly, we numerically
simulate, by using commercially available full-wave simulation
software (further details in Methods section of the SI), the electric
field displacement and the displacement current in a 3 × 3
metatronic mesh. A snapshot of the simulation result of the
distribution of the electric field in the middle plane is depicted in

Fig. 4c. Here, a strong local electric field, generated by a hor-
izontal dipole, is used to model the heat source, while the ENZ
condition is applied to the remainder of the boundaries. In this
section, as an illustrative and not limiting example, the permit-
tivity of the circuit board is considered to have negligible losses41

ε′′ ≈ 0 with an overall size d of 1000 nm, smaller than the
operational wavelength (i.e., d < λ) to ensure coupling between
the nanoelements, as required for conventional electronic circuit
concepts at low frequencies16,42. However, the “spatially static-
like” properties of the ENZ substrate, i.e., absence of a significant
phase variation in ENZ (Supplementary Fig. 1 and Supplemen-
tary Movie 1), essentially relaxes this requirement for the optical
nano-circuit board of Fig. 4c, for which the total length may
become also several free-space wavelengths long (while it is
electrically small compared to the very long wavelength in
ENZ)16. Additional details are provided in Supplementary Note 1.

Under these conditions, the field lines in Fig. 4c highlight that
the electric displacement, and consequently the displacement
current, fall only within the air grooves, forced by the ENZ
conditions in the neighboring area (D ≈ 0). Solution of the PDE
problem from different mesh densities in a circuit with ENZ
material with negligible losses (ε ≈ 0) suggests mesh scalability
(Fig. 4d). Interestingly, solutions of the PDE adopting a

Fig. 3 Meta-resonator. a Schematic representation of the nano-optic circuit mimicking an RLC optical lumped circuit at epsilon-near-zero (ENZ) and
b related bias mechanism for modulating the carrier density of an indium tin oxide (ITO) nanoelement, in order to reprogram the optical circuit to exhibit a
particular frequency response, thus acting as a programable filter. The functionality of each nanoelement is obtained through electrostatic doping in a
capacitor configuration. Carrier depletion (7.5 × 1020 cm−3) prompts a capacitor behavior, while carrier accumulation (1.25 × 1021 cm−3) induces an
inductance behavior. c Simulation results for the x-component of the displacement field induced by a dipole placed within the air trenches. Blue arrows
represent the displacement current. The magnetic response of the meta-resonator is described in Supplementary Note 2 and highlighted in Supplementary
Fig. 3. d Normalized dielectric displacement spectral response at the capacitance and inductance.
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metatronic processor with increasing mesh density keeping the
overall circuit dimension maps precisely the solution of a finer
mesh in a finite difference approach, provided the circuit board is
characterized by negligible losses, i.e., absence of a dielectric
displacement field in the ENZ circuit board, providing a perfect
lumped-element electric-circuit behavior. However, a study of the
size and scalability and their impact on the accuracy of the
solution of the metatronic processor becomes determinant if the
losses in the ENZ circuit board, or the deviation from the ideal
zero permittivity condition, are not negligible. Other parameters,
such as width of the waveguide and smoothness of the bending
curves, analyzed in Supplementary Fig. 2a, can affect the accuracy
of the solution, and will be discussed elsewhere, and systematic
errors could be compensated or mitigated by accurate and
controlled processes.

Fixing the mesh density of the simulations, the discretized
solutions provided by finite differences method (temperature)
and the electromagnetic simulation at the node (local electric field
displacement) are normalized to their maximum value and
compared. The PDE solution shown by this nanophotonic engine
is in high qualitative and quantitative agreement (>95%) with
respect to solution obtained using commercial software. Further
details between the analytic solution of the Laplace equation, the
discretized solution obtained through numerical simulations

(FDM), and the normalized dielectric displacement at each node
for different mesh densities is described in Supplementary Note 3.

Other kind of elliptic PDE can also be solved using a different
circuit configuration as described in Supplementary Note 7 where
a non-homogeneous, second-order, elliptic PDE is solved using a
finite difference approach mapped onto a metatronic circuit.

Monolithic integration of reprogrammable metatronic pro-
cessor for approximate computing. Recently, a few materials
have been considered for fabricating a metatronic circuit board,
such as multilayered stacks of thin film43, NP assemblies, and
graphene44. However, their large-scale integration is far from
easy. Here we utilize ITO as a suitable material for a monolithic
integration of the proposed metatronic processor (Fig. 5a), which
enables distinctive functionalities and is being regularly processed
by the consumer electronics such as the touchscreen of every
tablet and smart phone, for example. The advantages of using
ITO are manifolds: (1) ITO has a tunable and controllable optical
and electrical properties in the NIR according to process para-
meters (e.g., oxygen and argon flow rate while sputtering, tem-
perature and environment conditions in thermal annealing
processes); (2) as previously demonstrated, its optical properties,
imaginary and real part of the permittivity, can be electrostatically

Fig. 4 Heat transfer solution using a metatronic circuit. a Mesh equivalence between finite difference, b resistive mesh, and c metatronics. Zoom in
correspondence of the node, showing the displacement current (blue arrows) following the current path scheme of an electrical mesh. No dielectric
displacement current is present in the loss-less epsilon-near-zero (ENZ) board. d Normalized displacement field as a function of the mesh density (3 × 3,
4 × 4, 5 × 5) highlights enhanced accuracy analogously to increased resolution in finite differences method (Supplementary Fig. 4). Leakage from the top
surface of the structure is present, but not elevated as shown in Supplementary Fig. 5 and described in Supplementary Note 4.
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tuned35,36,45, by carrier injection, thus allowing potentially GHz-
fast energy-efficient22,46 reprogrammability features on the circuit
board; and (3) ITO has high manufacturability potential (Sup-
plementary Figs. 6 and 7). Moreover, recently, our group achieved
a consistent control over ITO optical parameters with respect to
the ENZ wavelength as a function of sputtering parameter, thus
allowing to bridge the technological gap in the implementation of
metatronic circuits21. According to our experimental studies
(additional information on film characterization provided in
Supplementary Note 5) depicted in Fig. 5b, the ITO for the ENZ
circuit board could potentially be sputtered with 5 standard cubic
centimeters per minute (sccm) oxygen flow rate, enabling a 200
nm film in ENZ condition at 1550 nm, with non-negligible losses
eε ¼ 0:3i which corresponds to a scattering time ┌= 0.2 fs. The
resistors can be deposited using 20 sccm oxygen flow rate, which
yields to eε ¼ 1:2þ 0:6i and a scattering time of 5 fs. The main
limitations of the ITO metatronic processor are the unwanted
losses in the ENZ circuit board.

Because of the losses in the ITO circuit board, the lines of the
displacement field are not fully contained in the air grooves,
contrarily to the case of an ENZ material with negligible losses,
deviating its behavior from a purely lumped-element circuit. This
translates into an inaccurate solution which turns to a faster
spatial decay compared to the analytical solution. This deviation
is highlighted in Supplementary Fig. 3.

In the presence of non-negligible losses in the ENZ material,
the circuit board is not completely insulating, since the
displacement current is not negligible:

JD ¼ ∂D
∂t

¼ ε00ωE ωð Þ ð7Þ

There are two major coexisting phenomena that impact the
accuracy of the PDE solution, both of which depend on the ITO
losses (Fig. 5c): the first one is a function of the mesh density and
the second one of the total physical length of the circuit board. High
density (>5 × 5) induces coupling within wires that should not be
connected, while the larger physical length (>2 µm) contributes to
unwanted dissipation, deviating from the original solution. The
accuracy as a function of the number of nodes and physical
dimension of the circuit board is given in Fig. 5c. The maximum
accuracy (>90%) is obtained for a 1 µm size mesh, with a 4 × 4 mesh
density. This is achieved thanks to the trade-off between mesh size
and density, which minimizes the wire coupling, without extending
the wiring length, producing unwanted losses.

As previously discussed, the ITO layer can be in a capacitor
configuration, spaced by a thin dielectric, for electrostatic doping,
enabling fine-tuning of the permittivity values (Fig. 5b) as well as
reprogramming the circuit for mapping different problems. The
variation of the carrier density via gating in ITO affects both
resistance and reactance in the metatronics equivalent circuit,

Fig. 5 Monolithic integration of a metatronic circuit board solely based on indium tin oxide. a Conceptual sketch of a node of a metatronic circuit based
on indium tin oxide (ITO) at epsilon-near-zero (ENZ). A directional antenna is used for coupling the electromagnetic radiation within the trenches, partially
filled with dissipative nanoelements which model resistances. A metallic tip of a scanning near-field optical microscope is used for collecting the local near-
field displacement and reconstruct the decay. b (i–iii) Experimental results obtained through spectroscopic ellipsometry. ENZ wavelength (i),
corresponding losses and scattering time τsc (ii) as a function of process parameters (oxygen flow rate and deposition time). c (i) Electric field
displacement (heat map) in an ITO metatronic processor as function of mesh size (columns) and mesh density (rows). Displacement current is
represented as white arrows. (ii) Solution accuracy as a function of the mesh density and size, compared to a commercially available solver as a function of
mesh density and size.
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hindering the accuracy of the solution, being imaginary, and the
real part of the permittivity. Nevertheless, contrary to the resistive
circuit, if either the boundary conditions or the impedances are
rapidly “programmed”, the nano-optic equivalent circuit is not
affected by dispersion. This is possible because, unlike electric
circuit, here the modulation speed can be RC-element large,
which is independent from the overall circuit (unlike an
electronic circuit). The signal modulation timescales (<ns) are
much larger than the propagation delay of the electromagnetic
waves across the lumped element. In this case, in fact, the lumped
circuit model would hold, since even at 100 s of GHz, the
timescale at which the carrier signal is modulated does so
substantially slower than the time taken by the optical signal to
travel through the nano-optics network.

Additionally, besides affecting the accuracy of the solution, the
losses affect the power consumption and dissipation. For a
processor with a contained size, an approximate solution is always
guaranteed. The power consumption from the processor is the
summation of the optical power used for exciting the dipole
(initiating the processor) and the radio frequency power employed
for modulating the carrier density of each lumped elements, i.e.,
reprogramming the circuit. Concerning the reconfigurability of the
processor, recent works showed few femtojoule-efficient ITO-based
modulators, potentially operating at high-speed22,46 (see Supple-
mentary Fig. 7 for GHz-fast experimental ITO modulation). On the
other hand, a few milliwatts of optical power is needed for exciting
the fluorescent molecule and setting the boundary conditions.
Efficient measurement schemes must be used to detect the electric
field displacement at each node of the metatronic mesh, avoiding
scanning over the sample, e.g., high-resolution tip-enhanced near-
field spectroscopy, to minimize the power used for the detection
mechanism.

As a final remark, the constraint on the engine footprint given
by the effective wavelength at ENZ and the minimum internode
distance, for avoiding unwanted coupling of neighboring wires
in a lossy ENZ material, hinders the implementation of high

number of nodes. A possible solution would be trading off
reconfigurability and using non-reprogrammable near-zero
materials characterized by negligible losses or photonic wires32.
Other challenges of a possible implementation are discussed in
Supplementary Notes 8 and 9.

Discretized solutions with nano-optic probe card. In order to
sample the electric field displacement signal at the nodes of the
metatronic mesh, deep sub-wavelength near-field microscopy
must be employed with nanometric spatial resolution, which can
be used for investigating the local near-field, breaking the dif-
fraction limit. (Fig. 6) A s-SNOM in transmission, which uses a
dielectric tip can be employed for measuring the dielectric dis-
placement, in a similar configuration shown in47 with a resolution
of a few nanometers in the lateral dimension. The s-SNOM would
scan the entire ENZ board and its trenches in tapping mode. The
radiation is conveyed from the bottom using a focused light
which by impinging on a QD, excites a strong near-field within
the trenches. Further details on launching propagating mode
using optical antenna or dipole at mesh node are discussed in
Supplementary Notes 6 and 9. The scattered radiation from the
tip is collected by a parabolic mirror and provides information of
the complex optical properties of the nanoscale region in proxi-
mity of the tip. By using the s-SNOM, it is possible to retrieve
both amplitude and phase of the background-free local electric
near-field. However, regular near-field optical microscopes, such
as scattering-type near field, are associated with AFM systems,
thus requiring long scanning time. For this purpose, a nano-
photonic probe card could potentially read the values of the local
displacement field (see Supplementary Fig. 8), similarly to a wafer
probe for electrical testing. The reading mechanism is based on
an array of dielectric tips characterized by a sub-wavelength
aperture at the apex48, which collects the local near-field radiation
similarly to a local near-field microscope, allowing for parallel
readout. Aperture SNOM would be preferential with respect to
scattering type (s-SNOM), since the former will minimize the
coupling between vertical dipoles, i.e., metallic tip, while the latter
can introduce second-order scattering and a higher degree of
uncertainty in the system.

In conclusion, here we introduced a nano-optic metatronic-
based integrated engine, operating in the optical telecommunica-
tion band, based on a sub-wavelength epsilon-near zero (ENZ)
circuitry. We mathematically prove that the mesh current method
of a metatronic circuit, which mimics a lumped-element electrical
circuit, can map a finite difference mesh that solves a steady-state
Laplacian equation and, by extension, other time-variant second-
order elliptic PDEs. Moreover, in contrast with a resistive
network, we numerically show that this technology can be used
to solve PDEs with high accuracy (90%), while decoupling circuit
mesh upscaling from reprogramming speed. Beyond a theoretical
framework, we showed through numerical simulation that this
metatronic circuit solver can be realized using one single material,
exploiting the ability to tailor the optical properties of ITO,
sputtered using, experimentally validated, controlled process
parameters, thus enabling a high degree of manufacturability.
This analog processor is particularly well-suited to be repro-
grammed on both the boundary conditions and network
elements, limited in size only by the presence of ohmic losses.
Implementing these techniques enables an ultrafast, chip-scale,
integrable, and reconfigurable analog computing processor that is
able to solve PDEs at the speed of light without lumped circuit
capacitance delay.

Methods
The numerical simulations of this study were carried out using commercially
available software Comsol Multiphysics, we used the frequency-dependent solver

Fig. 6 Schematic representation of a possible experimental
demonstration of a reconfigurable nano-optical circuit board and solver.
Impinging radiation (Eb) excites a directional antenna, which generates a
local near-field. The local near-field produces a dielectric displacement
within a metatronic circuit made of indium tin oxide (ITO) operating at its
epsilon-near-zero (ENZ). The displacement can be probed by measuring
the scattered near-field (Es) produced by the metal tip of a scattering-type
scanning near-field optical microscope (s-SNOM) or by a nanophotonic
probe card (NPC) (Supplementary Fig. 8a), which consists of an array of
several apertures (numerical simulations are presented in Supplementary
Fig. 8b).
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with a tetrahedron mesh. The dimension of the maximum meshing element of the
metatronic board was 1/100 of λ and a denser local mesh was considered for the air
grooves and the lumped components. The electric field was excited by a point
dipole moment of amplitude 1 V. The ITO film’s optical properties (complex
permittivity and thickness) and relative sputtering process parameters (oxygen/
argon flow rate, deposition time, annealing time and temperature) were taken from
Silva et al.18. The effects of the carrier injection to the dispersion of the ITO film in
the near-infrared region was derived using Drude’s model. Complex refractive
index, scattering rate, ENZ wavelength, initial carrier concentration, thickness, and
plasma frequency were derived by spectroscopic ellipsometry of the deposited film
and used as fitting parameters for the active tuning. Further details regarding the
methods used in this study can be found in Supplementary Note 5.

Data availability
All data needed to evaluate the conclusions in the paper are present in the paper or the
Supplementary Online Materials. Additional data available from authors upon request.
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