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Essential role of momentum-forbidden dark excitons in the
energy transfer responses of monolayer transition-metal
dichalcogenides
Jhen-Dong Lin 1, Ping-Yuan Lo 1, Guan-Hao Peng1, Wei-Hua Li1, Shiang-Yu Huang2, Guang-Yin Chen3 and Shun-Jen Cheng 1✉

We present a theoretical investigation of exciton-mediated Förster resonant energy transfers (FRET’s) from photoexcited quantum
dots (QD’s) to transition-metal dichalcogenide monolayers (TMD-ML’s), implemented by the quantum theory of FRET on the base of
first-principles-calculated exciton fine structures. With the enhanced electron-hole Coulomb interactions, atomically thin TMD-MLs
are shown to serve as an exceptional platform for FRET that are mediated purely by excitons and take full advantage of the superior
excitonic properties. Remarkably, the energy-transfer responses of atomically thin TMD-ML’s are shown to be dictated by the
momentum-forbidden dark excitons rather than the commonly recognized bright ones. Specifically, the longitudinal dark exciton
states following the exchange-driven light-like linear band dispersion play a key role in grading up the efficiency and robustness of
FRET of TMD-ML against the inhomogeneity of QD-donor ensembles. With the essential involvement of dark excitons, the FRET
responses of TMD-ML’s no longer follow the distance power law as classically predicted and, notably, cannot manifest the
dimensionality of the donor-acceptor system.
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INTRODUCTION
Förster resonant energy transfer (FRET) is a non-radiative
electromagnetic process that, via non-contact near field coupling,
enables the transfer of excitation energy from a photo-excited
object (donor) to another unexcited one (acceptor) in close
proximity (typically apart by a distance of few to tens of nm)1–5.
Since FRET is not a radiative process mediated by real photons, the
rate of FRET is not restricted by the slow spontaneous radiative
decay of the donor and finite optical cross section of the acceptor.
Inspired by efficient excitonic energy transfer in botanical
photosynthesis revealed by early studies6–11, the FRET mediated
with exciton is considered as an alternative route for grading up
solid-state photo-voltaic devices by taking advantage of superior
oscillator strength of exciton to enhance the light-generation and
-harvesting12–18. Nowadays, numerous research has been persis-
tently conducted to investigate various emergent opto-electronic
materials that are potentially advantageous for the realization of
exciton-based FRET19–40.
Atomically thin transition-metal dichalcogenides (TMD’s) are

known as excellent opto-electronic materials, in possession of
remarkable light-matter interaction and pronounced excitonic
properties41–50. Due to weak Coulomb screening in low-dimen-
sionality, the inter-particle Coulomb interactions in the 2D
materials are greatly enhanced, and the photo-excited electron-
hole (e-h) pairs in TMD-ML’s form tightly bound excitons with
giant binding energy over hundreds of meV51–54. In fact, TMD
monolayers (TMD-ML’s) serve as an exceptional and suitable
platform for studying exciton-mediated FRET’s because the giant
binding energy (≳102 meV) of exciton well separates the low-lying
exciton states spectrally apart from the free e-h pair continuum
spectra. Hence, over the wide range of resonance energy (>102

meV), the FRET from photo-excited donors to TMD-acceptors can

be mediated only by excitons to take full advantage of the
superior excitonic properties of TMD-ML.
Recent experiments have evidenced the FRET’s of TMD-ML’s to

be extraordinarily fast and show near unity transfer efficien-
cies19,26,27,55–57 that far exceed the limited FRET efficiencies of
ordinary bulk materials or mesoscopic systems58,59. Theoretically,
over a decade ago, Swathi and Sebastian60 showed that the FRET
between zero-dimensional (0D) donors and two-dimensional (2D)
acceptors separated by a distance d follows the d−4 dependence,
instead of the d−6 distance dependence commonly recognized for
0D-0D systems. In another work published in the same year61,
Swathi and Sebastian addressed the exponential distance
dependence of the FRET in a 0D-2D system with very short
distances. The theory was later expanded by Malic et al.62 for
molecule-graphene systems, and subsequently extended to
graphene-TMD systems63, which exhibit the exponential distance
dependence of FRET. Zhang et al. first pointed out the remarkable
effects of dark excitons in the FRET between 1D carbon
nanotubes40. Very recently, Katzer et al.64 carried out the
theoretical investigation of the momentum-forbidden dark
excitons in the FRET between dye molecules and 2D semicon-
ductors using a fully analytical approach and predicted the d−4

dependence in the model of 2D material where the electron-hole
exchange interaction of exciton is neglected.
In this work, we carry out the theoretical and computational

investigation, implemented on the basis of the first principles, of
the energy transfer from donors of nanocrystal quantum dots
(QD’s) to an acceptor of MoS2 monolayer (MoS2-ML), one of the
best-known TMD-ML’s, as schematically illustrated in Fig. 1c.
According to the violated optical selection rules, optically inactive
excitons are classified as so-called spin-forbidden (SFDX)65–70 and
momentum-forbidden dark exciton (MFDX)69,71–74. Besides the
confirmation of the previous model predictions of the distance
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dependences of the FRETs between generic 0D and 2D systems,
our first-principles-based computation confirms the essential role
of MFDX’s in the resonant energy transfer processes of TMD-ML’s
and reveals the unusual distance dependence of the FRET
between inhomogeneous QD donors and a TMD-ML acceptor,
deviating from the widely known d−4 and exponential distance
dependences. More importantly, the presence of the e-h exchange
interaction in TMD monolayers intermixes exciton states at
different valleys, splitting up the exciton bands into the linear
and parabolic bands with longitudinal and transverse excitonic
dipole orientation69,75,76. Consequently, the longitudinal MFDX
states of the exchange-resulting light-like linear exciton bands of
TMD-ML’s play the key role in grading up the efficiency and
robustness of FRET against the inhomogeneity of QD-donor
ensembles. With the enhanced electron-hole exchange interaction
of exciton in anatomically thin TMD-ML acceptors and certain
energy variations of inhomogeneous QD donors, we shall show
that the FRET between QD’s and a TMD-ML is not necessary to
follow the commonly recognized d−4 or exponential distance
dependences, but could exhibit the unusual d−5 or even higher
order distance dependence.

RESULTS AND DISCUSSION
Valley-characteristic band structures of TMD-ML’s
The band structure of TMD-ML is characterized by two distinctive
valleys located at the K and K0 corner points of the first Brillouin
zone where the direct band gaps in the visible light range are
opened41,77. As the time-reversal counterparts, the optical
transitions between the conduction and valence band extrema

in the K- and K0-valleys follow the opposite optical helicity,
allowing for the valley-selective photo-excitation by using
polarized lights78–80. The first-principles-calculated spin and
valley-characteristic band structure of a MoS2-ML is shown in
Supplementary Fig. 1a or can be found in many published papers
of literature, e.g., refs. 52,77,81–84.
Throughout this work, we focus on the spin-allowed transitions

of a MoS2-ML from the topmost valence band to the spin-like
conduction band in the same valley (K or K0), i.e., the spin-allowed
intra-valley A exciton54,85–88, which satisfies the spin selection rule
for FRET.

Valley-split exciton band structures of TMD-ML’s
Due to enhanced Coulomb interaction in 2D materials, photo-
excited electron-hole pairs in a TMD-ML form tightly bound
excitons featured with extraordinarily high binding energy over
hundreds of meV and giant transition dipoles. As compared with
the excitons in bulks or mesoscopic quantum wells, the binding
energy of exciton in a TMD-ML is two orders of magnitude larger,
and the resulting Bohr radius (merely 1–2 nm) of exciton is one
order of magnitude smaller89,90. Such a small Bohr radius of
exciton in a TMD-ML leads to the giant dipole moment of exciton
and superiorly significant light-matter interaction42,45,47,91.
Moreover, the enhanced electron-hole Coulomb interactions in

valley-characteristic TMD-ML’s also give rise to efficient inter-valley
excitonic couplings that, via the intrinsic e-h exchange interaction,
intermix the spin-allowed exciton states of distinct valleys69,75,76,92.
Figure 1a depicts the e-h exchange interaction that couples an
intra-valley exciton carrying the momentum ℏQ in the K-valley to
that in the K0-valley. Figure 1b shows the schematics of the low-

Fig. 1 Schematics of the electronic band structure of a transition-metal dichalcogenide (TMD) monolayer (ML), schematic of exciton band
of a TMD-ML, and schematics of the Förster energy transfer systems. a Schematics of valley-characteristic band structure of a TMD-ML. Due
to the e-h exchange interaction, ΔK 0K , a photo-excited inter-band transition in the K-valley exciton with momentum ℏQ is intrinsically coupled
to that in the K0-valley with the same momentum. b The e-h exchange interaction leads to the valley-mixing of exciton states and splits the
spin-allowed exciton bands of a TMD-ML into a parabolic lower band (black curve) and linear upper one (red curve). c, d Schematics of the
Förster energy transfer systems composed of (c) a semiconductor quantum dot (QD) and an atomically thin TMD-ML, and (d) a QD and a thick
mesoscopic quantum well. In the case of (c), the FRET is fully exciton mediated because of the large binding energy (EXb > 102meV) of exciton
that well separates the spectra of exciton and non-interacting free e-h pairs. By contrast, in the case of (d), the excitation energy of the QD yet
likely falls in the energy regime of continuum spectrum of e-h pairs since the binding energy of exciton in a mesoscopic quantum well is
typically only a few meV.
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lying band structure of spin-allowed valley exciton split by the e-h
exchange interaction into a weakly parabolic lower band and a
linear upper band. The exchange-induced valley-mixing of exciton
leads to the unusual linear energy dispersions of exciton, which, as
shown later, directly impacts the generic light-matter interactions
of TMD-ML’s, including that for the exciton-mediated energy
transfer.
Based on the quasi-particle band structure, an exciton state of

TMD-ML in the exciton band S with the center-of-mass (CoM)
momentum ℏQ can be written as the superposition of numerous
e-h configurations with the momentum ℏQ, which reads

ψX
S;Q

��� E
¼ 1ffiffiffiffiffiffi

ΩA
p

X
vck

Avc
S;Q kð Þĉyc;kþQĥ

y
v;�k GSj i; (1)

where ĉyc;kþQ (ĉc;kþQ) and ĥ
y
v;�k (ĥv;�k) are the creation (annihila-

tion) operators of electron of energy ϵc,k+Q in conduction band c
carrying quasi-particle wave vector k+Q and hole of energy −ϵv,k
in valence band v carrying quasi-particle wave vector −k for TMD-
ML, respectively, GSj i denotes the ground state, Avc

S;QðkÞ is the

amplitude of the e-h configuration ĉyc;kþQĥ
y
v;�k GSj i, and ΩA is the

total area of the TMD-ML sample.
Numerically, the eigen energy, EXS;Q , of an exciton state jψX

S;Qi
can be calculated by solving the Bethe-Salpeter equation
(BSE)69,76,82,93–96, which reads

ϵc;kþQ � ϵv;k
� �

Avc
S;Q kð Þ þ

X
v0c0k0

U vck; v0c0k0;Qð ÞAv0c0
S;Q k0ð Þ ¼ EXS;QA

vc
S;Q kð Þ;

(2)

where the kernel of e-h Coulomb interaction U vck; v0c0k0;Qð Þ ¼
�Vd vck; v0c0k0;Qð Þ þ Vx vck; v0c0k0;Qð Þ consists of the screened

e-h direct Coulomb interaction Vd vck; v0c0k0;Qð Þ and the e-h
exchange Coulomb interaction Vx vck; v0c0k0;Qð Þ (See Supplemen-
tary Note II for more details). Throughout this work, we consider a
MoS2-ML sandwiched by a hBN capping layer and hBN substrate,
whose non-local dielectric function is evaluated by solving
Poisson’s equation using the approaches of refs. 97–101. Compu-
tationally, we take the efficient methodology developed by ref. 69

that establishes and solves the density-functional-theory (DFT)-
based BSE on the basis of maximally localized Wannier functions
(MLWF’s).
The exciton fine structures of TMD-ML’s calculated by using the

methodology are in excellent quantitative agreement with
existing experimental results65,67–69,74,102,103. From the solved
exciton eigen states, the transition dipole moment of a bright
exciton (BX) is evaluated by DX

S;Q ¼ 1ffiffiffiffi
ΩA

p
P

vckA
vc
S;Q kð Þdv;k;c;k where

dv;k;c;k � e ψv;k

� ��r ψc;k

�� �
is the dipole moment of single-electron

transition. Figure 2b [c] shows the Q-dependent dipole moment of
the upper-band [lower-band] BX states over the momentum
space. Note that the exciton dipole of light-like (particle-like) band
DX
þð�Þ;Q is longitudinal (transverse) with respect to wave vector Q.
Numerically, the lowest bright exciton band structures of an

hBN-sandwiched MoS2-ML are calculated by solving the DFT-
based BSE and shown in Fig. 2a. Due to the e-h exchange
interaction, the exciton states with the opposite valleys (locked to
spin) are intermixed, and the BX bands are split into a parabolic
(very weakly dispersive) lower band and a quasi-linear upper one.
Besides the numerically BSE-calculated exciton band structures,

we adopt the solvable pseudo-spin model for better transparent
analysis. Taking the pseudo-spin model of exciton69,75,76,92, the
lower band of the lowest valley-mixed BX of a TMD-ML can be

Fig. 2 Valley-split exciton band structure of MoS2-ML and Q-dependent dipoles of finite momentum exciton states. a Valley-split exciton
band structure of MoS2-ML, composed of both the parabolic lower band (black dashed curve) and linear upper one (red dashed curve)
simulated by pseudo-spin model, and calculated by numerically solving the DFT-based Bethe-Salpeter equation (blue curve with hollow
marker). The exciton states lying in the small reciprocal area of the light cone where Q < qc are optically active in the sense of far-field and are
called bright excitons (BX’s). By contrast, the optically inactive exciton states out of the light cone are referred to as momentum-forbidden
dark excitons (MFDX’s). Remarkably, the longitudinal exciton states unusually follow a light-like linear dispersion with a steep slope 2γ ~ 144
meV ⋅ nm, resulting from the exceptionally pronounced e-h exchange interaction of TMD-ML. b [c] The Q-dependent dipoles of finite
momentum longitudinal [transverse] exciton states in the upper [lower] band, whose orientations are always parallel [perpendicular] to Q as
shown by the red [black] arrows.
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described as EXS¼�;Q ¼ EX0 þ _2Q2

2MX and the upper linear band is

EXS¼þ;Q ¼ EX0 þ
_2Q2

2MX þ 2γQ � EX0 þ 2γQ; (3)

where EX0 measures the band-edge energy of the exciton bands, γ
measures half of the slope of the linear upper band and
MX ≡mc+mv= 0.85m0 is the total mass of exciton determined
by the DFT computation. Following the study of ref. 69 and taking
the 2D hydrogen model104 that explicitly gives the exchange-free
exciton wave functions in the momentum space, Avcð0Þ

S;Q ðkÞ104,105,
where the superscript (0) stands for the exchange-free nature, one

can show γ ¼ 4ε0ð Þ�1 DX
0=

ffiffiffiffiffiffi
ΩA

p� 	2 / ðaBÞ�2, where DX
0 � jDX

K=K 0;Qj
¼

ffiffi
8
π

q ffiffiffiffi
ΩA

p
aB

d0, d0 � dv;K;c;K

�� ��92, and aB≡ (4πε0/e2) ⋅ (ℏ2εTMD/

μX)= 1.93 nm is the Bohr radius of BX for MoS2-ML, where μX �
ðm�1

c þm�1
v Þ�1 ¼ 0:21m0 is the reduced mass of exciton, εTMD ¼

εMoS2 ¼ 7:7 is the effective dielectric constant of MoS2-ML. Fitting
to the BSE-calculated exciton dispersion, γ= 72meV ⋅ nm is
determined in consistency with the exciton band splitting
reported by refs. 75,106. Accordingly, the transition dipole moment
of exciton for MoS2-ML is estimated to be DX

0=
ffiffiffiffiffiffi
ΩA

p ¼ 0:126(e) and
the magnitude of the dipole moment of single particle transition is
also estimated to be d0= 0.153(e ⋅ nm). With the small aB, the
value of γ for the tightly bound BX of TMD-ML is so large that
Equation (3), EXþ;Q � EX0 þ 2γQ. The density of states (DOS) per unit
area of exciton band is defined by ρSðEÞ � 1

ΩA

P
QδðEXS;Q � EÞ107.

For the model-predicted linear upper exciton band, ρS¼þ Eð Þ ¼
1

8πγ2 E � EX0
� 	

θ E � EX0
� 	

where θ(E) is the step function, increases
linearly with increasing E, as shown by Fig. 4c. For the BSE-
calculated upper exciton band following a sub-linear dispersion,
the DOS of exciton is generally higher than that simulated by the
pseudo-spin model of exciton, as shown by Fig. 4c.

Exciton-mediated energy transfer from QD’s to TMD-ML’s
According to Fermi’s golden rule, the rate of the FRET from a QD
with the excitation energy, εX0 , to a TMD-ML is evaluated by

ΓDA εX0 ; d
� 	 ¼ 2π

_

X
SQ

eMS;Q

��� ���2δ EXS;Q � εX0


 �
; (4)

where the delta function ensures the energy conservation and the
matrix element of the Förster coupling from the lowest exciton of
QD reads

eMS;Q ¼
Z

d3r
Z

d3r0ePX�S;QðrÞ
1

4πε0εbjr� r0 � O0j eP
X
0ðr0Þ; (5)

where O0 ¼ ð0; 0; dÞ is the central position of QD measured from
the origin point, O= (0, 0, 0), in the plane of TMD-ML, PX0ðrÞ �
ϕv�
0 ðrÞϕc

0ðrÞ is the pair-density of the lowest exciton state of QD,

ϕc=v
0 ðrÞ is the wave function of the lowest electron/hole state of

the QD, PXS;QðrÞ � 1ffiffiffiffi
ΩA

p
P

vckA
vc
S;Q kð Þψ�

v;kðrÞψc;kþQðrÞ is the pair-
density of exciton transition in the TMD-ML, and εb is the effective
dielectric constant of dielectric environment.
Here, we neglect the weak Coulomb correlation for strongly

confining QD’s and consider the exciton wave function of QD as
the direct product of ϕv�

0 ðrÞ and ϕc
0ðrÞ. Taking the electrical dipole

approximation (See Supplementary Note III for derivation details),
we can show that

eMS;Q ¼ � 1
ΩA

DX�
S;Q � εQ; (6)

where

εQ ¼ �i
2ε0εb

e�QdQð�iQ̂� ẑÞ � DX
QD (7)

is the Q-component of the Förster field induced by the dipole
moment of the QD, DX

QD � hϕv
0jerjϕc

0i. Throughout this work, we
consider hBN as the spacer material between CdSe QDs with
DX
QD

�� �� ¼ 0:44 e � nm and a MoS2-ML and take εb= εhBN= 4 (See
Table 1).
From Equation (7), one can realize that the Q-dependence of

the strength of a Förster field is governed by two competing
factors: (1) the linear Q term and (2) the exponential decay e−Qd.
The linear Q-dependent factor (1) originates from the fact that the
strength of the dipole-dipole interaction between a point-dipole
(QD) and dipoles periodically distributed over a 2D plane (TMD-
ML) increases with increasing the periodicity of the in-plane
distributed dipoles, i.e., increasing Q. As increasing Q, the planar
density of dipoles increases, and the total FRET rate is enhanced.
On the other hand, the exponential decay factor is associated with
the near-field nature of the Förster field, which contains the
evanescent mode decaying exponentially along the z direction
(∝ e−κd), characterized by an imaginary wave vector, kz= iκ. Since
the magnitude of the wave vector of a radiation, k ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2x þ k2y þ k2z

q
, should remain invariant to fulfill the momentum

conservation law, the imaginary wave vector carried by the
evanescent mode allows the momentum of the in-plane
components of a Förster field exceeds the light-cone edge, i.e.,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2x þ k2y

q
> qc, and enables the Förster field to couple MFDX’s. As

a result of the two competing factors, the magnitude of the matrix
element of Förster coupling, eMS;Q, shows a maximum peak at

Q ¼ 1=d � Q0: (8)

Without losing the generality, we consider DX
QD ¼ DX

QDx̂ for
elongated CdSe QD’s throughout this work. Figure 3a presents the
numerically calculated vectorial Q-components of the Förster field,
εQ, over the Q-space. As expected, one sees that the maximal Q-
components of the Förster field are indeed located at Q0= 1/d, far
away from the light cone of BX. Because of the longitudinal nature
of the dipole-induced Förster field, the orientation of εQ remains
parallel to the direction of Q. Hence, according to Eqs. (6) and (7), a
Förster field directly couples the longitudinal exciton states with
DX
þ;QkεQ but not the transverse exciton states of the lower band

with DX
�;Q ? εQ.

Figure 3c shows the square of the matrix element of the Förster

coupling for the longitudinal exciton of MoS2-ML, jeMþ;Qj2, induced
by the QD apart by d= 8 nm. Since d≪ λ ~ 102–103 nm, the
optimally coupled exciton states with Q0= 1/d ≈ 13qc for d= 8 nm
are far away from the small reciprocal area of light-cone and
belong to the MFDX states.

Table 1. Parameters used in the model simulations of this work.

Parameter
(unit)

Value References Parameter
(unit)

Value Reference

mc(m0) 0.39 Refs. 122–126 DX
QDðe � nmÞ 0.44 Refs. 127–129*

mv(m0) 0.46 Refs. 122–126 d0(e ⋅ nm) 0.153 Refs. 69,130

εMoS2 7.7 Ref. 69*** EX0ðeVÞ 1.9 Refs. 41,52

εhBN 4 Refs. 131–133 γ(meV ⋅ nm) 72 Refs. 75,106**

*The transition dipole moment of exciton, DX
QD ¼ 0:44e � nm, for CdSe QDs

is estimated according to the formalisms of refs. 122–124.
**The parameter of γ is determined by fitting Equation (3) to the BSE-
calculated upper exciton band in the momentum range from 0qc to 10qc,
which is consistent with the exciton band splitting reported by refs. 75,106.
***With the DFT-calculated effective masses and following the study of
ref. 69, we adopt the dielectric constant εMoS2 ¼ 7:7.
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Figure 3c, d shows the calculated results of the TMD-QD system
with the longer d= 15 nm. The longer d makes the smaller wave
vectors of Q0 ≈ 7qc where the Förster couplings are maximal.
Hence, the regime of optimal Förster coupling over the Q plane in
Fig. 3d is shrunk, and less MFDX states are essentially involved in
the FRET for the QD-TMD system with longer d.

Excitation-energy dependence of dark-exciton-dictated FRET
Substituting the eMS;Q of Equation (6) into Equation (4) and taking into
account all the coupled longitudinal exciton states, one can formulate
the total rate of FRET as a function of excitation energy, εX0 , as

ΓDA εX0 ; d
� 	 ¼ 2π

_
ξþ εX0 ; d

� 	
ρþ εX0

� 	
; (9)

where the averaged Förster coupling for the exciton states with
the energy EXþ;Q ¼ εX0 is defined by and derived as

ξþðεX0 ; dÞ �
P

Q
eMþ;Q

��� ���2δ EXþ;Q � εX0


 �
1
ΩA

P
Qδ EXþ;Q � εX0


 � ¼ DX
QD

� �2
DX
0

� �2
8ε20ε

2
bΩA

Q2
Re

�2QRd;

(10)

where

QR �
�
εX0 � EX0

	
=2γ (11)

is the magnitude of the wave vectors of the resonant exciton
states to the excitation energy of the QD. Note that the maximum
Förster coupling critically occurs as QR=Q0, leading to

ΔεX0 ¼ EXþ;Q0
� EX0 ¼ 2γ=d; (12)

where ΔεX0 � εX0 � EX0 measures the energy difference between the
excitation energy of QD and the lowest exciton energy, EX0 . This
indicates that the size of QD that determines εX0 and the distance
between QD and TMD-ML, d, act as two tuning knobs related by γ
for optimizing the energy transfer rate. For tightly bound exciton

with aB ~ 1–2 nm in a MoS2-ML, the value of γ ¼ 2d20
πε0

ðaBÞ�2 ≈ 100
meV ⋅ nm is significantly large, and to achieve the maximal FRET,
the excitation energy of QD should be properly higher than the BX

states to match the energy of the longitudinal exciton states with
Q= Q0. In Fig. 2a, we see that ΔEXQ0;0 � EXþ;Q0

� EX0 � 18meV (≈16
meV) for the QD-TMD system with d= 8 nm according to the
model-predicted (BSE-calculated) exciton band structure of MoS2-
ML. One also finds in Fig. 3b that jeMþ;Qj persists high for the finite
momentum exciton states over a wide Q-regime where
Q∈ {Q0/2, 2Q0}, corresponding to the energy range, ΔEX2Q0;Q0=2 �
EXþ;2Q0

� EXþ;Q0=2 ¼ 27meVð17meVÞ, according to the model-
predicted (BSE-calculated) upper exciton band. This indicates,
due to the large γ of TMD-ML, the robustness of efficient FRET’s
from QD’s to TMD-ML’s against the variation of the excitation
energies of QD’s over a wide range of ΔEX2Q0;Q0=2.
By contrast, in mesoscopic quasi-2D systems, e.g., epitaxial

semiconductor quantum wells, excitons are weakly bound and
possess the larger Bohr radius aB ~ 10 nm108, leading to much
smaller γ ~ few meV ⋅ nm109. With the nearly vanishing γ (leading
to small ΔεX0), both BX bands of a quantum well remain weakly
dispersive, and the excitation energies of QD’s must be critically
little higher than that of BX to maximize the FRET rate, i.e., ΔεX0\0.
Figure 4a shows the calculated total FRET rates, ΓDAðεX0 ; dÞ as a

function of the excitation energy of QD-donor, of the exciton-
mediated FRET to a MoS2-ML acceptor apart from the QD by
d= 8 nm with the full counting of the MFDX exciton states of the
longitudinal exciton band calculated by numerically solving DFT-
based BSE (blue solid curve) and by taking the pseudo-spin model
(red dashed curve).
The simulated rate of ΓDAðεX0 ; dÞ based on the BSE-calculated

exciton band structure is shown faster but remains significant over a
slightly small energy range of εX0 than the pseudo-spin model of
exciton because the slightly sub-linear dispersion of the BSE-
calculated longitudinal upper band leads to the higher DOS (See
Fig. 4c) and smaller energy range of ΔEX2Q0;Q0=2 where the Förster
coupling is significant. Remarkably, the excitation energies of QD’s
falling in the tens-of-meV scaled range of ΔEX2Q0;Q0=2

covers only the
lowest 1s exciton bands and access neither the higher Rydberg
exciton states nor the e-h continuum states, which are above the 1s
exciton states by hundreds of meV82,95. Thus, TMD-ML’s

Fig. 3 Förster field, εQ, and square of the Q-dependent matrix element of Förster coupling jeMþ;Qj
2
. a The contour plot (arrows) represents

the intensity (direction and magnitude) of amplitude, εQ, of the longitudinal plane-wave components at z= 0 with the wave vector Q in the
Förster field. Note that the plotted values have been normalized by their greatest value in the plotted Q-plane. b The square of the
Q-dependent matrix element of Förster coupling, which is determined by (b) according to Equation (6). Note that the Förster coupling is
maximum at Q0= (Q0, 0) where Q0= 1/d ≈ 13qc and still remains significantly high in the regime around Q0 where the magnitudes of the wave
vectors are in the range between 0.5Q0 and 2Q0. c, d Simulated results for the same QD and MoS2-ML but with the longer QD-TMD distance
d= 15 nm. One sees that, with the longer d, the MFDX states under the significant Förster coupling possess the smaller Q0 ≈ 7qc.
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exceptionally serve as an excellent acceptor system for the FRET
mediated purely by excitons.
To highlight the pronounced excitonic effects of TMD-ML on

FRET, we calculate the rate of the FRET from the same QD to a
mesoscopic quantum well where the 2D excitons are loosely
bound, with a large Bohr radius, typically aB= 10 nm (See the
black dashed curve in Fig. 4a). The large Bohr radius of weakly
bound exciton suppresses the e-h exchange interaction and
retains the degenerate weakly dispersive exciton bands. As one
sees in Fig. 4a, the rate of FRET between the QD and the quantum
well with the same distance d= 8 nm is much lower than that of
TMD-ML because of the small dipole moment of weakly bound
exciton in a quantum well (QW). With the weak dispersion of the
parabolic exciton bands, the rate of FRET to a QW from a photo-
excited QD is significant only as the excitation energy of QD
critically falls in the narrow energy range, ΔεX0 � 0� 10meV,
slightly above the exciton band edge of QW (See the black curve
in Fig. 4a). Once the excitation energy of QD is out of the narrow
energy range (ΔεX0 > 10meV), the FRET rate from a QD to a
mesoscopic QW drops to almost vanishing.

Distance-dependence of dark-exciton-dictated FRET
From Equation (10), it is shown that the calculated rate of the
exciton-mediated FRET from a QD to a TMD-ML by the quantum
theory yields an exponential dependence on the QD-TMD distance,
ΓDA / e�2QRd , rather than the d−4-power-law (ΓDA∝ d−4) as
predicted by the classical FRET model for 0D-2D sys-
tems17,37,60,110–115. This is because, in the quantum regime, the
CoM motion of an exciton in a 2D system is described by a spatially
extended plane-wave function instead of a localized point dipole as

considered in the classical model113,116. Practically, the wave aspect
of exciton in the ideal quantum regime might be suppressed by
introducing a variation of exciton momentum to the 2D exciton
system. This situation occurs, e.g., in the FRET from an inhomoge-
neous QD layer where the unequal QD’s with various excitation
energies simultaneously couple the different exciton states of TMD-
ML with various CoM momenta. To confirm the scenario, we
consider an inhomogeneous QD-layer where the excitation
energies of QD’s are considered to follow a Gaussian distribution

over energy, f ðεX0 ; εX0 ; σεÞ ¼ 1=
ffiffiffiffiffiffiffiffiffiffi
2πσ2

ε

p� 	
exp � εX0 � εX0

� 	2
=2σ2

ε


 �
,

where εX0 is the average excitation of QD-ensemble and σε is the

parameter of energy deviation defined by σ2
ε ¼ εX0 � εX0

� 	2
. For

simplicity, we consider that each QD’s in the ensemble have the
same distance to the TMD-ML and neglect the energy transfer
between QD’s. Accordingly, the average rate of energy transfer
from a photo-excited inhomogeneous QD-layer to a TMD-ML is
defined as,

ΓDA εX0 ; σε; d
� 	 � Z

dεX0ΓDA εX0 ; d
� 	

f εX0 ; ε
X
0 ; σε

� 	
: (13)

First, let us consider the homogeneous QD-layer where
f ðεX0 ; εX0 ; σε ! 0Þ ¼ δðεX0 � εX0Þ. Taking εX0 � EX0 ¼ 45meV, the linear
and log plots of the normalized rate, ΓDAðdÞ=ΓDAð5nmÞ, from the
homogeneous QD-layer to a MoS2-ML with varying d= 5 nm to
20 nm are shown by the red dashed curves in Fig. 5b, c, respectively.
As inferred from Equation (9), the calculated rate of FRET from the
homogeneous QD-layer, similar to a single QD, does show an
exponential decay with increasing d, i.e., ΓDA / e�2QRd 60–62,64, where
QR is the wave vector of the resonantly coupled exciton states and

Fig. 4 Rate of exciton-mediated FRET between a QD and a MoS2, averaged Förster coupling for all resonantly coupled exciton states,
ξþðΔεX0Þ, and density of state (DOS) of exciton upper band ρþðΔεX0Þ. a Blue (red dashed) curve: The BSE-calculated (model-predicted) rate of
exciton-mediated FRET between a QD and a MoS2-ML with d= 8 nm, as a function of ΔεX0 � εX0 � EX0 . One notes that the rates of the FRET of
the TMD-ML remain significantly high over a wide range of excitation energy, from tens of meV to over 60 meV, in the regime of MFDX. Black
dashed curve: The model-predicted rate of exciton-mediated FRET between a QD and a mesoscopic quantum well with the same d= 8 nm,
where exciton in the quantum well is weakly bound with negligible e-h exchange interaction. b Blue (red dashed curve) curve: The BSE-
calculated (model-predicted) averaged Förster coupling for all resonantly coupled exciton states, ξþ, as a function of ΔεX0 . The maximum
Förster coupling occurs as Q0= 1/d, corresponding to the BSE-calculated (model-predicted) energy of the exciton states,
ΔEX2Q0 ;Q0=2

� EXþ;2Q0
� EXþ;Q0=2

¼ 17meV(27 meV). c Blue (red dashed) curve: The BSE-calculated (model-predicted) density of states (DOS) of
exciton upper band ρþðΔεX0Þ.
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does not follow the classically predicted d−4 distance dependence,
i.e., ΓDA∝ d−4 17,37,60,110–115.
Next, we consider inhomogeneous QD-layers with finite energy

variations, σε ≠ 0. We shall show that the interplay between the
energy variation of an inhomogeneous QD-layer, σε, and the
exchange-induced valley splitting of the exciton bands of a TMD-
ML, γ, leads to the unusual d-dependence of the FRET between the
0D- and 2D-systems. For more analysis, we expand the average
rate of energy transfer expressed by Equation (13) as a function of
σε and d in the asymptotic series,

ΓDAðεX0 ; σε; dÞ ¼ α

d4
1þ 4

γ

σεd

� 
Δþ 10

γ

σεd

� 2

Δ2 � 1
� 	þ � � �

" #
;

(14)

where α ¼ ð3 DX
QD

� �2
DX
0

� �2
=64

ffiffiffiffiffiffi
2π

p
_ε20ε

2
bΩAσεÞ exp �Δ2=2

� 	
and

Δ � εX0 � EX0
� 	

=σε measures the energy difference between the
average excitation energy of the QD donors and the lowest

exciton energy of the TMD-ML acceptors scaled by the
inhomogeneity-induced energy variation of QD donors.
In the limits of long donor-acceptor distance or large inhomo-

geneity, i.e., d≫ γ/σε, Equation (14) shows that the FRET rate
approaches the classically predicted d−4-dependence17,37,60,110–115.
Contrarily, as the donor-acceptor distance is very short or the QD-
donors are very homogeneous, i.e., d≪ γ/σε, all high-order terms in
the asymptotic series (14) are non-negligible, and their summation
restores the exponential distance dependence of the FRET in the
quantum regime (ΓDA / e�2QRd)60–62,64.
In between the two extreme situations, i.e., d ~ γ/σε, a few

higher order terms (d−5, d−6, ...) next to the d−4-term might
emerge to dictate the distance dependence of the FRET under
appropriate conditions of Δ. Remarkably, due to the enhanced e-h
exchange interaction, the value of γ for atomically thin TMD-ML’s
is three orders of magnitude greater than that of bulk. With the
large value of γ ~ 102 meV ⋅ nm of a TMD-ML and the typical
energy variation of a QD-layer σε ~ 101–102 meV, the critical d that

Fig. 5 Distance dependence of the FRET to a MoS2-ML from an inhomogeneous QD-layer whose excitation energy distribution is
modeled by the Gaussian function parametrized by the average excitation energy, εX0, and energy variation, σε. a Red curve: the rate of
FRET between a QD and a MoS2-ML with d= 8 nm, as a function of excitation energy of QD. Blue curve: the Gaussian distribution of excitation
energy for an inhomogeneous QD-layer with the average energy coincident with the energy of the maximum FRET rate, εX0 � EX0 ¼ 45meV,
and the energy variation, σε= 20 meV. b [c] Blue curves: The linear [logarithm] plot of the QD-TMD distance dependence of the rate of the
FRET between a MoS2-ML and an inhomogeneous QD-layer with σε= 20 meV. For comparison, the distance dependences of the FRET for the
same QD-TMD system but with σε= 0 meV and σε≫ 100 meV are presented by the magenta and green dashed lines, respectively. d–f
consider the FRET between a TMD-ML and a QD-layer system with the lower average excitation energy, εX0 � EX0 ¼ 20meV. g–i consider the
FRET between a TMD-ML and a QD-layer system with the higher average excitation energy, εX0 � EX0 ¼ 75meV.
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distinguishes the classical and quantum regimes falls in the range
of d ~ 1–10 nm, which is the typical distance between QD donors
and TMD-ML acceptors in reality. Therefore, the e-h exchange
interaction of MFDX’s plays a key role in the distance-dependent
FRET between QD donors and TMD-ML acceptors, and under
certain conditions, might result in the unusual distance depen-
dence deviating from the d−4 or the exponential distance
dependences predicted in the classical and quantum regimes,
respectively.
As a model test, we first set an extremely large energy variation,

σε≫ 100 meV, to mimic and simulate the classical FRET. As shown
by green dashed lines in Fig. 5c, f, i, we indeed retain the
d-dependence of ΓDA that perfectly follows the classically
predicted power-law, ΓDA / d�4 17,37,60,110–115, for the FRET from
the extremely inhomogeneous QD-layer.
For realistic simulation, one might take the moderate energy

variation like σε= 20 meV, with which the length scale of
γ/σε= 3.6 nm such that the distance dependence of ΓDA shows a
multi-power-law behavior, as one can see from Equation (14) and
shown by blue solid curves in Fig. 5c. Carefully examining Fig. 5c,
one finds that the rate of the FRET between a TMD-ML and QD’s
with σε= 20 meV exhibits the weaker (higher) d-dependence than
the d−4-power law in the short (long) distance regime where
d < 10 nm (d > 10 nm).
Figure 5d–f shows the simulated rate of the FRET to a TMD-ML

from an inhomogeneous QD-layer with a lower average excitation
energy, εX0 � EX0 ¼ 20meV. With the low excitation energy, the
FRET of the QD-TMD system, in general, shows a much weaker
d-dependence in Fig. 5e, f, as compared with Fig. 5b, c.
The weak d-dependence of the FRET from the QD-layer with the

low excitation energy results from the fact that the resonantly
coupled MFDX states of TMD-ML in the FRET possess the low
energies and small momenta, QR, the latter of which leads to the
weak d-dependence according to Equation (9). Figure 5g–i shows
the simulated results of FRET between a TMD-ML and an
inhomogeneous QD-layer with high average excitation energy,
εX0 � EX0 ¼ 75meV. As compared with Fig. 5d–f, the simulated FRET
from the QD-layer with the high excitation energy shows a fast
decay with increasing distance. With the long d > 10 nm, the
distance dependence of FRET rate follows the d−n power law with
n > 5.
From our studies, the d-dependence of dark-exciton-mediated

FRET of a TMD-ML is realized not to certainly follow the d−4-
power-law as classically predicted but show a multi-exponential
decay that is substantially affected by extrinsic factors such as the
inhomogeneity of materials. This accounts for the often-seen
ambiguity of the d-power-law-fitting of the measured FRET rates
reported by many existing experiments19,22,28,30,34,37,39.
In summary, we present a theoretical investigation of exciton-

mediated Förster resonant energy transfers from photo-excited
quantum dots to monolayer TMD’s. In contrast to conventional
semiconductor bulk or mesoscopic nano-materials, excitons in
atomically thin TMD-MLs are tightly bound by the extraordinarily
strong Coulomb interaction, leading to large transition dipole
moments and unusual exchange-induced exciton band disper-
sions. The large dipole moment of exciton directly enhances the
FRET rate of a TMD-ML to be faster than the FRET of mesoscopic
quantum wells by several times. Moreover, our studies point out
that the FRET of a TMD-ML is dictated by momentum-forbidden
dark excitons rather than the commonly expected bright excitons.
The momentum-forbidden dark exciton states of TMD-ML that
follow the unusual linear exciton band dispersion are shown to
substantially grade up the efficiency and robustness of FRET of
TMD-ML against the inhomogeneity of donor ensembles. With the
enhanced electron-hole exchange interaction of exciton in an
atomically thin TMD-ML acceptors and certain energy variations of
inhomogeneous QD donors, the FRET between QD’s and a TMD-
ML is not necessary to follow the commonly recognized d−4 or

exponential distance power laws but could exhibit the unusual
d−5 or even higher order distance dependence. Hence, the
measured distance power-law dependences of the FRET’s of TMD-
ML’s actually cannot reflect the dimensionality of the donor-
acceptor system. Our studies reveal the essential role of
momentum-forbidden dark excitons in the FRET of generic 2D
materials and suggest the prospect of dark-exciton-based near-
field technology using 2D materials.

METHODS
Density functional theory (DFT) calculations
In this work, we performed density functional theory (DFT)
calculations using the Vienna Ab initio Simulation Package (VASP)117

to determine the quasi-particle band structure of MoS2 monolayers
(MoS2-ML’s). First, we optimized the cell volume and atomic position
with the PBE functional118 until the atomic forces converged below
0.005 eV ⋅Å−1, yielding a lattice constant of a0 = 3.166Å. To prevent
artificial interactions between periodic layers, we introduced a 30 Å
vacuum layer in the out-of-plane direction. Subsequently, self-
consistent calculations were conducted using the HSE06 hybrid
functional119 to solve the Kohn-Sham equations, taking into account
the spin-orbit coupling (SOC). The plane-wave cutoff energy for the
expansion of wave functions and PAW potentials is set to be 500 eV.
The first Brillouin zone is sampled by a 10 × 10 × 1 Monkhorst-Pack
grid. The break condition for the electronic self-consistent loop is set
to be 10−6 eV. The calculated quasi-particle band structures of a
MoS2-ML are shown in Supplementary Fig. 1a.

Bethe-Salpeter equation (BSE) for exciton spectra
Based on the calculated quasi-particle band structure, we
employed the methodology developed in ref. 69 to solve the
Bethe-Salpeter equation (BSE) and determine the exciton spectra
of a hBN-encapsulated MoS2 monolayer. To reduce the computa-
tional cost associated with evaluating the electron-hole interaction
kernel, we employed the Wannier90 package120,121 to transform
the quasi-particle states into maximally localized Wannier func-
tions (MLWF’s). Additionally, we determined the non-local
dielectric function in the kernel of the screened electron-hole
direct Coulomb interaction by solving Poisson’s equation, follow-
ing the approaches outlined in refs. 97–101.
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