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Does the growth of military hard power back up the
growth of monetary soft power via data-driven
probabilistic optimal relations?
Ray-Ming Chen 1✉

The research of how economic growth and military expenses affect each other could be found

in the literature, but a comprehensive quantitative study of the degree of interaction between

military expenses and money currency is not fully investigated. In this study, we borrow the

concepts of hard power and soft power and quantify these concepts by associating military

hard power with military expenses over GDP and monetary soft power with growth rate of

exchange rate over growth rate of broad money from 1961 to 2019. We study the causal

relation between these two powers by mathematical and statistical approaches. We keep

track of the time-series of Hausdorff distances between their empirical optimal relations and

absolute linear relations and analyse their stability. The absolute linear relations serve as the

benchmark for measuring the causality between military hard power and monetary soft

power, while the empirical optimal relations reveal their actual interaction. Our result shows

there is a clear causal relation that military hard power backs up monetary soft power, but not

the other way around. This indicates that proper military spending over GDP would stabilise

and promote the currency value of a country.
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Introduction

H ard power are coercive power by military intervention, or
economic sanctions with an aim to change course of other
country’s policies (Nye, 1990). On the other hand, soft

power is non-coercive with a technique to co-opts other countries
through cultural assimilation, political involvement or policy
influence (Nye, 2021; Wilson, 2008). To avoid direct conflict,
nowadays soft power becomes a trendy tug of war, in particular,
among largest countries (Blanchard and Lu, 2012; DiGiuseppe,
2015). A straightforward way to measure the relative military
hard power between countries probably is the indicator of their
relative real military spending (Robertson and Sin, 2015). On the
one hand, economic growth would help military development
and expenses (Beckley, 2010); on the other hand, military
expenses might boost the economic growth (Dunne and Smith,
2020; Santamaría et al., 2021; Su et al., 2020); or hinder the
growth or have little effect on the growth (Manamperi, 2016).

Currency war is always a major issue among countries (Liss,
2007). Monetary policy would influence real exchange rate
(Pham, 2019), which in turn would affect economic development
(Gala, 2008). The causal relation between hard power and soft
power is an intriguing issue. Though there are many factors, for
example GDP or resource availability, affecting the determinants
of military expenses (Looney and Fredericksen, 1990; Odehnal
et al., 2020), we shift our attention solely on the monetary soft
power. As for exchange rate, most of the research focus on
finding the relation between international trade volume and
exchange rates (Kang and Dagli, 2018)

One might expect that if a country issues too much broad
money, it shall depreciate its currency—which shall also be
reflected in their real exchange rate. By observing the ratio
between the growth rate of exchange rate and growth of broad
money, we shall observe the asymmetry between output results
and input factors—in this study, we call this ratio the monetary
soft power. There are many factors that might cause such dis-
crepancy between these two. We explore the relation between
military spending per GDP (or military hard power) and the
monetary soft power.

● Problem: whether the growth rate of monetary soft power
is positively proportional to the growth rate of real military
hard power.

● Methods: we utilise several mathematical and statistical
tools for our analysis. After importing the data, we define a
variable X to represent the military hard power (MHP),
which is measured by the military expenses per GDP, and a
variable Y to represent the monetary soft power (MSP).
Then we apply k-means to partition the set of X and Y to
obtain their respective centroids and clusters. Then we
generate their joint probability based on these clusters
whose elements are the countries. Based on these, we devise
causal correlation coefficients to measure degree of
causality between X and Y. We search all the potential
surjective relations and find the optimal ones. Then these
optimal ones are used to compare with absolute causal
relations, which are independent of probability, by
calculating their Hausdorff distances. These distances
reveal the causality relation.

● Results: our finding shows there is a clear causal relation
that MHP contributes directly to MSP, but MSP con-
tributes very little to MHP.

● Conclusions: MHP supports MSP is witnessed in this study.
This shall justify some governmental behaviours that
spending a lot of money on military, but never really
benefits from the spending directly. It also provides some

structural information for policy makers or economic
analysers.

Variable specifications. There are two variables to represent
military hard power and monetary soft power: (1) the growth rate
of military hard power for country c at period t, or MHPc,t,
defined by MHPc;t ¼

mgc;tþ1 �mgc;t
mgc;t

, where mgc,t denotes military

expenses over GDP for country c at period t; and (2) the growth
rate of monetary soft power for country c at period t, or MSPc,t,

defined by MSPc;t ¼ Δrc;t
ΔMc;t

, where Δrc;t :¼ rc;tþ1 � rc;t
rc;t

denotes the

annual growth of exchange rate in terms of US dollars at period t,

and ΔMc;t :¼ Mc;tþ1 �Mc;t

Mc;t
denotes the annual monetary growth for

country c at period t. Since, in our study, the obtained exchange
rates from the database is represented by the domestic currency
over US dollars at period t, say ζt, we have to take the reciprocal of
ζc,t as our exchange rate rc,t, i.e., rc;t ¼ 1

ζc;t
. Then

MSPc;t ¼ Δrc;t
ΔMc;t

¼

1
ζc;tþ1

� 1
ζc;t

1
ζc;t

ΔMc;t
¼

ζc;t
ζc;tþ1

�1
Mc;tþ1
Mc;t

�1
. In our calculation, we shall

adopt MSPc;t ¼
ζc;t

ζc;tþ1
�1

Mc;tþ1
Mc;t

�1
:

Data-source handling.

● The source of data is the time-series (from 1961 to 2019)
for three indicators: broad money, exchange rate, and
military expenses per GDP with respect to all the
countries whose data are available (some of the collected
data are missing in the database) (THE WORLD BANK,
2021a, b, c);

● Define the 58 periods in which each lies between two
consecutive years. For any period t, sample those
countries in a set, say St with ∣St∣= lt, whose data are
available for the above indicators for the period, in
other words, each sample varies according to different
period. Let us call the set SAMPLED= {Matt: 1 ≤ t ≤ 58},
where Matt is a lt-by-3 matrix whose row refers to the
countries and whose column refers to above three
indicators;

● Based on SAMPLED, one calculates {mgc,t: c∈ St, 1 ≤ t ≤
58}, {Δrc,t: c∈ St, 1 ≤ t ≤ 58}, {ΔMc,t: c∈ St, 1 ≤ t ≤ 58} and
X= {Xt≡MHPc,t: c∈ St, 1≤t ≤ 58}, Y= {Yt≡MSPc,t: c∈ St,
1≤ t ≤ 58}. For each t, Xt≡ {MHPc,t: c∈ St} and Yt≡
{MSPc,t: c∈ St} are further categorised by k-means, where
k= 5 for the former set and 4 for the latter one. Their
representing means (centroids) for the categories at period
t are KMXt and KMYt and their corresponding clusters are
KCXt and KCYt . They are further proceeded by calculating
the de-mean values dKMXt and dKMYt . The presented
forms are shown in Tables 1 and 2 in Supplementary
Appendix.

Study design and method. To accommodate ourself to the
properties of the data, we formalise the causal relation by (total)
linear relation. The better the linearity of a relation is preserved,
the better causality between the two variables is presented. The
best group that categorically recognises the direct causal relation
from ordered set ðXt ; ≥ Xt

Þ to ordered set ðYt ; ≥ Yt
Þ is the set of all

the absolute causal relation in Xt × Yt (or ACRYt jXt ), which consists
of all the totally ordered and (total) surjective relations
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ðR � Xt ´Yt ; ≥ XtYt
Þ satisfying: (1) for all ðxti; ytiÞ; ðxtj; ytjÞ 2 R,

ðxti; ytiÞ≥ XtYt
ðxtj; ytjÞ, i.e., xti ≥ Xt

yti and xtj ≥ Yt
ytj; or

ðxti; ytiÞ ≤ XtYt
ðxtj; ytjÞ. These serve as the theoretical bench-

marked relations; and (2) for each element x in X, there exists
another element y in Y such that (x, y) ∈ R, and for each element
y in Y, there exists an element x in X such that (x, y) ∈ R. On the
other hand, we shall delve into seeking the optimal empirical
causal relation and then pin point their role against the
benchmarked relations via identifying the Hausdorff distance
between the sets of ACRYt jXt and the set of optimal empirical
relations. The distance between optimal empirical relations γ
and these benchmarked relations indicates the degree of
linearity preservation. We then study the time-series of these
distances to seek the causality between military hard power
and soft monetary power. In order to explain optimal empirical
relations, firstly, we need to introduce causal correlation
coefficient from Xt to Yt or CCCYt jXt . By taking time
and total surjective relations into consideration, we have the
particular form CCCYt jXt

γ , where γ is a total surjective relation
from Xt to Yt. In our case, there are 693601 such relations. Then
we find these relations that maximise the value
CCCYt jXt

γ � CCCXt jYt
γ , which takes the difference between dif-

ferent pairs of cause and effect into consideration. These
total surjective relations are called optimal empirical
relations. In the following, we specify and detail these concepts
and computations via some terminologies, definitions and
examples.

Definitions and terminologies. Suppose X, Y are random vari-
ables with m and n events, respectively. Let value p(y∣x) denote the
conditional probability and matrix JY∣X denote [p(y∣x)]x∈X,y∈Y.
For any set S, we use ∣S∣ to denote its size; for any vector~v, we use
j~vj to denote its length, and ~vi (or simply vi) to denote the i0th
element in ~v. Let meanð~vÞ denote the mean of the ~v
and d~v ¼ ðv1 �meanð~vÞ; v2 �meanð~vÞ; � � � ; vj~vj �meanð~vÞÞ. For
convenience, a vector is sometimes regarded as an one row or one
column matrix, and vice versa.

Definition 1.1 Let S;T � R. Let S;T be any arbitrary
partition of S and T, respectively. For any s 2 S; t 2 T, define
N(s, t)≔ ∣s ∩ t∣. Let �s and �t denote the means of set s and t,
respectively.

Definition 1.2 (probabilistic absolute causal relation) If
R 2 ACRTjS, then it could be represented by a ∣S∣-by-∣T∣
probabilistic matrix PMR, whose (i, j) element is the conditional

probability defined by
δij

∑jTj
j¼1 δij

, where δij is the characteristic value

for the incidence matrix from S to T.
Example 1 Suppose ordered set (S= {11.5, 3.4, 16.0}, ≥S),

where ≥S is the usual inequality relation on real numbers; and
ordered set (T= {σ1≡ {a, b, e, f}, σ2≡ {a, c, d}, σ3≡ {p, q, t}, σ4≡
{v}}, ≥T), where ≥T is the comparison operator for the cardinalities
of sets. Suppose R1 ¼ fð16; σ1Þ; ð11:5; σ2Þ; ð3:4; σ3Þ; ð3:4; σ4Þg;R2
¼ ð11:5; σ2Þ; ð3:4; σ3Þ; ð3:4; σ1Þ; ð16; σ4Þg. Then R1 2 ACRTjS;

R2 =2ACRTjS. Moreover, PMR1
¼

0 1 0 0
0 0 1

2
1
2

1 0 0 0

2
4

3
5 and PMR2

¼

0 1 0 0
0 0 1

2
1
2

0 0 0 1

2
4

3
5

Definition 1.3 (causal product) Suppose Xt= (xt1, xt2,
⋯ , xtm), Yt= (yt1, yt2,⋯ , ytn) are two instances of random
variable Xt and Yt. For any fixed xti∈ Xt, define the directed

average value (AV) regarding xti and the resulting vector by

AVYt jXt xti
� �

:¼ ∑
yti2Yt

yti � μYt
� � � p ytijxti

� �
;AVYt jXt

¼ dYt JYt jXt
� �T

:

Define a causal product 〈Xt→ Yt〉, or hXt ! AVYt jXt i, by
hXt ! Yti :¼ ∑

xti2Xt

ðxti � μXt Þ � ðAVYt jXt ðxtiÞ �MYt jXt Þ

¼ dXt�dAVYt jXt ;

where μXt ¼
∑

xti2Xt
xti

m , MYt jXt ¼
∑

xti2Xt
AVYt jXt ðxtiÞ
m ,

AVYt jXt ¼ ðAVYt jXt ðxt1Þ;AVYt jXt ðxt2Þ; � � � ;AVYt jXt ðxtmÞÞ;
dXt ¼ ðxt1 � μXt ; xt2 � μXt ; � � � ; xtm � μXt Þ, and
dAVYt jXt ¼ ðAVYt jXt ðxt1Þ �MYt jXt ;AVYt jXt ðxt2Þ

�MYt jXt ; � � � ;AVYt jXt ðxtmÞ �MYt jXt Þ:
In addition, T stands for matrix transpose operator.

Definition 1.4 (causal correlation coefficient, CCC) Define the
causal correlation coefficient from Xt to Yt, or CCCYt jXt , via inner
product •, as

CCCYt jXt :¼ hXt ! AVYt jXt i
jjdXtjj � jjdAVYt jXt jj ¼

dXt�dAVYt jXt

jjdXtjj � jjdAVYt jXt jj ;

and define the causal correlation coefficient from Yt to Xt,
CCCXt jYt , by

CCCXt jYt :¼ hYt ! AVXt jYt i
jjdYtjj � jjdAVXt jYt jj ¼

dYt�dAVXt jYt

jjdYtjj � jjdAVXt jYt jj ;

where ∣∣. ∣∣ is a norm operator.
Moreover, �1 ≤ CCCYt jXt ;CCCXt jYt ≤ 1. In particular, CCCXt jXt ¼ 1

and CCCYt jXt ¼ 0, if Xt and Yt are two independent random
variables. Precisely speaking, these Xt and Yt means their
representing values in the categories. By tensor product⊗ and
element-wise multiplication operator *, the precise definitions go as

follows: hXt ! AVXt i γ ¼ ∑ ðdKMXt � dKMYt Þ � JYt jXt
γ

h i
and

hYt ! AVYt i γ ¼ ∑ ðdKMXt � dKMYt Þ � JXt jYt
γ

h i
, where ∑ is a

summation operator, which adds up all the elements in a matrix.
Furthermore,

CCCYt jXt
γ :¼ hXt ! AVYt i γ

jjdKMXt jj � jjdAVKMYt jKMXt jj
:

Example 2 Suppose Xt has three categories and their
representing values are LXt

t1 ¼ 2; LXt
t2 ¼ 10; LXt

t3 ¼ 22 or LXt ¼
ð2; 10; 22Þ and Yt has two categories and their representing values

are LYt
t1 ¼ 1; LYt

t2 ¼ 7 or LYt ¼ ð1; 7Þ. Then dLXt � dLYt �

dLXtYt ¼ ð�9:333;�1:333; 10:667Þ � ð�3; 3Þ ¼
28 �28
4 �4

�32 32

2
4

3
5:

Suppose the numbers of occurrence for each pairs are:

N LXt
t1 ; L

Yt
t1

� �
¼ 5;N LXt

t1 ; L
Yt
t2

� �
¼ 10;N LXt

t2 ; L
Yt
t1

� �
¼ 9;

N LXt
t2 ; L

Yt
t2

� �
¼ 2;N LXt

t3 ; L
Yt
t1

� �
¼ 7;N LXt

t3 ; L
Yt
t2

� �
¼ 14.

JYt jXt ¼
5
15

10
15

9
11

2
11

7
21

14
21

2
4

3
5, JXt jYt ¼

5
21

9
21

7
21

10
26

2
26

14
26

� �
, μXt ¼ 11:3333;

dXt= (− 9.3333,− 1.3333, 10.6667); ½AVYt jXt ð2Þ;AVYt jXt ð10Þ;
AVYt jXt ð22Þ	 ¼ LYt JYt jXt

� �T ¼ 5; 2311 ; 5
� 	

;MYt jXt ¼ 4:0303; dAVYt jXt
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¼ ½0:9697;�1:9394; 0:9697	. Hence hXt ! Yti ¼ dXt�dAVYt jXt

¼ 3:8788; jjdXtjj ¼ 14:2361; jjdAVYt jXt jj ¼ 2:3753;CCCYt jXt

¼ 3:8788
14:2361�2:3753 ¼ 0:1147. By the same token, μYt ¼ 4; dYt ¼

ð�3; 3Þ;AVXt jYt ¼ LXt ðJXt jYt ÞT ¼ ½12:095; 13:385	;MXt jYt ¼
12:740; dAVYt jXt ¼ ½�0:645; 0:645	; hYt ! Xti ¼ dYt�dAVXt jYt

¼ 3:868; jjdYtjj ¼ 4:243; jjdAVXt jYt jj ¼ 0:912;CCCXt jYt

¼ 3:868
4:24�0:912 ¼ 1, i.e., it is clear that Yt causes Xt in this example.

Results
We have demonstrated the theoretical framework. In this section,
we apply such framework and present some resulting figures to

show the dynamical behaviours of causal correlation coefficients.
The detailed algorithms for running these results are detailed in
Supplementary Appendix A. Based on these procedures, we
obtain and analyse various graphs. Figures 1 and 2 show the
maximal difference between optimal causal relations, or
MaxCCCYt jXt and MaxCCCXt jYt , respectively, which are defined
in the Supplementary Appendix. Figures 3 and 4 show the
Hausdorff distances between probabilistic structures: the optimal
empirical one and the absolute one for surjective relations from
Xt to Yt and from Yt to Xt.

Based on these visualised analyses and the data presented we
have the following results:

Fig. 1 Optimal causal correlation coefficient from MHP (or X) to MSP (or
Y) or MaxCCCYt jXt .MHP stands for Military Hard Power, while MSP stands
for Monetary Soft Power. MaxCCCYt jXt is the maximal causal correlation
coefficient from X to Y, where t denotes t’th period.

Fig. 2 Optimal causal correlation coefficient from MSP (or Y) to MHP (or
X) or MaxCCCXt jYt . MSP stands for Monetary Soft Power, while MHP
stands for Military Hard Power. MaxCCCYt jXt is the maximal causal
correlation coefficient from Y to X, where t denotes t’th period.

Fig. 3 Hausdorff average distances between optimal empirical and
absolute causal relations. The solid line stands for the absolute causal
relations from MHP (or X) to MSP (or Y), while the dashed line stands for
the absolute causal relations rom MSP (or Y) to MHP (or X).

Fig. 4 Hausdorff minimal distances between optimal empirical and
absolute causal relations. The solid line stands for the absolute causal
relations from MHP (or X) to MSP (or Y), while the dashed line stands for
the absolute causal relations rom MSP (or Y) to MHP (or X).
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1. From Figs. 1 and 2, one observes that the difference
between the optimal causality lies mainly around 1 with
little variation. This indicates the features of the causality,
relatively speaking, is noticeable and analysable. It also
reflects that our analysis is built on a solid foundation.
Moreover, the optimal conditions for relations from X to Y
and Y to X are pretty similar, this simply indicates causality
shall present in these variables. However, a further detailed
analysis is also needed.

2. From Figs. 3 and 4, one could observe that there is a distinct
separation (very little overlapped) for the degree of causality
from military hard power (MHP) and for monetary soft
power (MSP) regardless of which Hausdorff distancing we
choose. This indicates there is a clear causality between
MHP and MSP. This also indicates there leaves very few
abnormalities of the data.

3. From Figs. 3 and 4, one observes the fluctuations of the
graphs is relatively centralised around 5.5 and 4.5 under the
Hausdorff average distancing; and around 5 and 3 under
the Hausdorff minimal distancing. This indicates the
causality between MHP and MSP is substantial and
persistent.

4. From Figs. 3 and 4, one observes asymmetry (gap) between
MSP to MHP and MHP to MSP. This clearly indicates the
causality is one-way and universal, i.e., one factor leads to
the other, but not the other way around.

5. From Figs. 3 and 4, one observes the causality from MHP to
MSP almost goes under the one from MSP to MHP—this
shows the causality from MHP to MSP is strictly stronger
than the one from MSP to MHP. This is also witnessed by
Fig. 5.
Judge from the results we obtain, we shall confidently reach
a conclusion that military hard power do bolster the
monetary soft power, but not the other way around.

Conclusion and recommendations
In this study, we devise a series of procedures to find the causal
relations between military hard power and monetary soft power.
These procedures utilise various analytical techniques: k-means,
optimal empirical surjective relations, absolute causal relations,

inner product, data-based conditional probabilities, Hausdorff
measures for distance, etc. The result shows there is a clear causal
relation that military hard power backs up monetary soft power.
The advantages for our approach are it relies less on statistical
approaches and thus more flexible in coupling with other
mathematical analytical tools. It also saves one from applying
interpolation approaches on data generating or fitting—our
approach could tackle samples with dynamical sizes. Another
advantage is it is easier to interpret the result, since it relies more
on mathematical tools, in particular the usage of distance func-
tions provides much more intuitive interpretation.

There are several limitations in our approaches and improve-
ments to be done in the future study. Firstly, we base our infer-
ences on optimal surjective relations. Indeed one could perform
fuzzy inferences, though a concise and definite causality might
not exist if one takes other surjective or partially surjective rela-
tion into consideration. Secondly, other indicators regarding
either military hard power or monetary soft power could be
included. Thirdly, one could base on this approach to revisit the
lasting issue whether military spending contributes to economic
growth or the other way around.

There are some recommendations for further research. In this
article, we exploit k-means to decide the centroids and clusters.
The number of categories for MHP is chosen to be 5 and the one
for MSP is chosen to be 4. One could lift such arbitrary choice,
and adopt other artificial techniques to decide the choice of the
numbers. Moreover, we adopt monetary units to uniformly
quantify the military hard power and monetary soft power. Such
adoption could be further extended to involve other data, for
example, the number of nuclear warheads, the number of military
staff, the number of aircraft carriers, etc. As for the monetary soft
power, one could also involve interest rates, GDP, and other
economic indicators. One could also consider other non-numeric
data or fuzzy data. In addition, our approach focuses on mea-
suring the linearity to witness the causal relation. There is no
precise relation, such as regressions, constructed. To remedy such
disadvantage, one might combine this approach with other
methods to measure the exact degree of causal relation for future
prediction or analysis.

Data availability
All data analysed are included in the paper.
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