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patterns
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James Bluman?

Manned and unmanned systems are prevalent in a wide range of aerial searching applications. For
aircraft whose trajectory is not or cannot be planned on-the-fly, optimal deterministic search pattern
generation is a critical area of research. Lissajous curves have recently caught attention as excellent
candidates for all kinds of aerial search applications, but little fundamental research has been done

to understand how best to design Lissajous pattern (LP)s for this use. This paper examines the
optimization of these search patterns from analytical, numerical, and data-driven perspectives to
establish the state of the field in Lissajous curves for aerial search. From an analytical perspective, it
was found that the average expected distance between a Lissajous searcher and a random targeton a
unit square approaches 0.586 as search time increases. Furthermore, an analytical approximation for
the average searcher speed was found to guarantee error of no more than 22.1%. Important outcomes
from the numerical optimization of Lissajous search patterns include the development of an intuitive
evaluation criterion and the conclusion that irrational frequency ratios near 0.8 typically yield highest
performance. Finally, while a robust predictive model for fast pattern optimization is yet out of reach,
initial results indicate that such an approach shows promise.

Keywo rds Unmanned aerial systems, Lissajous curves, Search, Path optimization, Numerical simulation,
Predictive modeling

Abbreviations
UAS Unmanned aerial systems
UAV Unmanned aerial vehicles

2D Two-dimensional
LpP Lissajous pattern
CS Circle search

SS Sector search

PTS Parallel track search
ES Expanding square

FOV Field of view

CDF  Cumulative density function
AUC  Areaunder the CDF

AAC  Areaabove the CDF

RMSE Root-mean-squared-error
GAM  Generalized additive model

Background and motivation

The use of unmanned aerial systems (UAS) continues to proliferate, and thousands of new applications surface
each year. The low cost of operating most UAS and the low barrier to entry has enabled operators to find uses
for autonomous flying vehicles that are still relatively new and potentially disruptive to both commercial and
government sectors. According to the International Civil Aviation Organization, there were over 2 million
extant UAS in 2021 and this number is expected to rise to over 6.5 million in 2030'. UAS have been successfully
incorporated into a host of activities including agriculture, aerial photography and videography, construction,
mining, mapping and surveying, delivery services, and emergency response”.
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Utilizing UAS in search missions for emergency or disaster response is an obvious choice. Aerial vehicles have
a particular advantage over grounded searchers since they can operate free from the restrictions of terrain and
vegetation, and their sensors typically benefit from an elevated viewpoint. Search missions are often tedious and
demanding, requiring significant endurance to be effective. Large UAS have much longer endurance than their
comparable manned counterparts and can be fitted with state-of-the-art sensors and communication devices
to aid in a search. Small UAS are also used increasingly in search and rescue missions due to their low cost and
portability in scenarios as diverse as open ocean search* to mountain avalanche scenarios’ to urban terrain®’ to
forested areas®. Additionally, as sensor technology continues to improve with higher resolution, lower weight,
and lower power requirements, the benefits of using small UAS become increasingly amplified. Any means of
leveraging the strengths of unmanned vehicles to make these missions more efficient and successful would be
value-added.

Given the prevalence of UAS in technological solutions to modern search problems, research on how to most
effectively implement aerial systems in such scenarios has become increasingly important. The solution space
of a UAS for a given problem is largely dependent on the specific tasks at hand and the constraints imposed
by the autonomous capabilities of the aerial system. The levels of UAS control and autonomy vary by platform
and application. The National Institute of Standards and Technology (NIST) created the Autonomy Levels For
Unmanned Systems (ALFUS) framework® which defines Modes of Operation from remote control to fully
autonomous™. Beer et al. reviewed decades of autonomy literature and proposed their own system of ten levels
of autonomy with a focus on sensing, planning and acting'". This paper focuses on systems that would be con-
sidered autonomous or semiautonomous according to the NIST guidelines and level 7 (share control) or higher
within Beer’s framework.

Related work

Using UAS to assist in search and rescue has been an active area of research for over a decade. A key challenge
for any autonomous or semi-autonomous system, especially in the context of aerial search, is path planning.
Path planning can occur before or during missions, and can be updated in response to new information gained
during the mission. Such information theoretic approaches to path planning are an area of active research'*"3,
and although adapting a path in light of information gained during search sounds attractive, there can be
several practical drawbacks. One of the most significant hindrances in aerial search contexts is the excessive
computational cost of continuously updating the search pattern, especially for small UAS with limited onboard
computational assets and power. Moreover these patterns can be ineffective when little information about the
search domain is known or made available.

Many recent ideas have been proposed in the areas of path planning as well as maintaining control of multiple
unmanned aerial vehicles (UAV) flying simultaneously in support of a search mission. In 2009, Lin and Goodrich
proposed an intelligent path planning method for wilderness search and rescue, however their technique relies
heavily on a pre-determined probability distribution map to drive the performance of their search'®. More
recently Baker et al.'® introduced a coordinated Monte Carlo tree search algorithm which showed good perfor-
mance against more basic search methods, but the method relies on knowledge of the situation on the ground
prior to the start of the search. Although appropriate for post-disaster scenarios such as after an earthquake
event, it is less well-suited to more dynamic scenarios.

Hayat et al. proposed a multi-objective optimization algorithm to allocate tasks and plan paths for a team
of UAVs!®. This work envisions a large search area where communications can only be assured through a mesh
network of air vehicles which also utilize sensors to aid in their search. The flight paths are updated to maintain
network integrity, but the path itself is not updated based on information from onboard sensors. San Juan and
colleagues'” introduce a discrete path planning technique using four separate strategies, all of which assumes
some level of prior knowledge about the location of the subject of the search based on a Risk/Occupancy Map,
terrain, or other data. Research by Rahmes et al."* focuses on creating a probability map which is updated at each
last known position to calculate the next position for the UAS which maximizes the likelihood of locating the
target in order to avoid UAS spending too much time searching in low-probability areas.

Echeveste et al.!> propose a UAS planning method with a focus on mapping the concentration of ground
contamination by using Kriging variance to estimate the concentration in the entire area of interest based on
five random sample points. In order to achieve the greatest reduction in uncertainty with each additional sample
point, the study uses Variance Driven Sampling (VDS) to sample subsequent points with the greatest variance.
However, this method is computationally expensive and may require the UAS to travel the across the entire
search space to reach its next sample point.

Finally Xing et al.'® developed a multi-UAV cooperative system for search and rescue based on the 5th Genera-
tion You Only Look Once (YOLO) algorithm. Their framework includes the ability to free-graft multiple UAVs,
independent control of each UAYV, real-time target detection, and monocular positioning. Although sophisticated
and able to accommodate heterogeneous search agents, the algorithm relies on hand selected initial flight paths
and does not perform real-time updates to the path itself in spite of agent-to-agent communication with search
status updates. There remains a lack of investigation into deterministic patterns that are both effective and effi-
cient at finding targets in different scenarios.

Historically employed deterministic patterns are outlined by the International Aeronautical and Maritime
Search and Rescue Manual®. Figure 1 shows examples of the most common patterns that have proven to be
effective for maritime applications. In general, deterministic search patterns can often be classified as either
cyclical or comprehensive. Cyclical patterns are usually designed for contexts where a moving target might be
intercepted, and as such, they commonly do not cover an entire search space. In contrast, comprehensive pat-
terns are designed to methodically search a whole area to guarantee the target will be located by the completion
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Figure 1. Four common deterministic search patterns prescribed in the International Aeronautical and
Maritime Search and Rescue Manual®. From upper-left to lower-right: circle search, sector search, parallel track
search, and expanding square search.

of the search. A weakness of comprehensive patterns is that they trade a potentially faster detection time for
higher confidence of overall mission success. The hybrid pattern proposed in'® uses Lissajous curves to execute
aerial search. This approach combines cross-domain sweeping motions with methodical area coverage to pro-
vide a thorough yet efficient interrogation of a search area. Search methods based on Lissajous curves can be
both cyclical and comprehensive as demonstrated in Fig. 2, and they show significant promise as a potential
alternative search method to those in current use?. In particular, LPs have been shown to more quickly reach
an 80% confidence threshold of mission completion when optimized for assumed target size*! and are especially
effective against canonical patterns when the target is modeled as adversarial®?. Lissajous flight patterns can be
quickly generated, are easily tuned to accommodate a wide range of scenarios, and do not require oversight or
input about target location probabilities.
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Figure 2. Assorted Lissajous curves. See section “Features of Lissajous curves” for a more detailed explanation.
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Original contributions

The primary objective of this research is to comprehensively investigate the design of Lissajous search patterns
for maximum efficacy from analytical, numerical, and data-driven perspectives. Original contributions include
not only insights into optimal LP design for UAS search, but also a few mathematical derivations that are more
generally useful in their own right. These include: (1) generalized continuous and discrete formulations for a
Lissajous curve arbitrarily located and rotated in two dimensions, (2) the expected distance between a known
searcher location and a randomly located target uniformly distributed on a unit square, (3) a symmetric linear
approximation of the Pythagorean theorem, and (4) an approximate relationship between the average speed of
a Lissajous curve and the parameters that describe it. Section “Lissajous curves” first establishes what Lissajous
curves are, including a few existing formulations and some discussion about their features. Everything that follows
is put forward as novel work: section “Analysis of LPS for aerial search” addresses LPs from a purely analytical
perspective, motivating the need for numerical methods which are detailed in section “Numerical assessment and
design of Lissajous search patterns”. Section “Predictive modeling for Lissajous search pattern design” investigates
the use of predictive models for more efficient hyperparametric pattern design, and section “Conclusions and
future applications” conveys concluding thoughts and future directions of the research.

Traditional search patterns

While aerial vehicles can be controlled in a variety of ways, waypoint navigation is perhaps the most flexible and
widely used. Waypoint navigation requires the generation of discrete locations in space which an agent must
visit at specific times. The density of waypoints required to sufficiently construct a search pattern depends on the
complexity and curvature of the pattern. The following subsections describe waypoint generation for the four
canonical search patterns used almost exclusively in the field today, depicted in Fig. 1. It should be noted that all
the patterns discussed here assume a constant searcher altitude. While three-dimensional search certainly has
importance, we leave 3D considerations for future work.

Circle search

Because circle search (CS) patterns can only be well approximated by many straight line segments, they may
require well over ten waypoints to adequately construct. The x and y coordinates for a circular search agent are
obtained by the following:

cos [ LkAt) +Xx
[xk} _R R W

Yk sin %kAt +y

where R is the radius of the search circle, v is the velocity of the agent, [X ] are the coordinates of the center of
the circle, and At is the time the searcher takes to move between waypoints. This time step parameter controls
the resolution of the pattern.

Sector search

The sector search (SS) path uses a cyclical, overlapping pattern whose waypoints are most easily defined by a
recurrence relation. The k' x (east) and y (north) coordinates and two-dimensonal (2D) heading 6 of a search
agent are given by:

Xk Xk—1 Dy cos bg—1
Ye| = |yk—1| + | Dk—18in6k_1 |, (2)
Ok Ok—1 z
where
D, k—1liseven
Dy = {D/Z, k—lisodd ’ 3)

and D is a distance determined by the breadth of the search region. This pattern repeats when k is a multiple of
6, at which point an angular offset is often added.

Parallel track
The parallel track search (PTS) pattern methodically covers a rectangular search space by scanning the width
or height of the space at regular offsets. The waypoints for a PTS moving from south to north can be generated

as follows:

Xk Xk—1 Dy sin gk—l

w| = | 4| Pereoster ), (4)

Ok Or—1 Z+/2sin (% — %)
where

AH, k— 1iseven
Dk—l—{w, k—1isodd ’ (5)
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W is the width of the search region, and AH is the desired distance increment in the y direction.

Expanding square
The expanding square (ES) begins at or near the center of a search domain and moves outward along a spiraling
path. The critical waypoints for such a pattern are given by:

Xk Xk—1
Yi| = |Vk—1
Ok Ok—1

1 = 1L(k = 1)/2], (7)

and [is a distance parameter governed by the size of the search space.

l_1 cos O_1
+ | -1 SLH Ok—11|, (6)
2

where

Lissajous curves

Continuous parametric formulation

Despite their potential for complexity, Lissajous curves have a relatively simple mathematical formulation in two
dimensions. Equation (8) give the parametric representation of these curves in the x and y directions:

X(t)| _ |Axsin (wxf + ¢x)
Y(t)| T |Aysin (wyt + ¢y) (8)

where Ay ) are the amplitudes (half-widths) of the pattern in the horizontal and vertical directions, wy,, are the
angular frequencies of the pattern, and ¢y, are the phase shifts which dictate the starting coordinates of the
curve. By tuning these six parameters, any rectangular Lissajous curve can be generated, though this formulation
restricts the pattern to be centered at the origin and orthonormal with the x and y basis vectors.

Discrete recursive formulation
A simple version of the discrete linear recurrence relation describing 2D Lissajous curve waypoint generation
was derived in'’. This linear discrete recursive formula is a useful representation of the curve which is amenable
to linear estimation and control frameworks.

Define the discrete state vector xj as follows:

X =[xk %k Yk MT- ©)

This state is propagated according to the following linear model with sample period At:

Xp = AXy_1, (10)
where
1— <A%)2 At 0 0
—Atw?  1-— (%)2 0 0
h 0 o 1- (A‘;’y)z At -
0 0 — Atwy? 1- (Ag“’y)z

The matrix A is a second-order approximation of the state transition matrix which precisely discretizes the
Lissajous curve. The desired amplitudes and phases of the pattern are used to derive the initial state conditions:

Ay sin (¢y)
wyAyx cos (¢x)
X0 =1 A sin(g,) |- (12)
wyAy, cos (¢y)

Features of Lissajous curves

In addition to the formulations above, a qualitative description of Lissajous curves is beneficial to better convey
their utility for aerial search. Figures 3-6 are included here to visually demonstrate the effect of varying each of
the key parameters in Eq. (8).

As Fig. 3 demonstrates, the amplitude parameters A, and Ay, of Eq. (8) can be adjusted to match the width
and length of a rectangular search space.

While the effect of the amplitude parameters on the shape of the curve is relatively straight-forward, the effect
of the phase shifts ¢, and ¢, is more complex. These parameters determine the start point of the pattern and they
also have an influence on the size of gaps in the curve. This is demonstrated by Fig. 4.

When the area of the smallest gap collapses to zero, the pattern takes on a lower order of complexity (this
can be seen in Fig. 3, where ¢, approaches zero and ¢, approaches 7/2). Furthermore, as Fig. 4 shows, a given
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Figure 3. Effect of varying Lissajous amplitude. wy = 1, w, = 0.8, ¢y =0, ¢, = /2.
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Figure 4. Effect of varying Lissajous phase shift. Blue dots denote figure starting point. Ay = Ay = 0.3, 0y = 1,
wy =0.8.

combination of ¢, and ¢, does not uniquely specify a Lissajous curve. For a fixed set of amplitudes and angular
frequencies, there are infinitely many ¢, , combinations that yield the same pattern, but there are infinitely more
phase shifts which produce different curves. However, the number of intersections in a Lissajous curve (i.e. its
level of complexity) can only be controlled by varying the frequency parameters w, and w,. More specifically,
it is the ratio of the angular frequencies in the x and y directions that governs complexity, as the absolute value
of these parameters affects only the “speed” of the pattern. Figure 5 demonstrates examples of three different
frequency ratios.

It is worth noting that frequency ratios near one cover a space with higher rotational symmetry than smaller
ratios: this is evident when comparing the 2/7 pattern with the 24/25 pattern. Finally, it can be shown without
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Figure 5. Effect of varying Lissajous frequency ratio. Ay = A, = 0.3, ¢y = /2, ¢, = 0.
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much difficulty that irrational frequency ratios result in curves which never repeat. Figure 6 contrasts an irra-
tional frequency ratio with a nearly equal rational one.

Analysis of LPs for aerial search

Formula generalization

The first original contribution of this work is a generalization of the LP which allows the curve to be rotated and
shifted in 2D space.

Continuous
The generalized continuous formula for a Lissajous curve is given below:

{X(t)} _ {cos@ —sin@} {Ax sin (th+¢x)} n m

Y(t) sinf  cosf | | Ay sin(w,t + ¢y) Y (13)

where X and Y are the offsets of the pattern in the x and y directions, respectively, and 6 is the angle by which the
bounding rectangle of the pattern is oriented. This formulation offers more versatility in constructing Lissajous
curves than Eq. (8).

Discrete

Rotating and translating a Lissajous curve using the discrete recursive representation is more challenging than
in the continuous case. While a more thorough derivation can be found in “Appendix A”, the result is given here.
Defining the state vector as in Eq. (9), the state is propagated by the following discrete linear model:

= Ox_1 + VU, (14)
where® = RART, U = (I - ®)X,x=[X 0 Y 0]7,Aisdefined in Eq. (11), and
cosf 0 —sinf 0

o1 0o o
~ |sinf 0 cos6 0" (15)
0 0 0 1

This also requires that the initial state be transformed according to:

Ay sin (¢y)
Wy Ay cos (Px) -

Aysin () | T% (16)
wyA, cos (¢y)

XOZR

This construction of Lissajous curves allows any pattern to be generated at any location and orientation in the
plane.

Expected distance to a uniform random target

Designing an “optimal” Lissajous search pattern is an open-ended task. One must take into account many factors,
including the assumed prior belief about the target, the dimensions of the search space, the maximum duration
of the search, and so on. To begin to approach this problem analytically, several assumptions must be made
about the circumstances of the search problem at hand. The developments of this section make the following
assumptions about the search scenario:

1. No prior knowledge is available about the target’s location, except that...
2. ..its distribution has 90° rotational symmetry, and...
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3. ...the target must be located within the confines of a rectangular search space...
4. ..whose dimensions are one unit by one unit, and...
5. ...the searcher starts from rest in the southeast corner.

For generality, all variables in the following developments are dimensionless. To further simplify, let & = 0 and
X = Y = 0 without loss of generality.

Assumption 3 is inherently compatible with a Lissajous curve, as these patterns are always inscribed by a
rectangle. From assumption 4, the values of A, and A, in Eq. (13) must be 0.5. In order to enforce assumption
5,Xomustbe[0.5 0 —0.5 0]". From this, it follows that ¢ = %(411 —3)and ¢, = —%(411 — 3), or for

simplicity, ¢x = 5 and ¢, = — 7. Finally, to simplify the problem formulation in keeping with assumption 2, let
the frequency ratio r,, € R’ be introduced and defined as follows:
Wy
T = —. 17
v, (17)

This is the single most critical parameter in varying the complexity of an LP, as described in section “Features
of Lissajous curves”. The assumption that the target distribution has 90° rotational symmetry allows the range
of values taken by r,, to be truncated to the half-open interval (0, 1]. Thus, reflecting assumptions 2-5, the
continuous Lissajous formulation of Eq. (13) can be reduced to the following:

Xs(t)| _ |0.5sin (rowyt + 5)| _ [0.5cos (rowyt)
Ys(®)| ~ | 05sin(wyt — %) | ~ | =0.5¢c0s (wyt) | (18)

(Note: the S subscripts on X and Y denote the x and y positions of the searcher.) Therefore, with only a few
reasonable and nearly trivial assumptions, a nine-dimensional parametric optimization space is reduced to
only two.

While assumptions 2-5 affect the parameters of the LP used in a search scenario, the first assumption relates to
the assumed target distribution. If no information is available apart from the boundaries of the search domain, the
distribution chosen to probabilistically represent the location of a target must maximize the differential entropy
of the target. It can be shown?, and is also fairly intuitive, that the uniform distribution accomplishes this. If the
support of the target location is known, the boundaries of the search pattern should be made to match in order
to maximize the efficiency of the search. Since assumption 4 restricts the dimensions of the Lissajous curve, the
probability density function (PDF) of the target’s location X, Y7 must be:

1, —0.5 < (xr,y7) <0.5
ﬂmﬂmwﬂ={& g DYT : (19)

Analytically optimizing an LP subject to the above assumptions and constraints becomes a matter of determining
which value(s) of r,, result in the fastest completion of a search mission. Without inserting any additional
information about the modality of target detection, it may be reasonably assumed that such an optimal pattern
should be made to minimize the expected distance between the searcher and the target, averaged over all time.
The distance between the searcher and the target in two dimensions is simply

d(xs, ys, X1, y1) = \/(xs —x7)? 4+ (ys — y1)? (20)

(altitude is removed from the problem since it is assumed that the searcher can only identify the target when it
is nearly directly above it). The expected value of this distance is:

E[d(xs,ys)]=/DfXT,YT(XT,yT)d(xs,ys,xT,yT)dA

05 0.5 :
= / / \/(xs —x1)? + (ys — yr)2dxrdyr
—05.J-05

This is a notoriously challenging integral. However, it may be noted that the integrand is more easily represented
in polar coordinates, in which case the integral becomes:

/ /rdA:/ /(r)rdrd@ =/ /rzdrdH (22)
D JD . JD .

wherer = /(x5 — x1)2 + (s — yr)?. While the operation is now simpler, the region of integration is no longer
constant. It is useful to visualize the surface being integrated to gain insight about the integration limits; this
visualization is provided in Fig. 7.

It can be shown that the integral of the white-highlighted triangular region of the figure is:

(21)

wnt (2) ()
- redrdo. (23)
—tan~! (1/2712) 0
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Figure 7. Surface of integration for distance function d(xs, ys, X1, y1).

This is worked out in “Appendix B”. Adding the result of this integration with those of the remaining three regions
gives the following result for the expected distance E[d(xs, ys)] between a uniformly randomly distributed target
location on the unit square and a given searcher location (xs, ys):
1
Eld(xs, 5)] =  [aCxs, y5) + s, ) + x(—x5,35) + (=5, =35)
+ B(=xs, =ys) + B(=xs, y5) + B(=ys, X5) + B(=ys, —xs) (24)
+ Blxs,3s) + Blxs, —ys) + s, —x5) + B, xs)],

where ot(a,b):(%+a)(%+b)\/(%+a)2+(%+b)2 and /S(a,b):(%+a)3tanh_1

( (1/2+a)2+ (1/2+b)2— (1/2+a)

(1/2+b)

). This expected distance function is minimized to a value of 0.3826 when

x = y = 0, maximized to a value 0of 0.7639 whenx = y = %, and is rotationally symmetric. The surface described
by Eq. (24) is plotted in Fig. 8. This figure also depicts the surface visually decomposed into the o and § terms
alone (It may be helpful to note that « and g are not significant functions themselves but are just defined here
for compactness. They are plotted in the figure to show the relative contribution of each to the total expected
distance.).

Let D(r,) represent the average expected distance from a searcher to a random target over a long period of
time:

o5\\\*\\\r,_——————ﬁ—————~——ﬂ
0

0.5-0.5 0 05
ys =U.0-U. CCS

Figure 8. Expected distance between searcher and randomly located target.
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If a value of r,, can be found which minimizes D(r,,), it may follow that an efficient Lissajous search pattern
should be designed with that minimizing frequency ratio, as it guarantees that the searcher will be as near to the
target (on average) as possible. However, combining Eqgs. (13) and (24) is extremely unwieldy and the integral
of Eq. (25) is intractable. Nevertheless, it is possible to evaluate D(r,,) numerically. The average expected distance
was computed over 10,000 irrational values of 7, from 0 to 1 to ensure that the pattern never repeated. This was
conducted for five values of T ranging from 10(1—”) to IOO(i—”) as shown in Fig. 9 and summarized in Table 1.

Though it cannot be proven analytically, it is clear from the figure that D(r,,) converges to a value of approximately
0.586 asT — oo. This is further supported by Table 1. Therefore, we conjecture that over a long time, the average
distance between a Lissajous searcher and any target uniformly randomly located within a square region is the
same regardless of the shape of the LP. This statement is further supported by the fact that the average expected
squared distance can be proven to be a constant % on the support of the unit square (see “Appendix C”).

While it is an interesting and somewhat unintuitive result that the average expected distance to a randomly
located target is independent of the searcher’s Lissajous path, it does not aid in the design of an optimal Lissajous
search pattern. Furthermore, this approach cannot account for the technicalities of target detection (i.e. at what
distance between a target and a searcher can the target be considered found?). For these reasons and others,
practical Lissajous search pattern design must be done numerically. Before this is detailed in section “Numerical
assessment and design of Lissajous search patterns”, it is critical to know the relationship between an LP’s
parameters and its average speed in order to conduct fair and consistent numerical simulations. This can be
thought of as a normalization of Lissajous patterns. For example, if numerical optimization shows that low values
of r,, appear to perform the best, yet those frequency ratios cause a searcher to travel much faster, on average,
than other values of r,,, the comparison would be misleading. Therefore, a derivation of the average speed of a
Lissajous searcher is first appropriate.

Average speed of a Lissajous searcher
The instantaneous speed (i.e. the magnitude of the velocity vector) of a continuously formulated LP subject to
the assumptions of section “Expected distance to a uniform random target” is given as follows:

s(t) = \/X*(t) + (1)

= 0.5wy sin (wyt) 2 + (| — 0.5wy sin (wyt)
( )

where dots denote time derivatives. The average speed over some period T is then

. (26)

Number of y cycles

10 25 50 75 100
Mean 0.5861 | 0.5858 | 0.5860 | 0.5860 0.5860
S.D. 0.0061 | 0.0021 |0.0011 | 0.00075 | 0.00057

Table 1. Mean and standard deviation of D(r,,) Over r,, for varying search pattern lengths.
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T
s= % /0 \/rf) sin? (rpwyt) + sin® (o, 1)dt. (27)

This integral is again intractable. However, approximations can be considered to varying degrees of accuracy.
The alpha-max-plus-beta-min algorithm commonly used to speed up magnitude computations in digital signal
processing*~2° offers the following approximation for s(¢):

s(t) ~ a| max {x(t), p()}| + B min {x(1), ()}, (28)

where optimal values of @ = 0.96 and B = 0.40 guarantee an error of less than 4%. However, this algorithm
requires that the larger of X(¢) and y(¢) be known for all -—knowledge which cannot be guaranteed for a general
Lissajous curve. Thus, a symmetric approximation is sought. “Appendix D” shows that the optimal symmetric
linear approximation of the Pythagoream theorem is:

s(t) ~ 0.779(1x (D] + [y(1)1), (29)

with error no greater than 22.1%. While it introduces a larger error margin, this approximation enables a much
simpler estimate of the average speed of a Lissajous searcher.
The estimated average speed s is determined by

0779

T
SR —/ (Ia)x sin (wyt)| + |wy sin (wyt)I)dt. (30)
2T J,

Let the interval T over which the speed is being averaged allow for a complete number of periods in both the x
and y directions:

_ 2nrm 2mn

T = =20
o (31)

wherem € Zis the number of cycles in the x and n € Z is the number of cycles in the y (While these developments
are technically only valid for rational frequency ratios r,, = 7, the errors induced when applying the result to
irrational frequency ratios are negligible.). It can be shown without much difficulty that

2rp 14
o ' 4
/ | sin (wt)|dt = 2p/ sin (wt)dt = —p,p =1,2,... (32)
0 0 w
and so,
_ 0779 0.779
S~ ——aoy(An+4m) = ——awy(1 + 1), (33)
4t n brg

SR

Solving for wy (with w, following from Eq. (17)) gives (More generally, for an LP with arbitrary amplitudes,
L1 -1(1
f— 1+ /2 —sinh™! (1) + +v/2 tanh <—2>} (Axwx + Aywy))
N s
07790 + 1)

1
T

(34a)

Wy = TuWy. (34b)

Therefore, for a desired average Lissajous searcher speed of 5 and a frequency ratio of r,, it can be guaranteed
that choosing w), and w, using Egs. (34) will result in a true average searcher speed with an error of no more
than & 22%. To confirm this, 40,000 LPs were generated with random values of w), ranging from 1 to 100 and
frequency ratios ranging from 0 to 1. Equation (33) was applied to solve for the estimated path speed and this
was compared to the “true” (numerical) measure. The percent-error surface is plotted in Fig. 10. Note that the
upper limit of the error indeed approaches the theoretical limit as w, — 0.

Numerical Assessment and design of Lissajous search patterns

Monte Carlo simulation

Given the analytical complexity of designing LPs, a Monte Carlo simulation technique was implemented to
numerically achieve Lissajous flight path optimization. As described above, the goal of LP design is to choose
a frequency ratio r,, that produces the most effective search path subject to the assumptions and constraints
of section “Expected distance to a uniform random target”. However, with a numerical/simulation approach,
one can bypass the tasK’s analytical intractability to deliver waypoints for aerial vehicles conducting real-world
search missions.

Multiple aerial searching scenarios can be simulated simultaneously by populating a unit square space with
uniformly randomly generated targets, represented by their 2D Cartesian coordinates. Previous work? showed
that 10,000 random targets are generally sufficient to achieve convergence of outcomes for the constraints of
the scenarios addressed here. The Lissajous search path is then numerically represented by a sequence of dense
waypoints generated by Egs. (13) or (14). To ensure equitable search pattern comparison, waypoints were
generated at resolutions that delivered constant average Lissajous speeds by calculating the appropriate values of
wy and w), for each pattern. Although an approximate analytical approach for this was derived in section “Average
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Figure 11. Simulated UAS with square FOV navigating the search space along a r,, = 0.3 Lissajous path.

speed of a Lissajous searcher”, a pre-processed numerical lookup table was instead used here to reduce potential
maximum error from near 22% to only fractions of a percent. At each waypoint, the detection state of each target
was evaluated. Unlike in the analytical case, it is possible in simulation to account for the modality of target
detection when assessing the performance of a search pattern. The simulated detector checks which targets
lie in a rectangular field of view (FOV) at each waypoint in order to emulate the detection of a small target by
an optical sensor. To limit the number of additional parameters introduced in the optimization problem, we
assume a square FOV as projected onto the ground plane with side length Is. Detection is then accomplished
efficiently in a two-step process. First, the Euclidean distance between the searcher and all targets is computed
and targets whose distance from the searcher exceeds \/Elf (the radius of the circle which circumscribes the FOV)
are removed from further consideration. The much smaller subset of targets which lie near the agent at a given
waypoint are determined to be in the FOV by first transforming their coordinates into the searcher’s reference
frame. If the magnitude of any of these transformed coordinates is less than I¢/2, the corresponding target is
considered to have been detected.

Figure 11 illustrates such a search scenario with uniform random target locations, searcher path, and FOV
displayed. As one might expect, there is an important interplay between the maximum gap size in an LP and the
size of the FOV. This relationship, investigated more thoroughly in the results of??, is taken into account in the
statistical modeling of section “Predictive modeling for Lissajous search pattern design”.

Even when a target lies in a UAS’s FOV, no real-world detector can deliver 100% certainty of finding it, as
sensor-based detection is always ultimately stochastic. For this reason, a probabilistic model for detection was
chosen based on? to transform the time ¢, a target spends in the detectable region (i.e. FOV) of a searcher into
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Figure 12. Monte Carlo simulation results showing examples of search CDFs and their corresponding Lissajous
curves over a range frequency ratios. Curves should be read in increasing order from upper-left to lower-right.
For these simulations, T = 20.

a probability of having been detected. The longer a particular target is inside the FOV, the more likely it is to be
seen by the simulated UAS. This probability is modeled as

13

plt) =1—exp (= 2), (35)
where 7 is a scaling time constant which holistically models the sensitivity of the detector (a smaller time con-
stant corresponds to a more robust detector). At the conclusion of a simulation, each target has an associated
probability of having been detected by the end of a search. Additional insight can be obtained by generating the
cumulative density function (CDF) Fr(t) which describes the probability that the time at which a uniformly
randomly located target is found (detected) at a time T is less than ¢. Examples of Lissajous search pattern CDFs
are shown in Fig. 12. While this figure is intended to serve primarily as a qualitative demonstration of how the
performance of search patterns affects the shape of their CDFs, an accompanying quantification of this figure is
provided in Table 2, which gives the CDFs’ means and final values.

The CDF is a helpful visual representation of a particular LP’s performance in the time domain, but it does
not provide a single summative value to use as an objective function in the optimization problem. The mean or
final value of the CDF may be reasonable evaluation metric candidates, but neither of these parameters captures
much information about the early behavior of the pattern. For this reason, an evaluation criterion which reflects
the insightful shape of the CDF is desired for comparison between LPs.

Evaluation criteria

Previous work*! proposed the use of the area under the CDF (AUC) as a qualitative summary metric for charac-
terizing the effectiveness of a search pattern. If a pattern is particularly robust, its CDF will demonstrate a steep
rise early on, contributing to a large overall AUC. However, the challenge introduced by this metric is the arbi-
trariness of the upper limit of integration. It was formerly proposed that this limit should be chosen as the time

Te 0.05 |0.15 (025 |035 |045 |055 |(0.65 |0.75 |085 |0.95
CDF mean value 0.877 |0.873 |0.380 |0.888 |0.898 |0.908 |0.914 |0.443 |0.926 |0.928
CDF final value 0.984 |0.968 |0.394 |0.980 |0.986 |0.991 |0.996 |0.458 |0.999 |1.000

Table 2. Mean and final value of CDFs for example Lissajous patterns.
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Figure 13. A CDF evaluation where the mission’s desired certainty threshold is 85% rather than 100%.

at which a certain acceptable threshold for the probability of detecting a target has been achieved. Maximizing
the AUC has practical utility in providing an optimization objective, but it lacks a clear underlying mathematical
interpretation relating to the stochastic problem at hand. In this work, we instead propose to use the area above
the CDF (AAC) as an objective function. Maximizing the AUC and minimizing the AAC achieve the same goal,
but using the AAC has two distinct advantages over using the AUC: (1) the arbitrariness of a cutoff for integra-
tion is eliminated since a CDF always converges to one (This is always true if there are no gaps when the FOV is
swept out over the search pattern.), and (2) the area above a CDF which is defined strictly over a non-negative
domain is in fact equal to the mean of the distribution. This gives meaning and mathematical significance to the
AAC as a criterion for evaluating a Lissajous search pattern.
The area above the CDEF, or the mean of the distribution, can be shown?® to be:

E[T]) = / (1 —Fr@) dt, (36)
0

where E[T] is the time at which a uniformly randomly located target can be expected to be found by a UAS
searcher flying on a prescribed Lissajous path. Therefore, smaller E[T] values are associated with more effective
frequency ratios for pattern design. It is noteworthy that the upper integral bound in Eq. (36) need not necessarily
be co. If a mission highly prioritizes the speed with which a target is located over the certainty of finding the
target at all, a lower certainty threshold may be acceptable in which case the upper bound of the integral would
change. If the desired certainty level for mission success is «, Eq. (36) becomes

—1

FT (@)
E[Ty] = / (o — Fr(1)) dt, (37)
0

where now E[Ty] can be described as “the expected time at which a search mission for a uniformly randomly
located target is successful”. Figure 13 demonstrates this concept for o = 0.85, a typical certainty threshold
for urgent search missions. Previous work has shown that Lissajous curves are particularly advantageous over
traditional deterministic patterns in such scenarios when 100% certainty of locating the target is not required®.

Key findings
Monte Carlo simulations were conducted as described above. Given the assumed 90° rotational symmetry of
the assumed target distribution, only frequency ratios spanning the interval (0, 1] require investigation, thus
increasing the resolution of numerical optimization without introducing unnecessary computational burden.
Figure 14 shows the dependency of LP performance on frequency ratio for o = 0.85.

The absolute minimum E[ T, ] over this range naturally corresponds to the most effective frequency ratio for an
LP, where any local minimum is a well-designed pattern and any local maximum is poorly suited for aerial search.
One key finding from this approach is the recurring poor performance of Lissajous paths with near-rational
frequency ratios. The large spikes at rational intervals imply that a higher degree of irrationality in frequency ratio
is indicative of higher-performing LPs. This is an intuitive result in light of the fact that irrational patterns will
never repeat, so “more rational” patterns will wastefully overlap themselves more often. Furthermore, rational
frequencies are prone to leaving more unsearched areas in the search space as shown in Fig. 6, thus resulting
in higher mission completion times. With these results, the task of designing a Lissajous search path becomes
simply selecting the frequency ratio corresponding to the optimal minimum E[T, ] value. This pattern will be
the most effective flight path given the parameters of the search scenario that was simulated.

While the simulation method yields important design results, it is not without drawbacks. The numerical
optimization process is computationally intensive, discouraging real-world implementation where deployment
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Figure 14. Frequency ratio decision plot showing the expected time to complete a search mission for every
simulated LP (1000 frequency ratios tested). Optimal ,, shown at ~ 0.779 with E[ T, ] = 564.926.

E[T.] |ro %FOV | a T
Min. 67.2 0.0025 | 0.0010 | 0.5000 |1.00
Ist Qu. 585.0 0.2551 |0.0142 |0.6213 |10.53
Median 967.2 0.5043 | 0.0263 |0.7444 |20.03

Mean 1637.4 0.5025 |0.0262 |0.7459 |20.22
3rd Qu. 1834.0 0.7536 |0.0382 |0.8702 |29.83
Max 19904.0 | 0.9999 |0.0499 |1.0000 |40.00

Table 3. Training set summary statistics.

speed is of high priority. For this reason, a predictive modeling technique was considered for frequency ratio
selection which bears the bulk of the computational cost up-front at model fitting, but almost entirely eliminates
the burden at the implementation stage.

Predictive modeling for Lissajous search pattern design

Data and methodology

As Fig. 14 shows, under most conditions there are several ranges of nearly-optimal frequency ratios for which
search performance varies only minimally. In fact, most values of 7, result in moderately acceptable performance
as compared with the assorted outlier “spikes”. Thus, an alternate approach to Lissajous search pattern design
may ask not the question, “What frequency ratio is optimal?” but rather “What range(s) of frequency ratios
should be avoided?” When a rigorously exact globally optimal solution is not required, data-driven approaches
can provide an adequate solution much faster than pure simulation alone. This is afforded by the fact that such
a predictive modeling approach bears the computational burden of simulation in offline training during model
generation rather than online querying.

The frequency ratio r, is an explanatory feature which only partially explains the response variable E[ T ], but
there are several other features (subject to the assumptions of section “Expected distance to a uniform random
target”) that also affect the response. In particular, these include: (1) the size of the agent’s FOV as a percentage
of the area of the search space, (2) the time constant r from Eq. 35, and (3) the certainty threshold « from Eq. 37.
To build the predictive models, 86,999 simulations were executed with each explanatory variable being randomly
generated and the response variable recorded. Ten percent of these trials were retained as a testing set, while
the rest were used to train predictive models. Table 3 summarizes the statistics of the simulations. The range of
values for %FOV, «, and t were chosen to roughly represent realistic scenarios.

Modeling
To begin, a basic linear regression was used to predict the expected mission completion time from the four simu-
lation input variables. After building and testing the linear model, only 35.74% (R? = 0.3574) of the variation
in the data was explained, and the root-mean-squared-error (RMSE) in predicting the test set was 1573.542 as
shown in Table 4. Including the interaction terms between each of the four explanatory features only marginally
improved model performance, increasing the R? to 0.3929 and decreasing the RMSE to 1519.414, still a poor
model. However, linear regression inherently assumes a normal distribution of the response, and as Fig. 15 shows,
the distribution of E[ T, ]is much more resemblant of a gamma distribution.

Taking this clue, the linear model was generalized to use a logarithmic link function and assume an underlying
gamma distribution of the response. The resulting gamma regression model provided improved results with
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Figure 16. Strongly nonlinear relationship between frequency ratio r,, and the logarithm of the response E[ T, ]

a pseudo-R? (R?) of 0.5609 and RMSE of 1437.222. The R? measure relies on a likelihood ratio, hence the “I”

subscript, and is calculated by

Dy — Dy
Dy

Ri = (38)
where Dy is the model’s null deviance and Dy is the residual deviance with k degrees of freedom?®.

While gamma modeling is the most appropriate regression generalization for the problem at hand, basic
regression is still fundamentally insufficient to adequately model the Lissajous simulation data. Traditional
gamma modeling with a logarithmic link function assumes a linear relationship between the explanatory features
and the logarithm of the response, but Fig. 16 shows clear evidence of a nonlinear relationship.

However, a generalized additive model (GAM) provides a more flexible method that can characterize
nonlinear regression effects®. While a basic linear model assigns to each predictor an associated coefficient 8;:

E(Y|X1, X2, X5, X4, Xs5) = Bo + B1X1 + B2 X
& + B3X3 + BaXy,

a generalized additive model fits a non-parametric function f; (natural cubic splines in this case) to each predictor
as shown in Eq. (40):

(39)

E(Y|X1,X2, X2, X4, X5) = Po + 1(X1) + £o(X2)
+3(X3) + fa(Xy).

A GAM allows the modeling of nonlinear effects while still leveraging an underlying gamma distribution
to achieve better results than either previous technique. A GAM using natural splines has an additional
hyperparameter for each non-parametric function it fits, realized as the number of “knots” for each spline.
Using five knots for each function yields an R? of 0.7052 and an RMSE of 1270.333. Increasing the number of
knots can increase R?, apparently improving the model, but this also increases the RMSE, which is a sign of
over-fitting. Thus, five knots were heuristically chosen for the results delivered here. A summary of the applied
statistial models is given in Table 4.

(40)
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Model RY, RMSE

Linear Regression 0.3574 1573.542
Linear Regression (w/interactions) 0.3929 1519.414
Gamma Regression 0.5609 1437.222
Generalized Additive Model 0.7052 1270.333

Table 4. Model performance metrics.

Discussion and future work

While even the GAM is still unlikely to deliver optimal LP parameters as reliably as an entirely numerical
approach, this investigation shows that predictive modeling for path design has promise for the future. Follow-on
work will build on these findings to develop a model that rivals other methods in accuracy and delivers near-
optimal Lissajous flight paths more efficiently. A first step for future work is to generate more training data.
While nearly 80, 000 training observations is no insignificant amount for most low-dimensional linear modeling
problems, even a modest resolution of each parameter dimension in the problem at hand yields almost 300
trillion required data points to fully fill out the feature space. More data would also benefit machine learning
models outside the scope of this paper (e.g. neural networks, random forests, or ensemble methods) which could
be a good fit for the nonlinear nature of this problem. Another possibility for handling linearity issues could be a
form of complex feature engineering, or perhaps more complex simulations that account for more information
and variables that are predictive of E[Ty].

Conclusions and future applications
Using Lissajous curves as deterministic search patterns for aerial vehicles is a venture which shows promise, and
thus designing optimal Lissajous paths is an important task. While many interesting and perhaps unintuitive
findings can be gleaned through an analytical exploration of the problem, it is a problem so complex that a
full solution is simply unattainable through purely analytical means. A numerical approach circumvents this
intractability, providing a means of designing effective Lissajous search paths, but this comes at the cost of a high
computational burden. Predictive modeling shows promise as an alternative, offering quick on-the-fly LP design,
but a more accurate data-driven model is still required before the approach can be applied to real aerial systems.
When deterministic search patterns are sought, the need for immediate online path generation is generally
lower than the need for a pattern that quickly and successfully completes a mission. Thus, the next phase of
work will focus on improving the fidelity of the numerical simulator in order to better handle a more diverse
set of missions. A satisfactory end-state of this research would be a multi-purpose software platform, driven by
simulation and machine learning, which provides the user with an optimal path for any specified aerial search
scenario. Such a platform would appropriately account for any contextual information provided by the user to
generate waypoints for a manned or unmanned aircraft.

Data availibility
All data generated or analyzed during this study are included in this published article’s supplementary informa-
tion files or can be obtained by request from the corresponding author.

Appendix

A. Generalized discrete Lissajous formulation

Deriving the generalized recursive model for a Lissajous curve is accomplished by repeatedly transforming and
de-transforming the state vector at each time step. The linear transformation Rx + X rotates and shifts the vector
x. The initial state vector given by Eq. (12) is first transformed in this way, mapping the first coordinate in the
Lissajous curve to the desired location in the plane. Before the state propagation of Eq. (10) can be applied to
obtain xj, the state must first be de-transformed according to x;, = R~!(xg — X). After applying Eq. (10), the
state vector is again transformed to deliver the desired rotation and shift: x; = R(Ax;) + X. Combining these
operations yields the following expression:

x; = RAR (xg — X)) +X. (41)
Noting that the rotation matrix is orthogonal and generalizing the time steps, this becomes:
X, = RAR 'x_; — RAR'X +X, (42)
or
X = RAR x_1 + (I - RART)X. (43)

Equation (14) follows directly from this result.

B. Evaluating the distance integral
Evaluating the inner integral of Eq. (23) gives:
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et (A) L (450
3 aiys) |10 a0
—tan”! ( 1/2*’58)
-1 (1/2-ys (44)
(12 —xs)° /tan (1/245) 1 50
3 —tan~! (}ﬁ%ﬁ) cos’6
The final integral gives:
(1/2 — x5)® [ sin® .
S [cosw +1n (cos (6/2) + sin (6/2)) -
tan—! (1/2:15) 45
—In (cos (6/2) — sin (9/2))] ) nfllle o )
1/2=xg

After substitution, rearrangement, and algebraic/trigonometric simplifications, this becomes:

~ xq)3 _ _
e

(ol Gas)

1/2’y~‘)2+1—1

+2tanh™! ( (1/2(_1)72)»3) ) -

1/2—xg

2
1/2+ys

+2t h—l( (1/2—x3> +1-1

an

1/2—xs

This is obtained for each of the other three regions of integration by appropriately changing the integration limits.
Once completed, the combined integral simplifies to the result given in Eq. (24).

C. Average expected squared distance
Consider the expected value of the squared distance between a searcher and a target:

E[d*(xs,ys)] = /D Fxp.ve Gers yr)d® (x5, ys, %7, yr)dA
0.5 0.5
= / / ((xs — x1)* + (ys — yr)*)dxrdyr (47)
—0.5J-0.5
1
_ 2 2, -
=x5+ys+ 6

Enacting the assumptions of section “Expected distance to a uniform random target’, this can be written for an
LP:

2 1L 5 L 5 1
E[d*(xs,ys)] = 1 cos” (rpwyt) + 1 cos” (wyt) + L (48)

The average expected squared distance over a period of time T is then:

- 1T, 1, 1

D (1, T) = = (f cos” (rpwyt) + — cos” (wyt) + —)dt
T /) ‘4 4 6

) 5 (49)

=3 ( sinc (2ryw, T) + sinc (Za)yT)) + o

It can then be shown without much difficulty that the average expected squared distance over a long time is

=2 . o=2 5
D = lim D" (r,, T) = —,
(ro) TLmoo (e, T) 12 (50)
when the search domain is the unit square. It is worth noting that D(r,,) # D’ (r) since the square root is not
a linear operation. Indeed, 15—2 =+ 0.585.

D. Proof of the optimal symmetric linear approximation of the Pythagoream theorem
We seek a value for & which optimizes the approximation « (|x| + [y|) to \/x* + y2. Since x and y should be
interchangeable, let 4 = % such that 4 € (0, 1) and formulate an objective function as:
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0= |\ 452 —alix + )]
|

(51)
= |lx[V1+ 22 —alx|(1+2) )
Clearly, this is minimized when v/1 + 22 — a(1+ 1) = 0, or
1472
= — 52
T &2

If the ratio of x and y is known, the optimizing value of & can be determined from the above. However, we wish
to obtain o which minimizes the average O over the full range of /. This average value is

_ [PV 22
a= —dA
0 1+/L

—14+2—sinh™' (1) + v2tanh™! ( ) (53)

Sl -

~ 0.77929.

The percent error in this estimate is given by:

o ’\/1+zz—5(1+z)‘

€= - (54)
VX2 +y? V1422
Over the range of possible 4, € takes on a maximum value when 4 = 0:
Emax = ‘1 - a‘ ~ 22.071%. (55)

Received: 3 January 2024; Accepted: 26 April 2024
Published online: 15 May 2024

References
1. "Commercial drone market size, share & trends analysis report by product, by application, by end-use, by region, and segment
forecasts, 2023-2030". Report ID: 978-1-68038-482-6. Grand View Research (2021). https://www.grandviewresearch.com/indus
try-analysis/global-commercial-drones-market.
2. Laghari, A. A., Jumani, A. K., Laghari, R. A. & Nawaz, H. Unmanned aerial vehicles: A review. Cogn. Robot. 3, 8-22 (2023).
3. Organization, I. M. International aeronautical and maritime search and rescue manual, volume iii, Tech. Rep. 9731P3, International
Maritime Organization (2016).
4. Feraru, V. A., Andersen, R. E. & Boukas, E. Towards an autonomous uav-based system to assist search and rescue operations in
man overboard incidents. In 2020 IEEE International Symposium on Safety, Security, and Rescue Robotics (SSRR) 57-64 (2020).
5. Silvagni, M., Tonoli, A., Zenerino, E. & Chiaberge, M. Multipurpose uav for search and rescue operations in mountain avalanche
events. Geomat. Nat. Haz. Risk 8(1), 18-33 (2017).
6. Bloise, N. et al. A survey of unmanned aircraft system technologies to enable safe operations in urban areas. In 2019 International
Conference on Unmanned Aircraft Systems (ICUAS) 433-442 (2019).
7. Hu, X,, Pang, B., Dai, E. & Low, K. H. Risk assessment model for uav cost-effective path planning in urban environments. IEEE
Access 8, 150162-150173 (2020).
. Hartley, R. J. A. L., Henderson, I. L. & Jackson, C. L. Bvlos unmanned aircraft operations in forest environments. Drones 6, 7 (2022).
9. N.I of Standards and Technology. Autonomy levels for unmanned systems (alfus) framework, volume 2: Framework models. In
Tech. Rep. NIST Special Publication 1011-1I-1.0, U.S. Department of Commerce, Washington, D.C. (2007).

10. N. I of Standards and Technology. Autonomy levels for unmanned systems (alfus) framework, volume 1: Terminology, Tech. Rep.
NIST Special Publication 1011, U.S. Department of Commerce, Washington, D.C. (2004).

11. Beer, J. M., Fisk, A. D. & Rogers, W. A. Toward a framework for levels of robot autonomy in human-robot interaction. J. Hum.
Robot Interact. 3, 74-99 (2014).

12. Echeveste, D., Lee, A. & Clark, N. Using spatial uncertainty to dynamically determine uas flight paths. J. Intell. Robot. Syst. 101, 4
(2021).

13. Rahmes, M., Chester, D., Hunt, J. & Chiasson, B. Optimizing cooperative cognitive search and rescue UAVs. In Autonomous Sys-
tems: Sensors, Vehicles, Security, and the Internet of Everything, vol. 10643 (Dudzik, M. C. & Ricklin, J. C.) 106430T (International
Society for Optics and Photonics, SPIE, 2018).

14. Lin, L. & Goodrich, M. A. Uav intelligent path planning for wilderness search and rescue. In 2009 IEEE/RS] International Confer-
ence on Intelligent Robots and Systems 709-714 (2009).

15. Baker, C. A. B,, Ramchurn, S., Teacy, W. L. & Jennings, N. R. Planning search and rescue missions for uav teams. In Proceedings
of the Twenty-Second European Conference on Artificial Intelligence, ECAI'16, (NLD) 1777-1778 (10S Press, 2016).

16. Hayat, S., Yanmaz, E., Brown, T. X. & Bettstetter, C. Multi-objective uav path planning for search and rescue. In 2017 IEEE Inter-
national Conference on Robotics and Automation (ICRA) 5569-5574 (2017).

17. San Juan, V., Santos, M. & Anddjar, J. M. Intelligent uav map generation and discrete path planning for search and rescue opera-
tions. Complexity 2018, 785 (2018).

18. Xing, L. et al. Multi-uav cooperative system for search and rescue based on yolov5. Int. J. Disaster Risk Reduct. 76, 102972 (2022).

19. Steckenrider, J. J., Leamy, S. & Furukawa, T. Cooperative aerial search and localization using Lissajous patterns. In 2020 IEEE
International Symposium on Safety, Security, and Rescue Robotics, SSRR 2020 233-240 (Institute of Electrical and Electronics
Engineers Inc., 2020).

20. Steckenrider, J. J. Adaptive aerial localization using lissajous search patterns. IEEE Trans. Rob. 38(4), 2094-2113 (2022).

o=l

Scientific Reports |

(2024) 14:11144 | https://doi.org/10.1038/s41598-024-60803-2 nature portfolio


https://www.grandviewresearch.com/industry-analysis/global-commercial-drones-market
https://www.grandviewresearch.com/industry-analysis/global-commercial-drones-market

www.nature.com/scientificreports/

21. Blankenship, R., Bluman, J. & Steckenrider, J. An investigation of search algorithms for aerial reconnaissance of an area target. In
Proceedings of the Annual General Donald R. Keith Memorial Conference 072-078 (2021).

22. Miller, M. J., Trujillo, V. E., Bluman, J. E. & Steckenrider, J. J. A comparison of lissajous curves to traditional patterns in aerial
search simulations. In 2023 Winter Simulation Conference (WSC) 2482-2493 (2023).

23. Park, S.Y. & Bera, A. K. Maximum entropy autoregressive conditional heteroskedasticity model. J. Econometr. 150, 219-230 (2009).

24. Lyons, R. G. Understanding Digital Signal Processing (Prentice Hall, 2004).

25. Adams, W. T. & Brady, J. Magnitude approximations for microprocessor implementation. IEEE Micro 3(5), 27-31 (1983).

26. Filip, A. E. Linear approximations to [formula omitted] having equiripple error characteristics. IEEE Trans. Audio Electroacoust.
21(6), 554-556 (1973).

27. Stone, L. Theory of Optimal Search (Elsevier, 1975).

28. Feller, W. An Introduction to probability Theory and Its Applications (Wiley, 1971).

29. Cohen, J., Cohen, P,, West, S. G. & Aiken, L. S. Applied Multiple Regression: Correlation Analysis for the Behavioral Sciences (Law-
rence Erlbaum Associates, 2003).

30. Denoeux, T. Splines and Generalized Additive Models (Springer, 2016).

Acknowledgements
The authors would like to thank the U.S. Army Command, Control, Communications, Computers, Cyber, Intel-
ligence, Surveillance and Reconnaissance (C5ISR) Center for supporting the publication of this research.

Author contributions

J.S. conceived of the research, developed the theory, co-advised authors R.B and M.M., wrote sections II-III
and the appendices, and edited the entire manuscript. M.M. developed the numerical and predictive modeling
research, and wrote sections IV-VI. R.B. developed the numerical research and reviewed the manuscript. V.T.
co-advised M.M. and reviewed the manuscript. J.B. co-advised R.B. and M.M., wrote section I, and reviewed
the manuscript.

Competing interests
The authors declare no competing interests.

Additional information
Supplementary Information The online version contains supplementary material available at https://doi.org/
10.1038/541598-024-60803-2.

Correspondence and requests for materials should be addressed to J.J.S.
Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

ov License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

This is a U.S. Government work and not under copyright protection in the US; foreign copyright protection
may apply 2024

Scientific Reports |

(2024) 14:11144 | https://doi.org/10.1038/s41598-024-60803-2 nature portfolio


https://doi.org/10.1038/s41598-024-60803-2
https://doi.org/10.1038/s41598-024-60803-2
www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Lissajous curves as aerial search patterns
	Background and motivation
	Related work
	Original contributions
	Traditional search patterns
	Circle search
	Sector search
	Parallel track
	Expanding square


	Lissajous curves
	Continuous parametric formulation
	Discrete recursive formulation
	Features of Lissajous curves

	Analysis of LPs for aerial search
	Formula generalization
	Continuous
	Discrete

	Expected distance to a uniform random target
	Average speed of a Lissajous searcher

	Numerical Assessment and design of Lissajous search patterns
	Monte Carlo simulation
	Evaluation criteria
	Key findings

	Predictive modeling for Lissajous search pattern design
	Data and methodology
	Modeling
	Discussion and future work

	Conclusions and future applications
	Appendix
	A. Generalized discrete Lissajous formulation
	B. Evaluating the distance integral
	C. Average expected squared distance
	D. Proof of the optimal symmetric linear approximation of the Pythagoream theorem

	References
	Acknowledgements


