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Einstein—Podolsky-Rosen (EPR) steering is commonly shared among multiple observers by utilizing
unsharp measurements. Nevertheless, their usage is restricted to local measurements and does not
encompass all nonlocal measurement-based cases. In this work, a method for finding beneficial local
measurement settings has been expanded to include nonlocal measurement cases. This method

is applicable for any bipartite state and offers benefits even in scenarios with a high number of
measurement settings. Using the Greenberger—Horne-Zeilinger state as anillustration, we show
that employing unsharp nonlocal measurements can activate the phenomenon of steering sharing
in contrast to using local measurements. Furthermore, our findings demonstrate that nonlocal
measurements with unequal strength possess a greater activation capability compared to those
with equal strength. Our activation method generates fresh concepts for conservation and recycling
quantum resources.

In 1936, Schrodinger first proposed the concept of quantum steering as a response to the EPR paradox". Many
years later, Wiseman et al. point out the logic relation between EPR steering, nonlocality, and entanglement®. EPR
steering? logically sits between Bell nonlocality® and quantum entanglement? and exhibits a distinctive asym-
metric property®™!!, which describes the ability of one party, Alice, to nonlocally manipulate the state of another
party, Bob, even if Bob does not trust Alice’s measurement apparatus. As an essential type of quantum resource,
EPR steering has great applications in quantum key distribution'>"?, subchannel discrimination'*, asymmetric
quantum network!®, randomness generation'®!” and randomness certification'®. Improving the utilization effi-
ciency of EPR steering is of great importance, not only for fundamental quantum information science but also
for applications in quantum communication.

To improve the utilization efficiency of EPR steering resources, researchers have relaxed the no-signaling
condition" and found that the steering of a single copy of the entangled states can be shared among multiple
sequential observers either by unsharp measurements'® or standard projective measurements®*?!. This method,
known as steering sharing, has been extensively studied in bipartite systems?>* and has also been used to inves-
tigate the reuse of genuine multipartite steering®.

Until now, all researches aimed at improving the efficiency of EPR steering has been restricted to local
measurements>>~?’, In the case of local measurements, each observer measures the qubit in the hand. Mathemati-
cally, each observer’s measurement results can be obtained by measuring his or her respective reduced density
matrices. However,nonlocal measurements mean operating instantaneous measurements on spacelike separate
subsystems®**!. Indeed, nonlocal measurements between spatially separated observers cannot be accomplished
through local measurements and classical communication. Thus, local measurement does not encompass all
quantum information tasks that require nonlocal measurements, such as quantum teleportation. Nonlocal
observables, however, are essential to quantum theory and can be found in everything from Bell inequalities
and different postelection paradoxes to quantum error correction codes®. This raises some interesting questions:
Is it possible to transform an unsteerable state into a steerable one by employing unsharp nonlocal measure-
ments? If yes, how can we construct these beneficial nonlocal measurements? In particular, can unsharp nonlocal
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measurements still be more effective than unsharp local measurements in activating steering, even though each
observer obtains the same classical measurement outcomes?

In this paper, we propose a steering sharing scenario using sequential unsharp nonlocal measurements.
Focusing on the linear steering criterion for n-setting measurements, we extend a method that finds beneficial
local measurement settings and apply it to nonlocal measurement scenarios. As an example, we consider the
Greenberger-Horne-Zeilinger (GHZ) state in the case of two-setting measurements, and demonstrate that using
unsharp nonlocal measurements can activate more steering sharing than using unsharp local measurements.
We quantify the measurement strength ranges that can be used to activate the steering sharing and find that
these ranges can be further extended by replacing equal-strength nonlocal measurements with unequal-strength
ones. Our activation method produces new ideas for useful conservation and recycling of quantum resources.

The paper is organized as follows: In “Steering sharing using sequential unsharp nonlocal measurements’, we
present the steering sharing scenario based on sequential unsharp nonlocal measurements. The method used to
construct the beneficial nonlocal measurement settings is described in “Methods for finding beneficial unsharp
nonlocal measurement settings”. An illustration of steering sharing activation is given in “Example of steering
sharing activation”. Finally, we present the conclusion and some outlooks in “Discussion and conclusion”

Steering sharing using sequential unsharp nonlocal measurements

Figure 1 illustrates a steering sharing scenario based on sequential unsharp nonlocal measurements. A three-qubit
state papc is shared among Charlie and multiple pairs of observers, labeled as A; and B; where i € {1,2, ..., m}.
The task of each pair of A; and B, is to remotely steer the quantum state of Charlie, simultaneously and indepen-
dently. Charlie will be convinced by A; and B; if the correlation between their measurement outcomes cannot
be explained by the LHV-LHS model. In our scenario, each pair of A; and B; (except the last A,, and B,,) must
perform unsharp measurements to generate strong correlations between them and Charlie to elude the LHV-
LHS model, while preserving enough entanglement for the next pair of observers to achieve the same goal. Sup-
pose the k-th nonlocal measurement setting of A; and B; is T\’ «_and the corresponding measurement strength is
Ak) And the k-th local sharp measurement setting of Charlie is denoted as Ax. The success of the steering task
among A;, B; and Charlie can be tested by violating the bipartite n-setting linear steering inequality of the form*?

b _ Lm0, /0 o 7
S;')E;ZA]{I (I ® Ag) < Ca. (1)
k=1
The bound C,, = nllqax{imax( L Sohoy T, Aj)}is the maximum value of steering parameter st Dif LHV-LHS model

exists, where Iy € {++ +—, =+, ——} denotes a random variable, and Amx(U) denotes the largest eigenvalue
of U. The expectatlon value (I k) ® Ay) = Tr[ﬁ W & X /’1(\1)3C] is evaluated with respect to the average post-
measurement states p A pc shared among A;, B;, and Charlie, which can be expressed as
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where u,v € {+, — - } indicates the outcomes resulted from the l'[( of A; and B;, ¢ ] k(u, v € {+, —}) are the
four elements of IT;”. As unsharp nonlocal measurement Hk is a particular class of positive operator val-
ued measurement (POVM)33 the elements [T can be implemented with corresponding Kraus operators as
Hu k= KH vk K;(L »jk- And the four elements oflufk satisfy that?
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Figure 1. The scenario of steering sharing using sequential unsharp nonlocal measurements. A three-

qubit state is initially shared between the spatially separated A;, B; and Charlie. A; and B; perform nonlocal
measurement on their qubits and transmit the post-measurement qubits to A, and B,. This process is repeated
until the last pair of A,, and B, measure the qubits. Meanwhile, Charlie performs local measurements on his
single qubit. The goal is for multiple pairs {A;, B;}, i.e., {A1, B1}, {A2, B2}, ..., {Am,> Bm} to remotely steer the
quantum state of Charlie simultaneously and independently.
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Specifically, the elements 12[}(2”‘ « can be described as*>?**
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l-[-;—,—|k I"‘)L E(u=+,v=—),
) (4)
2 (i) 1— A 0)
H—,+|k = 1 —r T4+ ;”k E(u=—,v=+4),
~ (i) )1(;) (0
“"|k= [+ 2 E(u=—v="),

where E(-) means the density matrix for corresponding eigenstate of nonlocal measurement I:I](c’), Iis the identity
matrix.

To demonstrate the existence of steering ability among A;, B; and Charlie, it is essential to ensure that their
measurement settings {1'[1(c ), A} can achieve the better violation of the linear steering inequality Eq. (1).

Methods for finding beneficial unsharp nonlocal measurement settings
Building on the previous method**, we aim to extend the method and find the beneficial unsharp nonlocal meas-
urement settings {1'1,(C , Ag} for detecting steering in the scenario depicted in Fig. 1. The specific steps are to first
fix the measurement setting Ay in a certain direction, and then explore the corresponding measurement setting
l'[,(c) to maximize (l'[,(( )); then, change A to another direction and repeat the above process; finally, by searchm%
A in the entire operator space, the measurement settings {l'[,((), Ay} that increase the difference between S
and C, can be obtained.

In the process, given the measurement settm(g) for Charlie is fixed, we can straightforwardly calculate the

corresponding beneficial Imeasurement setting [T, " for A; and B; with the followmg two conditions: Firstly, the

eigenvector list {e( }of 1Y % is the same as the normallzed condltlonal state 5, of A; and B; after Charhe measures
his qubit by A. Secondly, the eigenvector list {a,i }of l'I( has the same order as the eigenvalue list { ,Bk Jofpu puss,
And the situation is similar when the measurement settmg f! P ) of A;and B; is fixed. In fact, when the state 0,
coincides with the eigenstate of measurement operator {IT;” ® Ay}, the nonlocal measurement [TV % is beneficial.

Using the three-qubit GHZ state (GHZ) = (]000) + |111 )/ﬁ as an example, we may apply the method
mentioned above to acquire the beneficial nonlocal measurement settings, which can activate more EPR steer-
ing sharing. According to research®, the ideal measurement operator for GHZ state under local measurement
is typically made up of a combination of o and o,,. Therefore, here we first assume that Charlie’s measurement
setting is A} = oy, then the elements ¢ 1wl €an be found using the method mentioned above, and Eq. (4) can
be expressed as follows

T s L
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Moreover, when the measurement setting for Charlie is changed to A, = oy, the Eq. (4) will be rewritten as
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Thl)ls f)ar, the) beneflc(l;al two- s(ettlng m(easurements for the GHZ state has been established, )1 e.
Y =09, 0P -0+ 00 A = odend(2) 11 = 00, Y, - 10, + 00,
A2 = O‘),

Similarly, we can always get nonlocal measurements of A; and B;, provided we know the measurement direc-
tion of Charlie. By searching A in the entire operator space, the beneficial measurement settings {l'[,(c ), Aj}can
be obtained. Furthermore, we will be able to activate more EPR steering sharing with the aid of these unsharp
nonlocal measurements than we could with local ones.

Example of steering sharing activation

In this section, we use the three-qubit GHZ state as an illustration to show how sequential unsharp nonlocal
measurements can activate the sharing ability of steering that cannot be realized by sequential unsharp local
measurements. To simplify the analysis, we focus on the case of two-setting measurements. The POVM elements
of nonlocal measurement of A; and B; are displayed in Eq. (5) and Eq. (6) when Charlie’s measurement settings
are A1 =0y, Ay =0y, respectively. Then the steering inequality Eq. (1) can be rewritten as

N B .
() () ) (@) | I )
S = % [).2 I I (1+F}~Y)) + )tl (1+F/é’)):| <G, )

1<j<i-1 1<j<i-1

where F. 0 = \/1— ()tl ) F, 0 = \/1— )(’))2 Given that {I1y, I1,} € {++, +—, —+, ——} denote the random

Varlables then the classical bound C, = 1r{nax {/Lmax( (I, A +11 2A2))} =1/+/2 can be obtained by finding the

maximum of 16 largest eigenvalues in Eq. (8) below.

i =++ =+, li=++Th=—-,li=——Ih=—-{li=—— Ih=++H
: )tmax(%(ax +ay)) =1/v2;

M =++ M=+ {li=++Th=—4{li=——Th=+}{i=——h=—+H
: T G(ax - ay)) YN

M =+—Th=+H,{li=—+Ih=++, I =+—, [l =—-}, {I1 =—+,TIh =——}
 Domax (%(—ax + ay)) =1/v2;

i=+—Ih=+3{li=—+ILh=+-},{li=+—Ih=—H,li=—+, I, =—+H

: T (%(—ax - cg,)) YN}

In comparlson when unsharp lo(cgll measurements are_ used the measurement settings for A;, B;, and Charlie
1

wouldbe{M = npayN Bi = " 0},,M1 = Ux}and{M2 = r)g cf},,M2 = yz()ax,MZC = 0y }. The correspond-
ing steering parameter S( F can be expressed as

1T )
s§’>=ﬂx;’> I a+rm+2" ] (1+Fyzg))} <G, ©

1<j<i-1 1<j<i-1

where Fy(,) =1/1— (y(]))2 Fy(,) =1/1— (]/(j))2 And similar to the nonlocal measurement case abovemen-

tioned, the classical bound in the local measurement case can also be obtamed as C} =1/ /2. The specific values
of measurement strength parameters /L](( ), n,(( ) and y( should satlsfy? ) yk ,k € {1, 2}. It should be noted
that since the GHZ state is an eigenstate of M, ,‘? ® Mf ® M¢ e these measurement settings are still optimal in
the case of unsharp local measurements.

The measurement settings with equal strength
We first investigate the activation of steerlng sharmg when the strength of the two-setting nonlocal measurements
used by A;and B;is equal, i.e., A) = = /5, and the strength of two-setting local measurements used by each

observer is equal, i.e., n¥ = n() nk y(’)—y() () . The steering parameters in Egs. (7) and (9) can be

respectivelyrewrittenasS( = 37 [A(’) H 1+ 1— ()t(i>)2)]and§§") = 2,%1 [)t(i) 1 a+v1- (y@)z)}.

1 1<j<i-l_,.
Obviously, in order to satisfy the condltron of 1) = r)(’) * y(i), if 1) < y(i), then S?7> Sg’). In other words,
more steering sharing can be discovered in the scenario of nonlocal measurements compared to that of local
measurements. As a result, unsharp nonlocal product measurement can be used to activate the sharing ability
of steering.

To clarify the effects of nonlocal measurements on activating steering sharing, we set n) = @ = Vi@,
where i € {1,2,3}. Figure 2a-c show the steering regions for the first, second, and third pairs of A; and B,
respectively. These regions are parameterized by the measurement strength A and A®. Obviously, the ranges
of 2 and 4 that can be used to verify the existence of steering among Aj, B; and Charlie are the same in both
unsharp nonlocal and local measurements. However, as the number of pairs of A; and B; increases, the ranges
of AV and 2 that satisfy S, > 14/2 are larger than the ranges that satisfy S, > 1«[ 2. For example, in Fig. 2b, c,
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Figure 2. The comparison diagram illustrating the successful steering regions for unsharp nonlocal

measurements versus unsharp local measurements. Specifically, (a-c) respectively show the successful steering
regions for the first, second, and third pairs of A5 and B;. In each of these diagrams, the solid and dotted curves
represent the boundaries of Sz) =1/4/2and 52 =1/ \f2 respectively. The regions within these boundaries
indicate successful steering between the corresponding 8a1rs of observers Notably, the purple reglon (labeled
as I) and the pink region (labeled as II) correspond to Sy > lf&S <142 and S5 o lﬁ&S <12
respe%rvely (d) Steering parameters S2 and Sz) asa functron of the measurement strength 2D when /@ =08
and 2% = 0.95.

the steering regions I (marked in purple) and II (marked in pink) can be activated with unsharp nonlocal meas-
urements. This suggests that nonlocal measurement can activate steering sharing that is impossible to achieve
through local measurement.

In Fig. 2d,° we present the steering parameters ng) and S(') (i e {1 2, 38 varying with the measurement strength
AR Vand S are represented ?rthe same dashed blue hne 82 and S, are represented by the solid purple and
dotted yellow hnes, respectively. 82 )and S ) are represented by the sohd pink and dotted green lines, resgectrvely
Especially, when the measurement strength JV =05, SZZ) = 0.75 and is greater than 1+/2, while 82 = 0.68
and is less than 14/2, Therefore, unsharp nonlocal measurements can activate more steering. When A = 0.4,
the amounts by which 822) and 522) exceed the classical bound 14/2 are 0.003 and 0.059, respectively. This means
that steering can be easier to implement in experiments via unsharp nonlocal measurements Additionally, it is
clear that the values of Sf) are cons1stently lower than the classical bound C,, whereas S2 ) has the potential to
exceed C,. And it is possible for 82 to exceed 52 For example, when 4; = 0.4, 82 ) and S % have values of 0.71
and 0.61, respectively, while Sg )and Sg ) have values of 0.77 and 0.73, respectively. It is also evident that there
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are no values of AV that satisfy S;I) > 142, 552) > 14/2, and 853) > 14/2. This indicates that at most two pairs
of A;and B can share steering with Charlie simultaneously.

The measurement settings with unequal strength

Here, we relax the requirement that the strength of the two-setting nonlocal measurements used by each pair
of A;and B; need to be equal, i.e., /15’) # ),§’>. We also relax the reciuireme,nt that the strength of the two-setting
local measurements psed by each A; and B; need to be equal, i.e., nll) # n?, )/l(l) # yz(l). However, we still ensure
that n,((’) = yk(l = /lkl is satisfied, where k € {1, 2}. We find the maximum number of pairs of A; and B; that can
simultaneously share steering with Charlie can not be increased by using measurements with unequal strength.
Figure 3 illustrates the effect of measurement strength 4 on the steering parameters in three cases: (i) using
unequal strength local measurements (dotted blue line for A, and By, dashed purple line for A; and By), (ii) using
equal strength nonlocal measurements (solid blue line for A; and By, solid purple line for A, and B;) and (iii)
using unequal strength nonlocal measurements (dotted blue line for A; and B, dotted purple line for A; and
By). It is evident that the steering parameters of the first and second pairs of A; and B; can exceed the classical
bound at the same time when the measurement strength )v;” is increased to 1/+/2 in all three cases. Additionally,
the range of A, that steering can be shared simultaneously among the first and second pair of A, By, Az, By and
Charlie is (1/+/2,0.917) and (1/+/2,0.910) in case (i) and case (ii) respectively, which can be further extended
to (1/+/2,0.993) in case (iii). The results show that when z;” is in the range of (0.917, 0.993), the sharing of EPR
steering can be further activated by using nonlocal measurements with unequal strength.

In addition, the quantum steering ellipsoid represents the states that the steering party can collapse the
steered party to, considering all possible measurements performed on his subsystem*. To provide a more intui-
tive visualization of the distinction between steering sharing activation of equal and unequal strength nonlocal
measurements, we also examined how the steering ellipsoids of A, and By, as well as steering ellipsoids of Charlie
change as the measurement strengths /1(11) and ),;1 vary. However, since the steering ellipsoid is only available for
two-qubit systems, we need to compress the three-qubit state into a two-qubit state. By defining |00) = |0) and
[11) = |1), we can compress the state ,oA’BC in terms of a two-qubit state. .

Considering all possible measurements by A; and B;, the state of Charlie can be steered to an ellipsoid Qg),
which is centered at og> = (1 — Tm)/(1 — |m|?). The orientation and the squared lengths of the ellipsoid’s
semiaxes are given by the eigenvectors and eigenvalues of the ellipsoid matrix*®

O¢ = —=5
1 — |m]|

|2) (7T — miT), (10)

1—|m

where /1 and 7 are the Bloch vectors of the reduced states )/(;)

0 iB and pc of Pz(aiz)so T is the correlation matrix, and I
is the identity operator. Similarly, the steering ellipsoid 245 of A; and B; can be obtained by swapping the roles
of Charlie with A; and B;.

The volume of Charlie’s steering ellipsoids generated by the measurements of A; and B; can be written as®’

| det(T — mi")|/(1 — |mn|*)?

ve' = 473 (an
S"(equal) SP(equal) C,
Y S8 (unequal) - é‘%zj(unequal) 20=29=1
_______________________ _——S2 (unequal)
0.8 T T —— ==
Zoel e
I B
04 ..--°
0.2
00 L WA 0910 0993
0.0 0.2 0.4 0.6 0.8 09171.0
P
2

Figure 3. The steering parameters S;l) and S;l) as functions of measurement strength /lgl). The solid line
represents the situation when the measurement strengths are equal, while the dotted and dashed lines represent
the situation when the measurement strengths are unequal. The blue and purple lines, respectively, indicate the
steering parameters of A; and By, A, and B;.
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Obviously, the volume of steering ellipsoids is normalized relatrve to the total volume of the Bloch sphere, which
is 477 /3% . Similarly, the volume of the ellipsoid of A; and B; (VA B) as generated by Charlie’s measurements, can
also be obtained. For the post-measurement state, the volumes VA and VF are the same whether equal or
unequal strength measurements are used because the steering ellipsoids €2,z and € are identical. The results
of nonlocal measurements with equal strength are presented in the first row of Fig. 4, while those of nonlocal
measurements with unequal strength are shown in the second row of Fig. 4. Clearly, with the increasing of 2,
O

and 4, ’, the steering ellipsoid contracts towards the sphere’s center along all three principal axes srmultane—
ously using e%ual strength measurements. However, when fixing )»1 at1/+/2, it can be observed that with the
increase of A] the steering ellipsoid only contracts towards the center of the sphere along the y and z axes. The
length of pr1nc1pal axe in the x direction is 0.854, remains constant. The principal axe shrinks in length in the
y direction at the same rate as in the case of equal strength measurements. In the z direction, the principal axe
shrinks in length at a rate that is approximately half as slow as it is when measured with equal strength. However,
the volume reduction rate of the steering ellipsoid is usually slower when nonlocal measurements of unequal
strength are employed.

Discussion and conclusion

To summarize, we have presented a scheme to activate EPR steering sharing among multiple pairs of A; and
B as well as a single Charlie using unsharp nonlocal measurements. Interestingly, we have found that unsharp
nonlocal measurements can be used to discover more steering sharing than their local counterparts, although
they behave the same in terms of measurement outcome. Additionally, we have demonstrated that the steering
sharing activation of nonlocal measurements can be further enhanced by replacing equal strength measurements
with unequal strength measurements. Therefore, there is greater ability of unsharp nonlocal measurement to
activate additional steering sharing in contrast to unsharp local measurement, generating novel ideas for recy-
cling quantum resources.

There are several relevant open problems that still need to be addressed. Firstly, there requires a rigorous proof
anout whether the steering ellipsoid geometry have any potential to help find beneficial nonlocal measurements
and lower search complexity. Secondly, it would be interesting to optimize the nonlocal measurement strategy to
increase the number of observers who can share steering beyond the two pairs of sequential observers achieved
in our work. This may be possible to achieve by employing unsharp nonlocal measurements on both sides, allow-
ing sequential observers to share classical information and use an adaptive strategy, or by adopting mutually
biased measurements, which requires further investigation in the future. Finally, our method could potentially
be applied to other types of quantum correlations, such as Bell nonlocality, quantum entanglement, quantum
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Figure 4. (a-d) The steerrng elhpsords Q and Qg) as the functlon of A and Aa)when /'L(l) /1(1) (e-h) The
steering ellipsoids Qf 4B ) and Q(‘ as the functlon of 7, ) when )»1 =1/ \/J The inner pink elhpsmds represent
the steering ellipsoid, and the outer gray spheres represent the Bloch spheres.
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coherence, and quantum contextuality. This may promote the development of general relevant information
protocols, such as quantum random access code, self-testing, and quantum randomness expansion.

Data availability
All data generated or analysed during this study are provided within the manuscript.

Received: 21 January 2024; Accepted: 8 May 2024
Published online: 20 May 2024

References
1. Schrodinger, E. Probability relations between separated systems. Math. Proc. Camb. Philos. Soc. 32, 446-452 (1936).
2. Einstein, A., Podolsky, B. & Rosen, N. Can quantum-mechanical description of physical reality be considered complete?. Phys.
Rev. 47,777 (1935).
3. Wiseman, H. M., Jones, S. ]. & Doherty, A. C. Steering, entanglement, nonlocality, and the Einstein-Podolsky-Rosen paradox.
Phys. Rev. Lett. 98, 140402 (2007).
4. Xu, K. et al. Experimental verification of the steering ellipsoid zoo via two-qubit states. Phys. Rev. A 109, 032415 (2024).
5. Bell, J. S. On the Einstein Podolsky Rosen paradox. Physics 1, 195 (1964).
6. Quintino, M. T. et al. Inequivalence of entanglement, steering, and Bell nonlocality for general measurements. Phys. Rev. A 92,
032107 (2015).
7. Bowles, J., Hirsch, E, Quintino, M. T. & Brunner, N. Sufficient criterion for guaranteeing that a two-qubit state is unsteerable. Phys.
Rev. A 93, 022121 (2016).
8. Sun, K. et al. Experimental quantification of asymmetric Einstein-Podolsky-Rosen Steering. Phys. Rev. Lett. 116, 160404 (2016).
9. Xiao, Y. et al. Demonstration of multisetting one-way Einstein-Podolsky-Rosen steering in two-qubit systems. Phys. Rev. Lett.
118, 140404 (2017).
10. Uola, R., Costa, A. C., Nguyen, H. C. & Giihne, O. Quantum steering. Rev. Mod. Phys. 92, 015001 (2020).
11. Miarton, I, Nagy, S., Bene, E. & Vértesi, T. Cyclic Einstein-Podolsky-Rosen steering. Phys. Rev. Res. 3, 043100 (2021).
12. Branciard, C., Cavalcanti, E. G., Walborn, S. P,, Scarani, V. & Wiseman, H. M. One-sided device-independent quantum key dis-
tribution: Security, feasibility, and the connection with steering. Phys. Rev. A 85, 010301(R) (2012).
13. Walk, N. et al. Experimental demonstration of Gaussian protocols for one-sided device-independent quantum key distribution.
Optica 3, 634 (2016).
14. Sun, K, Ye, X. J., Xiao, Y., Xu, X. Y,, Wu, Y. C,, Xu, J. S,, Chen, J. L, Li, C. E, & Guo, G. C. Demonstration of Einstein-Podolsky-
Rosen steering with enhanced subchannel discrimination. npj Quantum Inf. 4,1 (2018).
15. Cavalcanti, D. et al. Detection of entanglement in asymmetric quantum networks and multipartite quantum steering. Nat. Com-
mun. 6,1 (2015).
16. Skrzypczyk, P. & Cavalcanti, D. Maximal randomness generation from steering inequality violations using Qudits. Phys. Rev. Lett.
120, 260401 (2018).
17. Guo, Y. et al. Experimental measurement-device-independent quantum steering and randomness generation beyond qubits. Phys.
Rev. Lett. 123, 170402 (2019).
18. Curchod, E J. et al. Unbounded randomness certification using sequences of measurements. Phys. Rev. A 95, 020102(R) (2017).
19. Silva, R, Gisin, N., Guryanova, Y. & Popescu, S. Multiple observers can share the nonlocality of half of an entangled pair by using
optimal weak measurements. Phys. Rev. Lett. 114, 250401 (2015).
20. Steffinlongo, A. & Tavakoli, A. Projective Measurements Are Sufficient for Recycling Nonlocality. Phys. Rev. Lett. 129, 230402
(2022).
21. Xiao, Y., Rong, Y. X,, Han, X. H., Wang, S., Fan, X,, Li, W. C,, & Gu, Y. ]. Experimental recycling of Bell nonlocality with projective
measurements. arXiv preprint arXiv:2212.03815 (2022).
22. Choi, Y. H. et al. Demonstration of simultaneous quantum steering by multiple observers via sequential weak measurements.
Optica 7, 675 (2020).
23. Zhu, J,, Hu, M. J,, Li, C. E, Guo, G. C. & Zhang, Y. S. Einstein-Podolsky-Rosen steering in two-sided sequential measurements
with one entangled pair. Phys. Rev. A 105, 032211 (2022).
24. Gupta, S., Maity, A. G., Das, D, Roy, A. & Majumdar, A. S. Genuine Einstein-Podolsky-Rosen steering of three-qubit states by
multiple sequential observers. Phys. Rev. A 103, 022421 (2021).
25. Sasmal, S., Das, D., Mal, S. & Majumdar, A. S. Steering a single system sequentially by multiple observers. Phys. Rev. A 98, 012305
(2018).
26. Shenoy, A. et al. Unbounded sequence of observers exhibiting Einstein-Podolsky-Rosen steering. Phys. Rev. A 99, 022317 (2019).
27. Han, X. H. et al. Sharing quantum steering among multiple Alices and Bobs via a two-qubit Werner state. Quantum Inf. Process.
20, 1 (2021).
28. Han, X. H,, Qu, H. C,, Fan, X,, Xiao, Y. & Gu, Y. J. Manipulating the quantum steering direction with sequential unsharp measure-
ments. Phys. Rev. A 106, 042416 (2022).
29. Liu, K, Liu, T, Fang, W,, Li, ., & Wang, Q. Both qubits of the singlet state can be steered simultaneously by multiple independent
observers via sequential measurement. arXiv preprint arXiv:2102.12166 (2021).
30. Brodutch, A. & Cohen, E. Nonlocal measurements via quantum erasure. Phys. Rev. Lett. 116, 070404 (2016).
31. Li, Y. et al. Experimental nonlocal measurement of a product observable. Optica 6, 1199-1202 (2019).
32. Saunders, D. ], Jones, S. J., Wiseman, H. M. & Pryde, G. J. Experimental EPR-steering using Bell-local states. Nat. Phys. 6, 845
(2010).
33. Busch, P. Unsharp reality and joint measurements for spin observables. Phys. Rev. D 33, 2253 (1986).
34. Zheng, Y. L. et al. Optimized detection of steering via linear criteria for arbitrary-dimensional states. Phys. Rev. A 95, 032128
(2017).
35. He, Q. Y. & Reid, M. D. Genuine multipartite Einstein-Podolsky-Rosen steering. Phys. Rev. Lett. 111, 250403 (2013).
36. Jevtic, S., Pusey, M., Jennings, D. & Rudolph, T. Quantum steering ellipsoids. Phys. Rev. Lett. 113, 020402 (2014).
37. Zhang, C. et al. Experimental validation of quantum steering ellipsoids and tests of volume monogamy relations. Phys. Rev. Lett.
122, 070402 (2019).
Acknowledgements

This work was supported by the National Natural Science Foundation Regional Innovation and Development
Joint Fund (Grant No. U19A2075), the National Natural Science Foundation of China (Grant No. 12004358),
the Fundamental Research Funds for the Central Universities (Grants No. 202041012 and No. 841912027), the

Scientific Reports |

(2024) 14:11462 | https://doi.org/10.1038/s41598-024-61649-4 nature portfolio


http://arxiv.org/abs/2212.03815
http://arxiv.org/abs/2102.12166

www.nature.com/scientificreports/

Natural Science Foundation of Shandong Province of China (Grant No. ZR2021ZD19), and the Young Talents
Project at Ocean University of China (Grant No. 861901013107).

Author contributions

X. -H. H. designed theoretical simulation calculations and prepared the manuscript. S. -C, D. tested the theo-
retical simulation results. T. Q. and S. W. polished the manuscript in writing and grammar. Y. X. improved the
manuscript and supervised the research. Y. -J. G. planned, organized and supervised the project. All authors
discussed the results and reviewed the manuscript.

Competing interests
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to Y.X. or Y.-].G.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2024

Scientific Reports |

(2024) 14:11462 | https://doi.org/10.1038/s41598-024-61649-4 nature portfolio


www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Activation of Einstein–Podolsky–Rosen steering sharing with unsharp nonlocal measurements
	Steering sharing using sequential unsharp nonlocal measurements
	Methods for finding beneficial unsharp nonlocal measurement settings
	Example of steering sharing activation
	The measurement settings with equal strength
	The measurement settings with unequal strength

	Discussion and conclusion
	References
	Acknowledgements


