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Flame self‑interactions in MILD 
combustion of homogeneous 
and inhomogeneous mixtures
Khalil Abo‑Amsha *, Hazem S. A. M. Awad  & Nilanjan Chakraborty 

Flame self-interaction (FSI) events in Moderate or Intense Low-Oxygen Dilution (MILD) combustion 
of homogeneous and inhomogeneous mixtures of methane and oxidiser have been analysed using 
three-dimensional Direct Numerical Simulations (DNS). The simulations have been conducted at 
the same global equivalence ratio ( �φ� = 0.8 ) for different levels of O

2
 concentration (dilution) and 

initial turbulence intensities. It has been reported that both homogeneous and inhomogeneous 
mixture MILD combustion cases exhibit significant occurrences of FSI events, with the peak frequency 
of FSI events occurring towards the burned gas side in all cases. Moreover, the frequency of FSI 
events increases with increasing dilution level and turbulence intensity, but the presence of mixture 
inhomogeneity leads to a reduction in total FSI events. In all cases, the cylindrical FSI topologies 
(i.e. tunnel formation and tunnel closure) were found to have a higher likelihood of occurrence 
compared to spherical FSI topologies (i.e. unburned and burned gas pockets). The geometries of FSI 
topologies were also analysed using the mean and Gaussian curvatures. It has been shown that the 
inward propagating spherical FSI topologies (i.e. unburned gas pockets) are associated with negative 
mean curvature, while outward propagating spherical FSI topologies (i.e. burned gas pockets) are 
associated with positive mean curvature. Moreover, tunnel formation (tunnel closure) FSI topologies 
predominantly exhibit either elliptic geometries with positive (negative) mean curvature or hyperbolic 
saddle geometries with negative (positive) mean curvature. It has been shown for the first time in 
MILD combustion that the mean values of kinematic restoration and dissipation terms in the transport 
equation of the magnitude of the reaction progress variable conditional upon the reaction progress 
variable tend to cancel each other in the vicinity of the critical points associated with cylindrical 
topologies. Thus, the singular contributions in these terms, which are obtained from analytical 
descriptions in the vicinity of tunnel formation and tunnel closure topologies, do not affect the 
balance equation of the magnitude of the gradient of the reaction progress variable. Consequently, 
there is no need for a separate model treatment for singularities in modelling approaches based on the 
magnitude of the gradient of the reaction progress variable. The FSI events in the reaction dominated 
and propagating flame regions of MILD combustion have also been analysed for the first time. It has 
been found that more FSI events occur in the reaction dominated region, particularly towards the 
burned gas side. However, the majority of spherical FSI topologies are found in the propagating flame 
region. The findings from this study indicate that turbulence intensity, dilution level and mixture 
inhomogeneity effects need to be considered in any attempt to extend flame surface-based modelling 
approaches to MILD combustion.

Moderate or Intense Low oxygen Dilution (MILD) combustion has the potential to improve thermal efficiency 
and reduce emissions1–3. Thus, it presents an attractive option for addressing the need to comply with increasingly 
stringent environmental regulations without compromising on energy conversion requirements.

In MILD combustion, the mixture’s initial temperature ( T0 ) is higher than the autoignition temperature of 
the mixture ( Tign ) and the maximum temperature rise due to combustion is less than the mixture’s autoignition 
temperature (i.e. �T < Tign)3. Cavaliere and de Joannon3 provided an extensive review of both experimental 
and computational research findings on MILD combustion and important physical insights into this combus-
tion technique. Plessing et al.4 investigated MILD combustion using Planar Laser-Induced Fluorescence images 
of OH radicals (OH-PLIF) and Rayleigh thermometry. The OH-PLIF images indicated the presence of flame 
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fronts inside the combustor, whereas Rayleigh thermometry suggested a distributed combustion4. Qualitatively 
similar observations were also reported by Özdemir and Peters5 and Dally et al.6 based on their experimental 
investigations.

Several recent Direct Numerical Simulation (DNS) studies7–13 have been conducted to gain improved insights 
into the physics of MILD combustion, and it was revealed that the interaction between the thin reaction zones 
is principally responsible for the appearance of distributed combustion. Minamoto et al.7 compared homogene-
ous mixture MILD combustion with conventional premixed combustion using DNS data and observed that the 
reaction zones were highly convoluted under MILD combustion conditions. Minamoto et al.7 also suggested 
that O2 concentration influences the extent of the convolution and interaction of the reaction zones in MILD 
combustion. These aspects were subsequently confirmed for inhomogeneous mixture MILD combustion by 
Doan et al.12,13 using DNS data. Thus, Flame self-interaction (FSI) is an intrinsic feature of MILD combustion 
and the analysis of the local FSI topologies could potentially provide important physical insights into mutual 
annihilation and pocket burnout events under MILD combustion conditions. These events result in a rapid local 
flame surface area destruction, which significantly affect the surface area of the flame front and, consequently, 
the overall burning rate5,12. Therefore, an improved understanding of FSI events can potentially be helpful to the 
modelling of MILD combustion, particularly for closures that depend on the description of the flame surface.

A varity of methods have been employed for the identification of topological features in flames. These include: 
automatic feature extraction using complex wavelet transform14, Minkowski functional based technique9,15 and 
an approach leveraging the critical point theory16–18.

Minamoto et al.9 investigated the morphology of the reaction zone in MILD combustion using an approach 
based-on Minkowski functionals15. It was observed that the most common reaction zone structure has a pancake-
like shape, which is consistent with experimental findings by Dally et al.6 The pancake shaped reaction structures 
were found to be the result of events such as autoignition, flames propagating into mixtures of reactants, prod-
ucts, intermediates and radicals, as well as the interactions between these flames9. Recently, Abo-Amsha and 
Chakraborty19 employed an approach based on the critical point theory to analyse FSI topologies in turbulent 
homogeneous mixture MILD combustion of n-heptane. It was found that the cylindrical, tunnel like-topologies 
have the highest frequency of all FSI topologies, and the peak FSI frequency occurred at c ≈ 0.5 . Abo-Amsha 
and Chakraborty19 also qualitatively assessed the effects of dilution level and initial turbulence intensity of the 
distribution on FSI events.

However, a direct comparison between FSI events, in terms of their frequencies and topologies, in homogene-
ous and inhomogeneous mixture MILD combustion for identical global mean equivalence ratio and turbulent 
flow conditions is yet to be conducted. Furthermore, a more quantitative assessment of the effects of dilution level 
(i.e. O2 concentration) and turbulence intensity on the FSI frequency in both homogeneous and inhomogeneous 
mixture MILD combustion is yet to be made. These gaps in the existing literature are addressed in this study by 
analysing three-dimensional DNS datasets of both homogeneous and inhomogeneous MILD combustion cases 
with different dilution levels (i.e. XO2 = 4.8% and 3.5% ) and under different turbulence intensities. This work also 
analyses, for the first time under MILD combustion conditions, the evolution of the magnitude of the reactive 
scalar gradient conditionally averaged upon the reaction progress variable in the vicinity of FSI events, and the 
distribution of FSI topologies in the reaction dominated and propagating flame regions of MILD combustion. 
Thus, the findings of this analysis can help guide model development efforts in the context of MILD combustion, 
particularly for modelling approaches based on the magnitude of the reactive scalar gradient.

The main objectives of the present study are: 1. To investigate the differences in the distribution and frequency 
of FSI events between homogeneous and inhomogeneous mixture MILD combustion at the same global equiva-
lence ratio. 2. To provide insights into the effects of dilution level and turbulence intensity on the frequency and 
distribution of FSI events in the reaction progress variable (c) space for both homogeneous and inhomogene-
ous mixture MILD combustion. 3. To check the boundedness of the balance equation for the magnitude of 
the reacting scalar gradient conditionally averaged upon c in the vicinity of FSI events through analysing the 
statistical behaviour of the kinematic restoration and dissipation terms in the balance equation. 4. To analyse 
the distribution and frequency of FSI events in both the reaction dominated and propagating flame regions of 
MILD combustion.

To achieve these objectives, a DNS dataset for turbulent MILD combustion has been analysed. The studied 
cases are briefly introduced in the next section. This is followed by a results section that combines descriptions 
of the mathematical background unpinning the proposed analysis, outcomes of applying the analysis to the DNS 
dataset, and the discussion of main findings. Following that, the main findings are summarised, and conclusions 
are drawn. Finally, the numerical implementation pertaining to this analysis is briefly presented in the final 
section of this paper.

The studied cases
The thermochemical conditions for the laminar flames used to generate the initial and inflow fields for the DNS 
dataset are given in Table 1. These include the composition of the oxidiser stream, the resulting laminar flame 
speed ( SL ) and thermal flame thickness ( δth ) at an equivalence ratio φ = 0.8 , and the initial temperature of the 
reactants ( T0 ). Here, the thermal flame thickness is defined as δth = (TP − T0)/max |∇T|L , where T, TP and T0 
are the instantaneous, products’ and reactants’ temperatures, respectively. The subscript “L” refers to the values in 
the corresponding 1D unstretched premixed flame. The laminar flame speed ( SL ) and the thermal flame thickness 
( δth ) in Table 1 were reported for the equivalence ratio φ = 0.8 that is equal to the global mean equivalence ratio 
of the current inhomogeneous mixture simulations (i.e. �φ� = 0.8 ). The two levels of dilution (i.e. O2 concentra-
tion) considered here originate from the oxidiser stream compositions in Table 1. The low dilution cases (referred 
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to by LD hereafter) have the oxygen mole fraction of XO2 = 4.8% in the oxidiser stream, while the high dilution 
cases (HD, hereafter) correspond to XO2 = 3.5% in the oxidiser stream.

The initial turbulence conditions for the current DNS dataset are shown in Table 2. These include the initial 
turbulence intensity ( u′ ) and integral length scale ( ℓ ) as well as the ratios u′/SL and ℓ/δth . In all cases but one, 
the initial turbulence intensities and integral length scales yield consistent values for the ratios u′/SL and ℓ/δth 
as can be seen from Table 2. Thus, in the current analysis, the cases simulated at the lower turbulence intensity 
will be referred to by u′/SL ≈ 4.0 , while the ones simulated at the higher turbulence intensity will be indicated 
with u′/SL ≈ 8.0.

The DNS simulations have been conducted using a skeletal methane-air chemical mechanism comprising 16 
species and 25 reactions20. A complete description of the numerical procedure is given in the Methods section.

Results
Overview of the instantaneous fields
The extent of completion of the chemical reaction can be quantified in terms of a reaction progress variable (c), 
which increases monotonically from zero in the unburned gas to one in the fully burned products. The reaction 
progress variable (c) can be defined in terms of fuel mass fraction YF in the following manner21:

where YF∞ is the fuel mass fraction in the fuel stream (equals to one for a pure fuel stream). The mixture fraction 
( ξ ) and its stoichiometric value ( ξst ) are defined in terms of the elemental mass fractions and atomic masses as 
follows22:

where Zj and Wj are the elemental mass fractions and atomic masses for carbon, oxygen, and hydrogen. The 
subscripts 1 and 2 refer to fuel and oxidiser streams, respectively. The equivalence ratio is then given in terms 
of the mixture fraction as:

To provide a glimpse of the nature of MILD combustion, the instantaneous isosurfaces at c = 0.8 are shown 
in Fig. 1. For the current thermochemistry, the maximum heat release occurs at c ≈ 0.8 in the unstretched lami-
nar premixed flames used to initialise the current simulations (see Table 1). Thus, the c = 0.8 isosurface can be 
considered as a marker of the flame surface. Figure 1 gives the visual impression that the combustion process 
extends to about 50% of the computational domain in the low dilution (LD) cases, while it continues over most 
of the domain in the high dilution (HD) cases. This suggests a more distributed combustion in the high dilution 
cases. Moreover, Fig. 1 shows the strongly convoluted shape of the flame surface, which suggests a significant 
occurrence of FSI events throughout the reacting segment of the domain.

(1)c =
ξYF∞ − YF

ξYF∞ −max
[

0, ξ−ξst
1−ξst

]

YF∞

(2)
ξ =

2ZC/WC + 0.5ZH/WH + (ZO,2 − ZO)/WO

2ZC,1/WC + 0.5ZH ,1/WH + ZO,2/WO

ξst =
ZO,2/WO

2ZC,1/WC + 0.5ZH ,1/WH + ZO,2/WO

(3)φ =
ξ(1− ξst)

ξst(1− ξ)

Table 1.   The thermochemical conditions and the oxidiser stream compositions of the 1D laminar flames used 
to initialise the DNS scalar fields.

Case XO2 (%) XCO2 (%) XH2O (%) XN2 (%) SL|φ=0.8 (m/s) δth|φ=0.8 (mm) T0 (K)

Low Dilution (LD) 4.8 6.1 12.1 75.1 3.2 0.62 1500

High Dilution (HD) 3.5 6.6 13.2 75.3 2.3 0.80 1500

Table 2.   Initial turbulence intensities ( u′ ) and length scales ( ℓ ) for the cases considered.

Homogeneous MILD Inhomogeneous MILD

u
′ (m/s) ℓ (mm) u

′/SL ℓ/δth u
′ (m/s) ℓ (mm) u

′/SL ℓ/δth

LD ( XO2 = 4.8%)
12.8 1.55 4.0 2.5 12.8 1.55 4.0 2.5

25.6 1.55 8.0 2.5 25.6 1.55 8.0 2.5

HD ( XO2 = 3.5%)
9.20 2.0 4.0 2.5 12.8 1.55 5.6 1.9

18.4 2.0 8.0 2.5 25.6 1.55 11.1 1.9
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However, one cannot ascertain from Fig. 1 the effect of mixture inhomogeneity, dilution level, or turbulence 
intensity on the frequency of FSI events. Thus, a more comprehensive and quantitative comparison is needed.

The distribution of FSI events
An approach based on the critical point theory, and first used for combustion problems by Griffiths et al.18, has 
been utilised to identify the frequency and percentages of FSI events. In this approach, the reaction progress 
variable, defined in Eq. (1), is used to define critical points in the flame front. At a critical point within the flame 
(e.g. xi = ai ), the gradient of the progress variable is zero. Thus, the Taylor series expansion around a critical 
point can be written as18:

where the Hessian Hij(c) describes, to second order accuracy, the local field. Provided that orientation is not 
important, the eigenvalues of Hij(c) fully define the local topological features to second order accuracy as well. 
This is the case, since the symmetric Hij(c) has real eigenvalues that give the curvature along each of the three 
orthogonal principal axes. To gain a more effective interpretation of the local topology, one can convert to spheri-
cal coordinates where the eigenvalues of Hij(c) , �1 > �2 > �3 , define the latitude ϕ about the pole vector 
[e�1 , e�2 , e�3 ] and the longitude θ about the meridian vector [e�1 , 0,−e�3 ] . The magnitude of the eigenvalues 
κ =

√

�
2
1 + �

2
2 + �

2
3 gives an overall curvature measure, and can be treated as a scaling parameter. This leaves ϕ 

and θ as shaping factors that, when normalised to lie between −1/+ 1 , are given by18:

Using the shape factors θ and ϕ , and based on the signs of the eigenvalues of Hij(c) , all the feasible local topologies 
of FSI can be identified. The set of all possible topologies in the ( ϕ , θ ) space is shown in Fig. 2.

Four types of FSI topologies can be identified in Fig. 2. These are: Burned gas Pocket (BP), Tunnel Formation 
(TF), Tunnel Closure (TC) and Unburned gas Pocket (UP) topologies, corresponding to Hij(c) eigenvalues with 
signs ( −−− ), ( −−+ ), ( −++ ) and ( +++ ), respectively. The pocket topologies represent spherical flames 
propagating outwards (BP) or inwards (UP), while the tunnel topologies represent cylindrical flames propagating 
towards (TC) or away from (TF) a common axis.

In the present study, the critical points associated with the FSI events are identified based on the methodol-
ogy adopted by Griffiths et al.18

Figure 3 shows the occurrence frequency of different FSI topologies, and their percentages, at different c values 
in the region 0.05 ≤ c ≤ 0.95 for all cases considered. The frequency counts shown in Fig. 3 are normalised by 
the value of the maximum frequency in each case.

(4)c(ai + xi) = c(ai)+
xj

2
Hij(c(ai))xi + . . .

(5)

θ =
6

π
arctan

(

(�1 − 2�2 + �3)/
√
6

(�1 − �3)/
√
2

)

ϕ =
2

π
arctan

(

(�1 + �2 + �3) cos(θπ/6)/
√
3

(�1 − �3)/
√
2

)

Figure 1.   Isosurfaces of the reaction progress variable at c = 0.8 in all cases considered. These c isosurfaces are 
considered as a marker of the flame surface for the current thermochemistry.
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Figure 2.   Visualisation of all feasible FSI topologies in the ϕ , θ domain.

Figure 3.   The distribution of the four FSI topologies, and their percentages, in the region 0.05 ≤ c ≤ 0.95 for 
all cases considered. The topology count is normalised by the value of the maximum frequency in each case.
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It can be seen from Fig. 3 that both the homogeneous and inhomogeneous cases exhibit a significant amount 
of FSI events within the flame front for both dilution levels. In all cases, the majority of FSI events occur at 
c > 0.5 , with the peak FSI frequencies occurring between c = 0.6 and c = 0.75 in most cases. This aligns with the 
results reported by Abo-Amsha and Chakraborty19 for n-heptane MILD combustion where the peak frequency 
of FSI events was also found to be within the flame front ( c ≈ 0.5 ). A notable exception to this trend is the inho-
mogeneous mixture case at low dilution where the peak frequency of FSI events is clearly shifted further towards 
the burned gas side. A possible explanation for this behaviour is that the combination of mixture inhomogeneity, 
which introduces increased levels of reactivity23,24, and higher oxygen concentration leads to this shift in peak 
FSI frequency to higher c values. However, it remains difficult to categorically establish the exact reason for, or 
the mechanism behind, this behaviour. Moreover, due to the high computational cost of DNS, only a limited 
number of cases could be simulated which precluded the identification of any meaningful trends.

From Fig. 3 one can see that the distribution of FSI events in c space under MILD combustion conditions is 
qualitatively different from that found in turbulent premixed combustion, where two peak frequencies of FSI 
events occur at c ≈ 0 and c ≈ 0.918,25. Figure 3 also shows that, in all cases, the cylindrical topologies have the 
highest percentage share (60%–80%) across the flame front with higher likelihood of TC topologies towards 
the unburned gas side, while TF type events occur more often towards the burned gas side. On the other hand, 
the pocket topologies are mostly clustered towards the burned (for BP) and unburned gas (for UP) sides and 
constitute between 15 and 40% of all FSI events depending on c value.

The total number of FSI events are shown in Table 3. This provides a quantitative overview of the effect of tur-
bulence intensity, dilution level and mixture inhomogeneity on the occurrence of FSI events. Here, a quantitative 
comparison between cases is possible since the analysis has been carried out on the same number of snapshots 
(50 snapshots per case, with the same time interval between snapshots) for all cases. Table 3 shows that the total 
count of FSI events increases with increasing turbulence intensity (about two to five folds increase) and dilution 
levels (three to five folds increase). This could be due to the fact that the increase in initial turbulence intensity 
increases the wrinkling of the flame surface which in turn enhances the likelihood of FSI events. The increase in 
dilution level leads to the flame filling a larger percentage of the domain as can be seen from Fig. 1. This provides 
more opportunity for flame surfaces to interact leading to increased frequency of FSI events. It can also be seen 
from Table 3 that mixture inhomogeneity acts to reduce the frequency of FSI events for both dilution levels and 
turbulence intensities. This can be attributed to an increase in the progress variable reaction rate due to mixture 
inhomogeneity23,24, which results in the combustion process being completed in smaller portion of the domain. 
Thus, the region 0.05 ≤ c ≤ 0.95 fills up a smaller portion of the domain which reduces the opportunity for FSI 
events to occur. This behaviour can be visually supported in Fig. 1.

FSI topologies in the κm − κg plane
To gain further insights into the topology of the FSI events present in MILD combustion, an alternative approach 
for analysing the flame surface geometry can be utilised. Following Dopazo et al.26, the local flame surface geom-
etry can be characterised in terms of the local mean curvature ( κm = 0.5(κ1 + κ2) = 0.5∂ni/∂xi ), and the Gauss-
ian curvature ( κg = κ1 × κ2 ), where κ1 , κ2 are the principal curvatures and n = −∇c/|∇c| is the flame normal 
vector. In the ( κm , κg ) plane, points in the region where κg > κ2m imply complex principal curvatures which is 
unphysical. Elsewhere on the ( κm , κg ) plane, a positive value for κg indicates elliptic, cup-like topology, whereas 
a negative κg implies a hyperbolic, saddle-like geometry. Here, a positive (negative) value for κm indicates that the 
flame surface is convex (concave) towards the reactants’ side. Figure 4 shows the scatter of FSI events in the ( κm , 
κg ) space for all cases considered. It can be seen from Fig. 4 that the inward propagating pocket topologies (UP) 
are clustered in the region of elliptic geometry with negative mean curvature (i.e. κg > 0 and κm < 0 ), while the 
outward propagating pocket topologies (BP) are associated with positive mean curvature, elliptic topology (i.e. 
κg > 0 and κm > 0 ). Figure 4 also shows that TF topologies are mainly related to elliptic geometries with positive 
mean curvature and hyperbolic saddle geometries with negative mean curvature. On the other hand, the TC 
topologies show the opposite trend and are closely associated with hyperbolic saddle geometries with positive 
mean curvature and elliptic geometries with negative mean curvature. Both turbulence intensity and dilution 
level do not significantly affect the distributions of the FSI topologies in the ( κm , κg ) plane, and the distribution 
remains qualitatively similar for both homogeneous and inhomogeneous MILD combustion.

The evolution of σ ≡ |∇c| near FSI events
Since the critical points are located where |∇c| = 0 , it is worth investigating the evolution of the surface density 
function (i.e. σ ≡ |∇c| ) in the vicinity of critical points. For this purpose, it is useful to consider the transport 
equation of σ16,17,27:

Table 3.   The total number of FSI events in all cases considered.

Homogeneous MILD Inhomogeneous MILD

u
′/SL = 4.0 u

′/SL = 8.0 u
′/SL ≈ 4.0 u

′/SL ≈ 8.0

LD ( XO2 = 4.8%) 2.23× 105 8.58× 105 1.10× 105 2.67× 105

HD ( XO2 = 3.5%) 7.28× 105 4.04× 106 3.28× 105 1.02× 106
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where ρ is the density of the reactant’s mixture, while ω̇ and D are the reaction rate and diffusivity of the reaction 
progress variable, respectively. In Eq. (6) the first term on the right hand side represents the production of σ due 
to straining by the fluid flow16, while the second term accounts for the effect of mixture inhomogeneity on the 
evolution of σ with Aξ defined as28:

The last two terms in Eq. (6) are named the kinematic restoration (KR) and dissipation (AD) terms, 
respectively16,29. The kinematic restoration term arises from the flame normal propagation due to the reaction 
and flame normal diffusion effects, while the dissipation term represents the dissipation of the flame surface 
area due to diffusive effects16.

Kollmann and Chen16 showed, based on a 2D theoretical analysis of conventional premixed flames, that the 
kinematic restoration (KR) and area dissipation (AD) terms contain unbounded contributions in the vicinity of 
critical points representing cylindrical FSI events (i.e. TC and TF topologies). These contributions behave as 1/r as 
r → 0 , where r is the distance from the critical point. However, Kollmann and Chen16 reported that the singular 
contribution arising in the dissipation term exactly cancels out the ones present in the kinematic restoration 
term16. Thus, the σ balance equation remains bounded in the neighbourhood of cylindrical FSI events. Moreover, 
Trivedi et al.27 reported, based on theoretical analysis and DNS data, that the findings of Kollmann and Chen16 
remain valid for 3D conventional turbulent premixed flames. Trivedi et al.27 also showed that the instantaneous 
profiles of the kinematic restoration (KR) and area dissipation (AD) terms attain similar magnitudes but opposite 
signs in the vicinity of TC- and TF-type critical points, such that the terms would cancel out on average. How-
ever, a similar analysis is yet to be conducted under MILD combustion conditions. It is worthwhile to assess the 
behaviour of the kinematic restoration (KR) and dissipation (AD) terms at the cylindrical FSI events in MILD 
combustion due to the significantly different physical processes involved in MILD combustion compared to 
conventional premixed flames11, Moreover, unlike in the analyses by Kollmann and Chen16 and Trivedi et al.27, 
the current study focuses on the behaviour of the KR and AD terms conditionally averaged upon the reaction 
progress variable in the vicinity of cylindrical critical points.

The mean profiles of the kinematic restoration (KR) and area dissipation (AD) terms conditioned upon c 
in the vicinity of the two cylindrical FSI topologies (TF and TC) are shown in Fig. 5. The terms in Fig. 5 are 

(6)

∂σ

∂t
+ uj

∂σ

∂xj
= − ninj

∂ui

∂xj
σ

︸ ︷︷ ︸

Production

− nj
∂

∂xj

(
Aξ

ρ

)

︸ ︷︷ ︸

inhomogeneity term

− nj
∂

∂xj

{
1

ρ

[

ω̇ − ni
∂

∂xi
(ρDσ)

]}

︸ ︷︷ ︸

Kinematic Restoration (KR)

+ nj
∂

∂xj
(2Dκmσ)

︸ ︷︷ ︸

Area Dissipation (AD)

(7)Aξ =







−2ρDσ

ξ
nj

∂ξ

∂xj
for ξ ≤ ξst

2ρDσ

1− ξ
nj

∂ξ

∂xj
for ξ > ξst

Figure 4.   Scatter of κg × δ2th with κm × δth for the FSI events in the region 0.05 ≤ c ≤ 0.95 for all cases 
considered. Scatter is coloured by the different FSI topologies.
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normalised by δ2th/SL and plotted only for c values where significant occurrences of the cylindrical FSI events 
(i.e. TF and TC) are present. These c locations can be seen from Fig. 3.

Figure 5 shows that the mean profiles of kinematic restoration and dissipation terms conditioned upon c 
attain similar magnitude, but opposite signs in the neighbourhood of the cylindrical FSI topologies. This, in turn, 
suggests that there is a significant likelihood for both terms to cancel each other in the vicinity of the TF- and 
TC-type critical point, which is consistent with the observations made in previous DNS studies for premixed 
turbulent flames27. However, an exact cancellation for kinematic restoration and dissipation terms should not be 
expected since both terms are evaluated near the critical point and exact cancellation is only expected to occur at 
the critical point. It is also evident from Fig. 5 that the approximate cancellation of the kinematic restoration and 
dissipation contributions occurs regardless of the turbulence intensity, dilution level and mixture inhomogeneity. 
Figure 5 also reveals that the kinematic restoration and dissipation terms show little change in behaviour within 
the parameter ranges considered in this study. This, in turn, confirms that the analytical conclusion of Kollmann 
and Chen16, where the singular contributions in KR and AD obtained at TF- and TC-type critical points cancel 
each other, is valid and the overall balance equation for σ remains bounded in the neighbourhood of cylindri-
cal FSI events in MILD combustion. Thus, there is no need for a separate model treatment for singularities in 
σ ≡ |∇c| based quantities (e.g. scalar dissipation rate Nc = D|∇c|2 ) due to FSI in MILD combustion.

FSI topologies in the reaction dominated and flame propagation regions
Since MILD combustion contains an interplay between ignition and localised extinction events where auto-
igniting kernels grow as they are convected in the fluid and lead to propagation-like behaviour13, a further insight 
into the topological features of flame surfaces in MILD combustion can be attained by analysing the FSI events 
in the two regions: (1) where chemical reaction is dominant, and (2) where propagation-like behaviour is more 
prevalent. Minamoto et al.9 have shown that, by balancing the convection-diffusion and reaction contributions 
in the transport equation of the reaction progress variable, the reaction dominated (RD) and the propagating 
flames (PF) regions can be isolated. Starting from the transport equation of the reaction progress variable, which 
can be written as:

one can define a factor B as follows:

where C , D and R are the convection, diffusion and reaction terms in the reaction progress variable transport 
equation and are shown in Eq. 8. It has been shown elsewhere23,28 that Ac

ξ assumes smaller magnitudes than R 
and D in inhomogeneous mixture combustion and the mixture inhomogeneity effects on the reaction progress 

(8)
∂ρc

∂t
+

∂ρuic

∂xi
︸ ︷︷ ︸

C : convection

=
∂

∂xj

(

ρD
∂c
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)

︸ ︷︷ ︸

D : diffustion

+ ω̇
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R : reaction
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ξ
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inhomogeneity term

,

(9)B ≡ |C −D | −R ,

Figure 5.   Profiles of the mean values of the kinematic restoration (KR) and area dissipation (AD) terms 
conditioned upon c for the two cylindrical topologies (TF and TC) in all the cases considered. The terms are 
normalised by δ2th/SL.
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variable transport are principally felt through R and D . Thus, the value of B can be used to characterise reaction 
dominated and propagating flame regions, such that the regions where B > 0 are termed the propagating flames 
(PF) regions, while the reaction dominated (RD) regions are identified where B < 0.

Figure 6 shows the frequency count, and the percentages, of all FSI events occurring in the reaction dominated 
and propagating flame regions. Minamoto et al.9 have suggested that the majority of flame-flame interactions 
would occur in the reaction dominated region. However, Fig. 6 shows that the majority of FSI events present 
towards the unburned gas side occur in the propagating flame region, which contradicts the suggestion of 
Minamoto et al.9 However, this contradiction is balanced by the relatively small number of FSI events occurring 
in the unburned gas side compared to those present towards the burned gas side where maximum frequency 
of FSI events are found and the majority of these events happen in the reaction dominated region as suggested 
by Minamoto et al.9

Figures 7 and 8 show the distribution of occurrence frequency and the percentages of the four FSI topologies 
across the 0.05 ≤ c ≤ 0.95 range in the propagating flame and reaction dominated regions, respectively, in all 
cases considered. It can be seen from Figs. 7 and 8 that a similar trend to that seen in Fig. 3 is maintained whereby 
the location of maximum frequency of FSI events remains towards the burned gas side at c > 0.6 . Figure 7 also 
shows that, similar to Fig. 3, the cylindrical FSI events remain the most likely in the propagating flame region 
with TC topologies being more frequent towards the unburned gas side, and TF having the highest percentage 
towards the burned gas side. Comparing Fig. 7 with Fig. 8 shows that a large percentage of pocket topologies 
occur in the propagating flame region where UP has a higher percentage share towards the unburned gas side, 

Figure 6.   The frequency count and the percentages of total FSI events in the reaction dominated (RD) and 
propagating flame (PF) regions for 0.05 ≤ c ≤ 0.95 in all cases considered. The frequency count is normalised 
by the value of the maximum frequency in each case.
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and BP topologies are only present towards the burned gas side. On the other hand, Fig. 8 shows that the vast 
majority of FSI events in the reaction dominated region are cylindrical in type (i.e. TF and TC) and relatively 
few pocket topologies are present (i.e. only a small percentage of UP topologies with very little presence for BP 
topologies). Moreover, it can be seen from Fig. 8 that, unlike the trend shown in Fig. 3, the percentage of TC and 
TF topologies remain almost constant throughout the analysed range of c values.

In summary, the change in turbulence intensity and dilution level has been shown to influence the total 
amount of FSI events, but the qualitative shape of FSI topologies distribution in c space remained the same for the 
range of turbulence intensities and dilution levels considered here. It has also been found that the introduction 
of mixture inhomogeneity reduces the overall frequency of FSI events. Thus, the effects of turbulence intensity, 
dilution level and mixture inhomogeneity need to be taken into consideration in the attempts to extend flame 
surface based models to MILD combustion.

Summary and conclusions
The frequency of FSI events and the distribution of the topologies associated with it have been investigated in 
CH4-based homogeneous and inhomogeneous mixture EGR-type MILD combustion under different values of 
O2 dilution (i.e. XO2 = 4.8% and 3.5% ) and turbulence intensities using three-dimensional DNS with a skeletal 
chemical mechanism. The findings of the current analysis can be summarised as follows:

Figure 7.   The distribution and percentages of the four FSI topologies occurring in the propagating flame 
(PF) region for 0.05 ≤ c ≤ 0.95 in all cases considered. The topology count is normalised by the value of the 
maximum frequency in each case.
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•	 Both homogeneous and inhomogeneous mixture MILD combustion exhibit significant amounts of FSI events 
and the frequency of occurrence of FSI events peaks towards the burned gas side at c = 0.6− 0.75.

•	 The frequency of FSI events increases between three to five folds with increasing dilution level and turbulence 
intensity, whereas mixture inhomogeneity acts to reduce the frequency of FSI events by around 50%.

•	 In all cases, the FSI topologies associated with tunnel formation and tunnel closures are more frequent 
(accounting for 60%–85% of all FSI events) than spherical topologies (i.e. unburned gas and burned gas 
pockets account for 15%–40%).

•	 There is a high probability of finding burned gas (unburned gas) pockets near the burned (unburned) gas 
side, but these events become rare towards the unburned (burned) gas side in all cases considered here.

•	 When analysing the FSI events in the ( κm , κg ) plane, it has been found that the inward propagating pocket 
topologies (UP) are clustered in the region of elliptic geometry with negative mean curvature, while the out-
ward propagating pocket topologies (BP) are associated with positive mean curvature, elliptic topology. In 
contrast, the outward propagating tunnel topology (TF) is related to elliptic geometries with positive mean 
curvature or hyperbolic saddle geometries with negative mean curvature, while the inward propagating tun-
nel topology (TC) is associated with hyperbolic saddle geometries with positive mean curvature or elliptic 
geometries with negative mean curvature.

•	 The kinematic restoration (KR) and dissipation (AD) terms in the σ ≡ |∇c| transport equation tend to cancel 
each other in the vicinity of the cylindrical topologies (i.e. TC and TF). Therefore, the singular contributions 

Figure 8.   The distribution and percentages of the four FSI topologies occurring in the reaction dominated 
(RD) region for 0.05 ≤ c ≤ 0.95 in all cases considered. The topology count is normalised by the value of the 
maximum frequency in each case.
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present in the (KR) and (AD) terms in the vicinity of TC and TF topologies do not affect the overall balance 
equation of σ which remains bounded. Hence, the presence of large frequency of FSI events in MILD combus-
tion may not affect the closure of the quantities dependent on |∇c| (e.g. scalar dissipation rate Nc = D|∇c|2).

•	 The topologies of FSI events in both the reaction dominated and propagating flame regions have been ana-
lysed. It has been found that, towards the burned gas side, a big portion (up to 75%) of FSI events occurs 
in the reaction dominated region, while most ( ≈ 95%) of FSI events present towards the unburned gas side 
occur in the propagating flame region. Moreover, while the cylindrical FSI topologies remained the most 
frequent in both the reaction dominated ( ≈ 90%) and propagating flame (60%–90%) regions, the propagat-
ing flame region had a larger share (20%–40%) of pocket topologies compared to that present in the reaction 
dominated region (5%–10%).

In summary, the findings of this study show that turbulence intensity, dilution level and mixture inhomogene-
ity all influence the total amount of FSI events, and thus need to be taken into consideration when using flame 
surface based-modelling approaches.

Methods
The 3D DNS data for the current analysis is generated using a well-known compressible DNS code SENGA+30 
which solves the standard conservation equations of mass, momentum, energy and species for turbulent react-
ing flows. The spatial differentiation operations are approximated using a tenth order central difference scheme 
for the internal grid points, but the order of accuracy reduces gradually to a one-sided fourth-order scheme at 
the non-periodic boundaries. A fourth-order, low-storage Runge-Kutta scheme with adaptive time step control 
is used for explicit time advancement. The error threshold for the time step adaption was set at 10−4 . For all 
cases, a cubic domain with an edge size L = 10 (mm) , discretised by a uniform Cartesian grid of 2523 , has been 
used. The grid spacing ensures that the thermal flame thickness δth is resolved by using 12 grid points and the 
Kolmogorov length scale ( η ) is resolved by at least 1.5 grid points for all turbulence levels. The boundary condi-
tions are specified according to the Navier–Stokes Characteristic Boundary Condition (NSCBC) approach31. An 
inflow boundary condition with specified density was assigned on the left-hand side boundary in the x-direction, 
while a partially non-reflective outflow boundary condition was specified for the right-hand side boundary in 
the x-direction. All other boundaries of the domain were taken to be periodic.

The MILD combustion simulations have been conducted in two phases. The first phase aims to mimic the 
mixing of combustion products with fresh reactants that occurs in an Exhaust Gas Recirculation (EGR)-type 
combustor, while the second phase simulates the combustion process. The initial scalar fields in phase 1 are 
prepared according to the methodology reported by Minamoto et al.8 for homogeneous mixture MILD com-
bustion, and by Doan et al.12 for inhomogeneous mixture MILD combustion. Only a brief description of these 
methodologies is provided here for the sake of brevity. Interested readers are referred to Refs.8,12 for more details. 
The procedure for the generation of the initial scalar fields is summarised as follows: 

1.	 A homogeneous isotropic turbulence field generated using a pseudo-spectral method32 following the Batch-
elor-Townsend spectrum33, is used to initialise the turbulent velocity fluctuations. Table 2 shows the turbu-
lence intensities and turbulent length scales in the current simulations.

2.	 For the homogeneous mixture combustion cases, a 1D freely-propagating laminar premixed flame at φ = 0.8 
is simulated with each oxidiser stream from Table 1. For the inhomogeneous mixture combustion cases, a 
set of 1D freely-propagating laminar premixed flames, with each oxidiser stream from Table 1, is simulated 
for a range of equivalence ratios, namely φ = 0.3− 1.3 . Each oxidiser stream in Table 1 correspond to a 
dilution level.

3.	 For homogeneous mixture combustion simulations, an initial 3D c field with a bimodal distribution of c is 
generated for a mean reaction progress variable of 0.5 and a prescribed integral length scale ℓc = 1.5 (mm) . 
In the case of inhomogeneous mixture combustion simulations, two independent 3D fields with bimodal 
distributions of c and φ are generated for �c� = 0.5 and �φ� = 0.8 with integral length scales of ℓc = 1.5 (mm) 
and ℓφ = 2.2 (mm) , respectively. The peaks of the φ bimodal distribution are at φ = 0.3 and φ = 1.3 . The 
3D fields with bimodal distributions of c and φ were generated following the method developed by Eswaran 
and Pope34.

4.	 The species mass fractions from the 1D premixed flame solutions are parameterised as functions of the 
progress variable c for the homogeneous mixture cases and both c and φ for the inhomogeneous mixture 
cases. These functions are then used to populate the bimodal fields from the previous step and create three 
dimensional scalar fields.

5.	 The scalar fields from Step 4 are allowed to interact with the turbulence field (generated in Step 1) without 
chemical reaction for about one turnover time (i.e. te = ℓ/u′ ) in a periodic domain representing the EGR 
process in MILD combustion.

At the end of the last step, the mean and variance of the pre-processed c fields are found to be �c� ≈ 0.5 and 
�c′2� ≈ 0.09 , whereas the mean and variance of the pre-processed φ fields in the inhomogeneous mixture com-
bustion cases are found to be �φ� ≈ 0.8 and �φ′2� ≈ 0.16 , respectively.

The scalar fields resulting from the first phase act as both an initial condition and inflow fields for the second 
phase, where these scalar fields are fed into the simulation domain with a mean inlet velocity Uin = 20 (m/s) . 
The simulations were conducted for 2.5 flow through times (i.e. 2.5τ , where τ = L/Uin ). The snapshots used for 
this analysis have been chosen between 1.5 and 2.5 flow through times in steps of τ/50 . This allowed the effects 
of the initial conditions to leave the domain. It has been ensured that the statistics presented in this analysis do 
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not change significantly if half of the snapshots between 1.5 and 2.5 flow through times were used instead of all 
snapshots. This ensures that a satisfactory level of statistical convergence has been achieved. The above numeri-
cal procedure has been extensively used in the literature for the study of turbulent MILD combustion7–12,19,23,35

Data availability
The datasets used and/or analysed during the current study are available from the corresponding author on 
reasonable request.
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