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Spectrum analysis of digital UPWM
signals generated from random
modulating signals

Konstantinos Kaleris?*“, Emmanouil Psarakis® & John Mourjopoulos?

This work studies the spectrum of discrete-time Uniform-sampling pulse width modulation (UPWM)
signals originating from stochastic input signals. It demonstrates that for ergodic input sequences of
independent and identically distributed random variables, the Discrete Fourier Transform (DFT) of the
UPWNM signals can be directly estimated from the input signal’s statistics. Consequently, it is shown
that if the input signal can be modeled as such a random sequence, only statistical information of

the sequence is required for the accurate estimation of the DFT of the UPWM signal. This is achieved
here by proving that the DFT estimators obtained by observation of the input sequence within a time
window are consistent estimators of the DFT coefficients of the underlying random process. Moreover,
for signals whose generalized probability density functions can be expressed as functions of a small
number of parameters, the DFT coefficients can be estimated or even calculated via closed-form
expressions with linear complexity. Examples are given for input signals derived from symmetric and
asymmetric distributions. The results are validated by comparison with evaluations of the UPWM
signal’s DFT via the Fast Fourier Transform (FFT). The proposed method provides a mathematical
framework for the analysis and design of UPWM systems whose inputs have known statistical
properties.

Pulse Width Modulation (PWM) encodes signal information in the duty cycle of rectangular pulses. Hence,
PWM signals constitute sequences of rectangular pulses with fixed amplitude and a duty cycle that depends
on the instant amplitude of the modulating signal. PWM is widely adopted in telecommunications, signal pro-
cessing, audio technology and power systems, among others, as it provides significant benefits over traditional
analog implementations. In telecommunications it is used for efficient signal coding and transmission, i.e., in
burst-mode RF transmitters'~* and Power Line Communication (PLC) systems*. In audio technology, it is used in
class-D amplifiers for high-efficiency signal amplification®~ and for efficient digital-to-analog conversion of audio
streams®. It is also adopted in a wide range of electrical engineering applications such as power electronics®!’,
Wireless Power Transmission (WPT) systems''?, electric motor control'>' and others. Uniform-sampling PWM
(UPWM) is mainly used in digital PWM systems and computational analysis and processing of PWM signals.
In UPWM, a discrete-time and quantized modulating signal with k-bit resolution results to PWM pulses with a
k-bit quantized width, accounting for the different signal amplitudes. Due to its digital nature, UPWM is utilized
in computational simulations while, under conditions, it can be used to approximate analog Natural-Sampling
PWM (NPWM) signals'® with satisfactory accuracy®!*-”. Specifically, the UPWM signal tends to the respec-
tive NPWM signal with (a) decreasing UWPM quantization step and signal amplitude and (b) with increasing
UPWM oversampling factor, namely the use of a UPWM carrier frequency that is a multiple of the minimum
required carrier frequency, as presented in “Deterministic input sequences” section.

PWM systems generally suffer from out-of-band modulation products, with well-known hazards that mainly
lie in the damage of components due to overheating, non-linear behavior, noise through electromagnetic inter-
ference (EMI) etc.!8-%°. For example, in PWM-based switch mode power supplies and class-D amplifiers, power
signal delivery is usually done through a low-pass filter that removes the excessive high-frequency energy'®?! at
the expense of increased cost, weight and dimensions of the system?. Filterless implementations i.e., of Class-D
amplifiers have also been proposed, in which the amplified PWM signal is directly delivered on the load, namely
the loudspeaker?»?. For the design and implementation of such PWM systems, the precise estimation of the
PWM frequency spectra, and especially the out-of-band modulation products, is critical.
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The estimation or calculation of the PWM frequency spectra from the input signal has been a matter of
research since decades and several solutions have been proposed. One of the pioneering works published in 1933
by Bennet?, described modulation products via the double Fourier Series method. Bennet’s method is limited
to modulating signals including a small number of frequencies, which is nevertheless useful in applications
such as power electronics. In 2003, Song et al.'” and later Deslauriers et al., Deng et al., Kostic et al. and Tanovic
et al.>?8, presented general methods for the calculation of modulation products of PWM signals generated by
arbitrary analog modulating signals, in the form of infinite sums. The frequency spectra of digital PWM schemes
have also been studied in various works i.e., by Floros et al.’ and Vogel et al.>®. In another approach, PWM-
coded signals have been probabilistically modeled in the time-domain and evaluated in terms of stationarity,
autocorrelation and power spectral density®’. Estimation of the PWM power spectrum using classical spectral
estimation techniques, such as the Bartlett and Welch methods, has been proposed for the case of Random PWM
(RPWM) signals®*2, namely sequences of PWM pulses with dither. Moreover, in the past 20 years it has been
shown that various types of UPWM input signals can be modeled via their statistical characteristics as sequences
of independent and identically distributed (i.i.d.) random variables (RVs). Apart from the sinusoidal signals
that follow the arcsine distribution, speech signals modeled as sequences of truncated Laplacian RVs**-%, music
signals®®, sonar signals*” and of course, noise signals modeled via the Gaussian or truncated Gaussian distribu-
tion, are common examples where statistical signal modeling has led to significant benefits and advancements
in the analysis and digital signal processing.

In this work, and under the assumption of statistically modeled input signals, we focus on the relation between
the input signal statistics and the frequency spectrum of the resulting digital UPWM signal. Ultimately, we
develop a novel mathematical framework for the description of UPWM systems solely based on statistical infor-
mation of the input signals. For this purpose, input or modulating signal refers to a sequence of i.i.d RVs, UPWM
spectra refers to the RVs obtained via discrete Fourier transform (DFT) of the UPWM signal and statistical
characteristics of the modulating signal refers to the mean, variance and higher order moments of the underly-
ing distribution of the input sequence, also mentioned as amplitude distribution or, simply, distribution. Here,
it is shown for the first time that the expected values of the DFT coefficients of a UPWM signal can be precisely
estimated from the statistics of the input sequence, having a zero value on the out-of-band side frequencies and
a generally non-zero value on the carrier harmonic frequencies. The analysis reveals that odd carrier harmonics
directly relate to even input distribution moments and even harmonics relate to odd input distribution moments.
Importantly, for input signal distributions whose moments can be expressed in terms of a few parameters e.g.,
the variance, closed-form formulas are derived for the estimation of the true values of the DFT coeflicients, a fact
that significantly facilitates and accelerates computations of PWM frequency spectra. The findings are validated
by comparison with computational evaluations of the DFT coeflicients for various UPWM test signals. Finally,
application of the presented DFT analysis on a real speech signal modeled as a sequence of i.i.d. RV is examined.
The very good agreement of the proposed analytical method with the computational evaluations highlights its
applicability in the efficient design of real-world PWM systems.

Discrete-time UPWM
In this section, Uniform-sampling Pulse Width Modulation of digital signals and their discrete Fourier transform
are described. The classical UPWM conversion of deterministic Pulse Code Modulation (PCM) input signals
is extended towards UPWM conversion of random sequencies and the DFT spectra of the resulting random
UPWM signals are derived.

Deterministic input sequences

Let a discrete-time signal x,, : x, € [—%, %], n € [0,d — 1], quantised with k-bit resolution, sampling frequency
fs» sampling period t; and duration t; = dt;, be the input to a UPWM conversion process (For simplicity, the
signal is assumed to have an even number of samples d.). The resulting discrete-time, double-edge UPWM signal
Yu : yw € [0,1],n" € [0,D — 1], is a stream of square pulses of equal amplitude and varying width. A schematic
representation of the conversion process from x, to y,s can be seen in Fig. 1a. Each UPWM pulse corresponds
to a single sample of x,, and is centered within the sampling interval ;. The pulses take 2* possible discrete widths,
corresponding to the discrete amplitudes of x,,. Each pulse is represented by M, = 2(2% — 1) samples’, with a

sampling period t, = At/TSP’ or equivalently a sampling frequency f, = Mpf;. The total number of samples of the

UPWM signal is D = Mpd = %‘” while its duration remains the same as the input, that is 5. The UPWM pulses

result from comparison of the instant amplitude of the upsampled—to the frequency f,—modulating signal x,,
with the amplitude of a triangular carrier ¢,y with fundamental frequency fe.r = f; as shown in the block diagram
of Fig. 1b.

In the discrete frequency domain, x, and y,y are described by the complex DFT vectors X : k € [0, %] and

Yi:le [0, Q] respectively; for the purpose of the presented analysis, the negative frequencies will be neglected.
5
2

The vectors Xi and Y; have a frequency resolution f; = é and Nyquist frequencies =5 and fg respectively. The

frequency range up to LZS is mentioned as the band of interest, or in-band range, whereas the range fg <f< fg is
mentioned as out-of-band range. The out-of-band components of Y; are here treated distinctly for the carrier

. . . . M,
frequencies, namely the carrier fundamental frequency and its harmonics f, = mf, m e N: m € [1, =L - 1]

and the side frequencies f,, , with b € {—g +1, %} {0} defined as the out-of-band frequencies around the car-
rier harmonics. Out-of-band frequencies are addressed via the nearest carrier harmonic f,, and a frequency
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Figure 1. (a) Signal representation and (b) block diagram of the conversion of a digital modulating signal to a
stream of discrete-time UPWM pulses by comparison to a triangular carrier.

distance f, = bfy = %fs from f, so that f,,, , = fu + fp; the related DFT index is I, = md + b. Figure 2 illus-
trates the DFT representation of a UPWM modulated digital sinewave x,, = %sin(ZTr fsinnts) with fin = 200 Hz
and sampling frequency f; = 44.1 kHz. In Fig. 2a, the in-band and out-of-band components are separated by
the frequency 5 and the carrier components are marked with crosses. Figure 2b-d present details from the spectra
around the carrier fundamental f; = 44.1kHz (1st harmonic) and 2nd harmonic f, = 88.2 kHz.

Now, the DFT coefficients Y; of the UPWM signal y,, at a frequency f = If; are commonly expressed in terms
of the samples of the UPWM signal as:

1 D—-1 -
Y, = — § eI,
1= 7 _Oyn 1)

Floros et al.® have shown that Y can be directly calculated from the samples of the input signal x,,, according
to:

d—1
) 1 om
Y =AIZsin(% (xn—I— E))e’JZTI", )
n=0

sl
where A; = L¢7/'7. Equation (2) requires the knowledge of the input time-series for the calculation of the
coefficients Y;. In this work it is shown that when the input signal x,, is an ergodic random sequence of i.i.d RV,
only statistical information of the amplitude distribution of x,, is required for the precise estimation of the coef-
ficients Y;.

Random input sequences

By adopting the vector notation for the random input sequences, let x,4(8) = [x0(8)x1(0) ... x4_1(0)]' be aran-
dom vector containing d i.i.d. RV x,,(8) with n € [0,d — 1] taking values within the range x,(0) € [— %, %} and
quantised with k-bit resolution. Let us also consider that the functions f;, (x) and F,, (x) denote the Generalized
Probability Density Functions (GPDF) and the Cumulative Distribution Function of x,,(0) respectively. Then, it
is well-known that the average of the elements of x7(0):

1
Wd(g) = E < 1d,xd(9) >, (3)
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Figure 2. Computationally evaluated DFT of a sinewave modulating signal with f, = 200 Hz; f; = 44.1kHz
and 8-bit resolution: (a) full DFT spectrum, (b) detail from 1st and 2nd carrier harmonic, (c) carrier
fundamental and surrounding side frequencies and (d) carrier 2nd harmonic and surrounding side frequencies.
Odd/Even harmonics marked with crosses.

with <.,.> and 1, denoting the inner product operator and an all-ones vector of length d respectively, defines a
new RV w,(6) whose GPDF f£,,, (w) is given by:

Swg(W) = fry (X) X fo, () X -+ X fr, (%), (4)
where *” denotes the linear convolution operator. In addition, the following relations hold for w;(6):
MHwy = ]E[Wd(@)] = x> (5)

and

op, =Elwa(0) — "1 = =, (©6)

),

where E[.], ttx, iy cff, 0142, g denote the expectation operator and the means and variances of the RV x,,(0), w;(0)
respectively. Note that from Eq. (6) that, as the length d of the random vector x4(0) tends to infinity the variance
of the RV wy(0) tends to zero, i.e:
: 2 21 _
dlgrolo Oy = dlgrolo E[(wa(6) — px)°]1 = 0. 7)

For Eq. (7), the law of large numbers ensures that w;(0) is a consistent estimator of the expected value of the
i.id. random variables x,(0),n = 1,2,...,d.

Let us consider now that the random vector x,4(6) is an input in a UPWM conversion process. According to
Eq. (2), the Discrete Fourier Transform coefficients Y;(6) of the UPWM vector y, are given by:

d—1

cxl 1 1 - 2m

Yi(0) = e 77 — sin(”—l (xn(e) + —))e—f%’”. (8)
wl —~ d 2

The RV Y;(0) can be expressed using Eq. (3) as:

Scientific Reports |

(2024) 14:4353 | https://doi.org/10.1038/s41598-024-54983-0 nature portfolio



www.nature.com/scientificreports/

il 1
Yi(0) =e/d =< eq1,vq(0) >, )

-2l -2l
where e = [le’f% A Gt

of the RVs x4(0), i.e.:

t
} and v4,(0) is a vector of i.i.d. RVs v,,; resulting from the transformation

va 1 (0) = [vo (0)v1,1(0) ... va_11()])" = glaixa(®) + by), (10)

with g(-) being the sinusoidal function acting on each element of x;(#) and a; = %’, b = %

In the next paragraph, it is demonstrated that for random input sequences of i.i.d. RV, the variables Y;(0)
defined in Eq. (9) constitute consistent estimators of the expected value. Carrier harmonics and the side frequen-
cies are treated separately.

Carrier harmonics

. . _j2nl i
For the carrier harmonics, e /@ " = ¢ /27™" —= 1, and Eq. (8) reduces to:

Am
Yina(0) = 7 < La, Vamd(0) >, (11
with A, = (;17:,"“. The expected value jy,,,and the variance a%m . of the variables Y,,,4(0) are respectively given by:
A
WY g = 7mE[< Lvamd(0) >] = Amlhy,g (12)
and
2 1 1 2
GYmd = WE[ E < 1>Vd,md(9) > _M'de) >

which by using Egs. (3) and (6) becomes:

2
[of
2 Ymd
oy = . (13)
md n2m2d

Since O'Vzm s bounded and dlim a%,m ,=0, the coeflicients Y,,4(0) constitute consistent estimators of the true
— 00

mean.

Side frequencies
Let us now concentrate on the side frequencies where the related DFT index takes the values

Il=md+bmeN*be {—g +1, %} \{0}. It is well known that the expected value j1,,, of the linear combination
wq of d identically distributed random variables w;:

wa(0) = aowo(0) + arw1(0) + -+ - + ag_1wa—1(0),

where a, are constants, is given by:
d—1 d—1
Mwy = ]E[Wd(e)] = Z anlw, = Hw, Z an. (14)
n=0 n=0

Respectively, the variance o2 , s given by:

d—1
2 2 2
Ony =00, Y an. (15)
n=0

Thus, the expected value 1y, = E[Y;(0)] of the DFT coefficients of Eq. (8) takes the form:
a1 a1 -l
wy, =e’d —E[< ei,vq1(0) >] =eJd—p,, Zen,z, Il =md+ b, (16)

ml ml —

where 1, = E[vn)ﬂ. Moreover, for | # md, Z‘Z;é ey = 0and hence:
wy, = 0. (17)

Again, to determine whether 11y, is a consistent estimator of the mean value of the DFT coefficient Y;(6), the
variance 012,1 needs to be calculated:
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i 1
of, =E[(Yi(0) — uy)*] =E||e 7T — < eq),va (0) >
! wl

By using Egs. (15) and (18) becomes:

12,4 1
2 2 2 _ 2
Oy, = (ﬁ) Oy ;:0: ’e"ﬂ Y7 doy,. (19)

272 2
However, since % =72 (mzd + 2mb + %) and:

bZ
lim (m2d+2mb+ 7) oo, 20)
d—o00 d
we get:
lim o — 0,
Jm oy, 1)

from which it becomes evident that the variables Y;(6) constitute consistent estimators of the mean DFT values
of the UPWM process.

Concluding, we have shown so far that for ergodic random input sequences of i.i.d. RV, the DFT coefficients
on the side frequencies have zero expected values 1y, = 0, while for the carrier harmonics the expected values
are non-zero (Eq. 13). For this reason, the following analysis focuses on the DFT coeflicients on the carrier
harmonics only.

Closed-form formulas for common distributions

As discussed in the “Introduction” section, if the GPDF (or equivalently the Probability Mass Function) of the
RVs of the random input sequence x;(6) is known, then the DFT coefficients Y,,,4(0) can also be expressed in
closed form in terms of the moments of the RVs. To demonstrate this, distinct expressions are derived for the
odd and even harmonics from Eq. (8):

-
-2
0 dd
Y,0(0) = q)z Zn 0cos(rrmxn( )), mo ' (22)
nmd Zn o Sin(wmx,(0)), meven
Using the Taylor series of the sinusoidal functions, we get:
(71)'"TJrl o [ (=Df@Em®* (1
Ya(6) = wm k:()( k)T <3 n= O n (9)>) m odd 23)
m - _ 1k 2k+1 :
S 1) : k0 (( 1221(31"11))! (% ﬁ (1) %k+1(9)>)> meven
Finally, assuming that d is large enough, by the law of large numbers the sums:
| d-!
5 Zx (0) = 11(6),
are consistent estimators of 11, ; and hence, from Eq. (23) we get:
1 (—1)'”+1 S0 D 2k modd
Yoa = E[Yna(6)] = { sl % Mt : (24)
(=D Y S om* ok, meven

Equation (24) shows that the DFT coefficients of the UPWM signal on the carrier harmonics can be computed
when the moments puy ok of the random process are known. However, it is not particularly useful in this form
since an infinite number of moments is required for its calculation, while at the same time, Eq. (24) only holds
under the assumption of infinite order ergodicity, which is a hard constraint, thus making it unusual in practice.
Nevertheless, there is a wide range of distributions parametrized by a small number of parameters, such as the
truncated normal, truncated Laplacian, arcsine, beta and uniform to name a few, for which Eq. (24) becomes
practically useful. Significantly, as we are going to demonstrate in the next subsections, for such input signal
distributions Eq. (24) leads to closed-form formulas that allow for computation of the DFT coeflicients of the
underlying UPWM random process. However, their use demands knowledge of the parameters’ values, which is
often not available in real world applications. This obstacle can be overcome by estimating these parameters. In
this case, a closed-form estimator formula of the DFT coeflicients of the UPWM signal is derived from Eq. (24)
just by replacing the unknown parameters values by their estimations from the input signal. This can be practi-
cally done since the needed RV moments before quantization can be estimated from their quantized counterparts,
provided that the quantization resolution is sufficiently high and the vast majority of the RV values lies within
the desired interval®®. Indeed, the statistics of the RV, along with the 256 levels used for quantization of the
values in the interval [— 1/2, 1/2], ensure that the aforementioned constraints hold and thus, the resulting GPDF
(or equivalently the Probability Mass Function (PMF)) closely approximates the continuous one. An example
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Figure 3. Example of approximating the truncated normal PDF via the respective 8-bit quantized distribution
with 256 amplitude levels.

demonstrating this fact for the truncated normal distribution N (0, 0.01) is shown in Fig. 3. In “Experimental
evaluation” section, these aspects are validated by the excellent agreement between the computational evaluations
and the analytical estimations via the proposed estimator-form formulas.

Symmetric distributions
Let us now concentrate on the derivation of closed-form expressions of the spectral lines Y;,4 for typical symmet-
ric distributions, and specifically for the truncated normal and Laplacian distributions, the uniform distribution
and the arcsine distribution. Then, their estimator-form counterparts are obtained by replacing the unknown
parameters’ values with their estimations from the quantized input signals.

To this end, let us begin from the truncated normal distribution N (0, o) whose even moments y ity 2k can

be expressed with respect to the variance yo 2 as:

2R
NHMx2k = NOx Tk

By substituting in Eq. (24), we get:

1 ml .- ke, 2k NOEE
Y y=—(-1 1 —1 = |, s
NYmd = —(=1) 2 < +;( Y€ (mr) aon m odd

which, after some simple manipulations, leads to:

m+1
—1) 2 rrzmzb{a%
NYmd=7( ) e 2 , modd (25)
Tm

In practice, Eq. (25) cannot be used for the computation of y Y,,,4 except if the variance yo? is known. If
Naf is unknown, it can be estimated from the input signal x,,(9). By replacing it in Eq. (26), the estimator-form
counterpart is obtained:

m+1
(—1) 2 77r2m2N<r,%(9)
- ¢ 2

mm

NYna(0) = ,  m odd, (26)

which we are going to use for the estimation of the coefficients 5 Y;4.

Following similar steps and by taking into account that the moments for the truncated Laplacian, the symmet-
ric uniform and the arcsine distribution with values in the interval[— 0.5, 0.5], corresponding to scale parameter
swx = 1, are given by the following relations:

o iteok = Lb2(2k)!, where; b, is the Laplace parameter,
2k
& lyok = (zuka%l), whereyay is the upper limit of the distribution, and

2k—1)!!

The closed-form expressions for these distributions become:
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1 m+1 1

Ypi=—(1)2 —— modd,

LYmd nm( ) p—— (27)
1 m+1 sin(mm ya

NYma = f(—l)TM, m odd, (28)
Tm mimyay

1 m+1
Vg = —(=1) 2 Jo(mm), modd, (29)
am

with Jo(.) denoting the Bessel function of the first kind.
For the two first distributions, their estimator-form counterparts are given by:

1 m+1 1
Ypa()= —(-1)2 ——M——, dd,
LYma(0) rrm( ) [T 15 @) mo (30)

1
NYpa = — (= , modd, (31)
Tm

mi yax (0)
respectively. From Eq. (29) it becomes evident that the resulting closed-form expression for the DFT coefficients
for the arcsine distribution do not depend on any statistic of the input signal. Thus, Eq. (29) can be directly used
for the computation of the coefficients. It should be noted that Eq. (29) agrees with the relation obtained by the
double Fourier series method proposed in Ref.?*. Finally, it is important to highlight that since the computation
ofNa}? (0), Lbx(0) and yay (0) has a complexity O(d), the use of the above estimator-forms allows for the estima-
tion of the coefficients Y,uq in linear time, as opposed to the O(D?)and O(Dlog(D)) complexity of the DFT and
FFT algorithms, respectively.

Non-symmetric distributions
The potential of the presented analysis for the estimation of the DFT of UPWM signals derived from stochastic
input sequences from closed-form formulas, is not restricted to inputs following single-parameter (neglecting
the mean) symmetric distributions but it actually extends to non-symmetric ones. This is demonstrated in this
subsection by deriving such a closed-form formula for the two-parameter non-symmetric beta distribution. The
probability density function of the beta distribution is given by:
1
x) = —x" 11— )L x e (0,1),

) Ba.b) ( ) 0.1
where B(-, -) the beta function and a, b the “left” and “right” distribution parameters. The moments pt, of the
beta distribution are expressed in terms of the two parameters as:

B(a+k,b)

BMxk = B(a, b)

Since the distribution takes values in the range x € (0,1), Eq. (8) of the UPWM DFT must be adapted as
follows:

A d-1
Yma(0) = T‘“ > sin(rmxq (). (32)
n=0

Following the same procedure as in “Closed-form formulas for common distributions” section, we get the
following counterpart of Eq. (24):

o0

(—)™ (=D Kt
Vi =~ Z e 1)'(ﬂm) B, 2k+1- (33)
k=0 ’

Note that in this case, m can be either even or odd. Now, substituting through g, x in Eq. (34) we get:

o]

_CDTS GDE g Bat 2kt Lb)
Ymd = Z(2k+1)!(”In B(a,b)

>

k=0

which leads to the closed-form expression:

Ymd = > s T > 5 (34)

B(a+1,b) a+1a .§a+b+1 a+b 1._(mn)z
Bab) - °\ 2 '2 2 2 2 4 )

where 5 F3(-) the generalized hypergeometric function.

Actually, Eq. (34) cannot be used for the desired computations since the values of the parameters a and b
are unknown. In order to obtain the estimator-form counterpart of Eq. (34) we can estimate the values of the
aforementioned parameters from the input signal x,,(0) by using the moments method?®, that is:
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«(0)(1 — px(6
a@:mwcﬂl—iiﬁ—q

oz (6)

x(0)(1 — (0
b@=0—w®(i9¥452—0,

o2(0)
and substitute them into Eq. (34) to obtain its estimator-form counterpart:

B@(®) +1,b(®) <aw)+1 a(6) a(®) +b(0) + 1 a@)+b@)+l._0nny)
B(a(6),b(6)) °° : : ‘

3
Ymd(e) = 5 D 5 2, > 2 5 1
(35)
Up to this point, all quantities and relations regarding the DFT analysis of UPWM signals generated by
stochastic inputs have been defined and derived. In the next section, experimental results are presented, dem-
onstrating the validity of the proposed model.

Experimental evaluation
In this section, the validity of the presented model is established through the demonstration of its predictive
accuracy concerning:

o The effect of the observation window size on the side frequency components of the UPWM DFT.

® The accuracy of the closed-form formulas and their estimator-forms presented in “Closed-form formulas for
common distributions” section, evaluated against the direct computational evaluations of the DFT.

e The effect of the distribution’s asymmetry on the even carrier harmonics.

e The application of the estimator-form formula of the truncated Laplacian distribution in the estimation of
the DFT of a UPWM signal originating from a real speech signal.

All PCM signals used for the evaluations are sampled at 44.1 kHz and quantized with 8-bit resolution.

The effect of the observation window size
In “Random input sequences” section it was shown that the side frequency DFT coefficients Y;(6) of a UPWM
signal generated from an input sequence x4(0) with i.i.d. RV x,,(6) have zero mean (Eq. 17) and a variance given
by Eq. (19). This aspect is proved and demonstrated here by computational evaluation of the DFT of the sequence
yw generated from random input signals x;(6) with different distributions, particularly truncated normal, trun-
cated Laplacian and symmetric uniform with parameters yox = 0.1, 1bx = 0.05, ya, = % respectively, and the
arcsine distribution.

To this end we are going to use two windows of size djandd,respectively. Then, according to Eq. (19), the
following relation holds:

2 2 2
2
Voiyrv, 1 dzowz ~ dlUVrz
2 T Rdol  do2’
o o
Oy +6, ly di vy 2%,

where [} = md; + by and l, = md, + b, respectively, and 012/md+b =E “ Yind+u(6) ’2}
2
O—V
In order to evaluate the ratio —2, we assume a side frequency f and the fact that RV v}, are given by:
0, i

vl

b; 1
Vl[:Sin((ﬂm-}—Ei)(xn-FE)), i:1>2- (36)

However, it is easy to see that for the same frequency f, the ratios %, i = 1,2 are equal, since:

f_h_b
fi A dy
and thus,
by b
d ~ d
Hence, ovzll = Uvztz and from Eq. (34) we get:
o2
Yindy+by ~ é

- =
GYmd1+b1 d
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To computationally evaluate this reduction, let us consider the vector
Y mdsp(0) = [Ym FPTNON SFINC NN A (0)}that containsd — 1RVs Y;(8) and use it for the estima-

tion of the variance o2 via its weighted squared I, norm, i.e.:
Yind+b

- 1
"%mm ) = -1 Y mats©)]13. (37)

The obtained results are presented in Fig. 4, where the out-of-band DFT spec-
tra Y;(0) of the UPWM signals are shown for four (4) observation windows of duration
dy = 30 = 1764,d, = 4% = 8820, d; = 44,100, d4 = 220,500 = 44,100 x 5 samples, corresponding to
0.04, 0.2, 1 and 5 s, respectively. The total energy of the signals Eior = ||x4(0)| |§ is kept constant for the results to

be comparable. It is evident that the variance in the coefficients Y; on the side frequencies is noticeably reduced
with increasing window size.

In general, the average variance on the side frequencies of any carrier harmonic m between two consecutive
windows with the ratio of their lengths equal to a is reduced by a factor of a, or equivalently 20log,,(a)dB. The
average variance on the side frequencies around the 1st UPWM carrier harmonic, estimated via Eq. (37) and
calculated via Eq. (19), for the four input signals computed for four window sizes with a = 5, are given in Table 1.

Non-symmetric distributions
Here it is shown that asymmetry in the GPDF leads to the formation of UPWM DFT components on the even
harmonics, as predicted by Eq. (23). To demonstrate this aspect, computational evaluations are presented for 5

a) o b) o
o -20 m -20
o Z
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Figure 4. DFT spectra of UPWM signals generated from input signals with (a) truncated normal, (b)
truncated Laplacian, (c) arcsine and (d) uniform distributions, evaluated for four (4) observation windows,

dy = 2440 = 1764,d, = #4190 = 8820, d3 = 44,100, d4 = 220,500 = 44,100.5.

Arcsine 3.74E-05 3.81E-05 7.78E-06 7.64E-06 1.49E-06 1.50E-06 2.99E-07 3.00E-07
Normal 5.00E-06 5.02E-06 9.84E-07 1.01E-06 2.03E-07 2.00E-07 4.10E-08 4.01E-08
Laplace 2.36E-06 2.60E-06 5.43E-07 4.97E-07 1.05E-07 1.03E-07 2.10E-08 2.06E-08
Uniform 2.82E-05 2.90E-05 5.77E-06 5.77E-06 1.17E-06 1.15E-06 2.40E-07 2.30E-07

Table 1. Estimated (612, ‘M(G)) and calculated (o}z,y . h) variance of the side frequencies around
m md-+
the 1st UPWM carrier harmonic for four input signals with four different window sizes.
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different input signals generated from the four-parameter beta distribution with different asymmetry levels. For
the distributions, the following parameters were selected:

u=0,0=1Uxq =3
while the skewness jux 3 took the values:
Hx3 =0.2,0.4,0.6,0.8, 1.

For the signals, an observation window of 44,100 samples was used, corresponding to 1sec duration. Figure 5a
shows the histogram of an input signal generated for 11,3 = 0.8 while Fig. 5b shows the DFT spectrum of the
corresponding UPWM signal. It becomes evident that the skewed distribution exhibits prominent DFT coef-
ficients on the even carrier harmonics which are completely absent in the symmetric distributions (see “Non-
symmetric distributions” section). Moreover, Fig. 6 shows the magnitude (in dB) of the DFT coefficients on the
4 first even harmonics for the 5 different UPWM signals, normalized with respect to the coefficient of the carrier
fundamental. Generally, the coefficients are amplified with increasing skewness, with the only exception being
the coeflicient of the 8th harmonic for 3 = 0.8, which could be due statistical error. Although the results for
the particular distribution show an increase in the even harmonics with increasing skewness, no generalization
can be made for other skewed distributions.

Closed-form formulas

In this subsection we demonstrate the validity of the closed-form formulas for the estimation of the DFT coef-
ficients presented in “Closed-form formulas for common distributions” section by comparing them with direct
computational evaluations via DFT. For this purpose, the truncated normal, truncated Laplacian, uniform and
arcsine distributions are used with the parameter values given in “The effect of the observation window size”
section, as well as the two-parameter beta distribution presented in “Non-symmetric distributions” section
witha = land b = 3. All the simulated signals have d = 44,100 samples. The results of the comparative evalua-
tions are summarized in Table 2 where “DFT” denotes the computational evaluations via DFT and “CFEst” and
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Figure 5. (a) histogram of a signal x4 with samples following a Pearson distribution with parameters
w=0,0=1,ux3 = 0.8, uxs = 3and (b) DFT spectra of the UPWM signal generated from x4, where the even
harmonics are denoted with cross markers.
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Figure 6. DFT coefficients (in dB) of the even carrier harmonics of five UPWM signals generated by
an equal number of random input signals whose samples follow Pearson distributions with parameters
x =0,00 =1, uya = 3and py3 = 0.2,0.4,0.6,0.8, 1.
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Harmonic order (o)

3 5 7 9
Signal |DFT | CFEst |CFF |DFT | CFEst |CFF |DFT | CFEst |CFF  |DFT | CFEst | CFF
Arcsine | - 1454 | - ~14.04 | -213 |- ~20.65 | -25.73 | - ~25.01 | -2920 | - -2827
Normal | —13.02 | -13.01 | —12.97 | — 2446 | —2439 | —2427 | —37.95 | -37.73 | —37.48 | —53.83 | 5379 | —53.38
Laplace | —11.05 | —11.05 | —11.05 | —17.87 |~ 17.89 | —17.88 | — 2347 | -23.50 | —23.48 | —28.28 | —28.32 | —28.30
Uniform | - 19.19 | -~19.09 | —19.09 | —28.14 | —27.96 | —27.96 | —33.87 | -33.80 | —33.80 | - 38.39 | —38.17 | - 38.17

2 3 4 5
Beta -7.50 ‘ ~7.58 ‘ ~753 | —14.85 ‘ ~15.03 ‘ 1498 | -1952 ‘ -1957 ‘ ~19.60 | —23.56 ‘ -23.63 ‘ 23.59

Table 2. Comparison of DFT coeflicients directly computed via DFT (DFT), estimated by the estimator-form
formulas (CFEst) and calculated via the closed-form formulas (CFF).

“CFF” denote the estimations and calculations obtained via the estimator-form and the closed-form formulas
of “Closed-form formulas for common distributions” section, respectively. The values in Table 2 correspond to
magnitude in dB of the DFT coefficients on the first 4 odd carrier harmonics (3, 5, 7 and 9) for the symmetric
distributions and the first 4 harmonics (2, 3, 4, 5) for the beta distribution, normalized for each signal with
respect to the coeflicient of the fundamental frequency. From Table 2 it becomes evident that the estimations via
the closed-form formulas and the estimator forms are in excellent agreement with the directly evaluated DFT
coefficients, with deviations of less than 1.5 dB. This proves that, when the input signal’s samples are i.i.d. RVs
with known distribution, the DFT spectra of the UPWM signal observed within a sufficiently large window can
be estimated from the distribution’s statistical parameters, given an ergodic generating process.

It is important to repeat here that, while computational complexity of the typical DFT and FFT algorithms
is O(D?) and O(Dlog(D)), respectively, estimation of the UPWM spectra on the carrier harmonics via Eq. (12)
can be done in linear time O(d), where d,D = Mpd are the number of samples of the input and PWM signals,
respectively. Of course, estimation via the closed-form formulas does not depend on d, considering that the
statistical parameters of the underlying process are known. Otherwise, linear time is required for their estima-
tion from a realization of the process.

Application on a real speech signal

The truncated Laplacian distribution is commonly used to describe sparse signals e.g., speech signals among
others**-%. Consequent samples of speech signal are correlated and hence cannot be considered as i.i.d. RVs.
Thus, Eq. (19) does not hold and the DFT components Y;(#) of the side frequencies cannot be estimated from
the statistics of the input signal. However, even in such a case, the carrier harmonics and particularly the odd
harmonics which dominate the spectral energy of the out-of-band range, can be predicted by the presented model
with sufficient accuracy. From Eq. (11) it can be seen that the Y,,,;(6) do not depend on the particular sequence
of x,(0) but rather on their sum, so that any rearrangement of the variables in a non-stochastic manner that
introduces dependency between the variables does not affect the value of the estimator.

To demonstrate this aspect, a female speech extract with 5s duration is used, taken from the Archimedes
anechoic audio library®. The histogram of the extract is calculated and fitted via a Laplace function, to determine
the distribution’s width parameter. Then, the coeflicients Y,,,;(0) are estimated via Eq. (27) and the results are
compared with the direct calculation of the UPWM signal’s DFT. Figure 7a shows the histogram’s envelope and

1 T 0 0 =
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09t ﬁ“vn © 10 x DT
ing 5 O Laplace formula
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> 20
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Figure 7. (a) envelope and Laplace fitting curve of the histogram and (b) computationally evaluated DFT
spectrum of a 5s female speech extract; (c) comparative estimation of the DFT coefficients via DFT of the
UPWM signal and via the closed-form Laplace formula.
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the fitting curve of the first extract, while Fig. 7b shows the DFT spectrum of the respective UPWM signal. In
Fig. 7b, the prominence of the odd carrier harmonics DFT components becomes evident. Even carrier harmon-
ics are also present, however, they have significantly less energy compared to the odd harmonics. Finally, Fig. 7¢
presents the comparative results of the DFT coefficients via DFT of the UPWM signal and via the closed-form
formula of Eq. (27). It can be seen that the coefficients Y,,,7(0) of the odd carrier harmonics are predicted by  Y,,,4
with high precision, demonstrating the applicability of the proposed analysis in real PWM systems.

Conclusions

This work proposed a mathematical framework for the analysis and design of PWM systems whose input signals
can be modeled as i.i.d random sequences, by demonstrating that the resulting UPWM DFT spectrum in the
out-of-band frequency range can be precisely estimated from the statistics of the input sequence. It also dem-
onstrated that this approach is applicable in real-world PWM systems with input signals such as speech, music
or other communication signals. Particularly, first it was proven that the expected values of the DFT coefficients
are consistent estimators of the true mean, with a zero value for all out-of-band frequencies except for the car-
rier harmonics. For random input signals whose moments can be expressed in terms of a few parameters of
the distribution, such as the truncated normal, truncated Laplacian, uniform, arcsine and the asymmetric beta
distribution, closed-form formulas were derived for the estimation of the carrier harmonics DFT coefficients.
The results were validated by comparison to computational evaluations of the DFT of PWM signal, showing
very good agreement.

Hence, the proposed method allows for precise estimation of the excessive out-of-band energy of UPWM
signals generated from input sequencies of i.i.d. RV, solely based on the statistical characteristics of the RV. It
is worth noting that in the presented case, estimation of the DFT components can be generally done in linear
time O(d) as opposed to typical O(D?) of the DFT and O(D - log(D)) of the FFT. The theoretical interest of such
a finding is complemented by significant practical interest due to the applicability of stochastic modeling of sig-
nals that constitute common inputs to PWM systems, e.g., speech, music, sonar and noise signals among others.
The capability to derive closed-form formulas, indicatively demonstrated for the abovementioned distributions,
can significantly reduce computational complexity and load. The postulated analysis can significantly facilitate
hardware design and signal processing optimization of PWM systems, especially for the mitigation of the hazards
and restrictions owed to the excessive out-of-band energy of the UPWM signals. Finally, input-output statistical
correlation in other non-linear signal transformations will be investigated in the future.

Data availability

The data analysed during the current study are available from the corresponding author on reasonable request.

Received: 28 July 2023; Accepted: 19 February 2024
Published online: 22 February 2024

References

1. Frangois, B., Singerl, P., Wiesbauer, A. & Reynaert, P. Efficiency and linearity analysis of a burst mode RF PA with direct filter
connection. Int. J. Microwave Wirel. Technol. 3(3), 329-338 (2011).

2. Hausmair, K., Chi, S., Singerl, P. & Vogel, C. Aliasing-free digital pulse-width modulation for burst-mode RF transmitters. IEEE
Trans. Circuits Syst. I Regular Pap. 60(2), 415-427 (2013).

3. Yin, M. & Ghovanloo M. Using pulse width modulation for wireless transmission of neural signals in a multichannel neural
recording system. In ISCAS IEEE International Symposium, Vol. 17, 354-363 (2009).

4. Ginot, N., Mannah, M. A., Batard, C. & Machmoum, M. Application of power line communication for data transmission over
PWM network. IEEE Trans. Smart Grid 1(2), 178-185 (2010).

5. Rumsey, E Class D power amplification. J. Audio Eng. Soc. 57(12), 1087-1093 (2009).

6. Floros, A. & Mourjopoulos, J. Distortion-free 1-bit PWM coding for digital audio signals. EURASIP J. Adv. Signal Process. 2007,
094386 (2007).

7. Attwood, B. E. Design parameters important for the optimization of very-high-fidelity PWM (class D) audio amplifiers. J. Audio
Eng. Soc. 31, 842-853 (1983).

8. Hiorns, R. E., Bowman, R. G. & Sandler, M. B. A PWM DAC for digital audio power conversion: From theory to performance. In
1991 International Conference on Analogue to Digital and Digital to Analogue Conversion, Swansea, UK 142-147 (1991)

9. Gamoudi, R., Elhak Chariag, D. & Sbita, L. A review of spread-spectrum-based PWM techniques—A novel fast digital implemen-
tation. IEEE Trans. Power Electron. 33(12), 10292-10307 (2018).

10. Monmasson, E. Power Electronic Converters: PWM Strategies and Current Control Techniques (ISTE/Wiley, 2011).

11. Van Mulders, J. et al. Wireless power transfer: Systems, circuits, standards, and use cases. Sensors 22(15), 5573 (2022).

12. Wang, Y., Zhao, C., Zhang, L., Liu, C. & Li, J. High-efficiency pulse width modulation-based wireless laser power transmission
step-down system. IEEE Photon. . 12(2), 1-14 (2020).

13. Guinee, R. A. & Lyden, C. A novel modulated single fourier series time function for mathematical modelling and simulation of
natural sampled pulse width modulation in high performance brushless motor drives. In 42nd IEEE International Conference on
Decision and Control, Maui (2003)

14. Huh, N,, Park, H.-S., Lee, M. H. & Kim, ].-M. Hybrid PWM control for regulating the high-speed operation of BLDC motors and
expanding the current sensing range of DC-link single-shunt. Energies 12(22), 4347 (2019).

15. Song, Z. & Sarwate, D. V. The frequency spectrum of pulse width modulated signals. Signal Process. 83(10), 2227-2258 (2003).

16. Mellor, P, Leigh, S. & Cheetham, B. Digital sampling process for audio class D, pulse width modulated, power amplifiers. IEEE
Proc. 138(4), 441-448 (1991).

17. Pascual, C. & Roeckner, B. Computationally efficient conversion from pulse-code modulation to naturally sampled pulse-width
modulation. In Audio Engineering Society Convention 109 (2000)

18. Jiang, X. Fundamentals of audio class D amplifier design: A review of schemes and architectures. IEEE Solid-State Circuits Mag.
9(3), 14-25 (2017).

19. Floros, A. & Mourjopoulos, J. On the nature of digital audio PWM distortions. In Audio Engineering Society Convention 108 (2000)

Scientific Reports |

(2024) 14:4353 | https://doi.org/10.1038/s41598-024-54983-0 nature portfolio



www.nature.com/scientificreports/

20. Hawksford, M. Modulation and system techniques in PWM and SDM switching amplifiers. J. Audio Eng. Soc. 54(3), 107-139
(2006).

21. Quercioli, V. Pulse Width Modulated (PWM) Power Supplies, Studies in Electrical and Electronic Engineering 45 (Elsevier, 1993).

22. He, H.,, Kang, Y., Yu, J., Guo, L. Ge, T. & Chang, J. A novel low-power high-efficiency 3-state filterless bang-bang class d amplifier.
In ICECS IEEE International Conference 93-96 (2015)

23. Teplechuk, M. A., Gribben, A. & Amadi, C. True filterless class-D audio amplifier. IEEE J. Solid-State Circuits 46(12), 2784-2793
(2011).

24. Bennett, W. R. New results in the calculation of modulation products. Bell Syst. Tech. J. 12,2 (1993).

25. Deslauriers, I., Avdiu, N. & Ooi, B. T. Naturally sampled triangle carrier PWM bandwidth limit and output spectrum. IEEE Trans.
Power Electron. 20(1), 100-106 (2005).

26. Deng, H., Helle, L., Bo, Y. & Larsen, K. A general solution for theoretical harmonic components of carrier based PWM schemes.
In Proc. 24th Annu. IEEE Appl. Power Electron. Conf. Expo. 1698-1703 (2009)

27. Kostic, D. J., Avramovic, Z. Z. & Ciric, N. T. A new approach to theoretical analysis of harmonic content of PWM waveforms of
single and multiple-frequency modulators. IEEE Trans. Power Electron. 28, 4557-4567 (2013).

28. Tanovic, O., Ma, R. & Teo, K. H. Theoretical bounds on time-domain resolution of multilevel carrier-based digital PWM signals
used in all-digital transmitters. In IEEE 60th International Midwest Symposium on Circuits and Systems (MWSCAS) 1146-1149
(2017)

29. Enzinger, H. & Vogel, C. Analytical description of multilevel carrier-based pwm of arbitrary bounded input signals. In IEEE
International Symposium on Circuits and Systems (ISCAS) 1030-1033 (2014)

30. Sevktekin, N. C. & Singer, A. C. Li.d. stochastic analysis of pwm signals. In 2014 48th Asilomar Conference on Signals, Systems and
Computers 1885-1889 (2014).

31. Mihalic, F. & Milanovic, M. Power density spectrum estimation of the random controlled PWM single-phase boost rectifier. In
1999 IEEE International Symposium on Electromagnetic Compatibility Symposium Record, Seattle, WA, USA 803-805 (1999)

32. Trzynadlowski, A. M., Blaabjerg, E, Pedersen, J. K., Kirlin, R. L. & Legowski, S. Random pulse width modulation techniques for
converter-fed drive systems—A review. IEEE Trans. Ind. Appl. 30(5), 166-1175 (1994).

33. Gazor, S. & Zhang, W. Speech probability distribution. IEEE Signal Process. Lett. 10, 204-207 (2003).

34. Jensen, J., Batina, L., Hendriks, R. C. & Heusdens, H. A study of the distribution of time-domain speech samples and discrete
fourier coefficients. In Proc. SPS-DARTS (2005)

35. Shin, J. W,, Chang, J.-H. & Kim, N. S. Statistical modeling of speech signals based on generalized gamma distribution. IEEE Signal
Process. Lett. 12(3), 258-261 (2005).

36. Arora, V. & Kumar, R. Probability distribution estimation of music signals in time and frequency domains. In 19th International
Conference on Digital Signal Processing (2014)

37. Culver, R. L. & Camin, J. H. Sonar signal processing using probabilistic signal and ocean environmental models. J. Acoust. Soc.
Am. 124, 3619 (2008).

38. Rapp, J., Dawson, R. M. A. & Goyal, V. K. Estimation from quantized Gaussian measurements: When and how to use dither. IEEE
Trans. Signal Process. 67, 3424-3438 (2019).

39. Lindsay, B. G. & Basak, P. Multivariate normal mixtures: A fast consistent method of moments. J. Am. Stat. Assoc. 88, 468-476
(1993).

40. B&O. Music for Archimedes (Hansen and Munch, 1991).

Acknowledgements

Konstantinos Kaleris gratefully acknowledges the financial support by the General Secretariat for Research and
Technology (GSRT) and the Hellenic Foundation for Research and Innovation (HFRI). He also thanks prof.
Nektarios Papadogiannis for useful discussions on the manuscript.

Author contributions

K.K., .M. and E.P. contributed to the conceptualization of this work. K.K., E.P. and J.M. developed the meth-
odology. E.P. and K.K. carried out the mathematical analysis and simulations. K.K. developed the simulations
software and prepared the first draft of the manuscript. .M. and E.P. supervised the work. All authors reviewed
the final manuscript.

Competing interests
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to K.K.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

= License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2024

Scientific Reports |

(2024) 14:4353 | https://doi.org/10.1038/s41598-024-54983-0 nature portfolio


www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Spectrum analysis of digital UPWM signals generated from random modulating signals
	Discrete-time UPWM
	Deterministic input sequences
	Random input sequences
	Carrier harmonics
	Side frequencies

	Closed-form formulas for common distributions
	Symmetric distributions
	Non-symmetric distributions


	Experimental evaluation
	The effect of the observation window size
	Non-symmetric distributions
	Closed-form formulas
	Application on a real speech signal

	Conclusions
	References
	Acknowledgements


