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Topoelectrical circuit realization of a Weyl
semimetal heterojunction
S. M. Rafi-Ul-Islam 1, Zhuo Bin Siu 1 & Mansoor B. A. Jalil1✉

Weyl semimetals (WSMs) are a recent addition to the family of topological materials, and

the physical realization of heterojunctions between different types of WSMs is challenging.

Here, we use electrical components to create topoelectrical (TE) circuits for modeling and

studying the transmission across heterojunctions, consisting of a Type I WSM source to a

drain in the Type II or intermediary Type III WSM phase. For transport from a Type I WSM

source to a Type II WSM drain, valley-independent (dependent) energy flux transmission

occurs when the tilt and transmission directions are perpendicular (parallel) to each other.

Furthermore, “anti-Klein” tunneling occurs between a Type I source and Type III drain where

the transmission is totally suppressed for certain valleys at normal incidence. Owing to their

experimental accessibility, TE circuits offer an excellent testbed for transport phenomena in

WSM-based heterostructures.
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Studies of the topological states of matter in various plat-
forms, such as photonic1,2, mechanical3,4, and ultra-cold
atom systems5,6, and metamaterials7,8 and electrical net-

works9–11, have emerged as one of the most exciting fields in
contemporary condensed matter physics. Perhaps one of the most
iconic features of such topological states is the existence of Weyl
points in three-dimensional momentum space, at which electron
and hole bands touch each other in the presence of either broken
time reversal or crystal inversion symmetries. Materials with
linear band dispersion in the vicinity of such exceptional
points are generally classified as Weyl semimetals (WSM)12–14.
WSMs exhibit many novel characteristics such as negative
magnetoresistance15,16, exotic Fermi arc surface states14,17,18,
Klein tunneling19–21, the quantum anomalous Hall effect22–24,
and the chiral magnetic effect25,26. These outstanding and fasci-
nating properties make WSMs ideal candidate materials for next-
generation nanoelectronics and quantum computing27–30.

A new class of WSM states with anisotropic dispersion that
explicitly violates Lorentz invariance was recently proposed31,32.
The new WSM state, named the Type II WSM phase33,34, exhibits
many distinctive characteristics like anisotropic magnetoresis-
tance35 and anisotropic chiral anomaly36,37. The existence of
different types of WSMs based on their dispersion tilts opens yet
another avenue for exploring their potential in device applications.
However, the fabrication complexity of WSM material systems
and lattice structural restrictions in tuning their properties and
modulating their transport behavior present major challenges in
the realization of device applications based on WSMs.

To overcome these limitations and explore new possibilities in
WSMs, we consider a system known as a topoelectrical (TE)
circuit38 consisting of electrical components such as inductors
and capacitors to not only model different WSM states, but also
to study the transport phenomena between them. The term
“topolectrical circuit” was first introduced by Lee et al.11. TE
circuits offer the key advantage over condensed matter systems in
that the system properties can be very easily tuned simply by
changing the admittances of the circuit elements and the con-
nections between them. The close correspondence between the
TE network with the quantum tight binding (TB) model has
motivated studies on the analogues of topological insulator
states39, quantum spin Hall states40, topological corner states9,10,
and Chern insulator states41 based on electrical networks. Fur-
thermore, the possible electrical detection (i.e., current, phase and
impedance detection) of the Berry curvature42, topological edge
states10, band structure43, and the topological nodal states40 in
WSMs has been proposed in TE models. However, the transport
between WSM phases has not yet been modeled in the corre-
sponding TE circuits. Such transport studies in TE circuits would
offer a unique platform into the topological behavior of WSM
phases38. For instance, the study of the effects of the tilt strength
and direction on the transport properties in a WSM hetero-
junction may reveal many exotic features ranging from valley-
selective transmission to large inter-valley scattering. In con-
densed matter systems, it may not be possible to fabricate clean
interfaces nor manifest the Type I and Type II WSM phases
simultaneously due to the different environmental conditions
(e.g., temperature, strain, pressure, etc.) needed to exhibit these
states in host material systems. In contrast, TE circuits can be
implemented even on simple printed circuit boards, and offer
much flexibility in tuning properties which allow for sharp and
clean interfaces between different WSM phases.

In this work, we establish the analogy between a TE circuit
and a quantum mechanical TB Hamiltonian for a condensed
matter system. To validate the experimental feasibility of our TE
circuit model, we give an explanation of the transformation of

an infinite lattice chain into a finite one in both one and multi-
dimensional systems. We also explain in detail how to construct
the TE analogues of Type I and Type II WSMs. Finally, we
clarify the meaning of “transport” and “transmission” in the
context of TE circuits. While transport carries the meaning of
electron flux in condensed matter systems, we show that the
analogous quantity in TE circuits is the flux of energy. We then
calculate the analogue of the quantum mechanical transmission
in a WSM heterojunction and reveal a key role played by the
Dirac cone tilt direction in the transmission process for both
types of WSMs. The transmitted energy flux across a TE ana-
logue of a WSM heterojunction exhibits significant differences
in the two cases where the transmission direction is parallel to
the tilt direction, and where the transmission direction is per-
pendicular to the tilt direction. In the former case, the trans-
mission shows a highly asymmetric valley profile where the
energy flux transmission is significantly blocked in some valleys
and only small transmission channels via inter-valley scattering
are allowed. For the latter case, the transmission of energy flux
shows identical profiles for all valleys. Thus, our analysis shows
that TE circuits can be designed to provide an effective testbed
for studying transport properties in WSM devices before they
are realized in real material systems.

To investigate further, we consider the intermediate phase
between Types I and II WSM, which we term as Type III WSM.
The Type III WSM state shows a flat admittance band dispersion
along its tilt direction. As a result, transmission across a hetero-
junction into a Type III WSM drain exhibits a unique transport
behavior where total internal reflection occurs for some states at
normal incidence to the interface, which we term as “anti-Klein”
tunneling. This is in contrast to the maximum transmission at
normal incidence for the case of transmission into a Type II WSM
drain lead, which corresponds to the normal Klein tunneling. This
pronounced difference in transport phenomena between the two
different drain types is due to the fact that propagating states exist
for only one of the two pseudospin branches in a Type III WSM,
while in the case of Type II WSM, propagating modes exist for both
of the pseudospin branches. The pseudospin mismatch between the
incident source modes in some valleys and the drain modes results
in the complete suppression of tunneling in the anti-Klein effect.

Results
Weyl semimetals in topoelectrical circuit. Appropriately con-
structed TE circuits can host the analogue of the WSM phase in
which the C-bands disperse linearly with~k along all three spatial
dimensions in the vicinity of the band-touching Weyl points.
(Note that the C-bands of a TE circuit are the analogue of
energy dispersion of a TB Hamiltonian, see the Methods section
for details.) We consider the circuit depicted in Fig. 1 consisting of
a regular array of repeating units along the x, y, and z directions.
Each unit consists of an A sublattice site and B sublattice site, with
each site comprising of a voltage node connected to the ground via
the common grounding capacitance C and an “on-site potential”
capacitance C0. Additionally, each A and B type node is grounded
by a capacitor with capacitance 2CBz and 2CAz respectively. The
system has reflection symmetry along the z and y directions.

Denoting the A/B sublattice degree of freedom as the Pauli
matrices σis, the TE Hamiltonian for the circuit in Fig. 1 reads

Hð~kÞ ¼ CAz þ CBzð Þcos kzð Þð ÞIσ � ðC1 1þ cos kxð Þð Þ þ Cyð2cosðkyÞÞÞσx
� C1sin kxð Þσy � CAz � CBzð Þcos kzð Þσz
þ ð2C1 þ 2Cy þ 2CAz þ CBz þ C0ÞIσ :

ð1Þ
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The physical meaning of the Hamiltonian and the analogy
between a TE circuit and a lattice Hamiltonian are explained in
detail in the Methods section. For the convenience of the reader
who would prefer not to read through the Methods section as
this stage, the common grounding capacitance C is the
experimentally tunable TE analogue of the Fermi energy, and
the energy flux and node voltages are the TE analogues of the
quantum particle current flux and wavefunction amplitude,
respectively. The TE analogues of energy bands would thus be C-
bands describing how the values of C and Bloch wavevectors k of
the allowed voltage modes consistent with Kirchhoff’s laws are
related to one another.

For convenience, we eliminate the terms in the last line of
Eq. (1) by setting C0=−(2C1+ 2Cy+ 2(CAz+ CBz)) so that the
Weyl points where the hole and particle bands touch each other
occur at C= 0.

The Weyl points of Eq. (1) correspond to the points in k-space
where the coefficients of σx, σy, and σz simultaneously vanish.
Denoting these points as~k0 ¼ ðkx0; ky0; kz0Þ, we have

C1sin kx0ð Þ ¼ 0; ð2Þ

CAz � CBzð Þcos kz0ð Þ ¼ 0; ð3Þ

C1 1þ cos kx0ð Þð Þ þ Cyð2cosðky0ÞÞ ¼ 0: ð4Þ

Equation (2) implies that kx0= π. (kx0=−π is also a solution
of Eq. (2), but kx0= ±π are equivalent if we set the Brillouin zone
boundaries at ±π.) Equation (3) implies that kz0= ±π/2.
Substituting the values of kx0 and kz0 into Eq. (4) gives ky0=
±π/2. There are therefore four inequivalent Weyl nodes located at
(kx0, ky0, kz0)= π(1, ηy/2, ηz/2) where ηy and ηz assume values of
±1. Considering now the linear expansion of Eq. (1) for a small
displacement δ~k ¼ ðδkx; δky; δkzÞ around ~k0 ¼ π

2 ð2; ηy; ηzÞ, we

have

H ~k0 þ δ~k
� �

¼
2C1σx
2ηyCyσx

ηz CAz þ CBzð ÞIσ þ CAz � CBzð Þσzð Þ

0
B@

1
CA �

δkx
δky
δkz

0
B@

1
CA:

ð5Þ
The last term, i.e., the coefficient of δkz contains a (CAz − CBz)

term which is proportional to the Fermi velocity along the kz
direction, and a (CAz+ CBz)Iσ term which imparts a tilt to the
Dirac cone along the kz direction. Our TE model will host Type I
Weyl nodes as long as the coefficient of σz dominates over the
coefficient of Iσ. Conversely, a Type II WSM phase emerges when
CAz þ CBzj j> CAz � CBzj j. Moreover, a new topological WSM
phase we call the Type III phase emerges at the transition point
between the Type I and Type II phases when
CAz þ CBzj j ¼ CAz � CBzj j. Summarizing, the conditions for the
three WSM phases are

CAz þ CBzj j< CAz � CBzj j; Type I ð6Þ

CAz þ CBzj j> CAz � CBzj j; Type II ð7Þ

CAz þ CBzj j ¼ CAz � CBzj j; Type III ð8Þ
Figure 2 shows the C dispersion relations of an exemplary Type

I WSM and Type II WSM modeled by the TE circuit of Fig. 1
with capacitive values C1= 0.716 mF, Cy= 0.167 mF and CAz=
0.5 mF, and CBz=−0.5 mF for the Type I WSM and CBz= 0.2
mF for the Type II WSM, respectively. In the respective circuits,
the value of C0 has been set so that the Weyl points occur at C=
0. (We chose mF as the unit accompanying the numerical
capacitance values used in our calculations because, for the
reasonable value of ω= 1 kHz, the inductance corresponding to a
given negative numerical value of capacitance in mF has the same
(positive) numerical value in μH. Capacitors and inductors with
capacitances and inductances on the order of 1 mF and 1 μH,
respectively, would have physical dimensions of ≃1 cm, and are
readily available.)

Figure 2a shows the untilted Type I WSM that results when
CAz and CBz have the same magnitudes, but opposite signs. The
low-C dispersion relation takes the familiar form of Dirac cones
with ellipsoid cross-sections centered around the four Weyl nodes
(see Fig. 2c, d). The gradients of the dispersion relation have
opposite signs for opposite signs of δky and δkz around each
Weyl node.

Figure 2b shows the Type II WSM that results when CAz and
CBz have the same signs. The equal capacitance contours (ECC, in
analogue to the more familiar term “equal energy contours”) are
reflection-symmetric about the ky axis due to the reflection
symmetry about the y-axis in the TE circuit. The form of the
ECCs in a Type II WSM stands in contrast to the more familiar
ellipsoidal cross-sections of the Type I WSM Dirac cones. In the
vicinity of a Weyl node, the ECC of a Type II WSM takes the
form of a hyperbola with its transverse axis parallel to the tilt
direction along the z direction (see inset of Fig. 2b). One branch
of the hyperbola corresponds to hole states in the sense that if we
write the Hamiltonian as H ¼ ~m �~σ, then for an eigenstate on the
hole branch, hj i, we have h~σj jhh i ¼ �m̂. The other branch
corresponds to particle-like states where an eigenstate on the
branch, pj i, yields p~σj jph i ¼ m̂. Unlike the ellipsoid ECCs of a
Type I WSM, the hyperbola ECCs of the Type II WSM are not
closed curves. The non-closure of hyperbolas and the periodicity
of the first Brillouin zone together cause the ECCs to deviate from
perfect hyperbolas far away from the projections of the Weyl
nodes. In our TE circuit, the hyperbolas around Weyl nodes with

Fig. 1 Weyl semimetal (WSM) topoelectrical (TE) circuit. a Schematic of
the xy plane of a TE circuit hosting the WSM state. b Schematic of the xz
plane of the same TE circuit. The red and orange filled circles denote the A
and B sublattice sites; each filled circle consists of a voltage node connected
to the ground with an “on-site potential” capacitance C0 and the common
grounding capacitance C. Additionally, each A and B type node is grounded
by a capacitor 2CBz and 2CAz respectively.
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the same sign of kz link up so that the ECCs take the form of lines
running along the ky axis in the Brillouin zone.

Figure 2e, f illustrate an important distinction between a Type
II WSM and a Type I WSM. Whereas the gradient of the
dispersion relation around each Weyl node has opposite signs for
opposite signs of δky perpendicular to the tilt direction in both
Type I and Type II WSMs, the gradients of the dispersion
relations have the same signs for both signs of δkz parallel to the
tilt direction in the Type II WSM. This characteristic property of
a Type II WSM will lead to interesting consequences for its
transport properties, as we shall see in the next section.

Energy flux transport in Weyl heterojunction. Having con-
structed the TE circuit equivalent of a TB model of a hetero-
junction and established the equivalence between the energy flux
in the TE circuit with the electron flux in the TB model (details
in Supplementary Notes 1 and 2), we are now in a position to
study the transport in TE circuit heterojunction analogues of
WSMs heterostructure.

We now consider the transport across a heterojunction formed
between a Type I and Type II WSMs shown in Fig. 2. The
transmission of the energy flux is calculated for an incident mode
from a semi-infinite long Type I source lead to a semi-infinite
long Type II drain lead. This is the TE analogue of solving for the
transmitted current for a given incident source mode in a TB

heterojunction (more details in Supplementary Note 3). In the
Landauer–Buttiker picture conventionally used in calculating the
conductances across heterojunctions in condensed matter
systems, it is assumed that all states in the source lead are
populated up to the source Fermi energy. In the limit of small
applied source–drain bias, the calculation of the conductance
requires the consideration of the contributions from all source
states at the Fermi energy propagating from the source to the
drain. However, in some cases, it is preferable to limit the
conductance contributions to a restricted set of source states at
the Fermi energy. For instance, in the case of the Datta–Das spin
transistor44, the ideal behavior is approached by limiting the
conductance contribution to normally incident source states.
Thus, experimentally, additional steps have to be taken to exclude
the contributions of the unwanted source states. In contrast, the
source lead in a TE system can be populated with only a single
incident mode by appropriately setting the voltage biases at the
source voltage nodes, as explained in Supplementary Note 1. We
therefore focus exclusively on the set of source modes with kx= π
in the rest of the paper.

We compare the two scenarios where the source–drain
interface is parallel, and where the interface is perpendicular to
the tilt direction along the z direction. Figure 3 shows the results
of an exemplary calculation at C= 0.1 mF for a Type I source lead
connected to a Type II drain lead with the same parameters as in
Fig. 2. Figure 3c, d show the ECCs, and the transmitted energy

Fig. 2 Dispersion relations of Type I and Type II Weyl semimetal (WSM) phases. The k-space equal-capacitance (C) contours of a topoelectrical (TE)
circuit: a a Type I WSM and b a Type II WSM. The ky= π/2 planes are indicated on (a) and (b). The inset of (b) shows a zoomed-in view of the hyperbolic
Equal capacitance contours (ECCs) near one of the Weyl points. c and e show the C-dispersion relation with ky at kx= π, kz= π/2 for the systems in (a) and
(b) respectively; d and f show their respective C-dispersion relations with kz at kx= π, ky= π/2.
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flux at every point on the source ECCs for energy flux flowing in
the +z direction (Fig. 3c) and in the +y direction (Fig. 3d). The
transmitted energy flux was calculated by finding the linear
superposition of source and drain eigenmodes which corresponds
to flux incident on the source side, and satisfies the circuit KCL at
every node in the circuit (see Supplementary Note 1 for details).
The transmitted energy flux is therefore equal to zero on one half
of the source ECCs where the flux propagates away from the
source–drain interface. Figure 3e, f show the drain ECCs and the
energy flux along the z direction (Fig. 3e), and y direction (Fig. 3f)
on each point of the ECCs. Denoting the eigenmode with
eigenvalue C at ~k as vð~kÞ, the energy flux along the z and y
directions was calculated using vð~kÞyð∂kz=kyHÞvð~kÞ, which we

refer to as the “expectation value” of the energy flux. We have
oriented the axes of the plots so that the momentum
perpendicular to the interface, which is conserved across the
interface, lies on the horizontal axis of the respective plots. The
vertical lines spanning across the middle and bottom plots
therefore link the source modes with the corresponding drain

modes which they are transmitted into, subject to the conserva-
tion of transverse momentum.

The transmission of the energy flux differs considerably
between the scenarios where the transmission direction is parallel
to, and when it is perpendicular to the tilt direction. In Fig. 3c, e,
where the flux direction is parallel to the tilt direction, the
transmitted energy flux for the source valleys with positive kz is
considerably higher than the transmission for the source valleys
with negative kz. The valley asymmetry arises because of the
distribution of the z-energy flux directions in the drain segment.
At the given value of C, the drain segment hosts only modes
which propagate in the+z (−z) direction at positive (negative) kz.
This is shown in Fig. 3e as well as in Fig. 2f. The conservation of
the transverse momentum ky restricts incident source modes at
the source–drain interface to be transmitted into drain modes
with the same value of ky. This implies that source modes at the
negative kz valley have to undergo inter-valley scattering into the
positive kz drain valley in order to be transmitted into drain
modes which propagate in the positive z direction away from the
interface. The large difference Δkz between the incident source

Fig. 3 Transmitted energy flux in a Type I-Type II Weyl semimetal (WSM) heterojunction. a, b The three-dimensional schematic diagrams of the
topoelectrical (TE) WSM circuits for energy flux propagation along a the z and b y directions respectively. The dots represent the circuit nodes and the
lines the capacitive couplings between the voltage nodes. The unconnected lines at the edges of the circuit indicate that the circuit extends to infinity
beyond these lines. c, d The kx= π source equal capacitance (C) contours at a fixed common capacitance C= 0.1 mF and transmitted energy flux jE;z/y for
each mode on the source ECC source incident on the source–drain interface between a Type I source lead and a Type II drain lead for transmission along
the c z and d y directions. e, f The expectation values of the drain energy flux along the e z and f y directions. The vertical lines in (c–f) linking the Type I
source and a Type II drain indicate points on the source and drain ECCs with the same conserved values of c, e ky, and d, f kz momentum respectively (note
that the plot axes are swapped between (c) and (e); and (d) and (f)).
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mode and transmitted drain mode involved in the inter-valley
scattering suppresses the transmission of source modes at the
negative kz valleys relative to those at the positive kz valleys. For
the positive kz source valley, the required Δkz in the intra-valley
scattering between the source and drain modes is much smaller.

The preferential transmission of energy flux for the positive kz
valleys vanishes when the transmission direction (along y) is
perpendicular to the tilt direction (along z). The transmitted
energy flux in Fig. 3d, f for propagation along the +y direction
has identical profiles in all four valleys, i.e., they are valley
independent. Here, for a given conserved value of kz, drain modes
propagating in the +y direction are present symmetrically around
the vicinity of all four Weyl nodes. The source modes incident
from all four valleys do not have to undergo inter-valley
scattering in the drain segment in order to be transmitted in
the forward +y direction.

A key distinction between a Type I WSM and a Type II WSM
is that in the former (latter), there exists states in the vicinity of a
Dirac point with both signs (one sign) of energy flux parallel to
the tilt direction. This implies that at the transition from a Type I
WSM to a Type II WSM, some of the states will have zero energy
flux along the tilt direction. Let us consider the transition from a
Type I to a Type II WSM. From Eq. (7), this transition occurs at
CBz= 0. In this special case, the C dispersion relation of Eq. (5)
takes the form of C= ηz(1 ± 1)CAzδkz where the ± indicates the
pseudospinor branch of the eigenvalue. C does not disperse with
δkz for the negative pseudospinor branch. We term this
transitionary regime between a Type I and Type II WSM as
Type III WSM.

Figure 4a shows the ECCs of a Type III WSM system, and the
ky and kz dispersion relations cutting across the Weyl nodes (see
Fig. 4b, c). Figure 4c shows that one of the branches of the cross-
section of the Dirac cone now lies flat parallel to the kz axis, in
agreement with our prediction earlier from the linear expansion
of δ~k around the Weyl points in Eq. (5). The flatness of one of the
eigenspinor branches means that for kx= π and C ≠ 0, a line of
constant ky cuts across the C dispersion of Type III WSM at two
points instead of four points in the case of Type II WSM.
Furthermore, the ECC profile in Fig. 4a for a Type III WSM
consists of only two curves across the ky range spanned by the
Brillouin zone, instead of the four curves for a Type II WSM in
Fig. 2b. The absence of states from one of the eigenspinor
branches leads to a qualitative difference for the transmission
from a Type I WSM source lead to a Type III WSM drain lead,
compared to the transmission from a Type I WSM source lead to
a Type II drain lead. In what follows, we consider only the
positive ky valleys because the reflection symmetry of the TE
system along the y direction results in the other pair of valleys
with ky < 0 having identical transmission profiles as their y
reflection partners.

Figure 4d–g plot the transmission from the positive ky, positive
kz source valley (see Fig. 4d, f) and positive ky, negative kz source
valley (see Fig. 4e, g), from a Type I WSM source to a Type II
WSM drain (Fig. 4d, e), and to a Type III WSM drain (Fig. 4e, f)
with the same parameters as in Fig. 4a, as a function of the
common capacitance C and the incidence angle ϕz. An incidence
angle of zero corresponds to normal incidence at the interface.
For both Type II and Type III drain leads, the transmitted flux jE;z
is higher for incident modes from the positive kz valley than that
from the negative kz valley. The suppressed transmission of the
negative kz valley source modes is, in both cases, due to the inter-
valley scattering into positive kz valley drain states required for
transmission from the source to the drain. (The kz dispersion
relation in Fig. 4c shows that in the vicinity of each Weyl point
there are only modes with a single sign of ∂kzC, which signifies the

energy flux along the z direction.) However, a key difference
between the transmission to a Type II drain as opposed to a Type
III drain is that in the former, the transmission for the negative kz
state is maximal at normal incidence at kz= 0 whereas in the
latter, the transmission of the negative kz states at normal
incidence is completely suppressed. This complete suppression of
the transmission at normal incidence is, in a sense, the antithesis
of the well-known Klein tunneling in Dirac fermion systems. We
term this tunneling behavior as “anti-Klein tunneling”. The
emergence of anti-Klein tunneling is basically due to the fact that
propagating states exist in only one eigenspinor branch around
each Weyl point in a Type III WSM.

To further explain the existence of the anti-Klein tunneling
behavior, let us consider Fig. 5 which shows the ECCs in the
source (see Fig. 5a, c) and drain (see Fig. 5b, d) for a Type III
WSM drain lead (Fig. 5a, b), and a Type II WSM drain lead
(Fig. 5c, d), and the expectation value of the pseudospin σz at each
point of the ECC. The modes which propagate in the positive z
direction from the source to the drain (the right halves of the
elliptical ECCs in the Type I source, and the positive kz curves in
the Type II and Type III drains) are demarcated in dotted red
boxes in the figure. As noted earlier in the discussion on Fig. 4,
the Type III ECCs at any non-zero value of C consist of only two
curves running along the ky axis, both of which belong to the +σz
eigenspinor branch. The normal incidence of the source mode
from each valley at ϕz= 0 corresponds to the conserved values of
δkx= δky= 0 around each Weyl point in both the source and
drain segments in the linear δ~k expansion Eq. (5). At normal
incidence and CBz= 0, Eq. (5) reduces to H= CAzηzδkz(Iσ+ σz).
Since the given value of C > 0, 2CAzηzδkz > 0. The sign of the
pseudospin z expectation value of the +σz eigenstate follows that
of CAzηzδkz. The pseudospin about the Weyl points at δkx= δky
= 0 would thus lie along the +z direction for all four drain valleys
in Type III WSM, as shown in Fig. 5b. This matches the σz
direction of the normally incident source states from the positive
kz valleys (Fig. 5a), which thus get transmitted perfectly
(transition (1) in Fig. 5). However, the normally incident source
states from the negative kz valleys have pseudospin σz along −z,
i.e., in the opposite direction to that of the drain states. In other
words, the source and drain states at normal incidence are
orthogonal to one other as far as their pseudospin state is
concerned. This leads to a total suppression of the transmission of
normally incident states, i.e., “anti-Klein tunneling” (the for-
bidden transition (2)). In conventional Klein tunneling with
coincident source and drain Dirac points, there is perfect
transmission because the pseudospin directions of the source
and drain states point in exactly the same direction regardless of
the potential difference between the source and drain. In contrast,
in our TE (Type I–Type III) heterojunction system, the
pseudospin direction of the normally incident source states at
the negative kz valley points in the exactly opposite direction to
that of the corresponding drain states, thus resulting in zero
transmission.

In contrast to the Type III WSM drain segment of Fig. 5a, b,
the Type II drain segments in Fig. 5c, d have states from both
eigenspinor (σz= ±1) branches present at all four Weyl points.
The transmission of normally incident modes from the negative
kz valley to the forward propagating drain modes in the positive
σz branch (the forbidden transition (3)) is prohibited due to their
respective pseudospins pointing in opposite directions. However,
it is possible for the source modes to be transmitted into the drain
modes in the σz=−1 branch. Indeed at normal incidence, the
pseudospin directions of the source modes and the corresponding
drain modes in the −σz branch point in exactly the same
direction, resulting in the valley transmission peaking at ϕz= 0
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for the −kz valley (transition (4)). However, since inter-valley
scattering is involved in the transmission, the transmission
probability T is somewhat suppressed, in contrast to the perfect
transmission in conventional Klein tunneling.

Discussion
In this work, we established the analogy between a TE circuit and
a TB system. We saw that the common grounding capacitance
and the energy flux in the former are analogous to the eigen-
energy and the probability flux in the latter. We also described
how multi-dimensional heterojunctions between semi-infinite
leads may be modeled using a finite number of nodes.

Exploiting the analogy between LC TE circuits and TB
Hamiltonians, we proposed the realization of various WSM

phases to construct a WSM heterojunction between a Type I
WSM source and a Type II/III WSM drain. A TE circuit offers
additional flexibility and tunability over a condensed matter
system where in the former, a source lead can be populated with a
specific mode by adjusting the voltage bias appropriately. In
contrast, in a condensed matter system, the conductance is con-
tributed by all source states at the source Fermi energy, and it is
difficult to restrict the conductance to a desired subset of source
modes. We saw that the transport properties differ significantly
for the cases when the transport direction is parallel to, and when
it is perpendicular to the k-space tilt direction. By investigating
the relative orientation between tilt and flux direction, we
observed that large inter-valley scattering suppresses the trans-
mission for one pair of source valleys relative to the other when

Fig. 4 Energy flux transmission in a Type I-Type III Weyl semimetal (WSM) heterojunction. a The equal capacitance contours (ECCs) for a Type III
WSM at kx= π with the kz= π/2 and ky= π/2 planes indicated, b the C-dispersion relation with ky at kz= π/2, and c C-dispersion relation with kz at
ky= π/2. d and e show the variation of the transmitted energy flux jE;z with the common grounding capacitance C and incidence angle ϕz valley from a
Type I source from the positive ky, d positive kz valley and e negative kz to a Type II WSM drain. f and g show the transmissions from the positive and
negative kz valleys from a Type I source to a Type III drain, respectively.

COMMUNICATIONS PHYSICS | https://doi.org/10.1038/s42005-020-0336-0 ARTICLE

COMMUNICATIONS PHYSICS |            (2020) 3:72 | https://doi.org/10.1038/s42005-020-0336-0 |www.nature.com/commsphys 7

www.nature.com/commsphys
www.nature.com/commsphys


the tilt and flux direction are parallel to each other. However, all
valleys contribute equally in transmission when the tilt direction
is perpendicular to the propagation direction. Moreover, by
adjusting the coupling capacitance, we achieved an exotic Type III
WSM drain lead where one of the eigenspinor branches shows
zero group velocity along the tilt direction. The flatness of Type
III WSM band dispersion results in anti-Klein tunneling where
the transmission for the negative kz valleys at normal incidence is
totally suppressed. This is due to the pseudospin directions of the
source and drain modes pointing in exactly opposite directions,
leading to the orthogonality of the source and drain pseudospin
states. Moreover, transmission characteristics such as Klein and
anti-Klein phenomena in WSM heterojunction show robustness
against system disorders such as parasitic resistance, capacitance
or inductance. (See details in Supplementary Note 4.)

Our proposed model can be easily implemented experimentally
with conventional electrical components. Realizing various WSM
phases in a single real material is difficult to achieve in practice.
Moreover, the transmission across a heterojunction separating
different phases of WSM (i.e., Types I, II, and III) has unique
characteristics which can be utilized in WSM-based nanoelec-
tronics (e.g., to realize valleytronic applications). We thus propose
the TE circuit network analogue of a WSM heterojunction as a
platform to study the transport behavior of WSM materials.

Methods
Hamiltonian analogue. We explain how to establish the analogy between an
inductance–capacitance (LC) circuit, and the quantum mechanical TB

Hamiltonian. In complex circuit theory, the complex current I flowing through a
LC component is given by I= YδV where Y is the admittance of the component,
and δV is the potential difference across the component. The admittance of a
capacitor with capacitance C for a harmonic AC current of angular frequency ω is
YC= iωC, while that of an inductor with inductance L is YL ¼ � i

ωL. From the
perspective of admittance, an inductor therefore behaves like a capacitor with a
negative capacitance, with the induction corresponding to a negative capacitance
−|C| given by
|L−1|= (ω2)|C|. In the rest of this paper we shall, for simplicity refer to capacitors
and capacitance exclusively with the understanding that a negative capacitance
actually refers to an inductance.

To set the stage, let us consider a very simple system illustrated in Fig. 6a,
consisting of two circuit nodes numbered 1 and 2 connected by identical capacitors
C to the ground. The two nodes are connected by a capacitor Ci. (The i in the
subscript is not to be interpreted as a dummy index.) An ideal voltage source sets
the voltage bias at node 1 to V1 with respect to the ground. We denote the current
flowing through the voltage supply as IVS.

In general, the total current flowing into the nth voltage node in a circuit
composed purely of capacitors (and inductors), In, is given by

In ¼ iωð Þ
X
a

Can Vn � Vað Þ

where the sum runs over all the nodes which node n is connected to via the
coupling capacitances Can. By Kirchhoff’s current law (KCL), the net current
flowing into any voltage node is 0. We therefore have

0 ¼
X
a

Can Vn � Vað Þ � IEn
iω

ð9Þ

where IEn accounts for any additional current flows out of the nth node besides
those due to capacitors connected to the node. In the circuit in Fig. 6a, IE1 ¼ IVS,
IE2 ¼ 0.

Fig. 5 Equal capacitance contours (ECCs) in source and drain. a–d The ECCs and the expectation value of pseudospin σzh i at each mode on the ECCs in a,
c Type I source, b Type II drain, and d Type III drain at C= 0.1. The red dotted boxes denote the modes with energy fluxes in the positive z direction. The
dotted arrows spanning across the source and drain ECCs at ky= π/2 denote the drain states that the normal incident ϕz= 0 source states can be
transmitted into. The insets in (b) and (d) relate the ECC curves to bands on the C−kz dispersion relation. The labels (1)–(4) denote various allowed and
forbidden transmission processes from the positive ky, δky= δkx= 0 source modes in the two valleys to the forward-propagating drain modes.
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Applying Eq. (9) to the two nodes in Fig. 6a, we have

C
V1

V2

� �
¼ Ci

�1 1

1 �1

� �
V1

V2

� �
þ i
ω

IVS 0

0 0

� �
: ð10Þ

Equation (10) looks almost like an eigenvalue equation for the matrix Ci(−I2+
σx) with eigenvalues C and eigenvector (V1, V2)T if not for the second term
containing the current flowing through the voltage supply. (I2 is the two-by-two
identity matrix and σx is the x Pauli matrix.) We can ask the question of what
values C should take for a given value of Ci, so that the current flowing through the
voltage supply is zero. This question is answered by setting IVS= 0 in Eq. (10), so
that Eq. (10) takes the form of

Cv ¼ Ci �I2 þ σxð Þv ð11Þ
where bold uppercase symbols denote matrices and bold lowercase symbols
vectors. Here v is the vector of the voltages at the nodes. Equation (11) can readily
be diagonalized to give the eigenvalues C= Ci(1 ± 1). Notice that once the C
capacitances are set to Ci(1 ± 1) and the voltage bias supplied by the voltage supply
V1 set to an arbitrary value, Kirchhoff’s laws automatically guarantee that the
voltage at node 2 will be ±V1.

Equation (11) is the TE analogue of a quantum-mechanical TB Hamiltonian
consisting of only two lattice sites with on-site energy −Ci and hopping integral Ci.
More generally, TE analogues to quantum TB Hamiltonians can be extended to any
number of lattice sites. In these TE analogues, the voltage nodes connected to the
ground via the capacitance C play the role of TB lattice points while the capacitive
(and inductive) couplings between lattice sites play the role of TB hopping
integrals. Hence, the voltage profile across the nodes in a TE circuit is analogous to
the spatial variation of the wavefunction in a TB system while C stands in for the
eigenenergy. For a finite one-dimensional chain with only nearest-neighbor
couplings, the chain can be populated with a desired eigenmode by attaching a
voltage supply at one of the voltage nodes. Generalizing Eq. (11), we write

Cv ¼ Hv ð12Þ
where H is the TE analogue of the TB Hamiltonian obtained from writing down
the KCL at every node, moving the terms containing the capacitance C to the left of
the equal sign and setting the current flowing through the attached voltage supply
to zero. We want the current through the voltage supply to be zero by design,
because otherwise a finite current flow will contribute an imaginary on-site
potential energy term into H, an example of which is the −IVS/iω term in Eq. (10).
The imaginary on-site potential energy term breaks the Hermitricity of H.
Imposing the current through the voltage supply to be zero ensures that the voltage
supply does not introduce any additional terms into H, and can thus be attached to
any of the voltage nodes without affecting the form of H. The eigenvalues of H
hence correspond to the allowed values of C in which the current flowing through
the voltage supply is indeed zero. We stress that although no current flows through
the voltage supply when C is set to one of the eigenvalues, the physical scenario is
not equivalent to simply removing the voltage supply and leaving the circuit open.
The AC voltage supply imposes a finite dV

dt at the node it is attached to. The finite
temporal rate of change of the potential differences across the capacitors in the
circuit leads to the charging or discharging of these capacitors and the flow of

electrical currents through them even though the current through the voltage
source is zero.

Let us briefly summarize what we have done so far. We saw that the TE
analogue Eq. (12) to the Schrodinger’s equation E ψj i ¼ H ψj i can be established by
considering the KCL at the voltage nodes of a LC circuit. The voltage profile vector
v is the TE analogue of the wavefunction while C, the common grounding
capacitance for all the nodes, plays the role of the eigenenergy. In finite TE circuits
analogous to finite TB systems, the eigenvalues of C correspond to the values of
common grounding capacitances for which no current flows through a voltage
supply attached to any node. (The voltage supply serves to populate the voltage
nodes with finite voltages.) The fact that no current flows through the voltage
supply for an eigenvalue of C allows us to attach the voltage supply to any node
without modifying H and the voltage profile of the eigenmodes.

Infinite one-dimensional chains. Building towards our goal to study hetero-
junctions between semi-infinite leads, let us now move on from finite circuits and
consider the infinite one-dimensional chain shown in Fig. 6b. Each node is con-
nected to its immediate neighbors to the left and right by a coupling capacitance Ci,
and connected to the ground via the common grounding capacitance C. Writing
down the KCL for the nth node, we have

CVn ¼ Ci Vnþ1 þ Vn�1 � 2Vn

� �
: ð13Þ

This is a recursive relation in Vn. Substituting the ansatz that Vn= v0 exp(ikn)
into Eq. (13), we have C= 2 Ci(cos(k) − 1), which gives k ¼ κ � arccosð C

2Ci
þ 1Þ.

For a given value of Ci, modifying the value of C allows us to modify the spatial
wavelength of the voltage profile 2π/κ. Notice that both Vn= v0 exp(iκn) and Vn=
v0 exp(−iκn) satisfy Eq. (13). The voltage profile of an eigenmode of the infinite
chain thus has the general form of

Vn ¼ αþexp iκnð Þ þ α�exp �iκnð Þ ð14Þ
where α± are the weightages of the exp(±iκn) eigenmodes. This is the TE analogue
of a one-dimensional free electron gas system with C playing the role of the
eigenenergy. Unlike in a finite chain where a specific eigenmode can be populated
simply by setting C to the eigenvalue corresponding to the desired eigenmode and
connecting a voltage supply to any one of the nodes, it turns out that the voltage
profile in an infinite chain would not be uniquely specified by attaching a finite
number of voltage biases to the nodes. (Details in Supplementary Note 5.) The
ability to controllably populate desired linear superpositions of eigenstates is an
important requirement in setting the direction of flux flowing along a TE
heterojunction—we want to populate the eigenmodes such that the TE analogue of
probability flux flows only from the source to the drain and not vice-versa. (We
discuss the TE analogue to probability flux in Supplementary Note 3.) Moreover,
infinitely long chains cannot be constructed in actual experiments. For practical
purposes, it is necessary to represent an infinite or semi-infinite circuit by an
equivalent circuit comprising a finite number of nodes.

In the following, we construct a chain with a finite number of nodes in which
the voltage profile in the interior has an identical form to that in an infinite chain as
given by Eq. (14). This is, as we shall later see, sufficient to model the transmission

Fig. 6 Electrical circuit to resemble quantum tight binding model. a Schematic of a two-node circuit consisting of two voltage nodes connected to the
ground via identical capacitances C, and connected to each other via a coupling capacitance Ci. A voltage source is connected to node 1 with the current
flowing through the voltage source denoted as IVS. b Schematic of an infinite chain of voltage nodes coupled to each other with coupling capacitances Ci
and connected to the ground via common capacitances C. c Schematic of a finite chain of voltage nodes equivalent to the infinite chain in (b), consisting of
the chain truncated to N nodes and voltage supplies attached to both ends of the finite chain.
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from a semi-infinite long source lead to a semi-infinite long drain lead in a
heterojunction system.

Figure 6c shows the finite-length chain which can be used to model the
homogenous infinite-length chain in Fig. 6b. The finite-length chain is essentially
the latter truncated to a finite number of nodes, N, where we now attach voltage
supplies to each of the two ends. We number the nodes from 1 to N, and allow
finite current flows through the voltage supplies. We denote the currents flowing
through the voltage supply at node 1 (N) as I1 (IN). Consider nodes 2 to N− 1.
Each of these nodes is coupled to its left and right neighbors by Ci, and to the
ground via the common grounding capacitance C. The KCLs for these nodes take
the same form as the KCLs for the infinite chain Eq. (13) for 2 ≤ n ≤N− 1. The
voltage profile in these nodes therefore also takes the same form as Eq. (14) for the
infinite chain. The finite chain models the infinite chain in the sense that the
voltages in the interior nodes in the former are governed by the same Hamiltonian
H as the latter and have the same voltage profiles as the infinite chain eigenmodes.
The required voltage profile in the finite chain can be obtained by setting the
voltage biases at the two ends at appropriate values as will be explained below.

Let us now examine how the weights of the exp(±iκn) modes inside the chain,
α±, are related to the voltage biases V1 and VN set by the voltage supplies at the two
ends. At node 1, the KCL reads

CV1 þ
I1

iω
¼ Ci V2 � V1ð Þ ð15Þ

¼ Ci αþexp 2iκð Þ þ α�exp �2iκð Þ � V1

� � ð16Þ
where in going from Eq. (15) to Eq. (16), we made use of the fact that V2 is
described by Eq. (14). Similarly, at node N the KCL reads

CVN þ IN

iω
¼ Ci αþexp N � 1ð Þiκð Þ þ α�exp �i N � 1ð Þκð Þ � VN

� �
: ð17Þ

At node 2, the KCL reads

CV2 ¼ Ci V1 þ V3 � 2V2ð Þ

) C þ 2Cið Þ sþexp 2iκð Þ þ s�exp �2iκð Þ� �� Ci V1 þ sþexp 3iκð Þ þ s�exp �3iκð Þ� � ¼ 0

ð18Þ
where again V2 and V3 take the form as described by Eq. (14).

In a similar vein, we have at node N− 1,

C þ 2Cið Þ sþexp i N þ 1ð Þκð Þ þ s�exp �i N þ 1ð Þκð Þ� �
� Ci VN þ sþexp i N � 2ð Þκð Þ þ s�exp �i N � 2ð Þκð Þ� � ¼ 0:

ð19Þ

Equations (16)–(19) constitute a system of four equations relating the six
variables V(1/N), I(1/N), and α± to one another. These equations may be interpreted

in two complementary ways. In the first, we take V1 and VN as given values
and solve for α± and I(1/N). This corresponds to setting the voltage biases at
the two ends of the chain to the given values, and finding out what linear
superposition of the exp(±iκn) modes result inside the chain. Alternatively, we
can take α± to be given, and solve for V(1/N) and I(1/N). This corresponds to
finding out what voltage biases need to be set at the ends of the chain in
order to achieve the desired linear superposition of the exp(±iκn) modes inside
the chain.

Note that a key difference between the finite length chains in Fig. 6a, c is that we
have restricted the current flow through the voltage supply to zero in the
former. This is equivalent to setting a hard-wall boundary condition at the ends of
the finite chain. The circuit in Fig. 6a is hence the TE analogue of a discretized
infinite potential well where the eigenspectrum consists of a discrete set of
eigenvalues. In contrast, allowing finite currents to flow through the voltage
supplies at the ends of the chain in Fig. 6c is equivalent to setting open boundary
conditions at those ends. With reference to the non-equilibrium Green’s
function formalism, the imaginary potentials at nodes 1 and N resulting from
the current flows through the voltage supplies can be taken to be the imaginary
parts of the lead self-energies45 at the two ends of a central barrier region attached
to semi-infinite leads. The imaginary potentials allow a finite-sized chain to model
an infinite-sized one by folding the effects of the portions of the infinite-
dimensional Hamiltonian excluded in the former into non-Hermitian terms.
The C eigenvalues therefore fall into a continuum. A corollary result is that a semi-
infinite chain can be modeled by attaching a voltage source to only one end of a
finite chain. This allows the modeling of a TB heterojunction consisting of a semi-
infinite source lead connected to a semi-infinite long drain lead, such as the one
shown in Fig. 7a.

The fact that an infinite chain can be modeled by a finite one allows us to model
the transmission from a semi-infinite source lead to a semi-infinite drain lead
across a heterojunction using a finite number of nodes. Figure 7a shows one such
heterojunction circuit with semi-infinite leads, and Fig. 7b, the finite-length circuit
to model the infinite heterojunction system of Fig. 7a (see Supplementary Notes 1
and 2 for detailed derivations of one-dimensional and multi-dimensional
heterojunction).

Data availability
The data that support the plots within this paper and other findings of this study are
available from the corresponding author upon reasonable request.

Code availability
The computer codes used in the current study are accessible from the corresponding
author upon reasonable request.

Fig. 7 Topoelectrical heterojunction. a Schematic of a heterojunction between a semi-infinite source lead consisting of nodes coupled to their left and right
neighbors by a capacitance CS and to the ground via the common grounding capacitance C and the “on-site energy” C0S, and a semi-infinite drain lead
consisting of nodes coupled to their left and right neighbors by a capacitance CD and to the ground via the common grounding capacitance C and “on-site
energy” C0D. b Schematic of a finite length chain to model the transmission through the infinite chain consisting of the source and drain leads truncated at
the third node away from the interface, and voltage supplies attached to both ends of the system.
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