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Experimental realization

of entangled coherent states
in two-dimensional harmonic
oscillators of a trapped ion
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Entangled coherent states play pivotal roles in various fields such as quantum computation, quantum
communication, and quantum sensing. We experimentally demonstrate the generation of entangled
coherent states with the two-dimensional motion of a trapped ion system. Using Raman transitions
with appropriate detunings, we simultaneously drive the red and blue sidebands of the two transverse
axes of a single trapped ion and observe multi-periodic entanglement and disentanglement of its spin
and two-dimensional motion. Then, by measuring the spin state, we herald entangled coherent states
of the transverse motions of the trapped ion and observe the corresponding modulation in the parity
of the phonon distribution of one of the harmonic oscillators. Lastly, we trap two ions in a linear chain
and realize Melmer-Serensen gate using two-dimensional motion.

For the last few decades, the coherent state has been the subject of intense theoretical and experimental
investigation!. It is considered to be a quantum state with the most classical properties because its spread is the
minimal allowed by the uncertainty principle and its trajectory of time evolution is identical to that of the classical
harmonic oscillator?. Its multipartite extension, the entangled coherent state, has been a useful theoretical tool
in various fields of quantum optics as it is the entangled superposition of the most “classical” quantum states. It
has been used in theoretical studies concerning quantum information processing®~’, quantum metrology'’, and
fundamental tests of physics such as Bell’s inequality and Leggett’s inequality'"'2. Despite their sensitivity to deco-
herence, entangled coherent states have been experimentally realized in a few experiments involving photons*®
and superconducting circuits'*'®. The trapped ion has been an extremely valuable tool for studying the quantum
world because it is highly isolated from the environment yet can be precisely controlled. The single-mode super-
position of coherent states or cat states have been realized in trapped ion systems in various experiments using
the motional state of the trapped ion'®-*". There have been several theoretical works on the implementation of
entangled coherent states in trapped ion systems*' 2%, but none have been experimentally implemented so far.

In this work, we report on the realization of entangled coherent states with the two dimensional motion
of a trapped ion. We implement the simultaneous spin-dependent force (SDF) on the ion in the two principal
axes (X and Y) by making the transverse trap potential nearly isotropic so that the secular frequencies of the X
and Y modes are very close. By choosing a laser detuning between the X and Y mode frequencies and driving a
bichromatic transition with the blue and red sidebands, we excite the motional modes in the two radial directions
concurrently with varying ratios of coupling strengths to each mode.

For a single ion, we generate Lissajous-curve-like motion in two dimensions with various commensurate
oscillation periods in each direction and observe corresponding periodic variation in the spin state?>. With mid-
circuit measurement, we decouple the spin from the motion and herald the entangled coherent state of motion
in two transverse axes. We conduct a basic characterization of the quantum state by observing the modulation of
phonon number parity, which results from the periodic entanglement and disentanglement of the two motional
modes. Fully characterizing the quantum state will need a multi-mode quantum state tomography, whose pos-
sible implementation is suggested in the “Discussion” section. Also, in an ion chain consisting of two ions, we
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demonstrate the successful generation of a Bell state using Melmer-Serensen interaction where the geometric
phase is accumulated via motion in two spatial dimensions, which reduces the required Rabi frequency compared
to the one-dimension case.

Results

We trap 171 Yb* ions in the center of a blade-type trap with dimensions specified in Fig. 1a?%?’. A radio-frequency
(RF) voltage oscillating at 15.3 MHz is applied to the RF blades for radial confinement, and the other two
blades are grounded. A DC offset voltage can be applied to the RF blades to rotate the radial principal axes and
change the separation between the X and Y mode secular frequencies. The amplitude of the RF field is actively
stabilized by a PID controller®®. As can be seen in Fig. 1b, ¢, the mean secular frequency for the radial modes
is typically set to around wx,y >~ 2w x 1250 kHz. The exact value changes by a few kHz every day due to the
thermal drift of the RF voltage sampling®. The degeneracy of the transverse axes is lifted by 277 x 27.8 kHz, with
the Y axis frequency higher. A DC voltage of 1300 V is applied to the endcap electrodes, and the resulting axial
secular frequency is wz = 2 x 120 & 0.12 kHz. The qubit states are defined as||) = ‘Sl/z,F =0,mp = 0> and

1) = ‘Sl 2. F=1,mp = 0>. For experiments involving a single ion, the qubit state is measured by the standard
fluorescence detection method. For a two-ion chain, we use histogram fitting to infer the population of the
three possible classes of qubit states, {| || )}, {41, 1)} and {|T7)}*".

The red sideband, blue sideband, and carrier transitions are implemented by applying appropriate detun-
ings to the stimulated Raman transition®. It is realized by two perpendicular 355-nm pulsed laser beams which
enter the trap from the bottom (Ry) and the side (Ry). Their relative frequencies and phases are controlled by
acousto-optic modulators (AOMs). The Raman transition momentum vector Ak is perpendicular to the Z axis
and has components in both radial axes with angles 0y = 24° and 6x = 66° as shown in Fig. la. The angles are
measured by comparing the blue sideband Rabi frequencies for the X and Y modes on their respective reso-
nances. This results in asymmetric Lamb-Dicke factors, nx = 0.05and ny = 0.11, for the modes. The beating of
the pulsed laser is stabilized by a feed-forward system which shifts the driving RF frequency of the AOM that
controls the (Ry) beam?.

Entanglement of spin with multiple motional modes
We will use the notation |s)|a)|b) to specify the quantum state of the system, where s denotes the qubit state of
the ion chain with possible values of 1 and |, for a single ion and their tensor product for a chain of two ions. a
and b indicate the quantum states of the X and Y modes either in Fock state or coherent state basis. We realize
the SDF Hamiltonian by driving the red and blue sidebands of the motional modes simultaneously with the same
strength. When there is a symmetric detuning from the sidebands, the position of the wave packet in phase space
is modulated by a frequency proportional to the detuning'’, resulting in a circular trajectory as shown in Fig. 2e.
For a single trapped ion in a two-dimensional harmonic potential subject to a symmetrically detuned bichro-
matic beam, we have the following interaction Hamiltonian
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Figure 1. Experimental setup. (a) Schematic diagram of trap electrodes, ion, and pulsed laser beams for Raman
transition. Ak indicates the direction of momentum transfer, which is the difference of the two pulsed laser
beams, Ry and Ry. Upper right is the cross-section of the trap in the transverse plane. The angles between

Ak and the Y and X principal axes are 24° and 66°, respectively. The ion chain is formed along the Z axis. (b)
Representative spectra showing the blue sidebands for the transverse modes of a single ion and (c) of a linear
chain of two ions where X,,, and Y, are in-phase modes and X;;;; and Yy are out-of-phase modes.
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Figure 2. Entanglement of spin and the two motional modes. In (a-d) time evolution of the spin state for
various detuning ratios is observed. Partial disentanglement of spin and motion takes place when wave packets
return to the origin in only one dimension. Complete disentanglement is observed when wave packets return

to the origin in both dimensions. Error bars indicate quantum projection noise. Solid curves are fits to Eq. (3).
Ris the ratio of detunings to the radial modes, defined as R = §x/8y. Values of R estimated from fitting are (a)
—0.261 £ 0.001, (b) —0.653 = 0.003, (¢) —1.547 £ 0.016, and (d) —3.892 + 0.071. Times at which each motional
mode is disentangled from the spin are indicated by vertical lines. Solid red lines correspond to the Y mode

and dashed blue lines to the X mode. (e) A representative phase space diagram for the motional modes. In each
phase space, the wave function evolves into a coherent superposition of two wave packets, corresponding to the
¢s basis spin eigenstates. The trajectories are determined by Rabi frequency and detuning from each mode.
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where 1 and §; are the Lamb-Dicke factor for the j-th axis and the detuning from the center-of-mass mode of
the j-th axis, respectively. a}(df) is the phonon annihilation (creation) operator for the j-th axis and Q is the
Rabi frequency of the Raman transition. The motion and spin phase of spin-dependent interaction is propor-
tional to the difference, ¢ar = (¢pp — @) /2, and sum, ¢ps = (¢ + ¢r)/2, of the laser phases for the blue and red

sidebands, ¢y, and ¢,. A A
We will use [+) = 1/+/2(]1) + €5]1)) and |—) = 1/4/2(]) — e75]1)) to indicate the eigenstates of the
Gy operator. We assume ¢g = 0 for simplicity. The X axis terms and Y axis terms act on their respective Hilbert
spaces, yielding the following time evolution operator with displacements in X and Y phase spaces defined
asa(t) = nx2/(28x) (1 — e_"‘SXr)e_"‘W and B(t) = nyQ/(28y) (1 — e_iaYt)e_i¢M. The time evolution opera-
torisU (1) = [+) (+|Dx (@) Dy (B(1)) + | =) {~IDx (~e(t)) Dy (— B(¢)) where Dx (e(t)) and Dy (B(t)) are the
displacement operators defined as e®(!ax—(1"ax and ¢F(N3y —A(!)"av_Applying this to the initial state of the ion,
[ (t = 0)) =[{)]0)|0), after sideband cooling and qubit initialization, we get the following wave function which
exhibits spin-motion entanglement in both motional modes:
1
V2

The time evolution of the spin state for various ratios of detunings to the X and Y modes, R = §x/dy, is presented
in Fig. 2a-d. The dashed lines are fits to the following equation'”

o o
Py(t) = % (1 - e_(””?)'z““)'z‘(”Hz)‘Zﬁo)\ze—t/r)

V() = —= (o) BD) + [—)—a@®)-B®) (2)

€)

where 7 is an empirical decoherence rate and 71x and 71y are mean phonon numbers of the X and Y modes, which
in our system are 2~ 0.2 and =~ 0.1, respectively. In each phase space, the wave packets periodically move in a
circular trajectory whose period is defined by the inverse of the detuning of the bichromatic beam. When only
one of the motional modes return to the origin in the phase space, the spin states only partially interfere and
the measured spin state deviates from its original state, || ). When the wave packets return to the origin in both
phase spaces at the same time, the spin state fully returns to the initial state'’.
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Generation of entangled coherent state and observation of phonon number parity modulation
The tripartite entangled state of spin and the two motions can be transformed into an entangled coherent state
(ECS) of the two motional degrees of freedom by projecting the spin state with mid-circuit measurement. Modi-
fying this sequence to displace only a single motional mode will produce a single-mode cat state of motion, as
experimentally shown by Kienzler et al. (see the Supplementary Material)*. We start the experimental sequence
by cooling the ion to the ground state with sideband cooling pulses. Then we apply the two-mode SDE which acts
on both the X and Y motions simultaneously, for a duration of tspr. In the following step, the ion is irradiated
with a near-resonant 369.5-nm laser beam that serves as the detection beam. It is turned on for 500 us, and the
scattered photons are collected by a photomultiplier tube. We then drive a blue sideband Rabi oscillation on the
Y mode for varying amounts of time and measure the spin state of the ion. This sequence is shown in Fig. 3a.
We post-select the wave function with || ) spin state which is heralded by the detection of less than two photons
during the mid-circuit detection phase.
This results in the following wave function:
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Figure 3. Generation of entangled cat state and measurement of phonon state distribution. (a) Experimental
sequence used to generate entangled coherent state and observe the modulation of its parity. (b) A representative
plot for phonon distribution of the Y mode with R = —2/3 when the X mode is disentangled and (c) entangled.
Orange bars are the theoretically expected phonon population for a single mode cat state and blue bars are
population extracted by fitting the blue sideband Rabi oscillation, which is presented in the insets. In (b), the
measured population distribution (blue) matches that of the single mode cat state (orange), while in (c), the

X and Y modes are entangled and the Y mode population distribution (blue) deviates significantly from the
single mode cat state population (orange). Solid curves in the insets are fits to the blue sideband Rabi oscillation
model. (d,e) Evolution of parity and mean phonon numbers as a functions of tspr for R = —2and R = —2/3,
respectively. In (d), the maximum magnitude of the displacement in the Y phase space is || = /iy =~ 2 and
for the X phase space, |a| = +/fix 2 0.7.In (e),|8] ~ 1.5and |a| > 1.0 at maximum. Black line is a fit to Eq.

(9) in the Methods section which is the theoretically expected time evolution of phonon number parity of

the entangled coherent state. Solid red line is the mean phonon number in the Y mode derived from the Rabi
frequency and temperatures of each mode obtained from the phonon number parity fitting. Dahsed blue line

is the mean phonon number of the X mode calculated the same way. All the error bars in this figure represent
standard errors of fitted parameters.
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v ! V2 + 2e-2(aOP+BOP)

(4)

The complimentary data sets which have more than or equal to two photons detected correspond to the entangled
coherent state with the opposite phase |« (¢))|8(t)) — |—a(t))|—B(t)), but we choose not to use them because
photon scattering affects coherence of motional states via recoil®. The blue sideband Rabi oscillation is then

fitted to the following model to retrieve phonon number distribution of the Y mode?®34*
A0
Py(tgsp) = ) # (1 — cos (s 1utpss) e B8/7) )
n=0

where py ,,(¢) is the population for n-phonon state in Y-motion after applying the SDF for ¢, and N is the maxi-
mum phonon number we consider, 2,,41,, is the first order blue sideband Rabi frequency for n-phonon state,
and 7 is the coherence time. When o = 0, the wave function in Eq. (4) is reduced to a single-mode cat state of

the Y mode (|¥/y (£)) = [1)(1B®)) + |—B(1)))/V/2 + 2e~218(1I*) and the phonon population is expected to be
only in the even number states. However, for a non-zero «, the interference between the two coherent states with
opposite phases in the Y phase space, |8)y and|—B)y, is suppressed by the motion in the X-axis, |)y and|—a) x.
Consequently, the parity of the Y mode population is modulated as the size of the displacement in the X mode
changes. The resulting time evolution of the phonon population distribution is as follows.

. e POP (1B(t) > /n)
Py = Tr({l) (I ® Ix ® |n){nl}V¥Ecs) (YECcs]) = 4 20O BOP)

L+ (=1)"e 2 OF)  (6)

where (1| is the n-th number state of the Y mode. Eq. (6) results in a modulation of phonon number parity
defined asI1(¢) = >, (—1)"py (), because the interference between the odd number states is suppressed by
entanglement with the X mode. We include the effect of imperfect sideband cooling in the model, which leaves
some population in the 1-phonon state (see Methods). We demonstrate the generation of entangled coherent
states at various values of R = §x /8y. Fig. 3d corresponds to R = —2, where the ion is periodically displaced in
the X axis at a frequency which is twice of the frequency of the periodic displacement in the Y axis. Therefore,
according to Eq. (6), the parity of the phonon distribution of the Y motion is expected to be modulated at half
the period of its periodic displacement.

We repeat the same experiment with R = —2/3. In this case, the parity modulation pattern is expected to
span three periods of the Y displacement as shown in Fig. 3e. The observed variation in phonon number parity
is in good agreement with the theoretical model, and is a direct consequence of the entanglement of the two
motional modes. Fig. 3b, c are the two representative phonon distributions. The Y mode displacement is maxi-
mum for both, but the phonon number parity is 0.89 % 0.09 for Fig. 3b and 0.22 £ 0.06 for Fig. 3c. Also, Fig. 3¢
shows a clear deviation from the single-mode cat state phonon distribution with a significant population in the
|1)y and |3}y states. In Fig. 3d, e, we also plotted the time evolution of the mean phonon numbers of the Y mode,
which approximately corresponds to the square of the absolute value of the displacement in the Y mode phase
space. The theoretical curves for the mean phonon numbers of the X and Y modes are calculated by using the
Rabi frequency and 1-phonon state population of each mode inferred by fitting the phonon number parity data.

Melmer-Serensen gate with two-dimensional motion
Next, we trap two ions in a linear chain and investigate how the two-dimensional coherent motion can be utilized
in an ion chain by realizing Molmer-Serensen interaction®*-** involving modes from multiple principal axes. We

first observe the time evolution of the two-qubit states under two-dimensional Melmer-Serensen interaction as

shown in Fig. 4b, with the Rabi frequency and detuning calibrated to generate a Bell state (1/ NAGHESIIN
Then we measure the fidelity of the resulting state by observing qubit state parity oscillation, which is imple-
mented by applying a 7 /2-pulse that acts on both qubits and scanning its phase, ¢*’. The results are shown in
Fig. 4c. The time evolution and fidelity measurement is carried out at a detuning that satisfies R = —1/3, which
in this context is defined as the ratio between the detunings to the X-cm mode and the Y-tilt mode, 8x,,, /Sy i
The measured gate fidelity is 89.7 & 0.6 % which is comparable to our single axis Melmer—Serensen gate fidel-
ity, 93.2 £ 0.6 %. This indicates that Melmer-Sorensen interaction can be expanded into multiple dimensions
naturally. Also, the gate Rabi frequency is reduced compared to the single axis case, because more phase spaces
contribute to the geometric phase (®,,(£) = N1 1n2/(2dn)? (dnt — sin (dy t))Q% where 1,,1 and 7,5 are the Lamb-
Dicke factors of each ion for the n-th mode, d, is the detuning to n-th mode and 2 is the Rabi frequency), as
can be seen in Fig. 4a. This effect is most pronounced at R = —1/3 where the geometric phase contribution is

similar for both axes, thus the required Rabi frequency is reduced by a factor of >~ 1/ /2. Here, the Rabi fre-
quency needed to generate an equal superposition of ||| ) and | TT) using both axes is 27 x 86.1 kHz, which is in
agreement to the experimentally calibrated value of 27 x 81.3 & 0.6 kHz. This is 28.3% lower compared to the
Rabi frequency required using only the X axis, and 30.1% lower compared to using only the Y axis, assuming
the same gate time and gate detuning.

Discussion

In this work, we have demonstrated the generation of entangled coherent states with two-dimensional motion
of a trapped ion. Our scheme uses the near-degeneracy of the transverse modes of a linear Paul trap to excite
the two motional modes of a single ion simultaneously with detuned SDF, and does not require second order
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Figure 4. Characterization of Melmer-Serensen gate with two-dimensional motion. (a) Normalized
contributions of each mode for the geometric phase needed for the generation of the Bell state,

1/+/2(111) + 111)). d2 is the detuning from the X,,,, mode. At the detuning indicated by a vertical dashed

line, the detuning ratio is R = —1/3 and the X and Y mode contribute almost equally. (b) Time evolution

of the spin states of a two-qubit system under two-dimensional Melmer-Serensen interaction when

R = —1/3. The optimal gate time ¢, = 182 us. Error bars represent quantum projection noise. (c) Qubit state
population oscillation as a function of the phase of the 7 /2-pulse. Qubit state parity(not shown in the plot),
[1(¢) = Py1 (@) + Py (@) — (P 1(¢) + Py (9)), oscillates with an amplitude of T, = 0.852 % 0.007. Error
bars are the standard deviation calculated from five iterations of the same experiment. The average population
of the even states at te» Pry + Py, i80.942 £ 0.009 as shown in the inset. The parity oscillation and even state
population yield a gate fidelity of 0.897 % 0.006.

interactions or two-phonon interactions as proposed in?"**, which is advantageous in terms of the strength of
the interaction. We observed a periodic modulation in the single-mode phonon number parity which is a direct
consequence of the entanglement between the two phonon modes. The loss of parity information is analogous
to the decoherence of the spin state when only the spin state is directly measured in a spin-motion entangled
system'”. We have also shown that Melmer-Sorensen interaction with multiple ions can be easily realized with
a lower laser power using a two-dimensional spin-dependent force.

The size of the phase space displacements produced in our experiment is mainly limited by the large Rabi
frequency required to generate a strong SDF in both X and Y modes. For a SDF with non-zero detuning, the
maximum displacement is limited because the phase space trajectory forms a circle with radius proportional to
the inverse of the detuning. Thus, the maximum displacement can be increased by making the trap more isotropic
in the transverse directions. Alternatively, one can apply a SDF resonant to both the X and Y modes, which can be
realized by a tetrachromatic laser beam?. In this case the size of the displacement will increase linearly with tspr
and the coupling of the laser to each mode. Another limiting factor is the difficulty of characterizing motional
states with large displacements via blue sideband Rabi oscillation. States with larger displacement magnitude
are harder to probe because the coherence time of a cat state scales inversely with the square of magnitude of
displacement™.

The creation of an entangled coherent state with opposite phase, || ) (|a)|8) — |—a)|—B)), is possible with a
7-pulse phase-locked to the SDF preceding the mid-circuit measurement®. Also, using our scheme, up to 3N
modes can be entangled for an N-ion chain when all the principal axes of the trapping potential are utilized.
Especially, the generation of a tripartite entangled coherent state of the X, Y and Z modes, combined with a
beam splitter interaction between the phonon modes*~*!, will enable the quantum teleportation protocol in
Ref.® with a single trapped ion.

There have been proposals and experiments of a Ramsey-type matter-wave rotation sensor*>*’, Rabi-type
sensor** and Rashba and Dresselhaus-type spin-orbit coupling for quantum simulation of topological insula-
tors and Majorana fermions in which a single ion is coherently manipulated in two or more orthogonal spatial
modes?. The coherent control of two-dimensional motion of a trapped ion demonstrated in this work can be
applied to realize such experiments. Lastly, utilization of quantum motion in multiple axes for the realization of
entangling gates can reduce the experimental overhead required to suppress interactions in multiple directions
often employed in trapped ion quantum computing setups, such as asymmetric trap geometry* and trap RF
voltage offset*.

Lastly, the full characterization of the two mode entangled coherent state requires a form of quantum state
tomography (QST)*-*. For a single motional mode of a trapped ion, QST has been successfully demonstrated
using a number of different means to produce Wigner function, Husimi Q function and density matrix represen-
tations of bosonic quantum states. One of the most frequently used methods, which leverages the correspond-
ence of the phonon distribution parity and Wigner function in phase space, cannot be realized in two modes as
extending this method to two-mode quantum states requires a single shot detection of the joint phonon state
parity of the two entangled modes. In an earlier realization of entangled coherent states, implemented with
microwave cavities coupled to a transmon qubit, the authors were able to implement such quantum operations
and thus obtain quantum state tomograms'**>. To the best of our knowledge such operation has not been con-
ceived in the context of trapped ion experiments. We propose that the QST of the two-mode ECS can be done by
measuring Wyle characteristic function of motion. It is the Fourier transform of Wigner function, and contains
the same complete information about the quantum state under probe. QST with Wyle characteristic function
was experimentally realized with single mode of motion of a trapped ion*. It can be readily expanded to two

42,43
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modes by sequentially applying a spin rotation and spin-dependent forces acting on each motional mode that
transfer information about motional modes to the spin state, as theoretically suggested by Zheng et al.>!. Another
possibility is to measure the joint phonon population of the two modes, using sequential application of carrier
and sideband 7 pulses as demonstrated by Shen et al.*.

Methods

Instruments

The pulsed laser beams are provided by a 355-nm mode-locked laser (Coherent, Paladin Compact 355-4000).
Its repetition rate fluctuates around 120.1 MHz due to the thermal and acoustic perturbations in the laser cavity.
The repetition rate is monitored by an ultrafast photodetector (Alphalas, UPD-30-VSG-P). The drift is com-
pensated by an AOM in the path of the Ry beam whose RF frequency is updated at a rate of 50 kHz by a field-
programmable-gate-array (Digilent, Arty-S7) running a custom PID program®. The RF trap voltage is sampled
by a capacitive divider and rectified by a diode circuit®. The rectified voltage is fed to a high-speed PID controller
(New Focus, LB1005-S), which controls the output power of the RF source to stabilize the trap RF voltage?.

Experimental protocol

To drive the two-dimensional motion of a single trapped ion along a closed trajectory, we first optimize the
Raman detuning to a frequency where the phase space trajectories for the X and Y axis can be closed simultane-
ously. The protocol is as follows: (1) The ion is ground-state cooled by sequentially applying sideband cooling
pulses to the X and Y modes. (2) The spin state of the ion is initialized to || ) via optical pumping. (3) With the
probe time set to T = 27 x N/(wy — wx) where N is an integer, we scan the Raman detuning between wy and
wyx and look for frequencies where the measured spin state is close to || ), which indicates the simultaneous dis-
entanglement of the spin from the motional states in the X and Y axes. (4) To balance the red and blue sideband
transitions and calibrate out the differential Stark shift, the RF power and frequency for the transitions are fine-
tuned individually to minimize the|1) state population.

In the entangled coherent state experiment, we limit the Rabi frequency of the blue sideband transition used
to probe the phonon distribution of the Y mode to about 5 kHz, so as not to excite the blue sideband transition
of the X mode. At this value, the expected maximum amplitude of the X mode blue sideband Rabi oscillation is
0.7%, thus we did not include the excitation of the X mode in the phonon distribution analysis.

The relatively low frequency of the blue sideband Rabi oscillation means that even a small drift in the secular
frequency of the trap can affect the phonon state estimation results. The trap RF power is stabilized by a PID loop,
but it drifts slowly due to the temperature changes in the components of the PID circuit at a rate of 2 kHz/h in
the worst case. Thus, we interleave a blue sideband Ramsey spectroscopy experiment with the main experiment
for every data point in Fig. 3d, e, and monitored the change of secular frequency throughout data collection
process. Data collection for each point in the figures takes about 5 min and for all the points in each plot about
2 h. We stop the experiment if the secular frequency of the Y mode changed from the calibrated value by more
than 300 Hz. We recalibrate the frequencies for the blue sideband transition and the spin-dependent force, and
then resume the experiment. With a Rabi frequency of 5 kHz and detuning of 300 Hz, the amplitude of the blue
sideband Rabi oscillation decreases by 0.4% and Rabi frequency increases by 0.9%, which are negligible for the
purposes of our experiment. Also, we note that in the analysis of the blue sideband Rabi oscillation, we use the
exact form of 2,41, = Qo0(n + 1 Iei"Y(a;+aY)|n) = Qo,oexp(—ni/z) ny/v/n+1 L},(n%) where Q¢ is the car-
rier transition Rabi frequency with zero phonons, i is the Lamb-Dicke factor, and L} is the generalized Laguerre
polynomial of nth order™, since in our data the maximum value of ny /21y + 1 is about 0.33 where the Lamb-
Dicke approximation becomes inaccurate.

Also, to eliminate the possibility of the slow drift during the experiment affecting the observed pattern of
parity modulation, we conducted the experiment in randomized orders of tspr. The full randomized sequences
of tspr used for the data sets in Fig. 3d, e are available in the Supplementary Material.

Effect of finite temperature on phonon number parity

The measured maximum value of parity shown in Fig. 3 does not reach unity because of imperfect sideband
cooling, which in our setup typically results in 77x =~ 0.2 and 7y 2~ 0.05. This finite temperature effect is modelled
by considering a mixed motional state with a population of px ; and py,; in the first excited state of each mode
and the rest in the motional ground states. We include the following three initial states in the model. (i) [1) x|0)y
with probability px,1 (1 — py,1). (i) 0)x|1)y with probability (1 — px,1)py,1» and (iii) [0)x|0)y with probability
(1 —px,1)(1 = py,1). The|1)x|1)y state is not considered since its probability is negligible. When the motional
state is the n-th excited state, the effect of the displacement operator and the resulting phonon distribution can
be calculated using number state representations of the displacement operator, d%, = (m|D(a)|n). We employed
the results of Cahil et al.** to calculate d¥,,.

For (i), the modified phonon distribution of the Y mode is as follows

(s + )

1+ (=" 5

1 N 2n
1B |/3(2| y o

t) =
Pymixoy () (1 N efz(\a(t)lerlﬁ(t)lz))

For (ii),
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1
2(1 + e—2(\a<t>|2+|ﬂ(t>|2)>

2 _ 12 * _ _
Py mox.1y (B) = x ( dfl + dnlﬂ + <(d51) dnlﬁ +d51(dn1ﬁ)*)e 2\a|z) ©

The following weighted sum of the phonon distributions corresponding to the above three cases (Egs. (7), (8)
and (6)) were used to fit the parity modulation data and extract the Rabi frequency, px,; and py i:

Py = px,1(1 —py,1) X pymix.oy (8) + (1 — px,)Py,1 X Py.mox.1y () + (1 — px,1)(1 — py,1) X py,nox.ov ()

€)

Data availibility
The datasets used and/or analysed during the current study available from the corresponding author on reason-
able request.
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