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Topological Josephson heat engine
Benedikt Scharf 1✉, Alessandro Braggio 2, Elia Strambini 2, Francesco Giazotto 2 &

Ewelina M. Hankiewicz1

Topological superconductors represent a fruitful playing ground for fundamental research as

well as for potential applications in fault-tolerant quantum computing. Especially Josephson

junctions based on topological superconductors remain intensely studied, both theoretically

and experimentally. The characteristic property of these junctions is their 4π-periodic

ground-state fermion parity in the superconducting phase difference. Using such topological

Josephson junctions, we introduce the concept of a topological Josephson heat engine. We

discuss how this engine can be implemented as a Josephson–Stirling cycle in topological

superconductors, thereby illustrating the potential of the intriguing and fruitful marriage

between topology and coherent thermodynamics. It is shown that the Josephson–Stirling

cycle constitutes a highly versatile thermodynamic machine with different modes of opera-

tion controlled by the cycle temperatures. Finally, the thermodynamic cycle reflects the

hallmark 4π-periodicity of topological Josephson junctions and could therefore be envisioned

as a complementary approach to test topological superconductivity.
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The promise of fault-tolerant quantum computing has made
topological superconductors the focus of intense research
during the past decade1,2. In this context, topological

Josephson junctions based on nanowires3,4 or on topological
insulators5–11 provide an alternative route for probing topological
superconductivity. Their topological nature is reflected in a
ground-state fermion parity that is 4π-periodic in the super-
conducting phase difference ϕ. Finding unambiguous experi-
mental evidence for this 4π-periodicity still proves a difficult task,
however12–16, and it is therefore desirable to have several different
and complementary approaches. Here we propose a topological
Josephson heat engine implemented by a Josephson–Stirling cycle
and discuss its thermodynamic17–23 properties. Using a Joseph-
son junction based on a quantum spin Hall (QSH) insulator as an
example, we show how topological Josephson junctions represent
versatile thermodynamic machines with various operating modes.
Moreover, the thermodynamic cycle properties reflect the 4π-
periodicity of the topological ground state, distinguishing between
parity-conserving and non-parity-conserving engines. Interest-
ingly, we find that parity conservation generally boosts both the
efficiency and power of the topological heat engine with respect to
its non-topological counterpart. Our results are applicable not
only to QSH-based junctions but also to any topological
Josephson junction and establish topological Josephson heat
engines as a novel testbed for the 4π-periodicity of the ground-
state fermion parity by its entropic signature.

Results and discussion
Basic ideas. In our proposed set-up (Fig. 1a), an external mag-
netic flux controls the superconducting phase bias ϕ across the
junction. The temperature T of the QSH system is assumed to be
externally modulated compared to the bath temperature Tb. For
example, this could be done with radiative heating of the sys-
tem24–26 or by having the superconductors acting as reservoirs
whose temperature is controlled via resistors or superconductor/
insulator/superconductor tunnel junctions17.

A Josephson–Stirling cycle23 is composed by a sequence of (i)
an isothermal phase change of ϕ= 0→ ϕf at an externally set
temperature T= Te, followed by (ii) an isophasic temperature
change T= Te→ Tb at constant ϕ= ϕf, (iii) an isothermal phase
change of ϕ= ϕf→ 0 at T= Tb, and (iv) an isophasic temperature
change T= Tb→ Te at ϕ= 0 to complete the cycle (Fig. 1b). If the
reference phase ϕf is chosen as (an integer multiple of) ϕf= 2π,
the work released by the engine crucially differs between a set-up
without fermion-parity constraints and a set-up with constant
fermion parity. In the former case, the free energy and other
thermodynamic quantities are 2π-periodic. This requires that no
work or heat is generated or absorbed during each of the
isothermal phase changes ϕ= 0→ 2π and ϕ= 2π→ 0. If we
assume, on the other hand, that the fermion parity can be kept
constant throughout all processes, the thermodynamic quantities
are 4π-periodic. Work and heat are then exchanged with the
reservoirs during the isothermal phase changes ϕ= 0→ 2π and
ϕ= 2π→ 0. Hence, for ϕf= 2π a topological heat engine releases
work only when parity can be conserved (Fig. 1c, d).

Model and thermodynamic properties. While the concepts
outlined above are expected for any topological Josephson junc-
tion, we will discuss them explicitly for the example of a short,
topological Josephson junction based on a QSH insulator. Here
the pairing in the superconducting (S) regions is induced from
nearby s-wave superconductors (see Fig. 1a, also for the coordi-
nate system). Assuming two independent edges of the QSH sys-
tem, the corresponding Bogoliubov-de Gennes Hamiltonian for
the QSH edge states then reads

Ĥs;σ ¼ sσvFp̂x � μS
� �

τz þ V0LNδðxÞτz
þΔ τx cosΦðxÞ � τy sinΦðxÞ

h i
;

ð1Þ

where s= ↑/↓≡ ±1 describes the natural (out-of-plane) spin
projection, σ= t/b≡ ±1 the top and bottom edges, and τj (with
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Fig. 1 Concept of a topological Josephson heat engine. a Scheme: a quantum spin Hall (QSH) insulator is partially covered by an s-wave superconductor
(S), which proximity-induces pairing into the QSH edge states "

�� � and #
�� �, thus defining (proximitized) superconducting regions. A magnetic flux Φ

induces a superconducting phase difference ϕ across the normal QSH weak link. The proximitized QSH system is at temperature T. b Timeline defining the
four sequences of ϕ and T to implement the Josephson–Stirling thermodynamic cycle: 1≡ (ϕ= 0, Te), 2≡ (ϕ= ϕf, Te), 3≡ (ϕ= ϕf, Tb) and 4≡ (ϕ= 0, Tb).
c, d Josephson–Stirling cycle in the (T, S) plane for ϕf= 2π with and without parity conservation, respectively. Here S is the total entropy of the system. The
area enclosed by the cycle in the (T, S) plane corresponds to the total heat Q absorbed, which is equivalent to the total work W done during the cycle. In
this set-up, W≠ 0 only if parity is conserved due to the trivial 2π-periodicity of the non-topological engine.
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j= x, y, z) denote Pauli matrices of the particle-hole degrees of
freedom (see Supplementary Notes I).

We study a short junction with a normal QSH region of width
LN, approximated by a δ-like profile. The proximity-induced
pairing amplitude is Δ and we use the phase convention Φ(x)=
Θ(x)ϕ to describe the superconducting phase difference ϕ
between the two S regions. Furthermore, p̂x denotes the
momentum operator, and V0 is the potential difference between
the normal QSH and proximitized S regions. We employ a
scattering approach to determine the Andreev bound states and
the continuum spectrum of Eq. (1), from which we obtain the free
energy—up to some additive ϕ-independent contributions—as

F0ðϕ;TÞ ¼ �2kBT ln 2 cosh
Δ cos ϕ2
2kBT

 !" #
ð2Þ

with the Boltzmann constant kB and the temperature T of the
QSH states (see Supplementary Notes II and III). Here Eq. (2)
arises solely from the Andreev bound state energies and the
prefactor 2 takes into account contributions from the top and
bottom edges.

Equation (2) describes a situation where the states of the
system have equilibrium occupations without any external
constraints. If fermion-parity conservation is enforced, the free
energy acquires an additional term and becomes

Fpðϕ;TÞ ¼ �2kBT ln cosh
Δ cos ϕ2
2kBT

 !
þ peJSðTÞ sinh

Δ cos ϕ2
2kBT

 !" #
;

ð3Þ
where we use the convention that p= ±1 corresponds to even and
odd ground-state parity, respectively. In Eq. (3), we again omit
additive ϕ-independent contributions to Fp, which are also parity
independent. The contribution

JSðTÞ ¼ � 2
πkBTES

Z 1

Δ
dϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵ2 � Δ2

p

sinh ϵ=kBTð Þ ð4Þ

originates from the superconducting electrodes, where the energy
scale ES= ℏvF/LS is related to the total length LS of the
superconducting QSH edge7. Following refs. 7,27, we have
assumed rigid boundary conditions in writing down Eqs. (2)
and (3) and do therefore not take into account the inverse
proximity effect since LS≫ LN21.

The total free energy F of the QSH junction, given by Eq. (2) or
(3), allows us to calculate the total Josephson current via27

Iðϕ;TÞ ¼ 2e
_

∂Fðϕ;TÞ
∂ϕ

; ð5Þ

where e is the elementary charge, and the entropy via

Sðϕ;TÞ ¼ � ∂Fðϕ;TÞ
∂T

: ð6Þ

From S, one can subsequently obtain the heat capacity of the
junction

Cðϕ;TÞ ¼ T
∂Sðϕ;TÞ

∂T
: ð7Þ

Importantly, Eq. (2) is 2π-periodic in ϕ, while Eq. (3) is 4π-
periodic. Consequently, the quantities derived from Eq. (2) or (3)
inherit the respective periodicities. This is illustrated by Fig. 2a, b,
which shows F and S for junctions without and with parity
constraints. For simplicity, we assume a temperature-independent
proximity gap, Δ(T) ≈ Δ(T= 0) and ∂Δ/∂T ≈ 0, during our
calculations, which is reasonably valid for the set-up considered
here (see Supplementary Notes III).

Thermodynamic processes. For the Josephson–Stirling cycle, we
need to describe different thermodynamic processes. We
study quasi-static processes, during which the system passes
through quasi-equilibrium states. Then the work done and heat
released during a process i→ f areWi→f=−ℏ/(2e)∫dϕ I(ϕ, T) and
Qi→f= ∫dS T, respectively. The sign convention is such that Wi→f

is positive when the system releases work to the environment,
while Qi→f is positive when the system absorbs heat from the
environment.

For an isothermal process where ϕ is changed from ϕi→ ϕf at
constant T,Wi→f=−[F(ϕf, T)− F(ϕi, T)] and Qi→f= T[S(ϕf, T)−
S(ϕi, T)] can be directly obtained from Eqs. (2) and (3) and their
temperature derivatives. During an isophasic process, T is
changed from Ti→ Tf at constant ϕ. In this case, Wi→f= 0, while

Qi!f ¼
Z Tf

Ti

dT C0ðTÞ þ δCðϕ;TÞ½ � ð8Þ

can be calculated from the total heat capacity. The ϕ-dependent
contribution δC(ϕ, T)= C(ϕ, T)− C0(T) can be directly calcu-
lated from Eq. (2) or (3) and its derivatives and is measured with
respect to ϕ= 0. In principle, we also need to account for the ϕ-
independent contribution C0(T) arising from the terms omitted
in Eqs. (2) and (3). For additional details, we refer to
Supplementary Notes IV and V, where C0(T) is calculated using
the Bardeen–Cooper–Schrieffer density of states.

Josephson–Stirling cycle. We are now in a position to explicitly
compute the total work and heat produced during each of the
processes of the Josephson–Stirling cycle introduced above
(Fig. 1b). As mentioned above, W1→2 and W3→4 correspond to
integrals over the current–phase relation but can also be com-
puted directly from F. The total workW=W1→2+W3→4 of each
cycle thus coincides with the difference between the integrated
areas over the current–phase relation (Fig. 3a, b). The heat
exchanged with the hot (T= Te) and cold reservoirs (T= Tb) is
Qe=Q1→2+Q4→1 and Qb=Q2→3+Q3→4, respectively. Con-
servation of energy dictates W=Q, where Q=Qe+Qb is the
total heat exchange during the cycle. Note that, in our set-up,
there are no separate hot and cold reservoirs, but the environ-
ment acts successively as hot and cold reservoir.

Fig. 2 Phase-dependent thermodynamic quantities. a Phase-dependent
variation of the total free energy δF(ϕ)= F(ϕ)− F(0) and b entropy
δS(ϕ)= S(ϕ)− S(0) of the system for kBT= 0.1Δ and ES= 0.165Δ without
[F= F0 given by Eq. (2)] and with parity constraints [F= Fp given by
Eq. (3)]. If parity constraints are enforced, we choose the branch p= 1. In
contrast to the current I, the exact values of F and S (as well as C) at a given
ϕ also require knowledge of the ϕ-independent contributions omitted in
Eqs. (2) and (3). To overcome this difficulty, we measure F and S with
respect to their values at ϕ= 0, thereby canceling the offset due to the
ϕ-independent contributions.
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In Fig. 3c, we show W as a function of the reference phase ϕf
and compare the case without and with parity constraints.
Without parity conservation, W is maximal for ϕf= π, whereas
W= 0 for ϕf= 2π. The latter is a consequence of the 2π-
periodicity of F0(ϕ, T)= F0(ϕ+ 2π, T), causing W1→2=
−[F0(ϕf, Te)− F0(0, Te)] and W3→4=−F0(0, Tb)− F0(ϕf, Tb)]

to each vanish for ϕf= 2π. If fermion parity is kept constant,
on the other hand, Fp(ϕ, T)= Fp(ϕ+ 4π, T) andW is maximal for
ϕf= 2π. A topological heat engine with ϕf= 2π thus releases work
only if parity is conserved and can thus serve as a test for the 4π-
periodicity of the ground-state fermion parity.

Different operating modes. Until now, we have focused only on
an engine. Depending on the relative values of Te and Tb, the
Josephson–Stirling cycle can, however, exhibit also other oper-
ating modes. This is illustrated by Fig. 4, which shows W and
cycle efficiencies for different combinations of Te and Tb without
(Fig. 4a, b) and with (Fig. 4c, d) parity constraints. Here ϕf is
chosen to yield the maximal work, that is, ϕf= π without parity
constraints (Fig. 4a) and ϕf= 2π if parity is conserved (Fig. 4c).

For Te > Tb, the Josephson–Stirling cycle/machine acts as an
engine: The machine absorbs Qe > 0 from the hot reservoir and
releases ∣Qb∣ <Qe to the cold reservoir. Hence, W > 0 is done on
the environment and the engine efficiency is given by η=W/Qe.
A comparison of the engine efficiency and maximal power shows
that a parity-conserving engine is on average more efficient and
more powerful than its non-parity-conserving implementation
(Fig. 4b, d). We interpret the stronger power as due to an
increased phase space available: to obtain a finite work, the work
integral can be integrated over a 0–2π range if parity is preserved,
whereas one needs to remain within the 0–π range without parity
conservation. Second, the lower efficiency of the non-parity-
conserving engine can be understood as due to the competition
between mutually exclusive processes with opposite parities.
Indeed, Eq. (3) shows that the additional parity-related terms
contribute with different signs to Fp, implying opposite
contributions to the heat exchange. Consequently, the non-
parity-preserving engine can be interpreted as a thermal machine
composed of two mutually exclusive engines working in an
opposite manner, thereby reducing the total efficiency.

If Te < Tb, the systems with and without parity conservation act
as refrigerators with a coefficient of performance COP=Qe/
∣W∣23 or as Joule or cold pumps. Controlling Te vs Tb thus enables

Fig. 3 Current–phase relation and work. a, b Isothermal current–phase
relation at kBT= 0.1Δ (dashed lines) and kBT= 0.2Δ (solid lines) a without
and b with parity constraints. Here the shaded areas between each curve
and the ϕ axis correspond to the work performed during an isothermal
change ϕ= 0→ 2π. The areas above and below the ϕ axis compensate
each other in a for an isothermal change ϕ= 0→ 2π and no work is
released. In a, b, the arrows indicate the direction of the changes in ϕ for a
Josephson–Stirling engine with kBTe= 0.2Δ, kBTb= 0.1Δ, and ϕf= 2π. The
total work W performed by these engines is represented by the shaded
green areas between the dashed and solid curves. c Total work W released
by a Josephson–Stirling engine with kBTe= 0.2Δ and kBTb= 0.1Δ as a
function of the maximal phase change ϕf during the cycle. In all panels,
ES= 0.165Δ.

Fig. 4 Josephson–Stirling cycle. Total work W and efficiency η or coefficient of performance (COP) as functions of the reservoir temperatures Te and Tb
a, b without and c, d with parity constraints. In both cases, ES= 0.165Δ. The different operating modes of the cycle are indicated in panels a, c: for
refrigerators, the cycle absorbs heat Qe from the cooled subsystem with temperature Te and releases heat Qb < 0 with ∣Qb∣ >Qe to the heat sink with
temperature Tb. If Te < Tb, Qe < 0, and Qb < 0, the machine is a Joule pump that completely converts work into heat released to the reservoirs. On the other
hand, if Te < Tb, Qe < 0, and W < 0, while Qb > 0, the machine acts as a cold pump transferring heat from the hot (T= Tb) to the cold reservoir (T= Te).
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multiple operating modes of the Josephson–Stirling cycle. If the
cycle is set up as in Fig. 1b, refrigerators as well as Joule and cold
pumps require that Te < Tb. While it is possible by super-
conductor/insulator/superconductor cooling to bring Te below
Tb17, a more promising way to realize refrigerators, Joule, or cold
pumps is to shift the cycle by interchanging the initial and final
phases, ϕ= 0 and ϕ= ϕf. Such a set-up implies the same phase
diagrams as in Fig. 4 but with Te and Tb interchanged (see
Supplementary Notes VI). Hence the “shifted” Josephson–Stirling
cycle can be used to realize operating modes other than engines,
making it a highly versatile thermodynamic machine.

Potential routes to experimental realization. Importantly, a
topological Josephson heat engine implemented as a
Josephson–Stirling cycle can be used to test the hallmark 4π-peri-
odicity of the phase-dependent ground-state fermion parity. In this
implementation, a major challenge is to quickly modulate the tem-
perature of the proximitized QSH junction while preserving its fer-
mion parity. While this condition precludes galvanic channels of heat
transfer to the QSH system, others such as phononic28, photonic29,30,
or radiative24 channels could be used. In such set-ups, the timescale
of the temperature modulation could be as low as 0.1 ns (see Sup-
plementary Notes VII), much smaller than typical quasiparticle
poisoning timescales, which are of the order of 1 μs31–33. Hence,
implementing a parity conserving Josephson–Stirling cycle appears
feasible. The work per cycle can be experimentally determined by
measuring the current–phase relation during each isothermal process
to compute the work integrals. Such current–phase measurements
have, for example, been successfully performed in topological junc-
tions with scanning superconducting quantum interference device
microscopes34,35 (see also Supplementary Notes VIII).

Conclusions. In this manuscript, we have explicitly discussed
topological Josephson heat engines for the example of a short
QSH-based Josephson junction. Since the concept is only based
on the 4π-periodicity of the ground-state fermion parity, it is also
applicable to long as well as nanowire-based topological Joseph-
son junctions. Schemes to detect signatures of the 4π-periodic
ground-state parity in topological Josephson junctions often
require careful interpretation of the measurements36,37. It is
therefore desirable to have several different, complementary
approaches. As their properties reflect the 4π-periodic ground-
state of topological Josephson junctions, topological Josephson
heat engines could be used as such a complementary set-up to test
the topological superconductivity as long as fermion parity can be
conserved. However, even without conserving the ground-state
fermion parity, topological Josephson junctions represent versa-
tile machines with various operating modes.

Data availability
The data that support the findings of this study are available within the paper and its
Supplementary Information. Additional data are available from the corresponding
author upon request.
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