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A theory on skyrmion size
X.S. Wang1,2, H.Y. Yuan3 & X.R. Wang1,4

A magnetic skyrmion is a topological object consisting of a skyrmion core, an outer domain,

and a wall that separates the skyrmion core from the outer domain. The skyrmion size and

wall width are two fundamental quantities of a skyrmion that depend sensitively on material

parameters such as exchange energy, magnetic anisotropy, Dzyaloshinskii–Moriya interac-

tion, and magnetic field. However, quantitative understanding of the two quantities is still

very poor. Here we present a general theory on skyrmion size and wall width. The two

formulas we obtained agree almost perfectly with simulations and experiments for a wide

range of parameters, including most of the existing materials that support skyrmions.
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Skyrmions, topological objects originally used to describe
resonance states of baryons1, were observed in magnetic
systems that involve Dzyaloshinskii–Moriya interaction

(DMI)2–13. There are two types of topologically equivalent
magnetic skyrmions. One is the Bloch skyrmions in systems with
the bulk DMI3–7. The other is the Néel skyrmions (also known as
hedgehog skyrmions) in systems with interfacial DMI8–12.
Compared with traditional magnetic bubbles that are
micrometer-size circular magnetic domains stabilized by dipole
interactions14–17, recently studied skyrmions have smaller size (1
nm ~ 100 nm) and better stability due to DMI. Also, the driven
current density (order of 106 Am−2) is much lower than that for
magnetic domain walls (1012 Am−2)18. So the DMI-supported
skyrmions are believed to be potential information carriers in
future high-density data storage and information processing
devices2–10,13,18–20.

Although much knowledge about the DMI-supported magnetic
skyrmions has been accumulated after intensive studies including
skyrmion generation10,13,21,22 and manipulation18,23,24, the
dependence of skyrmion size (R) on material parameters such as
exchange energy, magnetic anisotropy energy, and DMI strength
is still poorly understood at a quantitative, or even qualitative
level18,25–29. Even worse, the physical pictures behind most pre-
vious studies are not clear. In this paper, we confirm by micro-
magnetic simulations that the skyrmion profiles agree well with
the 360° domain wall formula30,31 in a wide extent. By using this
formula as an ansatz and minimizing the energy with respect to
the skyrmion size R and the skyrmion wall width w as two
independent quantities, we obtain the analytical expressions of R
and w as functions of A, D, K, and B. Interestingly and in contrast
to previous theories25,26,29, R always decreases with A. In general,
both R and w increase with D. These results agree perfectly with
micromagnetic simulations and are consistent with experiments.

Results
Energy functional and approximate profile of isolated
skyrmions. We consider an ultra-thin ferromagnetic film in xy
plane with an exchange constant A, an interfacial DMI coefficient
D, a perpendicular easy-axis anisotropy K, and a perpendicular
magnetic field B. The total energy E of the system consists of the
exchange energy Eex, the DMI energy EDM, the anisotropy energy
Ean, and the Zeeman energy EZe,

E ¼ Eex þ EDM þ Ean þ EZe; ð1Þ

where Eex ¼ Ad
R R j∇mj2dS; EDM ¼ Dd

R R
mz∇ �m� ðm � ∇Þ½

mz�dS, Ean ¼ Kd
R R

1�m2
z

� �
dS, and EZe ¼ MsBd

R R
1�mzð ÞdS.

m is the unit vector of magnetization of a constant saturation
magnetization Ms and the integration is over the whole film. The
energy reference is chosen in such a way that the energy of single
domain state of mz= 1 is E= 0. We have assumed m is uniform
in thickness direction. The demagnetization effect is included in
Ean through the effective anisotropy K ¼ Ku � μ0M

2
s =2 corrected

by the shape anisotropy, where Ku is the perpendicular magne-
tocrystalline anisotropy, which is a good approximation when the
film thickness d is much smaller than the length w over which
magnetization varies substantially. It is convenient to use polar
coordinates so that a point r in the plane is denoted by r and ϕ.
Magnetization at r is described by polar and azimuthal angles Θ
(r, ϕ) and Φ(r, ϕ) so that m= (sin Θ cos Φ, sin Θ sin Φ, cosΘ). A
skyrmion centered at r= 0 can be described19 by,

Θ ¼ ΘðrÞ; Φ ¼ vϕþ γ; ð2Þ

with boundary conditions of Θ(0)= 0(π) and Θ(∞)= π(0). v is the
vorticity (v= 1 for a skyrmion and v=−1 for an antiskyrmion), and

γ is a constant classifying type of skyrmions (γ= 0 or π for Néel
skyrmions and γ=± π/2 for Bloch skyrmions). Similar to the mag-
netic bubbles14,16,17 that refer normally to local metastable structures
from dipole interactions, a skyrmion consists of a skyrmion core, an
outer domain, and a wall separating the core and the outer domain.
We define the skyrmion size R as the radius of the mz= 0 contour.
The wall width w is another fundamental skyrmion quantity often
ignored or not treated properly in previous studies25–28. One can also
define the skyrmion polarity as p= [mz(r=∞)−mz(r= 0)]/2 so
that p= 1 (− 1) corresponds to spins in the core and outer domain
pointing respectively to the − z(+ z) and+ z(− z) directions.

In terms of Θ, four energy terms for v= 1 are

Eex ¼ 2πAd
Z 1

0

dΘ
dr

� �2

þ sin2 Θ
r2

" #
rdr; ð3Þ

EDM ¼ 2πDd cos γ
Z 1

0

dΘ
dr

þ sin2Θ
2r

� �
rdr; ð4Þ

Ean ¼ 2πKd
Z 1

0
sin2 Θrdr; ð5Þ

EZe ¼ 2πMsBd
Z 1

0
1� cosΘð Þrdr: ð6Þ

For a skyrmion of p= 1 as shown in Fig. 1a,
R1
0

dΘ
dr rdr < 0,

because Θ decreases monotonically from Θ(0)= π to Θ(∞)= 0.R1
0

sin2Θ
2r rdr ¼ R1

0 sinΘ cosΘdr is small because sin Θcos Θ= 0
far from the skyrmion wall and sin Θ cos Θ changes its sign from
negative near the skyrmion core to positive near the outer
domain. Thus, to lower the total energy, one needs γ= 0(π) for D
> 0 (< 0). This corresponds to a Néel skyrmion. Along a radial
direction, the magnetization profile looks like a 360° Néel domain
wall as illustrated in Fig. 1b. This leads us to model a skyrmion
profile by a 360° domain wall originally proposed by Braun31 (see
Supplementary Note 1),

ΘdwðrÞ ¼ 2 arctan
sinh R=wð Þ
sinh r=wð Þ

� �
: ð7Þ

It is worth mentioning that 360° domain wall profile has
already been used to describe the skyrmion profile obtained in
experiments30,32.

To test how good ansatz (7) is for a skyrmion, we use MuMax333

to simulate various magnetic stable states (see Methods). A= 15
pJm−1, Ms= 580 kAm−1, and perpendicular easy-axis anisotropy
Ku= 0.8MJm−320 are used to mimic Co layer in Pt/Co/MgO
system. The initial state is mz= 1 for r > 10 nm and mz=− 1 for
r ≤ 10 nm. The final stable state depends on the values of D and B.
The lower left inset of Fig. 1 is three typical stable states. Figure 1c is
a skyrmion for D= 3.7mJm−2 and B= 0. Figure 1d is a single-
domain state of mz= 1 (or mz=− 1) for D= 0 and B= 0.
Figure 1e is a stripe domains state for D= 5mJm−2 and B= 0.
Figure 1b shows the spatial distribution of mz of the skyrmion in
Fig. 1c along three radial directions, ϕ= 0 (crosses), 45° (triangles),
and 90° (circles). All three sets of data are on the same smooth
curve, showing mz is a function of r, but not ϕ. The curve can fit
perfectly to Eq. (7) with R= 25.77 nm, w= 4.94 nm. We plotted
also Φ(ϕ) at randomly picked spins from the simulated skyrmion.
All numerical data (red circles) are perfectly on Φ= ϕ. These results
not only confirm the validity of Eq. (2), but also suggest that
mz(r)≡ cos[Θdw(r)] follows the 360° DW profile (7), although it is
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not exact that can be easily verified by substituting Eq. (7) into the
nonlinear partial differential equations for skyrmions29.

Skyrmion size. The energy of a skyrmion can then be obtained from
Eq. (3) by using the 360° domain wall profile Θdw(r). Substituting
Θdw(r) into Eqs. (1) and (3), the total energy is, in general, a function of
R and w [instead of a functional of Θ(r) and Φ(ϕ)] as

EðR;wÞ ¼ 4πd A f1
R
w

� �þ f2
R
w

� �� 	

þDw f3

R
w

� �þ f4
R
w

� �� 	
þKw2f5

R
w

� �þ μ0MsBw
2f6

R
w

� ��
;

ð8Þ

where fi(x) (i= 1~ 6) are non-elementary functions defined in Meth-
ods. The skyrmion size and wall width R and w are the values that

minimize E(R, w). In ref. 25, w was assumed to be a fixed value such as
w ¼ ffiffiffiffiffiffiffiffiffi

A=K
p

that eventually leads to a wrong skyrmion size. Figure 2
are D− (a), A− (b), K− (c), and B− (d) dependences of the skyrmion
size R (left y axis) and the skyrmion wall width w (right y axis), with
other parameters fixed to the values for Co mentioned earlier. The
symbols are the micromagnetic simulation data [R is the size ofmz= 0
contour and w is the fit of the skyrmion profile to Θdw(r)]. The sample
size used in the simulations is large enough to avoid the boundary
effects (see Supplementary Fig. 1). Solid lines are numerical results from
Eq. (8). The simulation results agree almost perfectly (except slight
deviation in the D-dependence of w for smaller D) with our analytic
results of Eq. (8). Both micromagnetic simulations and analytical results
clearly show that the skyrmion can exist for D< 3.8mJm−2 in the
current case. Above the upper limit, the stable state is not a skyrmion,
but stripe domains as shown in Fig. 1e forD= 5mJm−2. E(R, w) of (8)
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Fig. 2 Comparison between theoretical results and simulation results. The D (a), A (b), K (c), and B (d) dependence of the skyrmion size R (left axis) and
wall width w (right axis). Model parameters are A= 15 pJm−1, K ¼ Ku � μ0M

2
s =2 ¼ 0:588 MJm−3, D= 3.7 mJm−2, and B= 0. In each subfigure, one of

these four parameters is treated as a tuning parameter and the other three parameters are fixed to above values. The symbols are the micromagnetic
simulation data. The solid lines are exact analytic results obtained from Eq. (8). The dashed lines are approximate results of R ¼ πD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A

16AK2�π2D2K

q
, w ¼ πD

4K

[subfigures a–c] and solution of Eqs (11) and (12) [subfigure (d)]. Vertical dashed lines are the upper (lower) bound of parameters above (below) which a
stable skyrmion cannot exist. e–h The comparison of the skyrmion size R for the micromagnetic simulation (black dots), our formula Eq. (13) [or solution of
Eqs (11) and (12) for non-zero B] (red lines), and previous studies ref. 25 (green lines), ref. 26 (blue lines)
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has a minimum as long as |D| < 3.8mJm−2 that indicates existence of
the skyrmion. However, micromagnetic simulations show that the
skyrmion can only exist in the window of 1.2mJm−2 <D< 3.8mJm−2

when the skyrmion size is larger than 1 nm in the current case. Below
1.2mJm−2, the stable state is a single domain with all spins pointing up
or down as shown in Fig. 1d. This discrepancy may be due to the
discretization of continuous LLG equation in micromagnetic simula-
tions. In principle, the mesh size should be much smaller than the
skyrmion size. For a skyrmion of 1 nm, our mesh size is 0.01 nm. Due
to the limited precision of the MuMax3 package, the mesh size cannot
be further decreased. There exists also a minimalA of around 14 pJm−1

as shown in Fig. 2b and a minimal K of around 0.56MJm−3 as shown
in Fig. 2c, below which the skyrmion does not exist, and the stable state
is stripe domains as shown in Fig. 1e. The skyrmion size decreases with
B, which is consistent with the experimental observations7,8,30.

It is still unclear how R and w depend on A, D, and K although
Eq. (8) agrees almost perfectly with the simulation results. Thus,
it is highly desirable to have simple approximate expressions for R
and w in terms of material parameters. The exchange and DMI
energies come from the spatial magnetization variation rate. For a
skyrmion, the magnetization variation rates in the radial and
tangent directions scale respectively as 1/w and 1/R. The exchange
energy is then proportional to the skyrmion wall area of πRw
multiplying the square of the magnetization variation rates 1/R2

+ 1/w2, i.e., Eex∝ (R/w+w/R). The integrand of the second term
(tangential term) of EDM is proportional to sin2Θ due to the triple
product of the interfacial DMI vector (along the radial direction),
the tangential variation of m (along the tangential direction), and
m itself. As sin2Θ is almost asymmetric about r= R (positive
when r > R and negative when r < R) and is non-zero only near r
= R, after integral over r, the second term in EDM is vanishingly
small. The DMI energy is then mainly contributed by the first
term (radial term), which is proportional to wall area (Rw)
multiplying the magnetization variation rate along radial
direction (1/w), i.e., EDM∝ R. The isotropic energy is mainly
from the skyrmion wall area. Thus, Ean∝ Rw. The Zeeman energy
of the skyrmion comes from the skyrmion core proportional to its
area of π(R− cw)2, where c is a coefficient depending on the
magnetization profile and from the wall area proportional to its
area of πRw. To obtain the proportional coefficients, one needs to
find approximate expressions for fi(R/w) (i= 1, …, 6) in Eq. (8).
In the case of R � w (or x � R=w � 1), sinh(x) ≈ cosh(x) ≈ ex.

Thus, function gðt; xÞ ¼
2 sinh2 xð Þ cosh2 tð Þ� 	

= sinh2 xð Þ þ sinh2 tð Þ� 	2� 2e2 x�tð Þ= e2ðx�tÞ þ 1
� 	2

is positive and significantly non-zero only near t= x, reflecting
the fact that Eex, EDM, and Ean are mainly from the skyrmion wall
region that is assumed to be very thin. Furthermore, the area
bounded by g(t, x)-curve and t-axis is 1 so that g(t, x) ≈ δ(t− x)
resembles the properties of a delta function. We can evaluate fi's
under this approximation (see Methods and Supplementary
Fig. 2). For example, f1(x) is

f1 xð Þ ¼
Z 1

0
gðt; xÞtdt �

Z 1

0
δ x � tð Þtdt ¼ x: ð9Þ

The total energy is then

E R;wð Þ ¼ 4πd A R
w þ w

R

� �� π
2DR

�
þKwRþMsB

R2

2 þ π2

24w
2

� �	
:

ð10Þ

Due to the specific form of the magnetization profile of Θdw(r),
Rw-term in EZe vanishes and EZe � 4πMsB

R2

2 þ π2

24w
2

� �
. The

skyrmion size and wall width are then the values that make E(R,

w) minimal, or

A
1
w
� w
R2

� �
� π

2
Dþ KwþMsBR ¼ 0; ð11Þ

A � R
w2

þ 1
R

� �
þ KRþ π2

12
MsBw ¼ 0: ð12Þ

For B= 0, Eqs. (11) and (12) can be analytically solved. The
results are

R ¼ πD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A

16AK2 � π2D2K

r
; w ¼ πD

4K
: ð13Þ

The dashed lines in Fig. 2a–c are the approximate formulas
that compare quite well with simulation results too. For B ≠ 0, we
do not have a closed-form solution of Eqs. (11) and (12) because
they are a sextic equation for R or w (see Supplementary Note 2),
but their numerical solutions are easily obtained that are plotted
as dashed lines in Fig. 2d. In summary, our approximate formula
agrees very well with the simulations for R � w as expected from
our approximation. For smaller skyrmions, the approximation is
still not bad, and qualitatively gives correct parameter depen-
dence. We can also determine the upper limit of D and lower
limits of A, K, and B from the approximate formula. Since R must
be real and finite, we have

16AK > π2D2; ð14Þ

for B= 0, so that the upper limit of D and lower limits of A and K
are obtained as D< 4

π

ffiffiffiffiffiffiffi
AK

p
, A> π2D2

16K , and K> π2D2

16A . The limit is also
the critical value separating the uniform state from helical state34.
These critical values are plotted in Fig. 2a–c as vertical dashed
lines that agrees also well with simulations.

Discussion
In our model, we took into account the shape anisotropy, but did
not include the demagnetizing field due to the inhomogeneous
part of the magnetization distribution. For very large and thin
films, where the film thickness d is much smaller than R and w,
the neglected demagnetizing field is vanishing small (see Sup-
plementary Note 3 for a detailed proof). This is the case for those
inversion-symmetry breaking systems with a single ferromagnetic
layer, such as Pd/Fe/Ir8,30 and Pt/Co10,20, but this approximation
is not good for thick films with bulk DMI, such as MnSi19 and
FeGe7, or those repeated multilayer systems12. Since most device
proposals are based on thin-film systems, our model has a wide
applicability. For thick films, the magnetization is nonuniform in
the third dimension, so that the skyrmion is no longer a two-
dimensional (2D) magnetic texture. Twisted skyrmion tubes or
bobbers may be energetically preferred35. Our model as well as all
the 2D theories at present is not applicable, and more compli-
cated three-dimensional theories are needed for this case. For the
exchange interaction, we only consider a nearest-neighbor
exchange interaction characterized by a single parameter A. For
those systems with significant exchange interactions beyond
nearest neighbor36,37, our model may not be directly applicable.
However, if the extra exchange interaction (for instance, a next-
nearest neighbor interaction) is small compared to A, its effect
can be approximately considered by modifying A to an effective
value Aeff

38. Our model is a classical one, in which quantum
fluctuations and finite-size effects are not considered. However,
the comparison with ref. 30 (see Supplementary Fig. 3) shows that
even for skyrmions as small as 1 nm, our model still gives good
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results. The quantum fluctuations induce zero-point energy that
helps stablizing the skyrmions, and may be included in a phe-
nomenological way by replacing the model parameters by effec-
tive ones39. It is also worth mentioning that we consider the
isolated skyrmions in infinite media. The edge confinement effect
and skyrmion lattice are not the concern of this study.

We compare our theoretical results of the skyrmion size with
the experimental results for Pd/Fe/Ir8,30,40 and W/Co20Fe60B20/
MgO10,41, in which isolated skyrmions are observed. For Pd/Fe/
Ir, the parameters are Ms= 961 ~ 1160 kAm−1, A= 2 ~ 4.87 pJm
−1, K= 2.5 MJm−3, D= 3.4 ~ 3.9 mJm−2, and B= 1.15 ~ 2.97
T8,30. Our theory gives small skyrmion sizes of 0.53 ~ 1.59 nm
that compares well with the experimental results of 0.9 ~ 1.9 nm
in ref. 8. For W/Co20Fe60B20/MgO, the parameters are Ms= 650
kAm−1, A= 10 pJm−1, K= 0.02275MJm−3, D= 0.68 ~ 0.73
mJm−2, and B= 0.00025 ~ 0.0005 T10,41. Our theory gives large
skyrmion sizes of 356 ~ 1484 nm, consistent with the experi-
mental results of 700 ~ 2000 nm in Ref. 10. Our theoretical results
show good agreement with the experiments although some of the
material parameters can only be roughly estimated from different
publications. We also compare our analytic results with micro-
magnetic simulations for Pd/Fe/Ir8,30,40, MnSi42,43, and W/
Co20Fe60B20/MgO10. The skyrmion sizes range from several
nanometers to about 2 micrometers. All the comparisons give
quite good agreement (see Supplementary Figs. 3–5).

It is natural to extend our approach to Bloch skyrmions in the
systems with bulk inversion symmetry broken. The bulk DMI
energy EDM ¼ D

RR
m � ∇ ´mð ÞdS can be rewritten as

EDM ¼ 2πDd sin γ
Z 1

0

dΘ
dr

þ sin2Θ
2r

� �
rdr; ð15Þ

where γ= ± π/2 gives minimal energy. Since all other discussions
are the same as those for Néel skyrmions, the formulas of R and w
are applicable to the Bloch skyrmions.

There are already a lot of studies on the size of skyrmions. In
comparison with previous studies18,25–29, our results show not
only the correct behavior of the skyrmion size as a function of D,
A, and K, but also the correct limit at D= 0. The correct result
can be obtained only by treating R and w as independent vari-
ables. In Ref. 18, the skyrmion size in a skyrmion lattice with a
spiral structure was found to be determined by D/A to some
extent. This result is not true for an isolated skyrmion because the
isolated skyrmion size depends sensitively on the anisotropy
K20,43 and the external magnetic field B8,30. Another well-cited
formula is R ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A=K

2 1�πD= 4
ffiffiffiffiffi
A=K

pð Þ½ �
q

25. This formula gives correct cri-

tical condition for the existence of isolated skyrmions (Eq. (14)),
and same critical behavior near the critical condition. However,
the behavior at large A is incorrect: micromagnetic simulations
show R always decreases with A, but according to this formula R
increases with A at large A. Ref. 26 gives another formula R ¼

Dπ2
2Kπþ8MsB=π

that does not depend on A. However, this behavior is
inconsistent with simulations. There are also many other papers
for the skyrmion size based on different ansatz about the sky-
rmion profile27,28,44, but in those studies the skyrmion energy is
assumed to be a function of the skyrmion size R only, while the
skyrmion wall width w is either ignored or treated as a constant.
In contrast, we treated R and w as independent variables and
obtained more satisfactory results. We compare micromagnetic
simulation data against our approximate formula of the sky-
rmion size R (Eq. (13) or the numerical solution of Eqs. (11)
and (12) (for B ≠ 0), as well as the analytic formulars in refs.
25,26 in Fig. 2e–h to demonstrate the advance of our results.
During the reviewing process of our paper, there are several new

studies on the same problem. In ref. 45, similar approximate
skyrmion energy in terms of R and w (Eq. (10)) was also obtained
although two 180 domain walls were used instead of a 360°
domain wall, the external magnetic field was not included, and no
detailed derivation was given. In ref. 46, similar approach was
used and the magnetostatic energy due to both surface and
volume magnetic charges was included. A bistability region in
parameter space was found, in which two kinds of skyrmions
with different sizes are predicted. The one with a larger size is
stabilized mainly by demagnetizing field and the other is stabi-
lized mainly by DMI (which is also discussed in ref. 47). In our
model, because of the ultra-thin film is assumed, the demagne-
tizing field is dominated by the the shape anisotropy of uniform
magnetization, and the field due to the inhomogeneity of mag-
netization is vanishingly small. Thus, there is no bistable sky-
rmion structures that is also consistent with ref. 46 and all our
skyrmions are stabilized by DMI.

In conclusion, a single skyrmion can be well described by a
360° domain wall profile parametrized by two fundamental
quantities, skyrmions size and wall width. Through the mini-
mization of total energy with respect to the skyrmion size and
wall width, we obtain analytic formulas for skyrmion size and
wall width as a function of exchange stiffness, anisotropy coeffi-
cient, DMI strength, and external field. The formulas agree very
well with simulations and experiments.

Methods
Numerical simulations. The numerical simulations are carried out by Mumax
package. We consider a magnetic disk of diameter from 128 nm to 1024 nm and
thickness 0.4 nm (see Supplementary Fig. 1). The mesh size of 1 nm × 1 nm × 0.4
nm is used in our simulations for those skyrmions larger that 5 nm in radius. For
skyrmions of R < 5 nm, the mesh size is 0.1 nm × 0.1 nm × 0.4 nm. The skyrmion
size R is obtained by finding the radius of the mz= 0 contour line. The skyrmion
wall with is obtained by fitting the simulated radial profile by the 360° domain wall
profile with R obtained before.

Derivation of energy expressions. To derive the functions fi(x) in the energy
expression, we substitute Eq. (7) into Eqs. (3)–(6). For the exchange energy, by
defining x= R/w, t= r/w, we have

Eex ¼ 2πA
R1
0

dΘ
dr

� �þ sin2 Θ
r2

� 	
rdr

¼ 4πA
R1
0

2 sinh2 xð Þ cosh2 tð Þ
sinh2 xð Þþ sinh2 tð Þ½ �2 t



þ 2 sinh2 xð Þ sinh2 tð Þ
t sinh2 xð Þþ sinh2 tð Þ½ �2

�
dt

Thus, we define

f1ðxÞ ¼
R1
0

2 sinh2 xð Þ cosh2 tð Þ
sinh2 xð Þþ sinh2 tð Þ½ �2tdt;

f2ðxÞ ¼
R1
0

2 sinh2 xð Þ sinh2 tð Þ
t sinh2 xð Þþ sinh2 tð Þ½ �2dt:

Although R � w x � 1ð Þ, we have sinh(x) ≈ cosh(x) ≈ ex, so that

f1ðxÞ �
Z 1

0

2e2 x�tð Þ

e2 x�tð Þ þ 1½ �2
tdt

The function 2e2 x�tð Þ

e2 x�tð Þþ1½ �2 is non-zero only for x ≈ t. Approximately, we have

2e2 x�tð Þ

e2 x�tð Þ þ 1½ �2
� I1δ x � tð Þ;

where the coefficient I1 is determined by

I1 ¼
Z 1

�1

2e2x

e2x þ 1ð Þ2 dx ¼ 1:

Thus, f1ðxÞ �
R1
0 tδðx � tÞdt ¼ x. Similarly, f2ðxÞ �

R1
0 δðx � tÞ=tdt ¼ 1=x.
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For the DM energy, we have

EDM ¼ 2πD cos γ
R1
0

dΘ
dr þ sin2Θ

2r

� �
rdr

¼ 4πDw
R1
0 � sinh x cosh t

sinh2 xþ sinh2 t
t

h

� sinhxsinhtðsinh2 x� sinh2 tÞ
ðsinh2 xþ sinh2 tÞ2

i
dt:

We define

f3 xð Þ ¼ �R1
0

t sinh x cosh t
sinh2 xþ sinh2 t

dt;

f4 xð Þ ¼ �R1
0

sinh x sinh t sinh2 x� sinh2 tð Þ
sinh2 xþ sinh2 tð Þ2 dt:

For f3(x), the function inside the integral sinh x cosh t
sinh2 xþ sinh2 t

� e x�tð Þ
e2 x�tð Þþ1

is localize at x=
t so that we have the approximation

f3ðxÞ � � R1
0

e x�tð Þ
e2 x�tð Þþ1

tdt

� � R1
0 I3δ x � tð Þtdt

� I3x;

where I3 is determined by I3 ¼
R1
�1

ex
e2xþ1 dx ¼ π=2. The integrand in f4 is 0 at r= 0,

r=∞ and r= R. Furthermore, it has opposite signs for r < R and r > R. So f4 ~ 0
after the integration.

For the anisotropy energy, we have

f5 xð Þ ¼
Z 1

0

2t sinh2 x sinh2 t

sinh2 x þ sinh2 t
� 	2dt:

Similar to the exchange energy and DM energy, the anisotropy energy is only
non-zero near r= R, too. The approximate form of function f5 is the same as f1,

f5 xð Þ � R1
0

2te2 x�tð Þ

e2 x�tð Þþ1½ �2dt

� R1
0 tδ x � tð Þdt ¼ x:

The Zeeman energy is non-zero for both the wall region and the skyrmion core.
The function f6 is

f6 xð Þ ¼
Z 1

0

sinh2 x

sinh2 t þ sinh2 x
tdt

Again, we replace sinh functions by exponential functions to obtain

f6 xð Þ � R1
0

1
e2 t�xð Þþ1

tdt

¼ � 1
4 Li2 �e2xð Þ;

where Lis(x) is the polylogorithm function defined by Lis xð Þ ¼ P1
n¼1

xn
ns . The

asymptotic form of � 1
4 Li2 �e2xð Þ is

lim
x!1� 1

4
Li2 �e2x

� � ¼ x2

2
þ π2

24

So we have f6 xð Þ � x2
2 þ π2

24. The functions f1 ~ f6 as well as their approximate
forms are plotted in Supplementary Fig. 2.

Data availability. The data that support the plots within this paper and other
findings of this study are available from the corresponding author on reasonable
request.
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