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Exact solutions for nonlinear partial
differential equations via a fusion
of classical methods and innovative
approaches

Noureddine Mhadhbi', Sameh Gana®*’ & Mazen Fawaz Alsaeedi’

This paper presents a new approach for finding exact solutions to certain classes of nonlinear

partial differential equations (NLPDEs) by combining the variation of parameters method

with classical techniques such as the method of characteristics. Our primary focus is on

NLPDEs of the form ug + a(x, t)ux + b(t)ur = a(x, t) + G(u) (Ut + a(x, t)uy)e~ S b®dt and

U (Uge + a(x, t)uxe) + b(E)UTE = e~ (D [O(Odt (4, 4 g(x, t)uy)F (u, urel b®4t) We provide numerical
validation through several examples to ensure accuracy and reliability. Our approach enhances the
applicability of analytical solution methods for a broader range of NLPDEs.

Keywords Partial differential equations, Nonlinear partial differential equations, Variation of parameters,
Method of characteristics, Mathematica

Nonlinear partial differential equations are prevalent in many physical problems, such as solid mechanics, fluid
dynamics, acoustics, nonlinear optics, plasma physics, and quantum field theory. They also find applications in
chemical and biological systems and formulate the fundamental laws of nature. Within this broad spectrum,
a particularly intriguing class of nonlinear partial differential equations known as soliton equations gives rise
to physically attractive solutions known as solitons. These solitons have significantly contributed to the field of
applied sciences. For a comprehensive understanding of these phenomena, refer to'~!! and the references therein,
which offer detailed insights from both the theoretical and experimental perspectives.

There are important works related to the recent development in partial differential equations and their applica-
tions, including nonlinear pseudo hyperbolic partial differential equations'>"'® and third-order fractional partial
differential equations'®~'%. Pursuing suitable analytical methods to solve nonlinear partial differential equations
is a central focus. Among the most widely adopted techniques are the variational iteration method®, the inverse
scattering method?, the integral transform method?!, the truncated expansion method?*, the extended tanh-
function method?, Jacobi elliptic method?*, the Backlund transformations®, F-expansion method?®?, the sine-
cosine function method®, the (G’/G)-expansion method?, and various extensions.

One of the valuable tools for solving certain types of PDEs is the method of characteristics*~!" and®. It
involves transforming a PDE into a set of ordinary differential equations along characteristic curves. The char-
acteristic curves represent the paths along which the solution of the PDE remains constant. The method of
characteristics is a powerful technique for solving first-order partial differential equations (PDEs), including
linear first-order PDEs such as the transport equation or the linear advection equation.

The well-known classical method usually refers to the variation of parameters®—** and**. The variation of
parameters is primarily a technique used for linear differential equations, both ordinary and partial. It involves
finding a particular solution to a non-homogeneous equation by introducing a new function to replace a constant
in the homogeneous solution. Solving NLPDEs can pose considerably greater complexity and demand a problem-
specific approach since nonlinear equations lack the superposition properties present in linear equations. The
approach relies on the particular structure and characteristics of the NLPDE being addressed.

The variation of parameters method has been successfully applied to certain nonlinear differential equa-
tions. We can refer to*' and* as interesting studies. Common examples of second-order equations that can be
converted into first-order forms include various types of nonlinear wave equations, heat equations, and specific
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conservation laws. The exact procedure for this reduction may vary depending on the specific equation and the
desired format for further analysis.

However, the method of characteristics and the variation of parameters are two distinct methods used in
different contexts. While these two methods have distinct applications, this study shows that combining the
classical techniques derives new solutions for NLPDEs with specific initial conditions.

Several analytical methods consistently solve classes of second-order differential equations by variation of
parameters. In*! and*, some types of nonlinear differential equations have been reduced to first-order using
suitable parameter variations. The resulting first-order differential equations are, in most cases, transformable
to well-known integrable or solvable classical differential equations. However, these methods are not applicable
when dealing with nonlinear partial differential equations. Certain types of NLPDEs remain unsolvable using
variations of parameters independently. By leveraging the strengths of classical techniques, we demonstrate an
expanded scope of solvable NLPDEs, thus increasing the applicability of analytical solution methods to a broader
range of problems.

As an extension of a previous study®®, we introduced new solutions to NLPDEs. In this study, we consider
the classes of nonlinear partial differential equations of the form:

uy + alx, Huy + b(Ou = a(x, t) + G(u)(ur + a(x, t)ux)e_fb(t)dt,

and
" g + @G, D) + b(Ou = =IO @y 4 ae, ) F el POU),

Notably, some exceptional cases can arise. For example, we mention the nonlinear differential equations recorded
in®!, where the functions were restricted to one variable.

The remainder of this paper is organized as follows. In “First class of reducible nonlinear partial differential
equations”, we apply our methodology to the first class of reducible second-order partial differential equations
to determine the exact solutions of NLPDEs of the first type.

“Second class of reducible nonlinear partial differential equations” delves into the second class of reduc-
ible nonlinear partial differentiable equations. Based on these results, a new class of solutions was derived. We
demonstrate the application of the proposed method using concrete examples to demonstrate its viability and
efficiency. Using Mathematica algorithms, relevant numerical representations were exhibited in each example to
show the pertinence of obtained analytical solutions. Finally, “Conclusion” concludes the paper.

First class of reducible nonlinear partial differential equations

Description of the method and construction of the general solutions

We consider the first class of nonlinear second-order partial differential equations compilable in the following
general form:

Ust 4 aCx, Dty + b(Our = a(x, 1) + G(u) (uy + alx, uy)e~ ) OX (1)

where u denotes a function of (x, t) € R
First, we solve the characteristic equation

{ LG(0) = alx(t), )
x(0) Xo.

Then (1) can be rewritten as
Ut + a(x(t), Dtz + by = a(x(8), 1) + G(u) (g + ax(t), Huy)e™ | POX, )
Multiplying both sides of (2) by e/ ?4t, we get
%(uz(x(t), Del MOU) = a(x(t), el "% 4+ Gu) (e + alx(®), ). (3)
The nonlinear second-order partial differential equation (1) can be solved easily if we assume that

up(x, ) = (H(t) + K(u))e~ /b0

where H and K are differentiable functions of t and u respectively.
Then, we differentiate to obtain

%(ut(x(t), Del POy = H'(t) + K’ (u) (uy + a(x(t), D). (4)
Substituting (4) into (3), we find that:
H'(t) = ax(t), el 1O, (5)
and
K'(u) = G(u). (6)
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We obtain the following result.

Proposition 1 The second order partial differential equation (1) can be reduced to the first order differential equation
w(x,t) = (H(t) + K(u)e™ ] PO,
where the functions H and K are the general solutions of H' () = a(x(¢), t)ef bOdt aud K/ (u) = G(u).

Remark 1 Let G = u”, where n is a non zero positive integer.

Then, the second order partial differential equation (1) becomes

gt + (e, ity + b(Ouy = a(x, 1) + u" (e + alx, Huy)e  EOX,
Applying Egs. (5) and (6), we get an Abel equation of the form

we 1)) = (H(E) + 2y T
o n+1 ’

A comprehensive compilation of integrable Abel equations can be found in*-** and*.
Application
Example 1 Leta(x,t) = x, a(x,t) = xe™!, b(x,t) = 1and G(u) = 2u.

s + Xty = xe” ' 4 2uu; + xuy)e " (7)

with the initial conditions u(x,0) = 1and u;(x,0) = x + 1.

Solution:
We solve the characteristic equation

dx(t) _
a = X
{ x(0) = xo
which leads to x(¢) = xpe’.
The functions H and K are general solutions of

H'(t) = x(t)e~tel = x(t),
K'(u) = 2u.
Then we get
H(t) = x + Cy,
and
K(u) = W+ Cy,

where C; and C; are arbitrary constants.
The second-order partial differential equation (7) is reduced to the first-order differential equation

up(x, 1) = (u” +x)e”", (8)
with initial condition u(x,0) = 1.

The first-order differential equation (8) is an Abel equation, which can be solved using various methods. For

more details, refer to*’-%°.

Using initial condition u(x, 0) = 1and u;(x,0) = x + 1, we obtain explicit solutions of (7)

e <ﬁ - arcos(— \%))
NG

ulx,t) =+/x tan | /xe ' -1+

Visualizing the precise solutions obtained by Mathematica algorithms (Fig. 1) and plotting solution profiles at
different values of t, we observe the characteristics of several solutions of (7) with initial conditions u(x,0) = 1
and u;(x,0) = x + 1. As a result, these solutions develop singularities at certain values of x and ¢. Note that
despite the smoothness of the initial data, the spontaneous singular behavior in the solutions must be due to the
nonlinear term of the equation.

Figure 1 displays the 2D, 3D and contour plots of the solutions in (7) within —10 < x < 10and0 < ¢t < 4 for
3D and contour graphs, ¢t = 1for 2D graph.
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Figure 1. The profile of the solutions in (7) with u(x, 0) = x and u;(x,0) = x + 1: (a) and (b) 3D and Contour
plots with —10 < x < 10and 0 < t < 4, (c) 2D plotatt = 1.

Second class of reducible nonlinear partial differential equations
Description of the method and construction of the general solutions
The second group of second-order partial differential equations is formulated as follows:

U (g 4 a(x, Hug) + bOu ! = e_('"“)fb(t)dt(ut + a(x, t)ux)F(u, utef by, 9)

As in the previous section, the second-order nonlinear partial differential equation (9) can be readily solved if
we suppose that

u (x, t) = K(wye~ J b0t (10)

where u = u(x(t), t) and K is a differentiable function.
Then

(ue (x, t))m+1 — Km+1(u)e—(m+1)fb(t)dt. (11)
Differentiate (11) to obtain

(m 4+ Dl (s + aCx, i) =(m + DK™ @K' () (ur + alx, tuy)e” "D [ b0,

— b(t)(m + DK™ (e (m+D [ bt (12)
Then

K™ (W)K' () (g + a(x, Hyug)e” DO _p gy gmt1 )= (mt) [oOdt g p gy mt]
= e_(m"'l)fb(t)d'(ut + a(x, t)uy)F(u, utef bydty =
Substituting Egs. (10), (11) and (12) into (13), we find
K™(w)K' (1) = F(u, K (1)).

Therefore, the following statement holds.
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Proposition 2 The second order nonlinear partial differential equation (9) can be reduced to the first order dif-
ferential equation

up (x, 1) = K(uye™ /b0

where the function K is the general solution of K™ (u)K' (1) = F(u, K(u)).
Applications
Example 2 Letm =0, b = 0and a = 1. Suppose that function F satisfies F(s, w) = w.
Uy + Uyt = M? + uxuy, (14)
with the initial conditions u(x, 0) = 0 and u;(x, 0) = x2.

Solution:
Using the previous result, we find that the second-order nonlinear partial differential equation

Ut + Uyt = Mtz + uxuy,
can be reduced to the first-order differential equation
ur(x, t) = K(u), (15)

where K is the general solution of K’ (1) = K (u). Taking x(¢) = t + xo, we obtain K(u) = A(xg)e", where A is
an arbitrary constant of integration.
The differential equation (15) takes the form

us(x,t) = A(xg)e"

and the exact solutions of the second-order nonlinear partial differential equation (14) are analytically deter-
mined and take the following form:

u(x,t) = —In(F(x — t) + G(x)),

where F and G are arbitrary functions.
It follows from the initial conditions at (xp, 0) given by u(x, 0) = 0 and u;(x,0) = x? that the exact solutions
of (14) can be expressed explicitly as follows

3
u(x,t) = —In(1 — 3 +t2x — txz),

Envisioning the precise solutions obtained by Mathematica (Fig. 2) and plotting solution profiles at different
values of ¢, we have seen equations with smooth coefficients and initial data develop spontaneous singularities
due to the nonlinearity of the equations. The solutions of (14) break down at some values of x and ¢, and no clas-
sical solution for the initial value problems exists beyond this point of breakdown.

Note that the nonlinear partial differential Eq. (14) yields a more straightforward solution than the initial
value problem in the previous example.

Figure 2 displays the 2D, 3D and contour plots of the solutions in (14) within —2 < x < 2and0 < ¢t < 2for
3D and contour graphs, t = 2 for 2D graph.

Example3 Letm = 0,b = landa = 1.
Suppose the function F satisfies F(s, w) = w.
Uy + uye + up = (U + uy)uy, (16)
with the initial conditions u(x, 0) = 0 and 1 (x, 0) = x
Solution:
Using the previous result, we find that the second-order nonlinear partial differential equation
U + g + up = (U + s,
can be reduced to the first-order differential equation
up(x, 1) = e 'K(u), (17)

where K is the general solution of K’ (1) = K(u).
The differential equation (17) takes the form

ur(x, 1) = e~ " A(x)e",

and the exact solutions of the second order nonlinear partial differential equation (16) are analytically determined
and take the following form:

Scientific Reports |

(2024) 14:6443 | https://doi.org/10.1038/s41598-024-57005-1 nature portfolio



www.nature.com/scientificreports/

u(x,2)

3sf

30k

o\

-2 -1 g 1 2

(©)

Figure 2. The profile of the solutions in (14) with «(x, 0) = 0and u;(x,0) = x* (a) and (b) 3D and Contour
plots with—2 < x <2and0 <t < 2,(c) 2D plotatt = 2.

u(x,t) = —In(e "F(x — t) + G(x))

where F and G are arbitrary functions.
It follows from the initial conditions at (xg, 0) given by u(x,0) = 0 and u;(x,0) = x2 that the exact solutions
of (16) can be expressed explicitly as follows

ue,t) = —ln(e 2 + e 'x? — 2 tix — 2¢Px + 2t 4 267 — X2 4 2x — 1).
When we envision the exact solutions of (16) generated by Mathematica as depicted in Fig. 3 and create plots
showing the solution profiles at various time points, we find that they deteriorate at specific values of both x and
t. Beyond this point, a classical solution is no longer viable for the initial value problems.
Figure 3 displays the 2D, 3D and contour plots of the solutions in (16) within —2 < x < 2and 0 < t < 2for
3D and contour graphs, t = 2 for 2D graph.
Example 4 Letm = 0,b = 0and a = 1. Suppose that function F satisfies F(s, w) = s.
Uy + g = (U + u, (18)
with the initial conditions u(x, 0) = 0 and u;(x, 0) = x2.
Solution:
Using the previous result, we find that the second-order nonlinear partial differential equation
g + gy = (U + uu,
can be reduced to the first-order differential equation
ur(x, t) = K(u), (19)

where K is the general solution of K’ (1) = u.
The differential equation (19) takes the form
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Figure 3. The profile of the solutions in (16) with «(x, 0) = 0and u;(x,0) = x* (a) and (b) 3D and Contour
plots with—2 < x <2and0 <t < 2,(c) 2D plotatt = 2.

ur(x, ) = %uz +f(x —1),

where fis an arbitrary function that leads to a Ricatti differential equation.
Taking in account the initial conditions u(x, 0) = 0 and u;(x,0) = x2, the differential equation (19) becomes

1
ur(x, t) = Euz + (x— 1)

The result was obtained using Mathematica code as a complicated function. As in the previous examples, the
nonlinearity of the partial differential equations produces singular behavior in the solutions.

Figure 4 shows the 2D, 3D and contour plots of the solutions in (18) within —2 <x <2and 0 < t < 2 for
3D and contour graphs, t = 2 for 2D graph.

Example5 Letm = 0,b =0anda = x.
Suppose that function F satisfies F(s, w) = s%

Uy + Xty = (ug + xuy)ui?, (20)
3
x>

with the initial conditions u(x, 0) = x and us(x,0) = 3.

Solution:
Using the previous result, we find that the second-order nonlinear partial differential equation
g + Xty = (g + xux)u,
can be reduced to the first-order differential equation

ut(x> t) = K(”)’ (21)

where K is the general solution of K’ (1) = u?.

Differential equation (21) takes the form of an Abel equation
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Figure 4. The profile of the solutions in (18) with u(x, 0) = 0and u;(x,0) = x* (a) and (b) 3D and Contour
plots with—2 < x <2and0 <t < 2,(c) 2D plotatt = 2.

u(x,t) = %Lﬁ +f(xe™),

where fis an arbitrary function.

By applying the initial conditions u(x,0) = x and u;(x,0) = % the exact solutions of (20) are implicitly
obtained by generating the Mathematica codes.

Plotting the solution profiles for several values of ¢ (as depicted in Fig. 5) shows that the solution breaks
down at some points.

Figure 5 shows the 2D, 3D and contour plots of the solutions in (20) within —1 <x <1land 0 <t < 2 for
3D and contour graphs, t = 1for 2D graph.

Example 6 Letm = 0,b(t) = ;
Suppose that function F satisfies F(s, w) = (¥ )2 4+ 2%,
The second-order nonlinear partial differential equatlon (9) becomes

1 1 tu tu
th + a6, Ot + e = (0 + alx, t)ux)((j)2 + 24), (22)

with the initial conditions u(x, 1) = 1and u; (x, 1) = x2.

Remark 2 Some interesting particular cases of (22) can be formed. As an example, we mention the equation

/2
'+ u—tu( )2-1—2— (23)

recorded in®' as Eq. (53). Equation (23) is obtained from (22) if we assume that u is only a function of t.

Solution:
Using our previous result, we find that (22) can be reduced to the first-order differential equation
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Figure 5. The profile of the solutions in (20) with u(x,0) = x and u;(x,0) = "—33: (a) and (b) 3D and Contour

plots with—1 < x < 1land0 <t < 2,(c) 2D plotatt = L

1
ur(x, £)) = K(u)?,

where K is the general solution of K’ (1) = %K (u) + M%Kz (u).
We get

u2

A—

K@) =

Fora = 1, (22) takes the form

1 1 tu
U + vy + —tp = —(ur + Mx)((*t)2 +
t t u
Then the general solutions of (25) are given by
@b u? 1
uX,t) = —m— -,
! fx—t)—ut

where f denotes an arbitrary function.

Remark 3 Letu(x,t) = t~'B(x) be a family of solutions to Eq. (25).
Iff (x,t) = A, we get

- u(x, t)

— In(u(x, t)) = In(t) + B(x),

tu
274,
u

which is an implicit solution of (25) where A an arbitrary constant and B is a function of x.

(24)

(25)

We checked the implicit solutions of (25) by generating Mathematica codes and considering the initial condi-

tions u(x, 1) = land u;(x, 1) = x%
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Figure 6 shows the 2D, 3D and contour plots of the solutions in (25) within0 < x < 1and 0 < t < 2 for 3D
and contour graphs, t = 2 for 2D graph.

Example7 Letm = 0,b(t) = % and a = 1. Suppose that function F satisfies F(s, w) = w 4+ w>.
2 4,3
Uy + Uy + T = (ur + ) (uy + £ 17), (26)
1

with the initial value conditions u(x, 1) = x and u;(x,1) = Nereanr

Remark 4 In*, the author studied special case of (26) where u is a single variable function of ¢.
In (26), if we suppose that u is only a function of t, we get

2
u + ?u/ — u/z + (tu/)4,
which is the differential equation (61) investigated by the authors in*!.

Solution:
(26) is reduced to the differential equation

1
ut(x) t) = K(”)ﬁ) (27)

where K is the general solution of
K'(u) = k(u) + k> (u).
K(uw) = £(Ae 2 — 1)z,

Then the general solutions of 26 are given by

. \ \ . .

0.2 0.4 0.6 08 1.0

(©)

Figure 6. The profile of the solutions in (25) with u(x, 1) = 1and 4 (x, 1) = x% (a) and (b) 3D and Contour
plots with0 < x < land0 <t < 2,(c) 2D plotatt = 2.
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ut(x’ t) = t_z(f(x - t)e_zu - 1)_%>

where fis an arbitrary function.
By generating Mathematica codes, we obtain implicit solutions of (26)

2e2u6t) 1t — arctan(\/ 2e2ulnt) l)t —t\/2e X — 14 tarctan(\/ 2e~2x — 1) +t—1=0.

Figure 7 shows the 2D, 3D and contour plots of the solutions in (26) within —1 <x < 1and 0 < ¢t < 2 for 3D
and contour graphs, t = 2 for 2D graph.

Example8 Letm = 0,b(t) = —%. Suppose that function F satisfies F(s, w) = 1 + 2.,
1 u
Ug + Aty — U= t(ur + auy) (1 + Zt;)- (28)
t

Remark 5 A special case of our findings was recorded in®'. If we suppose that u is only a function of ¢ in (28),
we get

1
u — (; + 0 —282u =0,

which is exactly the differential equation (78) investigated by the authors of *'.

Solution:
(28) is reduced to the differential equation
ug(x, t) = tK(u), (29)
where K satisfies
K' (WK (1) = K(u) + 2u. (30)

Two particular solutions to (30) are given by K; (#) = 2u and K3 (1) = —u.

00 Y] e maoas v B
-1.0 -05 0.0 05 10

u(x,2)

02r

(©)

Figure 7. The profile of the solutions in (26) with u(x, 1) = x and u;(x,1) =
Contour plots with—1 < x < land0 <t < 2,(c) 2D plotatt = 2.

Jﬁl (a) and (b) 3D and

Scientific Reports | (2024) 14:6443 | https://doi.org/10.1038/s41598-024-57005-1 nature portfolio



www.nature.com/scientificreports/

u(x,t)

The general solutions of (30) satisfy the algebraic equation
(K () — 2u)*(K (1) + u) = A, (31)

where A is an arbitrary constant.
A real solution of (31) can be computed to yield

3 3
A2 —4A3 — 23 + A 2u?
MM:JJ W + - V2 T
2 \/«/A2—4Au3—2u3+A

Ifa =1, K(u) = ¢ (u,x — t) where ¢ is an arbitrary function.
Hence, we obtain an implicit solution of (28) as

ur(x,t) = tp(u,x — t).

We checked the implicit solutions of (28) by generating Mathematica codes and considering the initial condi-
tionsu(x,1) = 1.

Figure 8 shows the 2D, 3D and contour plots of the solutions in (28) withinl < x < 4and0 < ¢t < 4 for 3D
and contour graphs, t = 2 for 2D graph.

Conclusion
In this paper, we presented a new method, a combination of the variation of parameters and other techniques,
such as the method of characteristics, to derive exact solutions of nonlinear partial differential equations along-
side specific initial conditions, a framework extensively applied in mathematical physics. Illustrative examples
were provided to demonstrate the applicability of this method. Problems that are non-trivial when approached
with conventional methods now appear straightforward, as the resulting functions are univariate. Our research
findings indicate that fusing established classical techniques with innovative approaches yields efficient analyti-
cal solutions.

However, the combined approach may require significant computational effort, especially for NLPDEs with
complex boundary conditions or high-dimensional spaces. Additionally, instability or convergence problems
may arise, especially if the initial parameter or condition estimations are inadequate.

150
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255
250}
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2400 /
I 1 1 / 1 1 1 1 X
15 20 25 3.0 35 40
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Figure 8. The profile of the solutions in (28) with u(x, 1) = 1and u;(x, 1) = x% (a) and (b) 3D and Contour
plots withl <x <4and0 <t <4,(c)2D plotatt = 2.
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