www.nature.com/scientificreports

scientific reports

OPEN

W) Check for updates

Analysis and comparative study
of a deterministic mathematical
model of SARS-COV-2
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a case study
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In this paper, we investigate a fractal-fractional-order mathematical model with the influence of
hospitalized patients and the impact of vaccination with fractal-fractional operators. The respective
derivatives are considered in the Caputo, Caputo Fabrizio, and Atangana-Baleanu senses of fractional
order « and fractal dimension z. For the proposed problem, some results regarding basic reproduction
number and stability are given. Using the next-generation matrix approach, we have investigated
the global and local stability of several types of equilibrium points. We provide a detailed analysis

of the existence and uniqueness of the solution. Moreover, we fit the model with the real data of
Pakistan from June 01, 2020, till March 24, 2021. Then, we use the fractal-fractional derivative to find
a numerical solution for the model. MATLAB software is used for numerical illustration. Graphical
presentations corresponding to different parameteric values are given as well.

Keywords Epidemic model, Fractal-fractional model, SARS-CoV-2, Data fitting, Parameters estimation,
Comparison

COVID-19  Corona virus disease 2019

FDEs Fractional ordinary differential equations

PEG Poly(ethylene glycol)

MERS-CoV  Middle east respiratory syndrome corona-virus
SARS-CoV  Severe acute respiratory syndrome corona-virus

EVBC European Virus Bioinformatics Center
PRCC Partial rank correlation coefficient
FFD Fractal fractional derivative

The global impact of the COVID-19 pandemic that began in late 2019 has been unprecedented, affecting nearly
every region of the world. Because it spread so quickly, the World Health Organization (WHO) called it a pan-
demic. Millions of people got sick and died around the world'. Global governments responded by enforcing
strict lockdown rules, social distance guidelines, and other safety measures to stop the virus from spreading®’.
Several countries, including the UK, the USA, China, and Germany, suffered substantial economic losses during
the COVID-19 pandemic. These countries rushed to create COVID-19 vaccines, and even though some were
able to effectively contain the outbreak through proactive measures®, the development and distribution of vac-
cines became a global priority.

Due to the fast spread of this highly contagious and infectious disease, mathematical models have become
important for understanding how diseases work and planning how to treat them>®. The disease has symptoms
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that range from fever and cough to severe respiratory distress and neurological problems’”. In addition to helping
scientists figure out how the disease will spread, these models have also shown how well different treatments, like
vaccinations, work®. It is important to keep in mind, though, that there is no “right” mathematical model and
that many different modeling methods have been used. The study’s goal is to find out if fractional ordinary dif-
ferential equations (FDEs) can be used to model how COVID-19 and vaccinations work together. In this paper,
we chose to use FDEs as their modeling method, but it’s important to be aware of other modeling methods and
talk about the pros and cons of each.

Recently, Kubra et al.’ presented an Atangana-Baleanu derivative-based fractal-fractional order model for
the monkeypox virus, offering insights into the dynamics of the virus through a mathematical framework. The
study contributes to the understanding of virus behavior and aids in developing strategies for virus control and
prevention. Addressing the dynamics of the COVID-19 pandemic, Shah et al.’® proposed a comprehensive
fractal-fractional mathematical model for the transmission and control of the virus. In parallel, Li et al.!*!?
introduced an innovative approach for modeling financial bubbles using the fractal-fractional derivative of the
Caputo sense, contributing insights into the dynamics of three-agent financial bubbles. Furthermore, Fatima
etal.>! focused on modeling the epidemic trend of the Middle Eastern respiratory syndrome coronavirus, incor-
porating optimal control strategies to minimize infections while keeping intervention costs low. Kubra and Ali,
expanded this approach to the analysis of a novel COVID-19 outbreak in Pakistan, employing a fractal-fractional
derivative in the Caputo sense with a power-law kernel'*. These studies collectively showcase the versatility and
applicability of fractal-fractional mathematical models in understanding and controlling complex phenomena
across epidemiology and financial dynamics.

Using a deterministic mathematical model enhanced with fractal-fractional operators, this study delves into
the complex dynamics of the SARS-CoV-2 outbreak in Pakistan. Deterministic modeling forms the foundation,
providing a structured framework for understanding the transmission dynamics of the virus. This research
significantly contributes to the broader conversation on pandemic modeling, complementing existing methods
and fostering a comprehensive understanding of infectious disease dynamics. Additionally, it aims to com-
pare its findings with related studies such as the investigation of financial bubble mathematical models under
fractal-fractional Caputo derivative, modeling the epidemic trend of the Middle Eastern respiratory syndrome
coronavirus with optimal control, predictive modeling and control strategies for the transmission of Middle
East Respiratory Syndrome Coronavirus, dynamical properties of a meminductor chaotic system with fractal-
fractional power law operator, and exploring the role of fractal-fractional operators in the mathematical mod-
eling of corruption. The incorporation of fractal-fractional operators in these diverse contexts underscores the
versatility and applicability of the proposed modeling approach.

In this context, this research aims to provide a fresh perspective by incorporating FDEs into the modeling
framework. By doing so, it seeks to better understand the impact of vaccination on COVID-19 eradication in
the population and accelerate recovery. To achieve this, the study evaluates the dynamics of COVID-19 cases
in Pakistan over a specific time frame, ultimately comparing the model’s performance with reported cases to
gain insights into disease propagation. This work contributes to the broader conversation surrounding mod-
eling approaches for pandemic analysis, complementing existing methods and fostering a more comprehensive
understanding of infectious disease dynamics.

The manuscript is presented in the following order: we discuss the fundamentals of advanced fractional
calculus in “Preliminaries” and describe some of its core concepts. We provide a brief explanation of the math-
ematical modeling of the SARS-CoV-2 with the influence of hospitalized patients and the impact of vaccination
in “Model formation” We examined the model’s fundamental characteristics and conduct a “Qualitative analysis”
of them. The proposed “Mathematical model in fractal-fractional sense”, is also given, and then for the proposed
mathematical model the “Existence and uniqueness results for the solution” under Atangana-Baleanu fractal-
fractional derivative is aslo discussed. For the “Fractal fractional derivative in Caputo sense, Fractal-fractional
derivative in Caputo-Fabrizio sense, and Fractal-fractional derivative in Atangana-Baleanu sense”, we develop
some new fractal fractional numerical schemes. Finally, a comparison for all of these operators is provided ref-
fer to “Comparison”. We provide a graphical representation of the results for our proposed model, taking into
account parameteric values from the literature and some of them being fitted. We further studied the simulations
of “Results and discussion” for adjusting various parameters. In “Conclusion’, concluding remarks are given.

Preliminaries
Now that we've recalled a few preliminary definitions that are crucial to understanding this paper, are briefly
discussed in this subsection.

Definition 1.1 '® Suppose that y(¢) be differentiable in opened interval (a, b) with order 7 then the Fractal-Frac-
tional derivative of y(¢) with fractional order 7 in caputo sense having power law type kernel is defined as follows:

1 Edy(s)

FFP 11,T _ m—n—1
D, 1)) = t—s ds, 1
o 0V0) == | g ¢ (1)
wherem —1 <n<m0O<m—1<7t<mand dgs(f) = lim;_ y(:T):’SV,(S). The more generalized version is given
as:
FFPDn,r( (t)) 1 ! di}’(s) (t —sym 1714 @)
= — S S,
0V F'm—mn) Jy ds*
wherem —1<n<mO0<m—1<11 =< mandd;{gs) = lim;_, %
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Definition 1.2 ' Suppose that y(¢) be continuous on an open interval (g, b) then the fractal-fractional integral
of y(t) with order n having power law type kernel is defined as follows:

t
FFP](')Y,t(}’(t)) :%ﬁ)/o (t — )" 1"y (s)ds. (3)

Definition 1.3 '¢ Suppose that y() be continuous and fractal differentiable on (a, b) with order t then the
fractal-fractional derivative of y(t) with order 7 in the caputo sense having exponentially decaying type kernel
is defined as follows:

_M (n) IO n
FFE nf
Dy (1)) / p g (t—s) |ds, (4)
where 0 < 7,7 < mand M(0) = M (1) = 1. The more generalized version is given as:
M(n) dy”* O n
FFEpynth / _ _ )
o () et d el L (5)

where0 < n,7,A < m.

Definition 1.4 ' Suppose that y(¢) be continuous on an open interval (a, b) then the fractal-fractional integral
of y(t) with order n having exponentially decaying type kernel is defined as follows:

T t _ 1— tr—l ¢
e/ 0) :%/0 " ly(s)ds+%(my(). ©

Definition 1.5 '® Suppose that y(¢) be continuous and fractal differentiable on (a, b) with order 7 then the fractal-
fractional derivative of y(t) with order n in the Riemann-Liouville sense having generalized Mittag-Leffler type
kernel is defined as follows:

, AB( ) [td (S)
FM DR (1)) = / S E ( O S>”)d5: )
where0 < 7,7 < land AB(n) =1—n+ %n) The more generalized version is given as:
B AB(p) (" dy*(s) n
DG () = 1—p /0 ZS, En{ =1 —n(t_s)n - ®)

where0 < n,7,A < m.

Definition 1.6 ' Suppose that y(¢) be continuous on an open interval (g, b) then the fractal-fractional integral
of y(t) with order n having generalized Mittag-LefHler type kernel is defined as follows:

(1=t y(t)

t
FFM](Z}I (@) :ﬁ /o sSTThy () (t — 5)" N ds + ABGD)

)

Model formation

In this research paper, we extended a compartmental model presented by Ahmed et al.”, with the impact of
vaccination (see Fig. 1 for the model diagram). We account for the influence of hospitalized patients for a lower
susceptibility to SARS-CoV-2 infection as well as third dose of vaccine called booster shot. The present math-
ematical model considered the epidemic wave of SARS-CoV-2. Our model explicitly accounted for the decay of
vaccine effectiveness'®. Due to the fact that symptomatic infected peoples are being hospitalized, this suggests
that the entire population of individuals is W (¢), which would have been divided into eight classes: susceptible
individuals, exposed individuals, quarantined individuals, symptomatically infected individuals, hospitalized
individuals, asymptomatically infected individuals, and individuals that have take away from corona-virus. As
a consequence of this, the total population W (t) = S(t) + E(t) + Ia(t) + Is(t) + H(t) + Q(¢) + V(¢) + R(®).
Considering the discussion of the COVID-19 classes, Fig. 1 is where you may find the flow transmission through
one compartment to another. This diagram illustrates the process of developing a system of nonlinear ordinary
differential equations (for further information, see Table 1). IfTT, and ¢ are the natural natality and mortality rate
respectively, then the proposed mathematical model is given as:
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Figure 1. Dynamical phase diagram of COVID-19 model, transmitting impact of hospital treatment Included
the third shot of vaccine.

Parameter | Interpretation Value
B The number of peoples who have been quarantined because they are susceptible is increasing. 0.0002"7
1) Transition from sensitive to exposed peoples at a rapid rate 0.002!7
y The rate at which exposed individuals are transferred to quarantine. 2.0138 x 10747
m Proportion of susceptible people who have been vaccinated. 0.5
B High rates of moving people from the quarantined group to the symptomatic infected group. | 3.2084 x 10~47
P Vaccinated people’s disease exposure rate. 0.08"7
B Quarantined people to asymptomatic infected people ratio. 0.0101
14 Natural death rate. 0.009"°
o Recovery rate of exposed individuals. 0.05"
8 Disease-related mortality. 0.25"7
rn Recovery rate of asymptomatic infected individuals. 0.0127
) Recovery rate of symptomatic infected individuals. 0.012
r3 Recovery rate of symptomatic infected individuals who are in hospitalized. 0.072
hy Transfer rate of symptomatically infected individuals to hospital. 3.2084 x 10747
ha Proportion of hospitalized people who have been injected by booster dose. 0.021"7
Table 1. Discription of parameter for model (10).
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dl;
dt
dH
dr
‘Z—‘: =mS + hyH — pEV — (f +¢)V,
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Jt =aE 4 rls +nrls+rH — LR,
with the initial conditions S(0) = S, E(0) = Eg, Q(0) = Qo,14(0) = I4,,I5(0) = Is,, H(0) = Hy, V(0) = Vo
and R(0) = Ry respectively. Wherever (S(), E(t), Q(¢), 14 (1), Is(t), H(t), Q(t), V(¢), R(t)) € %f, the functions
S(t), E(t), Q(t), 14 (1), Is(t), H(t), V (), R(t) and their derivatives are assumed to be continuous for ¢ > 0.

Model framework

Individuals who are susceptible receive their vaccination dosage at a rate of m, or they transfer to a class that is
quarantined at a rate of 8, or they may become infected as a result of sufficient interaction with individuals who
are exposed at a rate of . After vaccination, the peoples may be asymptomatically infected (this occurs when the
vaccine is ineffective), and if this occurs, the individuals may move to an asymptomatically infected compartment
with a rate of f. If this does not occur, the vaccine may be exposed to the virus at a rate of p. After being exposed
to the virus, the individuals will be thrown in the quarantined class, or have a chance of becoming infected with
or without symptoms, according to the rates denoted by y, v,, and vy, respectively. Those individuals who are
able to beat the condition after vaccination and become disease-free are promoted to the recovery class at the rate
of . In addition, peoples who have been placed in a quarantine facility have a greater chance of being entirely
infected by the virus as a result of the analysis, with a rate of 8, for those who have symptoms and g, for those
who do not show symptoms. Individuals who are symptomatically infected may have major health problems and
be hospitalized with the rate of h; against the virus, after which they are injected with the first, second or third
doses of vaccines with the rate of h, or they may be recovered with the rate of r3, due to the best treatment in the
hospital, depending on the severity of their symptoms. Recovery from the virus can occur in either asymptomatic
infected peoples or symptomatic infected individuals, with the rates of recovery being r; and r, accordingly. Each
of these subgroups of people has a chance of being smaller as a result of natural mortality at a rate of {, but the
class of people who are infected has a chance of becoming smaller as a consequence of mortality caused by the
corona-virus at a rate of §. Therefore, the presumed natality rate, denoted by I'l, and the mortality rate, denoted
by ¢, are respectively represented by these two values.

The success of the system is contingent not only on the mechanisms of virus infection but also on the pres-
ence or absence of virus exposure in individuals who have never been exposed to the virus or in those who are
hospitalized with the best treatment according to the severity of the symptoms of the virus. We believe that it
is important to clarify what we mean by booster shots. When it comes to vaccines, the actual question is: Is it
necessary to take a third dosage if you've had your first two doses? We may want to recomend another dose for
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Figure 2. Data since June 01, 2020 to March 24, 2021 versus (a) model (10) fitting with integer-order derivative,
and in (b) model (29) fitting with fractional-order derivative.
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three different reasons. A third dose may be required for immunocompromised patients since the first two doses
aren’t working as well as they should in otherwise healthy people. This is especially true if you didn’t respond
or fall into a category of people who didn’t respond properly after receiving the first two doses. Secondly, if the
immunity that you got and achieved as a result of vaccination begins to fade, it begins to diminish or decline
over time. In reality, current research suggests that vaccinations are incredibly effective at keeping you safe from
serious illness, hospitalization, or even death. People who have already received two doses of the vaccine do not
appear to require another shot. A third dose may be necessary if the vaccines do not adequately protect against
some of the new variants of COVID-19 that are causing us fear. The current vaccinations against the variations,
which we’re monitoring very closely, are holding up quite well against the most severe forms of the disease.

Model fitted with real data

The main objective of this study is to identify optimal models that align with the reported cases in Pakistan®,
followed by an examination of the impact of behavioral changes on the management of this emerging infec-
tious disease. The best-fitting curve from models (10) and (29), together with its associated parameters, may be
seen in Fig. 2. These models were chosen based on their ability to accurately capture the trend of reported cases
in Pakistan. Additionally, the analysis will also explore how different interventions and control measures can
affect the trajectory of the disease. Through the use of curve fitting techniques and real data from the COVID-
19 outbreak in Pakistan®, the authors created an optimized epidemic model (10). Finally, we explain how these
false assumptions about the structure of model (10) contribute to both the recovery of affected individuals and
the maintenance of social welfare given the obstacles posed by these diseases. Furthermore, recommendations
have been made regarding the possibility that the populace could eradicate viruses or efficiently control them
by putting appropriate control measures in place.

Qualitative analysis

In order to properly examine the infectious disease model, reproduction number is very important?'. The positiv-
ity, invariant region and basic reproduction number for the proposed model are computed and presented in this
section, deals with the study of stability of basic reproduction number in Theorem 3.1 at disease free equilibrium
point, Theorem 3.2 deal with the existence of unique endemic equilibrium point, and Theorem 3.4 deal with the
stability of its endemic equilibrium point.

Positivity and biologically invariant region

The state parameters described by the model (10) must be shown to be non-negative for allt > 0in order to estab-
lish their validity following the population description. The solution of the given problem, under the assumption
of positive initial data, exhibits positivity for all time values greater than or equal to zero and is also bounded.
Using the systems (10), it is simple to see % =TT —-¢W(t) —8(Ia(t) + H(t))and sup,_, , ,, W(t) < % This
allows us to investigate the system (10) in the following tractable domain:

{(S(t)> E(t), Q1) 1a(t), Is(t), H(®), V(),R(t)eAS |0 < sup W(t)ig}- (11)

t—+00

The system (10) is now positively invariant with respect to Eq. (11). So, the proposed model
(10) is properly posed from an epidemiological perspective, and the system has solutions with
(S(t), E(t), Q(t), 1a(t), Is(t), H(t), V(t),R(t))e%_f remain in 8%,

Disease free equilibrium point

In epidemiology, the disease-free equilibrium point refers to a state in which a population is free from any infec-
tious disease. At this point, there are no infected individuals within the population, and the disease does not
spread further. This equilibrium is achieved when the rate of new infections is balanced by the rate of recovery or
removal of infected individuals from the population. It represents a desirable goal for public health efforts and can
be maintained through effective prevention measures such as vaccination campaigns and prompt identification
and isolation of infected individuals. The system (10) denotes that the DFE point is determined by

IT mIl
DFE =(So, Eo, Qo 149> Isy» Ho» Vo, Ro) = <ﬁ+m+§, 0,0,0,0,0, Frm+oU+o) 0)- (12)

Basic reproduction number

The number corresponding to the infection rate predicted to occur per unit of time is referred to as the basic
reproduction number %,. This infection spreads throughout the susceptible population as a result of a people
who is already infected with it. The section creates a new system that is based on the system (10), and it includes
the classes of exposed populations, infected populations (both asymptomatic and symptomatic populations),
quarantined, and hospitalized populations . In these infected classes %, for the mathematical model (10) is
described. By utilizing the method of next generation matrices, the value % is discovered for the system (13),
wherever other writers have used it in their work?!. It is abundantly clear from the model (13) without sacrificing
generality the article develops a system that has the following classifications of the exposed, infected, quarantined,
and hospitalized population:
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’r =BS+yvE—-(Bi+ B2+ 0Q,
dls
= “VEHV A Q- (n+8+ D, (13)
dlg
g —E+AQ- hiHIg — (r2 + {)s,
dH
s =hHIs — (hy + 3 + 8 + ) H,
Referring to?, from the system (13), the study generates matrix Fand V, i.e.
PEV + wSE —-y+u+uv+a+E
0 —VE—fV—BQ+ (n+d+
F= 0 & V=| —»nE-BQ-mHs+ (rn+s |,
0 —mHIs+ (hy + 134+ 8+ ¢)H
0 —BS—vE+ B+ B+0Q

Here, F and V represents the jacobian matrix at DFE point for the matrix F and V, and is written as:

M(mp+o(f+¢)) o

000
B+m+O(f+¢)
_— 0 0000
0 0000
0 0000
0 0000
—-y—v1—uvy—a—¢ 0 0 0 0
—u1 -—n—34-¢ 0 0 — B
V= ) 0 —-n—-t 0 - B ,
0 0 0 —hy—r3—38-¢ 0
-y 0 0 0 -B—B—¢
this implies that
M(mp+o(f +¢)) 0000
y+ut+uvt+a+B+m+0(f+7¢)
- 0 0000
0 0000
0 0000
0 0000

So,Q(val) — NCmpto(+c)) = Ao, wherea =y + v +v2 + o+ ¢andb = § + m + ¢, Therefore

ah(f+§)
N(mp+o(f+¢))
+ut+uvta+)B+m+0)(f+1¢)

R = (14)

Local stability analysis of the disease free equilibrium

Theorem 3.1 The disease free equilibrium DFE is locally asymptotically stable if %, < 1.
Proof In direction to point out the stability conditions for the system (13) at the DFE point, let us consider the
following Jacobian matrix # (DFE) with respect to the system (13),

n
—-B—m—¢ » ¢ _))B% ) 0 0 0 0 0 0
mp+w(f+¢))—(y+v; +vp+a+i

[10pt]O BrmiOG+0 0 0 0 0 0 0

[10pt]O v1 —r—-86=¢ 0 0 A1 f 0

# (DFE) = [10pt]0 vy 0 —rn = 0 B 0 0

[10pt]O 0 0 0 —hy—r3—8—-¢ 0 0 0

[10pt]0 y 0 0 0 —Bi—B—t 0 0

—mpll —f—

(10pt]m B0 0 0 b 0 f-¢ 0

[10pt]0 o 1 ) 3 0 0 —¢

the characteristic equation for the system (13) is obtained as:
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Omp+o(f+¢)) —y+ui+vtaty) (cr—8—c— )
B+m+0(f+¢)
(—o=¢ =) (~h—rs—8—¢ =) (- —Bo—¢ =) (=f —¢ = V) (=t = 2¥),

which implies that

J(DFE) =(—B—m —¢ — ") (

NM=—B+m+10) <o,
P=(yt+ututo+) (% 1) <0, = Ry < 1.
B=—(r+84+0) <0,
H==(n+0) <0,

P=—(+r+35+0 <0,
F==Bi+p+0) <0,
Vo=— (f +¢ ) <0,
B=—r<o.
It is obvious that 41343678 has negative sign. In addition, we can deduce that /2 is negative then Z < 1,

implying that DFE is asymptotically stable locally. The proof is now complete.

Sensitivity analysis of 2

The proposed model of COVID-19 presented in system (13) is examined using sensitivity analysis to investigate
the effects of the parameters. The sensitivity analysis helps in understanding how changes in each parameter
impact the overall dynamics of the model. By varying the parameters within a certain range, researchers can gain
insights into which factors have the most significant influence on the spread of the virus. It’s crucial to identify
the parameters whose values can be altered relatively easily without significantly altering the model’s dynamics.
This information can then be used to inform public health interventions and policies aimed at controlling the
spread of COVID-19. Additionally, sensitivity analysis can help researchers identify key areas for further study
or data collection to improve the accuracy of the model. Following is a normalized version of the sensitivity
indices for the parameters:

X 8%0
x=— X
@0 0x

, (15)

It is concluded that the reproduction number (%) is increasing with I, , m and p. This suggests that higher
values of IT, w, m and p are associated with a greater potential for disease transmission. Understanding the factors
that contribute to an increased reproduction number can help inform public health interventions and control
measures to mitigate the spread of infectious diseases. We compute derivatives in order to confirm the sensitivity
of the function as follow:

% _ pm+o(f+¢) (6
M (yt+utvto+d)B+m+0)(f+¢)

o (y+ut+uvwto+O)B+m+o) (17)
%y _ Iim 8
i rutmtotrOB+mtOF+L) (18)
0 M(pB +¢) —o(f +1)) (19)

im  (y+uvituvto+OB+m+O(f+¢)

The sensitivity index being constant based on specific parameters means that it remains unchanged regardless
of variations in other factors. On the other hand, a sensitivity index that is free of any independent parameters
implies that it is not influenced by any specific variables and can vary independently. Table 2 illustrates the impact
of sensitivity indices on the observed results. It provides a clear comparison between the constant sensitivity
index and the independent sensitivity index in terms of their effects on different variables. Figure 3 show the
partial rank correlation coefficient (PRCC) values for the significance of parameters involved in %. These PRCC
values provide insights into the extent to which each parameter affects the overall value of %,. By analyzing the
PRCC values in Fig. 3, researchers can identify the most influential parameters and prioritize them for further
investigation or intervention.

Scientific Reports |

(2024) 14:6431 | https://doi.org/10.1038/s41598-024-56557-6 nature portfolio



www.nature.com/scientificreports/

Sensitivity index Value Sensitivity index Value
T 0.8609 Iy, —0.1094
I's 0.0000 Ip 0.9992
ry, 0.0000 | 0.0008
r, —0.0604 Ty —0.0004
T, 0.0000 T, 0.0000
I'nm 1.0000 Iy —0.4702
Iy, —0.7335 Ty, 0.0000
T, 0.0000 T, 0.0000
Iy 0.0000 g, —0.0819

Table 2. Sensitivity indices of the % against the parameters used in model (13).

Sensitivity Measure

08 S S S S S S SR S
om s f g P 52 r, o o ow v, B m v w 1
Parameter

Figure 3. Sensitivity of the basic reproduction number % to changes in the model (13) parameters using
sensitivity indices.

Figure 4 specifically examines the vaccination parameter m, which is a clinically significant parameter utilised
in the computation of the basic reproduction number %,. This parameter plays a crucial role in determining
the effectiveness of vaccination campaigns in controlling the spread of infectious diseases. Understanding how
changes in m impact % is essential for developing successful public health strategies. In various situations, the
significance of various parameters is emphasised. For the purpose of figuring out %y, scenario in Fig. 4a shows
what the recovery rate means in terms of the vaccination parameter. Specifically, as the recovery rate increases,
the basic reproduction number decreases, indicating that a higher rate of recovery can help reduce the spread
of infectious diseases. This highlights the importance of considering multiple parameters when evaluating the
impact of vaccination campaigns on disease control. Figure 4b illustrates the clinical significance of the vac-
cination parameter m in conjunction with the rate at which exposed individuals are transferred to quarantine.
By analyzing the relationship between m and gamma, we can better understand how different combinations of
vaccination and quarantine strategies can impact disease transmission. This comprehensive approach allows for
more effective public health interventions to be developed based on a thorough consideration of various fac-
tors influencing disease control. The Scenario in Fig. 4c explores the impact of the natural death rate in relation
to the vaccination within the framework of Z. This analysis helps to determine the optimal balance between
vaccination efforts and natural immunity in controlling disease spread. Understanding how the natural death
rate influences vaccination strategies can provide valuable insights for public health decision-making. In conclu-
sion, Fig. 4d illustrates how the figure computes %, with respect to the vaccination while assessing the clinical
significance of the disease exposure rate subsequent to vaccination, referred to as p. This information can guide
policymakers in making informed decisions about vaccination campaigns and disease control measures. By
considering various scenarios and outcomes, public health officials can develop effective strategies to combat the
spread of infectious diseases. Each parameter in the mathematical model used to evaluate the effect of vaccination
on disease transmission is critical in establishing the basic reproduction number, and these scenarios probably
reflect various parts of that model. Understanding the relationship between vaccination and disease transmission
is essential for creating successful public health interventions. By analyzing the impact of different parameters,
policymakers can tailor strategies to effectively reduce the spread of infectious diseases within communities.
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Figure 4. Based on PRCC calculations, this figure shows the clinically importance of parameter involved in %
for vaccination parameter m in (a) with «, (b) with y, (¢) with ¢ and (d) with p.

Existence of endemic equilibrium point
This section examines the possibility of an endemic equilibrium point. Let us use the symbol for the endemic
equilibrium point are ($*, E*, Q*, I}, I, H*, V*, R*) and endemic equilibrium always satisfies:
I — wE*S* — (B+m+¢)S* =0,
PE*V* + wS*E* — (y + v1 + vz + @ + )E* =0,
BS* +VE" — (B + B2+ Q" =0,
VIE* 4+ fV* + B1Q" — (r + 8 + ) =0,

VE" + £2Q" — M H'E — (+ O =0, 20)
hHI§ — (hy + 13+ 8+ {)H™ =0,
mS* + hyH* — pE*V* — (f +¢) V* =0,
aE* + I + i + rsH* — (R* =0,
As a result, we arrive to the following theorem.
Theorem 3.2 There exist a unique endemic equilibrium point for the system (10) and is given as
. nx
§t = ) (21)
(B+m~+¢)D — wphyhy fr 11
1
E =2 [B+m+ 0B+ b+ Ot +r+8+0((n(f+8)y+u+vt+a+d) )

—pha(r2 + ©)) + (mphiT1 + whi T1(f +¢))) — phiha B BTI],
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BTIX? + yF((B + m+ {)D — wphihaBB11)

V=Bt Bt OB+ m+ 0D —wphipp)X’ @3)
o _WIN+PU+ BT (BNX + yF((B + m + OD — wphihafoT)) (24)

AT (r1+8+0)UT ’
I§=h2+r3+8+§) (25)

hy

o MWK +M) =+t +r+8+ )Lt +r3+38+7)) (26)

B hiLthy +r3+8+¢) .
v y+uvi+vt+a+O((B+m+)D— wphihyeIl) — 0IIX o

a p((B+m+¢)D — wphihyBBy11) ’

1
R* =m[ah1(hz+r3 +3+N+3+)B+m+)BL+ P+ +13+8+8)

(28)

x(M(f+0)y+v+v+a+0) —ph(n+0) + (mph T+ ol TI(f +¢)))
—phiha B2 BTT)LTU + VX].

Here:

D=(Bri+B+M+r+s+(wh(f+¢)y+vi+va+a+i)—ph(n+)+
(mphi Tl + whiT1(f +¢)) = G) + phahi(B + m + O (va(Br + B2 + ) + vB2))s

F=(B+m+0Bi+h+0M+r+3+0(M(f+)y+ui+v+a+?)
—pha(r + ©)) + (mp 11 + o T1(f +¢))) — phihaf2BT0),

G=phB+m+y+vi+u+a+d+om(f+L)y+vi+v+a+?)
—phy(ry + £)) — phuTI,

K= B+ B2+ ((B+m+ D — wphihyfBT1) (B + m+ ) (B1+ B2 + ) (ha + 13
+5+ (M +¢) v +vi+v2+a+0) —pha(ra+ ) + (mphT1
+om T(f +¢))) — phih2fBT)X,

L= B+ B2+ 0)((B+m+)D — wphihyfaTT) X2,

M = B, (BTIX + yF((B 4+ m+ {)D — wphih, 8B, 11) ) X,

N=(B+m+OBi+Bh+Oh+r+8+0)(((f+¢)(y+uvi+uv+a+0)
—phy(r + ©)) + (mphi T1 + o T1(f +¢))) — phihaf2BT1) (p((B +m + £)D
—wphiha B2 11)),

P=(f(y+vi+uv+a+0)((B+m+)D—wphihfpall) — wX))X,

T =p((B+m+)D — wphihappaT)X,

U= B+ B+ (B+m+)D— wphihyfp11)X,

V =rihLthy+1r3+8+ ) ((LiN + P)U + B T(BNIX + yF((B + m + {)D — wphiha fB211)))
+ (4 8+ ) (rLlhy + 1348+ £)* + r3(h (K + M) — (1, + ¢)
x(hy + 13+ 8 + ¢)°L) ) UT,

X=phhi(B+m+ 0B+ P+ +yB)— B+ B+ +r+5+0)G.

Global stability analysis
The following theorem serves as our final statement.

Theorem 3.3 There are no periodic orbit for the system (10).

Proof To acheive this, we turn to Dulac’s criterion. Now, let X = (S, E, I4, Is, Q, H, V, R). Relying on the Dulac’s
function
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we acquire
d I B+m+¢

Y —=———" —w,
dt ~ SE E

gdj ﬂ_y—!—vl—l-uz—ka—l—C_’_w)
dt N S
dIA 7+fz+@_(r1+8+§)l,;
dt S SE SE SE ’

g s dls v BQ  mHIs (24 9)Is
dt S SE SE SE °
d

g 9 Q ,3+ (ﬁ1+ﬂ2+§)Q)
dt E S SE

p dH thIS (hy+r+6+¢)H
dr SE SE ’

g &V _m mH_pV (f+8+2¢)vV
dt —E  SE S SE ’
dR o nrly g r3sH ¢R

Y — =+ —+ — + — — =,
dt S SE + SE + SE SE

Thus,

d9X o ( dS\ o [ dE 9 dl, 3 dI; 9 dQ
=— (92 )+ (g )+ (922 )+ (922 )+ (9 =2
G R O B G R (S R TG

D (Y, D [y dVY, 0 ([, dR
aH dt 3V dt OR\ "~ dt )’

d9 X o (Tl B+m+¢ pV y+ui+uvta+¢
se- B ° +8E e

Cdr 88 SE E S S
Vv BQ (n+d+ly 9 B2Q
+aT(?+sE+ST SE >+815<S+SE
_ mHIg (Yz+§)ls) i(ﬁ L v _ B +/32+§)Q)
SE SE aQ S SE
d thIs (hy + 13 + 8+ 0)H m  hyH pV
ﬁ( SE ) (* SE S

+8+¢)V ad nl ol rsH R
_UHsHOv é“)>+ < A 25,5 §>,

SE 3R SE ' SE ' SE SE

d9 X _(_£> B <r1+5+;) B (ml+r2+;) 3 (ﬂl+ﬁz+§)
dt | S2E SE SE SE SE

(hlls h2+r3+5+;)_(g+f+8+;) ¢

SE SE S SE SE’
a9 X _ ( I +pE—|—h1(H—Is)—|—h2—|—r1 +1ry+ 13+ By +ﬂ2+f+38+6§)
dt S?E SE ’
dy X
T
The system described by Eq. (10) does not exhibit a periodic orbit. This concludes the proof. O

Since ‘B is positively invariant, the Poincare-Bendixson theorem states that all solutions to the system (10)
begin in B and remain there for all t. Therefore, it is concluded with the following theorem:

Theorem 3.4 The endemic equilibrium is globally asymptotically stable if By > 1.

Mathematical model in fractal-fractional sense

The current study demonstrates that mathematical models created using fractal-fractional operators typically
have a higher degree of accuracy and dependability than models created using integer-order operations. With
each new formulation, fractal-fractional derivatives have advanced our knowledge of complex systems. As Michel
Caputo® first proposed the Caputo fractional derivative, it was a fundamental idea that opened up traditional
calculus to include non-local and memory-dependent phenomena. Over time, researchers further refined frac-
tional derivatives to enhance their applicability. Caputo and Fabrizio introduced the Caputo-Fabrizio fractional
derivative in 2015 as a revised definition with a smooth kernel, which improved the representation of processes
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in the real world®. Atangana and Baleanu introduces Atangana-Baleanu derivative in 2016 as another variation
of the fractional derivative?. This derivative was made to better capture the memory effect and non-locality,
which means it can be used to model complex systems with interactions that happen over long distances. egard-
ing fractional linear differential equations, Atangana and Qureshi'® investigated the Atangana-Baleanu-Caputo
fractional derivative in 2020. By integrating fractal elements into the Caputo framework, this variant, which
was proposed by Atangana and Baleanu, offered an original viewpoint. Following this, research conducted by
Arif et al.”” underscored the effectiveness of recently developed fractional fractal derivatives, showcasing their
superiority in comparison to conventional fractional derivatives and classical fractional derivatives. The ongo-
ing refinement of mathematical models to enhance comprehension of complex systems across various scientific
disciplines?®** is evident in the continuous evolution of these derivatives.

The proposed nonlinear fractional model (10), in the sense of fractal-fractional operatos (discussed in “Pre-
liminaries”), thus has the following structure:

FEDRT (S(t)) =I1 — wES — (B + m + ¢S,
FEDIT(E(t)) =pEV + wSE — (y + vy + vz + & + OE,
FEDIF(Q(1) =BS + yE — (B + B2 + 0)Q,

FEDF (Ia () =viE +fV + B1Q — (r1 + 8 + )y,
FEDGT (Is(H) =v:2E + B2Q — hyHIs — (ry + O)Is,
FEDPT(H (1)) =hiHIs — (hy + 13 + 8 + 0)H,

FEDYY (V(t)) =mS + hoH — pEV — (f +¢) V,

FEDGT (R(1) =aE + ril4 + rols + r3H — R,

(29)

under the assumption that the variables are all positive, and with appropriate initial conditions ¥ Dg)’tr (+)is the
fractal-fractional derivative of order n with fractal dimension t.

Existence and uniqueness results for the solution
Here, we generalize the presented model to a fractal-fractional order and use the fixed point theorem to check
whether or not this new model has unique solutions. This generalization is motivated by the aforementioned
application. Let us define the kernals to demonstrate the existence of a unique solution under Atangana-Baleanu
fractal-fractional derivative

Fi(t,8(t)) =I1 — wES — (B +m+¢)S,

Fy(t,E(t)) =pEV + wSE — (y +v1 + v2 +a + {)E,

F(Q1)) =S+ yE—- B+ 2+ DQ

Fy(t,14(1)) =0iE+fV + f1Q — (n + 8 + {)la,

F5(5,Is(t)) =02E 4+ B2Q — hiHIs — (r2 + ¢)s,

Fe(t,H(t)) =mHIs — (hy + 13+ 8 + {)H,

F;(t, V() =mS + hH — pEV — (f + ¢) V,

Fg(t,R(t)) =aE + riIs + rpls + r3H — ¢R,
where Fi(t,S(1)), F2(t, E(t)), F3(t, Q(1)), Fa(t, 1a (1)), F5 (£, Is (1)), Fo (¢, H(1)), F7(t, V(1)) and Fg(t, R(t)) are
contraction with respect to S, E, Q, I, Is, H, V and R respectively. Here we consider a model (29) with fractal-
fractional derivative for ordinary differential equations given as in the Atanagana-Baleanu case.

FRABCDE (W (8)) =F (1, W (1)), (30)
where
S(¥) S(0) = So F1(t,S(1))
E(1) E0) = Ep Fy(t, E(t))
I4(8) 14(0) = I4, F3(t, 1(1))
_ | Is® _| O =1I | _ _ | Fa@Is(D))
WO=1q0 | WO=1qo=q | =" WO = | ko |
H(1) H(0) = Hy Fe(t, H(t))
V() V(0) =Vp F7(t, V(1))
R(?) R(0) =R Fs(t, R(1))
Then using the fact that FFABCDg’t(W(t)) can be written as:
_AB(p) d (! n
_ﬁﬁ ./0 F(u, W(w))E, <_m(t - T)") dr, (31)

Consequently, we can change the integral to because it is differentiable
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1 AB(p d
Tl 1 —pdtt

t
/ F(it, W()E, (—&(t - r)n)dr, (32)

Therefore, Eq. (30) can be expressed as follows:

AB(n) d_
1—n dt*

t

/ F(u, W(w))E, (—ﬁ(t - t)”)dt —tTLE( W), (33)
0 _

After applying the integral, we get the right hand side by replacing it with the Caputo

W) — Wit) =

n_ -1 _ 1 —1
=30y T FE W) + AB(n)F(n) / (t =" Fu Wen™'dr,  (34)

Let W(tp) = W(0); then the Picard iteration is defined by

Wi () =—— L et* LB (t, Wi(8) + —— e — / (t — )" F(u, W (w)p™ e, (35)

1
AB(1) AB(mT'(n)

There exist an upper bond for the non-linear functions S(¢),E(t), Q(t), Ia(t), Is(t), H(t), V (t)
and R(t) if and only if Lipschitz condition are satisfies by the kernels
Fi(t,8(1)), Fa(t, E(1)), F3(t, Q(1)), Fa(t, 14 (1)), F5(t, Is(t)), Fs(t, H(®)), F7(t, V(¥)) and Fg(t R(t)) for
0<M; <1,i=1,2,3,...,8.Indeed, suppose S (t) and S, (¢) be two functions, then we get

IF1(t,81) — Fi(t, )| =TT — wES; — (B+m+¢)S1) — (I — wES; — (B+m+§)S)|,
=[(wE+B+m+ )51 — (@E+ B+ m+)S|,
36
s(w sup |E|+ﬂ+m+:>||sl—sz||, G0
t€[0,T]
<Mi||S1 = Sl

where M; = (a) SUPsefory 1EI + B +m+ {), thus
IF1(2,81) = Fi(t, )11 <MiIS1 — Sall. (37)
By following the identical technique as described in Eq. (36) previously mentioned, we obtain

IF2(t, E1) — Fa(t, E) |l <Mz |IEy — Exll,
1F3(t, Q1) — F3(t, Q) Il =M3llQ1 — Qal,

HF4(t’IA1) _F4(t’IA2)H SM4||IAl —Ia >

HFS(t’ISl) —Fs (t’ 152) H SM5H151 —Is, |},
IFe(t, H1) — Fe(t, Ho) | <MsllHy — Hal,
I1F7(t, V1) — F7(t, V2)Il <M7[ V1 — Vall,
IFs(t, R1) — Fs(f, Rp) | <MgllRy — Rall,

where the equivalent Lipschitz constants for the functions F;(-) are M; for (i = 1,2, 3, ..., 8). Then the Picard
operator is defined as

AW(@®) =

7’] r—l _ 1 7—1
AB( F(taW(t))‘Fm/ @t —0)" F(u, W)™ dr, (38)

It is worth mentioning that the solution of the fractional model (29) is bounded. In addition, since
Fi1(t,S()), F2(t, E(1)), F3(t, Q(1)), Fa(t, I (1)), F5(t, Is(t)), Fs(t, H(t)), F;(t, V(¢)) and Fs(t, R(t)) are contrac-
tion, we can write

A Wi () — At Wa0) || =M[[W1(t) — Wa(D) ||
where M < 1. Also, by using Eq. (38), we get

1 t
W) — W)l HAB(") "Rt W(t))+m/ (t — 1) F(u, W) Ve |,
2oy IFG W“””*m/ ¢ — o F G WO ™1de, (39)

1—-n ., ntt"
< Tt + M < KM,
AB(n) AB(mT'(n)

where KM < 1. Now, by using the definition of the Picard operator (38), we provide
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1
Wy () — W2 (1)l —H AB(")nf 'Ft, W) + r(mr ) / (t — )" F(u, W)t ||,
sﬁrt“lllF(t, W<t))||+m /0 (t — )" YF(w, W) lu" " dr, (40)
<(1—77 —1 ntt" >
<|{——1t + —— |M < KM,
AB(n) AB(mT ()

Numerical scheme with fractal-fractional operators

Three numerical methods for the Caputo, the Caputo-Fabrizio, and the Atangana-Baleanu with fractal-fractional
operators are presented here. These numerical methods are used to solve fractional differential equations. They
provide efficient and accurate approximations for the solutions of such equations, which often arise in various
scientific and engineering applications.

Fractal fractional derivative in Caputo sense

In this section, the fractal fractional model (29) is discussed with fractal fractional in the sense of Caputo as that
of the differentiation operator. We present the concept of fractal dimension as a means of quantifying self-similar
patterns within the mathematical model described in the system (29). Given that the fractional integral exhibits
differentiability in the aforementioned equations, it is possible to modify them to accommodate the Volterra type
scenario. This results in the Riemann-Liouville interpretation of the fractal-fractional derivative being written as

mdt/ (=Dl (41)
such that system (29) becomes

RLp? (S(t)) =tt" " [TT — wES — (B + m + £)S],

RLDY (E(t)) =tt" ' [pEV + wSE — (y + v1 + vz + & + {)E],

RLDY Q) =tt* Y [BS + VE — (B1 + B2 + )Ql,

KD, (Ua®) =t VE+fV + B1Q — (11 +8 + Ola],

BLDY (s(t) 1™ [v2F + $2Q = I HI5 = (r2 + §)Is),

KD, (H(1) =4~ [mHIs — (hy + 13 + 8 + OH],

KD (V(#)) =" [mS + hyH — pEV — (f +¢) V],

KDY (R(£)) =tt" ' [aE + r11s + rals + r3H — ¢R],

The Riemann-Liouville derivative is now replaced with the Caputo derivative in order to apply the integer-
order initial conditions. The results shown below are then obtained by applying the Riemann-Liouville fractional
integral to both sides:

S(t) =$(0) + T) t w = )" Fy (s S(w))d e,
E(t) =E(0) + % t w = " R EGu)dp,
Q1) =Q(0) + ﬁ W — ) E s QU
Ta(t) =I4(0) + % t u = )" Fa(s Ta (),
Is(t) =I5(0) + m U 1) s s T
H(t) =H(0) + W t u = )" e, H)dp,
V() =V(0) + % tu"‘(t — W Fr (s V() d s
R(t) =R(0) + % : W = )" By, R,

Att,1, we now present the numerical scheme for this system, which makes use of an original technique. The
system undergoes a transformation.
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T (28] 1 1
S(tn+1) =S(0) + m W (tnger — ) Fr (s S(w))d e,
fn 1
E(tn41) =E(0) + m 1w (g — )" By (s E()dpts
a1
Q(ty+1) =Q(0) + m W g — 10" F3 (1, Q) d s
T tht1 1 1
Ia(tnt1) =1a(0) + T Jo W (g — ) Fa(p, Ia () d s
tnt1
TIs(tnr1) =I5(0) + % W e — 0" Fs (s Is () dpe,
T nt1 1 1
H(ty+1) =H(0) + T Jo W (b1 — )" Fe(u, H(w))dp,
T KRR -1
V(tn+1) =V(0) + to )l M (tnr1 — )" F7(u, V()dp,
T thl -1 1
R(ty+1) =R(0) + T o W (b1 — )" Fe(u, R(w))dp,

Then we approximate the above obtained integrals to

tk+1
S(tnt1) S(O)"LWE / L (g — 0 Fr (s S(w)d
i

k1

E(ts1) =E(0) + m Z / W (b — 0" P, EGu)dpss

tht1
Qltnst) =Q0O)+ WZ / W b1 — 10" Fs (1 Q)
i

Ta(tas1) =14 (0) + m Z / 1 (b — )" Fas La () d s

L1
Is(tay1) =Is(0) + m Z/ 1 e — )" Fs (s Is () dp,
ty

lk+1 ’ ’
H(tyi1) =H(0) + m Z / W ot — " Fsu Hw)dp,
tr

Vtas1) =V (0) + m Z / 1 by = " Fr (s VG0,
ty

R(tn+1) =R(0) + m Z / 1 1 — 10" Py (s, R,
ty

Using Lagrangian piece-wise interpolation, we make the function approximations u*~1F;(u, W(u)) for
i=1,2,3,4,5,6,7,8and W = [S, E, Q, I4, Is, H, V, R]" within the finite interval [tj,tﬁl}ls now written as:
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Thus, we obtain

P( )_¢ 1E (1,5(5)) — il

—t]_ i —ti—1
2y = Hroh
P (“)_fj ti-1 B2 B(5)) - tj — tji-1
N e o T S et B
P} (w) =5 i ¢ F5(,Q(t))) b—
P )_# g, (1,14 (5)) Hoh

_t]7 5 —ti
5 ¢ 1 Al
P (n )_t e Fs(t;,1s(t)) — t— i1
s _¢r1 NS
Pi(“)_tj ti1/ Fo(tp H (1)) ti —tj-1
B = v () -

—tj1 i Li—1
Pi(u )_% T Fs (4, R(t)) — %

—ti i — 11

3 F (61,8 (81)),
3 Fa (61, B (1))

1 Fs (-1, Q(t-1))

5 Fa (-1 Ta (1))

3 Fs (-1 15 (t-1))
753 Fo (t-1, H (tj-1)),
5 Fr (-1, V (t-1)),

5 Fs (-1 R(1-1))

S(tas) =S(0) + m Z /t W g — 7 RGO,
E(tn+1) =E(0) + m Z /t W (g — " PR (WA,
Qltnt1) =Q(0) + m Z / 1 e — " P ps
) =0 + 1 g /t T e — 0" PR GO,

n tk+1
Is(tyr1) =Is(0) + —— Tl
5(tns1) S(”r()zftk 1
H(t,+1) =H(0) + ——
(1) (”r()Z[
1% =V(0 e
tht1) = — '
(tnt1) <)+F()Z/t 1"

1
R(ty+1) =R(0) + m Z/ 1 (g —

Tty —

B (g — )"

B (tn+1 -

w" P (wdp,
P (wydu,
W PL(wdp,

W PR uydp,

By resolving the integrals on the right-hand sides, the numerical scheme shown below is obtained.
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n

A n
S(tay1) =S(0) + lf((n fz) [t;—lpl(tk, St) x ((n+1—k)"(n—k+24n) — (n—k)"(n — k+ 2+ 2n))
k=0
B (e, S () % (41— 0™ — (n— k) (n—k+ 1+ n))],
n n
E(tyy1) =E(0) + rr((Ai)z) [t’ "Bt El) x (n+1=K)"(n—k+2+n) — (n—k)"(n—k+2+2n)
B 1)) (1 +1=R7 = (=R (1= k+ 1+ )],
AN &
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The progression of a disease model is illustrated in Fig. 5 through the dynamic behaviour of various popula-
tion densities. Different variables indicate different stages or conditions in the population regarding the disease.
In order to understand how these population densities change over time, the model employs fractal-fractional
derivatives in the Caputo sense, which is a mathematical strategy that combines fractal and fractional calculus.
This approach allows for a more accurate representation of the complex dynamics involved in disease progres-
sion, offering insights into potential interventions and control measures. By incorporating fractal-fractional
derivatives, researchers can better predict and analyze the spread of diseases within populations.

Fractal-fractional derivative in Caputo-Fabrizio sense
Here, we take into account the model (29) and the fractal fractional operators are defined in the Caputo Fabrizio
sense. As a result, the first model, let us say, can be transformed into the following.

FECEDY (S} =Tt Fi(t, (1)),

FECEDY (E(t)} =tt" ' Fp(t, E(1)),

FECEDY {Q(1)) =tt" ' F3(t, Q(t)),
FECED] ALa ()} =Tt ' Fy(t,1a (1)),
FECEDY {Is(t)} =Tt" ' Fs(t, Is(1)),
FREEDg AH (1)) =tt"'Fo(t, H(1)),
FECEDE AV () =tt7 (8, V (1)),
DG, {R()) =117 Fy (8, R(1)),

By utilizing the Caputo-Fabrizio integral, we arrive at
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Figure 5. The dynamical behavior of the (a) susceptible population density; (b) exposed population density; (c)
quarantined population density; (d) asymptomatically infected population density; (e) symptomatically infected
population density; (f) hospitalized population density; (g) vaccinated population density; and (h) recovered
population density; for fractal-fractional derivative in Caputo sense.
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Here, we outline the numerical scheme’s thorough derivation. Thus, at t,,;; we have
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Finding the gap between two consecutive terms yields
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Finally, we integrate and perform piecewise interpolation using the Lagrange polynomial to get
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In order to understand the temporal changes in these population densities, the model employs fractal-frac-
tional derivatives in the Caputo—Fabrizio sense, a mathematical technique that combines fractal and fractional
calculus. This is achieved by analysing the changing behaviour of different population densities, as demonstrated
in Fig. 6. This method converges to a more accurate representation of the complex dynamics of population
changes over time, allowing for more precise predictions and analysis. Additionally, it provides a unique per-
spective on the interplay between fractal geometry and fractional calculus in ecological modeling. This method
makes it easier to show the complex dynamics of how diseases spread, which can help with coming up with
new ways to treat and prevent them. Furthermore, by incorporating fractal geometry and fractional calculus,
this approach enhances our understanding of the underlying mechanisms driving population dynamics. It also
opens up new avenues for exploring the intricate relationships between ecological systems and mathematical
modeling. Incorporating fractal-fractional derivatives helps researchers predict and study how diseases spread
within populations more accurately.

Fractal-fractional derivative in Atangana-Baleanu sense
In this section, we take into account the model (29) with the fractal-fractional differential operator in Atan-
gana-Baleanu sense. Using the model (29) in this context, we can write
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Figure 6. The dynamical behavior of the (a) susceptible population density; (b) exposed population density; (c)
quarantined population density; (d) asymptomatically infected population density; (e) symptomatically infected
population density; (f) hospitalized population density; (g) vaccinated population density; and (h) recovered
population density; for fractal-fractional derivative in Caputo-Fabrizio sense.
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This is extended to the Atangana-Baleanu in the Caputo sense, and the Atangana-Baleanu integral is used
to arrive at the following:
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Approximating the integrals allows us to write down the above system as
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presented earlier, the following numerical scheme was developed by us.
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The Atangana-Beleanu model allows for a more accurate representation of complex systems with non-integer
dimensions, providing insights into the dynamics of population growth and decline. By incorporating fractal-
fractional derivatives, the model can capture the intricate patterns and interactions within populations that
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traditional calculus may overlook. This method gets closer to a more accurate picture of how populations change
over time as illustrated in Fig. 7, which lets us make more accurate predictions and do more in-depth research.
Furthermore, it offers a fresh viewpoint on how ecological modelling incorporates fractal geometry and fractional
calculus. This approach simplifies the demonstration of the intricate dynamics of disease transmission, which
can aid in the development of novel therapeutic and preventative strategies. By incorporating fractal geometry
and fractional calculus into ecological modeling, researchers can better understand the complex dynamics of
population changes. This approach not only enhances our ability to predict population trends more accurately
but also provides valuable insights for improving public health interventions.

Comparison

The deterministic mathematical model of SARS-COV-2 with fractal-fractional operators is compared in Fig. 8
to other models that have already been used to study the virus. The results show that the fractal-fractional model
provides a more accurate representation of the virus’s behavior, allowing for better predictions and understand-
ing. This comparison highlights the importance of incorporating fractal-fractional operators in mathematical
models for infectious diseases like SARS-COV-2. The purpose of this comparative study is to assess the efficacy
and precision of the suggested model in forecasting the trajectory and consequences of SARS-COV-2 in Pakistan.
By analyzing the data and outcomes, researchers can better prepare for potential future outbreaks and imple-
ment more effective control measures. This study contributes to the ongoing efforts to improve public health
responses to infectious diseases by utilizing advanced mathematical modeling techniques. Understanding the
special qualities and benefits of this particular model-especially in the context of Pakistan-is the main goal of the
study. Using fractal and fractional operators-which have been demonstrated to be effective at capturing complex
dynamics-the deterministic mathematical model of SARS-COV-2 with fractal-fractional operators adopts a novel
strategy. This innovative approach allows for a more accurate representation of the virus’s spread and potential
impact on different populations. By incorporating these advanced techniques, public health officials can make
more informed decisions when developing strategies to prevent and control future outbreaks. In order to better
understand this model’s capacity to make accurate predictions tailored to the Pakistani context, this comparative
study will compare it to other well-established models and examine its advantages and disadvantages. It also
looks for ways to compare the fractal-fractional operator approach to other models and determine any benefits
or drawbacks that might exist. These kinds of insights are important for planning future studies and policy ini-
tiatives. By evaluating the effectiveness of different models, researchers can identify the most reliable tools for
predicting and managing outbreaks in Pakistan. This research can ultimately contribute to more effective public
health interventions and strategies in the region.

An important strategy in the investigation of fractal-fractional models for comprehending the dynamics of
COVID-19 is the application of fractal-fractional calculus. To analyze the intricate mechanisms and dissemina-
tion of SAR-CoV-2, these derivatives are employed. This study has shown promising outcomes in capturing the
complex virus behavior. It is worth mentioning that other fractal-fractional derivatives, like Caputo derivatives
in general, have also produced satisfactory results, even though Caputo-Fabrizio is efficient. The efficacy of
Caputo-Fabrizio derivatives is demonstrated in this study by introducing a fractal-fractional order model for
COVID-19 transmission. A significant variation can be found in the rate of convergence. Rapid convergence is
a characteristic of Caputo-Fabrizio models, which increases their applicability for rapid analysis. Contrarily, the
convergence process for alternative fractal-fractional derivatives might be prolonged. The particular demands
of the modeling undertaking should inform the evaluation of this variation in convergence rates. Though other
fractal-fractional derivatives also perform admirably, Caputo-Fabrizio is particularly noteworthy for its rapid
convergence and efficacy. The criteria and requirements of the modeling scenario dictate which one is used. The
choice ultimately depends on the specific needs and objectives of the modeling scenario. The future of modeling
scenarios will likely continue to evolve and adapt as technology and research progress. We hope this comparetive
analysis will provide valuable insights and inform the decision-making process for future modeling scenarios.

Results and discussion
Here, we examine how well the model (10) has been performing quantitatively in relation to the current vac-
cination drive. The major objective of this research is to determine what helps people who have contracted
the COVID-19 virus recover. This will pave the way for future preventative measures, which will lessen the
virus’s negative impact and lessen the domino effect of its continuous mutation and spread. Interpreting the
numerical results’ implications for the model is the aim of this analysis. This entails examining the effects
of various preventive measures, such as vaccination, isolation, and potential hospital admission or patient
relocation strategies for those exhibiting more severe symptoms. In addition to receiving symptom-specific
care, patients can receive a booster vaccination by receiving the proper medical attention in an appropri-
ate setting. It is assumed that the baseline population densities for different compartments are as follows:
§=500,E =20,Q=0,I4 =0,Is = 10,H = 10, V = 0,and R = 0. Figure 9 illustrates the population dynam-
ics and densities in the model. The graph indicates that susceptibility is progressively decreasing as time passes
and various preventative measures are considered. Especially if the virus spreads more quickly and the number of
people exposed to it keeps growing. The amount of coronavirus viruses in the environment will keep increasing
over the coming days, increasing the likelihood that people may become infected. This means that increasing
the hospitalization rate is urgently and critically necessary. Which may be the cause and result in a reduction
in the symptoms caused by the virus in the surroundings. As a result, there is a decline in the number of people
who are symptomatically infected in society (Supplementary Information).

The findings of this study suggest that administering a booster vaccine dose during hospitalization leads
to the greatest degree of disease resistance and a notable implementation of infection control measures. This
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population density; for fractal-fractional derivative in the Atangana-Baleanu sense.

intervention promotes accelerated healing in individuals and reduces a minimal increase in mortality rates
associated with the condition. The results of our study depend on both the signs of the virus and the degree of
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Figure 8. Comparison of the (a) susceptible population density; (b) exposed population density; (c)
quarantined population density; (d) asymptomatically infected population density; (e) symptomatically infected
population density; (f) hospitalized population density; (g) vaccinated population density; and (h) recovered
population density; for n = 0.5, 7 = 0.47 using fractal-fractional differential operator in the Caputo, Caputo
Fabrizio, and Atangana-Baleanu sense.
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Figure 9. Dynamic behaviour of population densities, taking into account the influence of hospitals and the
vaccination campaign.

acceptability of the vaccination within the community. It is especially important to ensure disease protection
for those who are having severe symptoms since they require more protection. The need of putting public safety
measures first, though, cannot be overstated. The need for mass vaccination is essential for achieving significant
levels of population immunity. Furthermore, those who are hospitalized as well as those who display the highest
susceptibility require the administration of a booster dose.

It is imperative, from a public health standpoint, to possess knowledge regarding the determinants of hos-
pitalization rates and vaccine hesitancy in order to identify subgroups with lower-than-anticipated vaccination
rates and prolonged recovery periods following infection. It is suggested that the inclusion of symptomatically
infected persons in hospital settings will play a crucial role in the sustained management and eradication of the
COVID-19 within the surrounding environment. Conversely, historical precedent in dealing with various dis-
eases has demonstrated the arduous nature of disease eradication, typically necessitating a comprehensive and
multifaceted approach. This assertion has been substantiated by prior empirical evidence. It is expected that a
similar scenario would unfold with respect to COVID-19, as the elimination of the virus is expected to provide
significant difficulties in the foreseeable future, necessitating the formulation of a global approach. Although the
implementation of widespread vaccination, quarantine measures for susceptible individuals, and hospitalization
of symptomatic cases is expected to significantly decrease the prevalence of social transmission and virus-related
symptoms in society, the introduction of a booster dose, which reduces the recovery time, may still present a
possibility for the virus to cease spreading.

The effect of the parameter 8 on sensitive and quarantined people is shown in Fig. 10, which shows that when
the rate of quarantined people goes up, the density of sensitive people drops quickly. This suggests that increasing
the parameter 8 leads to a more efficient containment of the virus, as more individuals are being quarantined.
Additionally, the decrease in the density of sensitive people indicates a potential decrease in the overall spread of
the virus within the population. Those who have been exposed to the virus as well as those who have contracted
the disease can see the effect of the parameter w in Fig. 11a. This illustrates that as w increases from 0.002 to 0.01,
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Figure 10. Population densities of (a) susceptible peoples and (b) quarantined peoples, for various values of j.

Scientific Reports |

(2024) 14:6431 |

https://doi.org/10.1038/s41598-024-56557-6 nature portfolio



www.nature.com/scientificreports/

Population Density

Population Density

the Is and E populations increase as well, with a lesser rate of symptomatically infected people as compared to
exposed population density. This suggests that a higher value of w leads to a higher proportion of individuals
being exposed to the virus without developing symptoms. This information is crucial for understanding the
potential impact of different values of w on the transmission dynamics and control measures of the virus. Fig-
ure 11b shows how the parameter faffects the proportion of infected and exposed individuals. The population
of E rises as the parameter fis increased from 0.01 to 0.018, whereas the population density of I4 falls and might
even be abolished with perfect protective plaining. These findings suggest that increasing the parameter f can
lead to a higher number of individuals becoming exposed to the virus, potentially resulting in a larger outbreak.
However, it is important to note that with perfect protective planning, the population density of symptomatic
infected individuals (I4) can be significantly reduced or even eliminated entirely.

Taking the values of p and m into account, we looked at the changes in the density of the vaccinated popula-
tion in other Fig. 12. According to these figures, the number of people who have been vaccinated drops right away
when the parameter p is changed from 0.1 to 0.2, while the number of people who have been vaccinated starts to
rise when the parameter m is changed from 0.1 to 0.5 in the first week. This suggests that the parameter p has a
significant impact on the initial uptake of vaccination, with a higher value leading to a decrease in the number of
vaccinated individuals. On the other hand, the parameter m seems to play a role in increasing vaccination rates
over time, as evidenced by the rise in vaccinated population when its value is increased.

The impact of the parameter h; on symptomatically infected individuals is depicted in Fig. 13a. Which influ-
ences that sending/admitted in hospital to symptomatically infected individuals is necessary for full recovery
from the COVID-19 together with effective control of the virus. This finding suggests that providing adequate
medical care and resources to symptomatically infected individuals can significantly contribute to their recov-
ery. Additionally, it highlights the importance of implementing measures to control the spread of the virus in
order to prevent further transmission and protect vulnerable populations. The effect that h; has on hospitalised
individuals is depicted in Fig. 13b. This influence is necessary for full recovery from the COVID-19 together
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with effective control of the virus. Which demonstrates that the standard procedure for the booster dose for
symptomatic patients who are hospitalized should involve a rise in the booster shots during the first few days,
followed by a gradual decrease thereafter. This approach ensures that the hospitalized individuals receive a higher
concentration of the booster dose initially, which helps in combating the virus more effectively. As their condition
improves, a gradual decrease in booster shots can be implemented to maintain the necessary level of protection
without overwhelming their immune system. This tailored approach aims to optimize the recovery process and
minimize the risk of transmission within healthcare settings. Figure 14 shows how the density of the recovered
population is affected by the parameter «. Along with the increase in the value of the parameter from 0.01 to
0.05, there is also an increase in the number of recoveries that have occurred. This suggests that a higher value
of the parameter o leads to a more effective recovery process. However, it is important to strike a balance as an
excessively high value may also result in an overwhelming number of recoveries, straining healthcare resources.

Conclusion

To summarize, our investigation utilizes an innovative fractal-fractional mathematical model to demonstrate the
complex dynamics of the SARS-CoV-2 virus in Pakistan. The exploration of the interplay between COVID-19
and vaccination using FDEs provides valuable insights. By considering various scenarios and parameters, we can
gain a better understanding of the impact of vaccination on the spread of the virus. This information can inform
policymakers and healthcare professionals in their decision-making processes regarding vaccination strategies
and control measures. The paper incorporates a comprehensive analysis of the proposed mathematical model’s
behavior, including stability considerations, basic reproduction numbers, and equilibrium points. Additionally,
it discusses the impact of different vaccination strategies and their effectiveness in controlling the spread of the
virus. It also examines the sensitivity of the model to various parameters and provides recommendations for
future research.
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The study introduces a comparative analysis of the general fractional model’s fit to real data. The findings
reveal a specific case of the general fractional formula providing a superior fit compared to classical models. This
emphasizes the importance of considering fractional approaches for a more accurate representation of dynamic
systems. Additionally, it contributes to the understanding of COVID-19 spread by formulating a deterministic
fractal-fractional order model. The establishment of the existence and uniqueness of solutions adds depth to the
modeling of the pandemic’s dynamics. This deterministic approach provides a valuable perspective for capturing
the uncertainties inherent in infectious disease dynamics. The deterministic analysis enhances our comprehen-
sion of the complex dynamics involved. This contributes to the growing body of research aiming to decipher the
intricate patterns of COVID-19 transmission.

Thus, our research makes a valuable contribution to the collective endeavors of the scientific community
in their struggle against the COVID-19 pandemic. Using mathematical modeling, fractal-fractional operators,
and real-world data analysis together helps us understand how the virus changes over time and come up with
evidence-based ways to keep it from hurting people’s health. It is hypothesized that the scientific advantages
described above will facilitate the progression of pandemic modeling and response strategies. This will ultimately
aid in mitigating the impact of future outbreaks and saving lives.

The success of the general fractional model in fitting real data suggests the need for further exploration of its
applications in various fields. Future research could investigate its efficacy in modeling other dynamic systems
and phenomena beyond infectious diseases. Building on the comprehensive review of epidemic models using
fractional calculus, future directions may involve further integration and exploration of fractional calculus in
studying emerging diseases. This approach could contribute to a more unified understanding of complex disease
dynamics.

Data availability

All data used in this study can be accessed directly through the dashboard of the Public Health Advisory Platform
by Ministry of National Health Services Regulations and Coordinations®, with all parameter values provided
in the text of the manuscript.
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