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Near-term quantum computers have been built as intermediate-scale quantum devices and are fragile
against quantum noise effects, namely, NISQ devices. Traditional quantum-error-correcting codes
are not implemented on such devices and to perform quantum computation in good accuracy with
these machines we need to develop alternative approaches for mitigating quantum computational
errors. In this work, we propose quantum error mitigation (QEM) scheme for quantum computational
errors which occur due to couplings with environments during gate operations, i.e., decoherence. To
establish our QEM scheme, first we estimate the quantum noise effects on single-qubit states and
represent them as groups of quantum circuits, namely, quantum-noise-effect circuit groups. Then
our QEM scheme is conducted by subtracting expectation values generated by the quantum-noise-
effect circuit groups from those obtained by the quantum circuits for the quantum algorithms under
consideration. As a result, the quantum noise effects are reduced, and we obtain approximately the
ideal expectation values via the quantum-noise-effect circuit groups and the numbers of elementary
quantum circuits composing them scale polynomial with respect to the products of the depths of
quantum algorithms and the numbers of register bits. To numerically demonstrate the validity of our
QEM scheme, we run noisy quantum simulations of qubits under amplitude damping effects for four
types of quantum algorithms. Furthermore, we implement our QEM scheme on IBM Q Experience
processors and examine its efficacy. Consequently, the validity of our scheme is verified via both the
quantum simulations and the quantum computations on the real quantum devices. Our QEM scheme
is solely composed of quantum-computational operations (quantum gates and measurements),

and thus, it can be conducted by any type of quantum device. In addition, it can be applied to error
mitigation for many other types of quantum noise effects as well as noisy quantum computing of long-
depth quantum algorithms.

The research and development of quantum computers are currently an important and active field of quantum
information science and technology'~'*. On the one side, quantum computer devices have been engineered with
state-of-the-art technologies using various kinds of elements including superconducting circuits’-'141>1617 and
trapped ions”!'>!318-22, On the other side, toward the application to, for example, material science, quantum chem-
istry, optimization problems, and quantum machine learning, many new kinds of quantum algorithms have been
recently developed such as Variational Quantum Eigensolver (VQE)*¥, Quantum Approximate Optimization
Algorithm (QAOA)?~*, and hybrid quantum-classical machine learning algorithms?**-*¢. These algorithms
have characteristics such that they are constructed by the hybridization between quantum and classical compu-
tational procedures. Recently, in the task of sampling random quantum circuits, quantum supremacy has been
demonstrated using the superconducting circuit device®”. All these facts are implying important milestones for
the advancement of the research and development of the quantum computers and the broadening of quantum-
computing applications to many fields of science and engineering.

While the above successful results of the research and development of quantum computers have been reported,
near-term quantum computers based on circuit models have been built as intermediate-scale quantum devices
yet and are fragile against quantum noise effects: they are called noisy intermediate-scale quantum (NISQ)
devices'®'>%. Quantum noise effects (decoherence) are major obstacles for performing quantum computation
and historically many great efforts have been made on reducing such effects**’. One of the traditional and repre-
sentative schemes for this is the quantum-error-correction (QEC) coding>®!*!11741-44/ Another important one is
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the dynamical decoupling which plays fundamental role in extending coherence times of qubits”'>!7#45-4% The

QEC codes are, however, not implemented on NISQ devices and to obtain quantum computational results in good
accuracy with NISQ devices we need to search for alternative approaches for mitigating quantum noise effects.
This research field is called quantum error mitigation (QEM), and these days, it is one of the important themes of
the research and development of quantum computation®**°°-7¢, The difficulty of the treatment of quantum noises
(e.g., amplitude damping, phase damping (dephasing), depolarizing channel) is that we cannot directly construct
their inverse processes by quantum gates due to their non-unitarity. On the other hand, it is possible to formulate
quantum noise effects as quantum circuits by using ancilla bits and measurements on them>”’-**. By utilizing the
quantum circuits representing the quantum noise effects under consideration, we expect that we can establish
QEM schemes for reducing such effects. If this is established, we become able to mitigate the quantum noise
effects by the gate operations and measurements, i.e., QEM conducted by all-quantum-computational opera-
tions. In other words, we become able to programmably run quantum algorithms with mitigating the quantum
noise effects solely by the quantum computational operations and realize high-accurate quantum computation.

In this work, we propose our QEM schemes for quantum computational errors which occur owing to cou-
plings with environments (decoherence) during gate operations: errors of state preparation (initialization) and
measurement, imperfections of quantum gates, and cross talks among qubits are not taken into account. In
particular, we make detailed analysis on quantum computational errors generated by amplitude damping (AD)
of single-qubit states. We show the schematic representation of our QEM scheme in Fig. 1 and it consists of two
elements, the quantum circuit for the quantum algorithm under consideration (original circuit) represented
by the blue rectangle and the ensemble of quantum circuits which yields the theoretical value of the quantum
computational error due to the quantum noise effect, namely, quantum-noise-effect circuit group and is repre-
sented by the orange rectangles. By utilizing the quantum-noise-effect circuit groups, we formulate our QEM
scheme as a perturbation theory with respect to a strength(s) of quantum noise(s) and perform it by subtracting
the expectation values given by the quantum-noise-effect circuit groups from those generated by the quantum
circuits for the quantum algorithms under consideration as expressed by the formula in the green rectangle;
see also the right-hand side of the first line in Eq. (8). As a result, the quantum noise effects are mitigated and
we approximately obtain the ideal expectation values. Then, we discuss the numbers of elementary quantum
circuits which compose the quantum-noise-effect circuit groups and show that they scale polynomial (linear)
with respect to the products of the numbers of register bits and the depths of the quantum algorithms (circuit
depths or the numbers of unitary gates composing the quantum algorithm). Finally, we numerically demonstrate
the validity of our QEM scheme by running noisy quantum simulators of qubits under the AD effects for four
types of quantum algorithms in the linear-order perturbation regime. Furthermore, we examine the effectiveness
of our QEM scheme by using IBM Q Experience processors®. The detailed explanation on how to extend our
QEM scheme to other kinds of quantum noise effects including phase damping, generalized amplitude damping
(thermalization), and depolarizing channel, and extension of our QEM scheme to higher-order quantum noise
effects are given in Supplementary Information.

The structure of this paper is given as follows. It begins by “QEM schemes” with our modeling of the quantum
computation under the influence of the quantum noise effect. After then we explain the formalisms of our QEM
scheme. In “Numerical simulations”, which presents our main results, we demonstrate numerically our QEM
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Figure 1. Schematic of our proposed QEM method. The original circuit represented by the blue rectangle (left
side) describes the quantum circuit for the quantum algorithm to be run and is composed of the unitary
operations U with k = 1,...,d and d denotes the depth of the quantum algorithm. It yields the expectation

value (0) preal On the other hand, the quantum-noise-effect circuit group, which is represented by the orange
)
rectangles (right side), is constructed from the original circuit by inserting an additional operation between Uy

A

and Uy (gray box). It yields the theoretically-estimated quantum computational error (O) AAD 5, yreal- By using
these two expectation values, we obtain the equation for our QEM scheme in the green rectangle. Here we have
takend = 3.
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schemes for the noisy quantum simulations for four types of quantum algorithms. These simulations are done
by both our original numerical code and Qiskit®. In “QEM scheme implementation”, we discuss our quantum
computation results for our QEM scheme run on the IBM Q Experience processors®. In “Comparison with
other methods”, we make comparisons between our scheme and other QEM methods. Section “Conclusion and
outlook” is devoted to the conclusion of this paper.

QEM schemes
Modeling and formulation
Let us explain our modeling of quantum computation under the influence of quantum noise effects
In the following, we focus on the amplitude damping (AD) effect: generalized-amplitude-damping (GAD) effect
at zero temperature. As discussed later, it is straightforward to generalize the argument for the AD effect to other
quantum noise effects such as phase damping (PD) and stochastic Pauli noises. We schematically represent such
a circumstance as a quantum circuit and show it in Fig. 2.

There are Ny register bits and the quantum algorithm to be run is represented by the unitary transformation

UQC_ It is comprised of d unitary transformations described by UC = H,‘jzl Uy =Ug-Uy_y---U, - Uy The
unitary transformation Ux (k = 1,2, ..., d) is composed of single- and two-qubit gates. We assume that the dura-
tion time (gate operation time) of the unitary transformation Uy is At for any k. During the time interval At, the
register bits are influenced by the AD effects due to couplings with environments, e.g., electromagnetic field in
the vacuum, phonons in solids, etc. The quantum master equation describing the AD process in the interaction
picture is given by>%-%

26,27,50,60,61,85

dp(t
% =y Laplp ()]

Ng—1

(D

1

=Y Z |:C~Tj7,0(t)5j7L - E{5j+5f,,0(t)} >
=0

where p(t) is the density matrix of the N, register bits at time t and y is the decay rate. The symbol Lap denotes
the Lindblad superoperator of the AD process and the operators &ji = @ are the ladder (raising and lower-
ing) operators acting on the register bit Q;;. Xjand Y; are X and Y gates acting on Qy, respectively. {A, B} is the
anti-commutator between the operators A and B. In our model, we assume that the N, register bits experience
homogeneously the AD effect of single-qubit state given by the decay rate y. At the initial time t = 0, all the
register bits are in |0) state (ground state), namely, p(0) = |0) (0]®Na, Let us write the total amount of quantum
computational time (running time of the quantum algorithm under consideration) by T(= d - At) while we
introduce the dimensionless time T = y At. By assuming 7 < 1, in the following let us evaluate the density
matrix at the time T, p(T), by using the quantum master equation (1) and express it as a perturbation series
with respect to T given by

oo

L AD
P = - 85 P

p=0 £~ (2)
=p4g.1+7T- AfD,od...l + 0.

here pg..;1 = U . p(0) - (UQC)T describes the noise-free (ideal) quantum state of the register bits. In other
words, it is the ideal output quantum state generated by the quantum algorithm given by UQC. The quantity
APAD,Od...l (p = 1) is the theoretically-evaluated p-th-order AD effect. Let us focus on the first-order AD effect

A‘?Dpd...l which has the form

d
A?D,Od...l = Z AﬁkDpd”.l,
k=1
t A3)

d d
AD ~AD
Al,k Pd...1 = H U -0 H v,
I=k+1 I=k+1

where

\0>Qr0

[0>er

Figure 2. Illustration of quantum computation under AD effects represented as a quantum circuit. Here we
show it for d = 3and N, = 2. The symbol 53}}? expresses the occurrence of AD effect on the register bit Qy; (the
j-th register bit).
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with HfzkJrl U=U;-Uj_q-- Ugys - Ugyg and H;‘zl U; = Uy - Ug—q - - - Up - U;. In the above equation we

- T ] .
have used H;i: 4+1 Ur = 1, where 1 denotes the identity operator. The operator P! = (rj+aj = “5~7 describes the

projection onto the quantum state |1); with 1;and Z; denoting the identity operator and the Z gate acting on Qy,

(4)

. . c e L. 0 _ ~—~+ _ Li+Z
respectively: On the other hand, the projection operator of the quantum state|0);is given by P’ = 6;76;" = ~5=.

QEM scheme
Since we have evaluated the single-qubit-state AD effect, next we discuss our quantum error mitigation (QEM)

scheme. We denote the operator of which we are aiming to take an expectation value by O. When we implement
the quantum state p on a real device what we actually obtain is a quantum state which is different from p due to

quantum noise effects: note again that hereinafter we only consider the AD effect. Let us write it by p™!. We rep-

resent the density matrix plin terms of p (ideal state) as p™! = p + §4P p, where 4P p represents the deviation

from p owing to the AD effect on a real device. Note that we use the symbol §4P to describe the AD effect on a

real device while we use AAP to describe the theoretically-estimated AD effect like Eq. (2). Namely, a quantum

5AD

computational error occurs due to the deviation % p. QEM is a prescription for mitigating the error coming

from the deviation §4P p. Mathematically, this is a task to make the value of Tr(O8AP p) as small as possible. In

our scheme, we mitigate the error Tr(O84P p) by perturbatively treating the deviation §AP

AAD

p with respect to T
and using the theoretically-estimated AD effect p. In the following we show such a perturbative analysis up
to the first order in 7. The extension of our QEM scheme to higher-order AD effect is discussed in Sect. I in the
Supplementary Information. The key procedure of our QEM scheme is to construct quantum circuits for com-
puting the quantity T(OALP p...1), which describes the theoretically-estimated quantum computational error
of the expectation value Tr(@p) in the first order of 7. For doing this, there are two difficulties: (1) the generation

of the anti-commutator term {Pl, Pk 1 } in Eq. (4) and (2) the implementation of the non-unitary operators 6]»7

and P} . Let us discuss from our solution to the difficulty (1). We denote some sort of quantum-computational
operation (gate operation or measurement) by A. When the operation .4 acts on the quantum state py...; the

output state we have is pg...; — Apk...lAT. The anti-commutator term {P].l, Pk--1 }, in contrast, is not represented
in this way, and thus, it is not clear how to generate such a term by the quantum-computational operations. We
solve this in the following way. To make our argument simple, here let us focus on the single-register-bit system

(N4 = 1); the generalization to N; > 2is straightforward and is discussed later. First, we rewrite ,5,’2?1 in Eq. (4) as

Zpk..1Z
4 2l
4 4

~AD Pk---1
Pkl = """

+6 a6t — Plpp.PL. (5)

In the above way, all the four terms in Eq. (5) are written in the form Apy...;.A", and thus, we have solved the
difficulty (1). Let us analyze the mathematical structure of the right-hand side of Eq. (5). The quantum circuit
for creating the first term is straightforward because it is obtained by the quantum circuit composed of UC (the
quantum algorithm under consideration). The implementation of the quantum circuit for the second term %
is also straightforward because we just apply the Z gate after the operation of Ui. The unclear part is to find ways
to construct the quantum circuits for generating the third and fourth terms given by the non-unitary operators

&~ and P! and this is nothing but the difficulty (2). We solve this by using an ancilla bit and a measurement on

@ o),

0)q, — Ry (9 = 7)

0)g, —| Ry (9 =)

Figure 3. (a) Schematic of AD-effect circuit A. When we set # = 7 and post-select the measurement result
of the quantum state of Q, to be|1)q,, we realize the operation of &~ on Qyo. (b) Schematic of AD-effect circuit
B. By setting ¥ = m and post-selecting the measurement result of the quantum state of Q, to be|0) g,, we the
operation of Plon Qyq is created.
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it°. For the creating the operation & ~, we use the quantum circuit presented in Fig. 3a (AD-effect circuit A) while
for the operation of P! we use the one in Fig. 3b (AD-effect circuit B).

In both quantum circuits, we regard the ancilla bit Q, as the environment which induces the AD effect on
the register bit Qyo. The interactions between these two qubits are represented by the controlled-rotational gate
Ucr, [Qro; Qal(¥) and the controlled-not gate Ucx[Qa; Qrol. The controlled-rotational gate Ucr, [Qro; Q.1(®)
describes the rotation about y axis by the rotational angle ¥ and it is composed of the control bit Qyy and
the target bit Q,. On the other hand, for the gate operation Ucx[Qa; Qro] the ancilla bit Q, is the control bit
while the register bit Qo is the target bit. We have used the notation such that the control bit(s) comes before
the semicolon while the target bit(s) comes after. Let us explain the output states generated by the AD-effect
circuits A and B. For both quantum circuits, the initial quantum states of Q;o and Q, are the same and it is
P00, (0) = 0, (0) ® pq, (0) with pg,,(0) = |0)q,, (0| and pq, (0) = |0)q, (0. The AD-effect circuit A is given
by the unitary operation Uspa = Ucx[Qa; Qrol - Ucr,[Qro; Qal(¥) while the AD-effect circuit B is given

by Uaps = Ucx[Qa; Qrol - (12x2 ® Xq,) - Ucr, [Qro; Qul(P), where 154 is the two by two identity opera-
tor. Owing to these unitary operations, the quantum state generated by the AD-effect circuit A is given by

PADAO: (1) = UaDA - 00,00, (0) - (Uapa)’ while the quantum state created by the AD-effect circuit B is
PADB,Q (V) = UADB - £Q,00Q,(0) - (Uapg)'. At the end, we measure the ancilla bit Q,. Then the quantum states
of Qro (reduced density matrices) are described by the Kraus operators>®.

4

KoPA =, (01Uapal0)q, = P° + cos (E)Pl

ADA e\ L
Ky™" = Q. (1|Uapal0) @, = sin S)e

ADB AN
Ko™ = @.(0lUaps|0)q, = sin L

ADB . 9\
K" = @,(11UaDB|0)q, =6 + cos S )

For the AD-effect circuit A (B) the Kraus operators ICOADA (ICOADB) acts on the register bit Q;p when the
measurement outcome of the quantum state of the ancilla bit Q, is |0) g, while KC#PA (IC2PB) operates when the
measurement outcome is|1)g,. When we average these two outcomes, the quantum state of Qo created by the
AD-effect circuit A is given bypapa g, (%) = Trq, [PADAQ0Q (N)] = D 11=0,1 ICﬂDA Qo (0) - (ICﬁDA)T, where
the symbol Trq, denotes the partial trace with respect to Q, degrees of freedom. Similarly, for the AD-effect circuit
B we have papB,g,, (?) = ZM:O’I ICQDB “ PQy (0) - (KQDB)T. In particular, for the AD-effect circuit A when we

take # to be ¥; such that cos® (%) = 77", the matrix representation of papa,q,, () is given by

—evt -5
pADAG (01) = ([PADA,Qro O] +7[,0ADA,Qr0(0)]11(1 e7") [pADA G0 (0], € > @

vt _

[PADA, Qo (0)] 1 - €2 [PADA,Qr (0)] | 77"

The matrix element [pADA,Qro (O)} aw (> n' = 0,1) denotes the (1, n’)-element of papa,q, (0). The reduced
density matrix papa,q,, (9¢) in Eq. (7) is nothing but the solution of the quantum master equation (1). Further,
when we take ¥ —m, the Kraus operators in Eq. (6) becomes
{IC(‘;“DA, IC{\DA} — {PO, o~ }, {IC(‘)\DB, IC?DB} — {Pl, 6t } Therefore, for the case of the AD-effect circuit A
by using the measurement result of Q, such that we post-select the output state of Q, to be|1)q, we can realize
the operation of &~ on Q. On the other hand, for the AD-effect circuit B by post-selecting the output state of

(C)]

0)e. % @
) Ry(9 =) —s—| A=

(b)
|O>Qr Uy Us I {U—s‘

0)e, Ry (9 =)

Figure 4. (a) Schematic of an elementary quantum circuit in the AD-effect circuit group given by the AD-effect

o

p
circuit A which generates (Hld:k-H Ul> (67 prac ) - ngd:k_H Ul> . For doing so, we set ¥ = m and
post-select the measurement result of the quantum state of Q, to be|1),. (b) Schematic of an elementary
quantum circuit in the AD-effect circuit group given by the AD-effect circuit B. When we post-select the

+
measurement outcome of Q, to be |0)g,, we have <H7=k+1 Ul) - (P'pg..1P') - (Hf:kH Ul> . Both of these

quantum circuits in (a) and (b) are fork = 2,d = 3 with 9 = x.
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Q. to be|0) g, we realize the operation of Plon Qy. To show the above things concretely, let us present the exam-

i
ples of the quantum circuits for the generation of (Hld:k+1 Uz) (67 p1G ™) - (Hld:k+1 U1> and

(Hf:kﬂ Ul> - (P'pr..1PY) - (H;j:k-ﬁ—l Ul>T for k = 2,d = 3, and we show them in Fig. 4a,b, respectively. As a
result, by using the AD-effect circuits A and B we can perform the actions of & ~ and P! as described by the third
and four terms in Eq. (5), and thus, we have solved the second difficulty (2).

Since the difficulties (1) and (2) have been solved, we are now ready to establish our QEM scheme. To compute
the quantity Tr(é . A{\D 0d...1) we need four types of quantum circuits: the original circuit given by UQC, the
quantum circuit where the additional Z gate is performed, and the AD-effect circuits A and B. The latter three
quantum-circuit ensembles composed of the additional Z-gate, 5 ~, and P! operations form the quantum-noise-

effect circuit group for the AD effect, i.e, AD-effect circuit group. Hereinafter, let us write the trace of the product
real

between the operator Oand pby Tr(Op) = (0) o- We perturbatively express the quantum states o™, with respect

real 24

totas o % = pg..1 + 54D (p4...1) with 84P (pg...1) = Zgil o ~5ﬁD(,0d...1). Furthermore, we write the quantity

which is obtained by the implementation of AlAD pd...1 on a real device by (AII“‘D pd...1)" With similar to pffﬁll, we

perturbatively express (A{\D pd-.1)"in terms ofA{\D 0d..1and T as (A?D Pdo)'e = A‘?D pd..1 + 84D (A‘?D Pd.1)

with 3AD(A1ADde1) = Z;il ;%; . SﬁD(Apodml). Then, by using Egs. (2)-(5) we obtain the quantum-error-

mitigated expectation value of O given by

(O3 = (O) g = T(Oapop, i
= Oy +7 (100005, )~ (Oharoy, ) Y
+O(x?).

The idea of our QEM scheme is clearly represented in the second line of Eq. (8). The first term is the ideal
expectation value while the second term represents the conduction of our QEM scheme. It is described as the
subtraction between (O) 58D (py..1) (the quantum computational error occurring on a real device) and (O) AR,
(theoretically-evaluated quantum computational error), which is computed by the AD-effect circuit group. fhe
heart of the idea for doing this is that we have considered that the real noise effect S{XD (pg...1) is (approximately)
equivalent to the theoretically-estimated noise effect A?D(,od.“l). When the second term in the second line
of Eq. (8) becomes small enough, we consider that we have accomplished in mitigating the error of quantum
computation on a real device. Note that the quantum noise effects coming from 4P (AAP p;._ 1) are suppressed
by multiplying (6>(AADde1)real by 7 (the second term in the right-hand side of the first line of Eq. (8)). This is
because the lowest-order error AD effect on the implementation of A‘f‘D Pd...1» which is B?D(A?D 0d...1), becomes
O(z?) due to the multiplication by t: 8AD(A?Dpd...1) —>T- (SAD(A?Dpd...l) = Z;il [2ani SﬁD(A?Dpd...l).
Consequently, in the first-order perturbation theory with respect to T we have established our QEM scheme by
the usage of the AD-effect circuit group and is expressed by the formula given by Eq. (8). The above argument
on QEM-scheme derivation can be straightforwardly generalized to register-bit systems for N; > 2.1In this case,

,5,‘2_1,)1 in Eq. (5) is represented as

e = Laplpk.1]

Ny—1
Pkt ZiPk1Zj | . _ <
- Z — T G ke 9)
=0
1 1

We can apply our QEM scheme to the N, register-bit system in the following way. We prepare N, register bits
and one ancilla bit { Qro> Qe+ -+ QeNy—1, Qa } Then we create an ensemble of quantum circuits composed of the
j-th register bit Q;j(j = 0,1,..., N; — 1) and the ancilla bit Q, which describes that Q;; is subject to the AD effect
induced by the ancilla bit Q,. Namely, we create the ensemble of four types of quantum circuits composed of
Q:jand Q,, the original quantum circuits given by U, the quantum circuits with additional Z-gate operations,
and the AD-effect circuits A and B. By summing up all these quantum circuits, we obtain the AD-effect circuit
group which enables us to perform QEM for N,-register-bit system under the AD effect. The total number of
quantum circuits which compose the AD-effect circuit group is 3dN, + 1, and thus, it scales polynomial in dN,
which is not so high-cost computational performance.

Before ending this section, let us explain two ways to extend our QEM formalism. Firstly, we can extend
into cases of other quantum noise channels including generalized amplitude damping (GAD), phase damping
(PD), their composite channels, and stochastic Pauli noise models such as bit flip, phase flip, bit-phase flip, and
depolarizing channel. Secondly, we can create quantum-noise-effect circuit groups which enable us to perform
QEM for higher-order quantum noise effects. We present arguments on these two cases in Sect. I in the Sup-
plementary Information.
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Numerical simulations

In this section, we numerically demonstrate our QEM scheme for four types of algorithms. For the quantum
noise effect we choose AD effect. In “Preliminary’, as a preliminary of our QEM demonstration, we present the
results of two algorithms: the algorithm composed of the initial X-gate operation and the repetition of the Had-
amard gate acting on a single register bit and that composed of the initial X ® X operation and the controlled-
Hadamard gate acting on two register bits. In “Quantum amplitude amplification”, we show the results of QEM
for a long-term quantum algorithm and here we choose quantum amplitude amplification (QAA) algorithm
(Grover’s search algorithm). In “QAOA”. we show the results of recently developed NISQ quantum algorithms,
Quantum Approximate Optimization Algorithm (QAOA).

In the following, let us explain the formalism of our noisy quantum simulations (numerical simulations of
running quantum algorithms with real quantum devices performed by classical computers). As shown in Fig. 2,
every time we apply an unitary (gate) operation, the Ny register bits experience AD effects. Suppose that at
time #y the quantum states of the register bits were given by the density matrix p(fp). According to the quantum
master equation (1), when the unitary gate U has been applied to the register bits within the time interval At the
quantum state of the register bits att = to + At is expressed by the density matrix

PPty + A1) = EXPUp () U], (10)
where EAP[. . . ]is the superoperator which describes the AD effect on the N, register bits and it is given by>*
ADp 7 _ T
& [/0] = Z MnQKO,..A,nQqu_l P M"Qro""’nQqu—l >
VlQrO,...,T’lQqu71
_ aAgqAD AD
MnQrO""’nQqu—l - M”Qro ®---@ M”Qrer ’ (11)
MAD_ 1 0 MAD_ 0 sin <197,>
0 7|0 cos (%’) ’ L ) 0 ’

— 2 (9 _ -t AD AD

where nq,, . .., nQy, -, = 0,1, and cos” { 3 ) = e~ ". The operators M~ and M7}* are the Kraus operators

acting on single-qubit states and describe the influence of the AD effect on a single register bit during the time
interval At. Here we assume that the N register bits homogeneously experience the single-qubit-state AD effect
as described in Eq. (11). For later convenience, let us introduce the notation which describes the operation of
the unitary operator U on the quantum state p by 7 [p, Ul(= Up U™). Let us write the quantum state generated
by the unitary transformation UC under the AD effect by p;7,. By using the superoperator EAPY. - - ], the output
state p4D, is represented as

P42 = EAP [T EAP[TIEAP [T 1p(0), U], Ual],... U4l]. (12)

Equations (11) and (12) are the basic equations of our noisy quantum simulations. Namely, we perform our
noisy quantum simulations by identifying the quantum state p47, in the above equation with pffﬁll, which is the

AD-affected quantum state generated by the unitary transformation U2C on real devices. We conduct QEM
described by Eq. (8) for various values of 7 by tuning the value of ;. When we execute the AD circutis A and B,
we run quantum simulations of the Ny + 1 qubit systems. The right-hand side of Eq. (11) becomes

T h AD
. . where = cee
anrO""’nQqufl’”Qa MnQro’“""Qqufl’”Qa p MnQrO,A..,nQqu_l,nQa’ MnQro,.A.,nQquilynQa M"Qro ® ®

MQQD o ® Mﬁ‘g. Note that the ancilla bit Q, is treated similarly as the other Ny register bits such that Q, is
TNg— a

subject to the same quantum noise effect described by the Kraus operators in Eq. (11) as the other N, register
bits do. Correspondingly, we mitigate the quantum noise effects influencing both Q, and the Ny register bits via
Eq. (8).

For performing our noisy quantum simulations, we have created two types of numerical codes. The first one
is our original numerical code and the second one is the numerical code created by Qiskit®. In our numerical
code, we simply compute the matrix products of the density matrices, the unitary operations Uy, the Kraus

operators, and the additional operations such as Z, &%, P!, Furthermore, we compute the trace operations
between the density matrices and the physical operators O. Namely, our original numerical code is a density-
matrix simulator. On the other hand, the Qiskit code is programmed by two numbers, Noc and Nsamp. To
understand them concretely, first let us discuss an example of quantum computing of a single-qubit system. We
execute the given quantum circuit and we obtain an output state which is either|0) or |1). We repeat this process
Nqc times and say that we obtained |0) for Nj) times as the output state while we obtained |1) for Njy times. Then,

the probability weight of |0) is 11\\1% while that of |1) is %. Namely, the number Nqc is the repetition number of
quantum computing executed by the given quantum circuit, and the numerical simulations in our original code
describes the quantum simulations in the limit Noc — oo. Next let us explain what Ngump is. It is the repetition
number of “the execution of the quantum computation for Nqc times under the given (fixed) quantum circuit”
By introducing such a number, we effectively perform the quantum computation under the given quantum circuit
with the repetition number Noc X Nsamp in our Qiskit code. In contrast to Nqc, the repetition number Ngamp is
not coming from foundations of quantum mechanics and we have introduced this quantity owing to the follow-
ing two reasons. First, due to our survey there is an upper limit on Nqc in the Qiskit program and is 10”. By
introducing Namp, we become able to effectively perform quantum computations with repetition numbers greater
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than the upper limit of Noc (= 107) in the Qiskit program. Second, we consider that it is not enough to just show
a single data point of “the quantum computational result obtained by the fixed quantum circuit and Nqoc” to see
how largely it deviates from the true quantum computational result (quantum computation in the limit
Nqc — o0). To present how largely the quantum computational results for fixed and finite Ngoc deviate (finite-
size effects of Nqc) from the true ones, we introduce Nsamp and show visually such deviations. In order to describe
the second reason more mathematically, let write a binary which labels a quantum state of qubit Qg
(¢ =0,...,N; — 1) by nq,: Inq, ) with ng, = 0, 1and an output state is described by the computational basis

states [1Qy, 1) Qu,—1 ® *+ [1Qy)Qy = 11Qy,—, *  11Q)- Let us say that we focus on the specific quantum state

|f1QN'rl -+ - #1Q,) and consider how many times it is obtained as the output state for given Nqc. By saying that

|71Qu, -1 * * - 1Qy ) has been obtained as the output state for N;,QNT1 g, (NQc) times, the probability of an output
N;'QNq—l ~hgq (Nqc)

state being |f1Qer i )is Wiy, _, g (Nqc) = . Furthermore, we write the probability such
-

thatlﬁQer -+ 71, ) is going to become observed in quantum computing under Noc — o0 as pj,
q

Nqc
gy We
redescribe such a circumstance as the binomial distribution denoted by B (p;,QN | figy? Nqc) and introduce the
-
random variable X; such that in the ith round of quantum computation we take X; = 1 when the output state is
Noc—1
Z Q

Q. _, - - - i, )» otherwise X; = 0. Next, we introduce another random variable X = =<0~ which is equiva-
Ng—1 o Nqc

lent to Wigy 1u.,qQO(NQC). Owing to the central limit theorem, we obtain
-
lim o0 Wiy, -1y (Nqc) = ps Qg1 0y In other words, the binomial distribution B(p, Nqc) approaches

to the Gaussian distribution function given by the mean pj;, .., and the standard deviation
-

Pigy, _ ~igy I Pagy _ -iq,) Piqy _ iy I Pagy _,-iq,)
\/ Yl 2 Nl 20 ,namelyN(pﬁQNr Mgl 0 Mgl O ).Letus say that we perform

Nqc 17°1Qp” Naqc
Pagy, _, gy 1= Pi i)
; . o Ng—1""Q0 QAvg-1""Q
quantum computing with accuracy €. From the standard deviation of N (pﬁQN |Figy 4 - 1 )
-

(1—PhQN

pﬁQNq—l i,

Q)
we can estimate the lower bound of Nqc for doing this and is equal to . Note that in
order to perform QEM with the accuracy € the total repetition number of quantum computlng gets larger with
respect to d and N, due to the quantum-noise-effect circuit group and this issue is addressed later. The number
Nqc describes the repetition number of quantum computation owing to the given quantum circuit whereas the
number Ngymp describes how many times you conduct the sampling for the expectation values of physical opera-
tors obtained by the Nqc-repeated quantum computation. Owing to this sampling, the repetitive number of the
quantum computations effectively becomes Nqc X Nsamp, and our simulation results become more trustable. In
our simulations we take Noc = 2'% and Ngymp = 100 for both the original quantum circuit and each elementary
circuit of quantum-noise-effect circuit group. Our original numerical code, on the other hand, is the code for a
noisy quantum simulation in the limit Noc — 00, and basically, it performs pure linear algebraical computations
such as matrix-product and trace operations. We note that when we create the numerical codes with Qiskit, we
need to be careful with how controlled-unitary operators are implemented. We have examined that on Qiskit
program the controlled-unitary operators are implemented as the decomposition of Ucy gates and single-qubit
unitary gates. For example, the control-R, gate Ucr, (9)[Qro; Qr1] is decomposed as

Ucr,)[Qr0: Qul = (12x20,, ® Ry($)qn) - Uex[Qr1; Quol - (T2x20, ® Ry(—5)qu) - Ucx[Qro; Qe1}Therefore,
when we simulate QAA for three-qubit systems and QAOA with our original code we implement UCRy @) [Qro; Qr1]
in the same way as Qiskit program does.

In order to quantitatively describe the validity of our QEM scheme we introduce the measure defined by

_— O) yrea = (0) ..
ST (0) . — (0) gl )

The numerator of RTqgm in Eq. (13) describes the absolute of the difference between the expectation value
owing to the noisy quantum simulation ((5) prsl (no QEM) and the ideal expectation value (@) pideal On the other
hand, the denominator represents the absolute of the difference between the expectation value obtained by our
QEM scheme (O) qem (see Eq. (8)) and the ideal expectation value. In other words, the measure RTqgm in Eq.
(13) is the ratio bet%véen the absolute of the error without QEM and the one with QEM. Thus, when RTqgm > 1
the expectation value (0) Qe is closer to the ideal value than (O) preals which means that our QEM scheme is
working. In addition to the ratio RTqgm in Eq. (13), we display the results of the expectation values obtained by
the ideal simulations, the noisy simulations without QEM, and the noisy simulations with QEM, and show
explicitly the validity of our QEM scheme. Note that for our original code we take the noise-strength parameter
to be ¥ =i, x 0.01 withi, = 0,1,...,50 while for Qiskit code we take ¥, = iq x 0.05withiq =0,1,...,10.
For computing the expectation values we include the case i, = 0 and iq = 0 whereas for computing the ratio

pbrieal = (O) QEM and we

encounter in the 1ndeﬁn1te . In the following, we create a subsection for each quantum algorlthm and discuss
the results in detail.

RTqEm we omit i, = 0 and iq = 0. This is because in this case we have (@)pd L= (@)
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Figure 6. Quantum simulations for the quantum algorithm UQrSI = H®4~1. X, Plots in (a) and (b) are the
results of QEM for the expectation value of X and Z, respectively. The dotted lines are the expectation values
without QEM while the solid lines represent the expectation values with QEM. The black dotted lines are

the results of the ideal simulations. In (c) and (d), we show the ratio RTqgm for the expectation values of X

and Z respectively. The red, blue, and green plots are the results ford = 1 +23,d = 1 + 2%, andd = 1 + 25,
respectively. Note that in (c) we have d = 2 + 2" with n = 3,4, 5 since the Hadamard gate is applied to Qg at the

end.

Preliminary
As a preliminary, let us conduct the noisy quantum simulations for two simple algorithms. The first algorithm

is given by the unitary operation USRCI = H®¥~1. X, where H denotes the Hadamard gate. The second one is

given by U;?rSZ = (Uch[Qw:; Qu1)®1) - Xq,, ® Xq,,. The unitary operator Ucg[Qro; Qr1] is the controlled-
Hadamard gate composed of the control bit Qry and the target bit Q;1. Here we take the circuit depth d to be
d = 1 + 2" with n being positive integers. Let us show the quantum circuits for these two algorithms in Fig. 5.
By changing the values of d and 7, we numerically analyze how well our QEM scheme works in terms of these
two parameters. Let us discuss from the results of noisy quantum simulations conducted by the quantum circuit
in Fig. 5a and show them in Fig. 6. We have taken the physical operators O as O = X, Z. The horizontal axis
represents ¥, which can be regarded as the strength of AD effect. On the other hand, the vertical axis in Fig. 6a,b
denote the expectation values of O while those in Fig. 6¢,d describe the ratio RTqgy given in Eq. (13): Fig. 6a,c
are the results for O = X while Fig. 6b,d are those for O = Z. The dotted lines in Fig. 6a,b describe the
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expectation values without QEM being performed whereas the solid lines represent the expectation values with
QEM being performed. For both the dotted and solid lines the red, blue, and green plots in Fig. 6a,b are the
computational results of (X) and (Z) for d = 2% 4 1, 2* 4 1, and 2° + 1, respectively. The black dotted lines are
the results of the ideal simulations. We have computed X) p e X ) real and (X ) QEM not as the expectation values

of X with respect to the quantum states generated by prel € but as those of Z wrth respect to the quantum states

generated by UJ prel ¢ and the subsequent operation of H, i.e., we have switched the basis vectors for the measure-
ment from the computational basis to {|+), |—)}, where |[+) = H|0), |—) = H|1). Correspondingly, we have
d = 2+ 2": see Fig. 6¢. Let us analyze our simulation results by comparing the behaviors of the expectation
values and the ratio RTqgm in Eq. (13) as functions of 9. In this way, we can clearly see whether our QEM scheme
is working or not, and for this purpose in the following we rewrite RTqgm as RTqem (U< ) to emphasize that they
are the functions of ¥};. Furthermore, we introduce the angle ¥{ such that RTqem (¥ = ¥5) = 1, which indicates
that the point ¥; = ¢ is the critical point of our QEM to become failed. Let us look from the results shown in
Fig. 6a,c by focusing on how the behaviors of (0) (O) real 5 (O) QEM, and RTqgMm change by increasing 9. In
Fig. 6a, as the definition of 9{ we certainly see that in the range 0< 1?, < U5 the absolute | (O) real — (O)pd L lis
bigger than | © ) amM — (O) 4.1 b which implies that (O) Qe is numerically closer to (0) Dot than (O) real > and
correspondlngly, in Fig. 6¢ we see RTQEM(I%) > 1. As we increase the value of ¥; from %, the absolute
|(©)p:f_a_11 - (O)pd___1 | becomes smaller than [(O )pf}f?” -0 )pa..1 I» and correspondingly, the ratio RTqem (9)
decreases monotonically from one. For the region ©#; > ¢ to improve the quality of our QEM we need take into
account higher-order AD effects and establish QEM schemes for mitigating them and we expect the value of ¥<
to become larger. Next, let us analyze how the quality of our QEM becomes when we vary the circuit depth d.
We see that for every ¥, both |(O) real (O)pd ,land [(O) PO — o) O)p,..,| become bigger and RTqem(9¢)
decreases as we increase d. This is reasonable because when d gets1 larger the amount of error gets bigger. For the
results in Fig. 6b,d, basically we see that both the expectation values of Z and RTqgm () show the similar
behaviors as those for O = X: (I) the validity of QEM (RTqem (9;) > 1) in the range 0 < ¥, < ¥ and monotonic
decrease of RTqem (U< ) for 9 > 95, and (II) worsening of the quality of our QEM for large d. In contrast to the
above characteristics of (X) and (Z), we have numerically verified that the expectation value of Y takes zero for
any 9. This is because when the density matrix p is a real matrix the expectation value (Y) is zero. Since both
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Figure 7. Quantum simulations for the quantum algor1thm pre2 = (Ucu[Qro: Qu®4 1) - X, ® Xq,,- Plots
in (a) and (b) are the results of QEM for the expectation value of ZX and ZZ, respectively. The dotted lines are
the expectation values without QEM while the solid lines represent the expectation values with QEM. The black
dotted lines are the ideal simulation results. We plot the ratio RTqgm for expectation value of ZX and ZZ in (c)
and (d), respectively. The red, blue, and green plots are the results ford = 1 + 22 d=1+2%andd =1+ 25,
respectively. Note that in (c) d is given asd = 2 + 2" (n = 3,4, 5) since the Hadamard gate operates on Q; at the
end.
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the quantum algorithm and the AD effect are described by real numbers (see also Eq. (7) or the Kraus operators
in Eq. (11)) the density matrix generated by these two things is real and we have (Y) = 0.
Let us discuss the results in Fig. 7. They are the noisy simulation results of the quantum algorithm given by

(see the quantum circuit in Fig. 5b) and we have taken d = 1 + 2" as in the case of simulations for v

pre2 prel*

Here we have simulated RTqgwm (9 ) for the expectation values of the operators O = ZX,ZZ. As similar to the

computations of (X ) pars (X) resl ,and (X) PO we have computed (ZAX) Pt (ZX ) el ,and (ZAX) pQEM not as the

P
expectation values of ZX with respect to the quantum states generated by pre2 but as those of ZZ w1th respect

to the quantum states generated by pre2 € and the subsequent operation of Hon Q1 : d = 2 4 2" as indicated in

Fig. 7c. Overall, we see the same characteristics with the cases of O = X, Z: the characteristics (I) and (IT) men-
QC
Uprel
This is because UI?CI is solely comprised of the single-qubit gates (X and H) while UQrez is constructed by n-oper-
ation of the controlled-Hadamard gate (two-qubit gate), and thus, the bigger amount of errors are accumulated

tioned above. For any ¥/, the ratio RTqgm (9 ) for the noisy simulations of CESZ are smaller than those of

in the latter case. The difference between the characteristics of noisy simulations for Ul fel ¢ and those for US reZ’
although it is not an essential point for the validity of our QEM, is that we see both one minima and one maxima
in each plot for RTqem (99;) in Fig. 7c while only one maxima appears in Fig. 7d. Let us denote the point where
RTqEem (9 ) takes the minimum (maximum) by ﬁf’i“ (97%): note that these values depend on d. We can under-
stand why these points emerge by looking at Fig. 7a,b. Let us explain from the origins of the minima and the

maxima in Fig. 7c by looking at the plots in Fig. 7a. In the range 0 < ; < ¥™" we have (0) preal — (0) oaq <0

and (O)pQEM - ((A))pdml < 0 whereas in the range ™" < ¢, < ¥ we have (O) real (O)pd ,>0and
-1
(O)pgnlw —(0)ps.. < 0.Then,intheranged ™™ < z?‘rwehave(O)p;?l1 —(O)py., > Oand(O)pg.F:{w — <O>pd...1 > 0.

As a result, the minima appears at ¥, = ™" whereas the maxima emerges at 9, = ™% in Fig. 7c. The origin
of the maxima in Fig. 7d can be s1m11arly explamed by looking at the plots in Fig. 7b. In the range0 < U7 < v

wehave(O) real (O)Pd . < Oand(O) QEM — ((A))pdml < 0, while in®; > 9** we have (O )p;eal - <O)0d . <0
1

and (0) pM (O)pd”_1 > 0, and consequently, the maxima appears at 9, = 9,"**. Like the case of the noisy

51mulat10ns of Uprel’ the density matrices are generated as real matrices (the unitary transformation U;S'el as well
as the AD effects are described by real numbers), and the expectation values of the Pauli operators,
IY, XY, YI, YX, YZ, ZY are zero for both ideal and noisy simulations. Here we have rewritten 15, as I for con-
venience. Note that the expectation value of the identity operator (= 144 : four by four identity operator) is one
for any quantum state including noise-affected quantum states since the trace of density matrix is one for any
quantum state. In other words, it is unnecessary to do QEM for the expectation value of the identity operator.
Note, however, that when leakage occurs the trace preservation is not held anymore and we need to consider
QEM for the error induced by the leakage.

Quantum amplitude amplification

By taking account of the previous analysis, let us apply our QEM scheme to Quantum Amplitude Amplification
(QAA)* for three-qubit systems: two-register bits and one oracle bit. One of the important application of QAA
is the database retrieval and the quantum algorithms for this is called the Grover’s search algorithm*!-*4, Let
us denote the (classical) oracle function by fand a binary by x which takes “00”,“01”, “10”, “11”. We consider
that we have only one solution of f and write it by x*, which satisfy f(x*) = 1, and assume x* = “11”: for
x = “00”,01”,“10” we have f(x) = 0. The oracle operator Oqgaa can be implemented on a quantum circuit by

using one oracle bit Q, such that Ogaa [|x>Qrer1 ® (%)] = (—1)/® [|x QQn ® (%)} where

2
10) g0 —I1)
72

the superposition state % jg created by applying H - X on the oracle-bit state [0)q,. In our case,

(=1 = —1when |x)g,y0, = 111)0,qy» and the oracle operator Oqaa is equivalent to the Toffoli gate com-
prised of the two controlled bits Qg and Qy; and the target bit Q,*, and write it by Ucx [Qr0Qr1; Qo - To construct
QAA we need one more unitary transformation and that is Uy = (14xa — 2|¥)(¥|) ® 1242, where
[y = H®2|00) g,y By introducing Uiy = H®? ® (H - X)q,, QAA is given by the unitary operation*

100010 (X HEH A
0)gn {H}—— Oara HEHXHE}&-[HHXHEHAF
)¢, AF

Figure 8. Quantum circuits for UAA i Eq. (14).
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Figure 9. Quantum simulation results for the quantum algorithm U?4A in Eq. (14). Plots in (a) and (b) are

the results of the probabilities Py (probability of|110)) and P11 (probability of |111)), respectively. The dotted
black lines are the ideal simulation results whereas the blue and orange curves are the noisy simulation results
without QEM and the ones with QEM, respectively. All of them are obtained by our original code. The blue and
orange circles are the noisy simulation results without QEM and the ones with QEM, respectively, and they are
obtained by our Qiskit code. Plots in (c) and (d) are the results of the ratio RTqgm for P11 and P11, respectively.
The black curves are obtained by our original code while the red circles by our Qiskit code. For each ©; we have
plotted 100 circles in (a)-(d), i.e., Ngamp = 100..

U — (U)K U,

init>
US = —Uy - Oqaa,

o (14)
Uy = ((H- X% ® 12x2,0,) * (L2x2,00 ® Hon ® 12x2,0,) * (Ucx[Qro: Q1] ® 12x2,0,)

. (12x2,Q,0 ® Hg,, ® 12><2,Q0) : ((X "H®?® 12><2,Q0)

We show the quantum circuit for the unitary operation U244 in Fig. 8**: the quantum circuit for the oracle
operator Oqaa (= Ucx[QroQr1; Qo)) is shown in Sect. IT in the Supplementary Information. We note that on

the quantum circuit in Fig. 8, what is actually implemented is —US = Uy, - Oqaa and the global phase factor
(—1) does not affect our result. The unitary operation Ug is called the Grover operator and k is the repetitive

number number of its operation and here we have k = 1. After the operation of U?A4 in Eq. (14), ideally both
of the probability weights of[110)and|111)are ;, and thus, the probability of obtaining the quantum state|11) as

the output state 1s x 2 = 1, which implies the success of searching the solution x* = “11”. By taking account

of the above theoretlcal framework, we examine whether our QEM scheme works or not for QAA given by UQAA
in Eq. (14) by computing the probability weights of |110) and |111) which we name as P9 and Py, respectively,
and show these results in Fig. 9. Solid lines in Fig. 9a,b describe the probability weights obtained by our original
numerical code and we have denoted (P119(111)) pieal> {(P110(111)) preal > ,and (Pu()(l]l))pQEM by Pideal> Preal» and PQEM,

respectively. On the other hand, the blue and orange circles are calculated by our lekltlcode and we have denoted
Qiskit
P

noisy &

(P110(111)> el and (P110(111)> QEM by and Pgllasll\(,[ , respectively. Similarly, in Fig. 9¢,d, we have denoted the

ratio RTQEM (79 ) calculated by our Qiskit code by RTgEﬁt for the results obtained by our original code we have
just used the notation RTqgm for describing them. Let us look from the simulation results of P119 and the associ-
ated ratio RTqgm (9 ) given by Fig. 9a,c, respectively. In the range 0 < ¥; < 0.5, overall the simulation results
with QEM are numerically closer to the ideal values than the noisy simulation results without QEM, and cor-
respondingly, we have RTqem (%) > 1. The similar characteristics can be seen in Fig. 9b (simulation results of
Pi111) and 9d (RTqgem (9+) for Pp11). For the results obtained by our Qiskit code, the deviation between RTqrm
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Figure 10. Numerical results of (O)Qi?kit(i, Nqc) and (O)ggﬁt(i, Nqc) for (a) P10 and (b) Py11. The plots in (c)

noisy

-1 -1
and (d) are <U§018Y,Qiskit[0, Naqc» Nsamp]) (blue) and {créEM’Qiskit[O, NQc, Nsamp> Ny d]] (orange) for P19
and Py1, respectively. We take Noc = 2" withngc = 8,9,. .., 14, Namp = 100, and 9, = 0.2.

and RTQIS%;}t becomes prominent in the small 9¥; region and we consider this as follows. When noise strength 9,
is weak enough on the Qiskit code the difference between the noisy value and the ideal value is very tiny such
that our QEM becomes invalid and RTgEﬁt gets lower than one. On the other hand, we see that some red points
are above RTqem (9;) = 1. We consider that by greatly increasing Nqc, we expect that RTgﬁf/}t approaches to
RTqEM. As a result, our QEM works for the noisy simulations of both P19 and Pi11. To show clearly that the
simulation results obtained by our Qiskit code approach to those obtained by our original code by increasing
Nqc, in Fig. 10a,b we show the Nqc dependencies of P11g and Pi11, respectively. In these plots the horizontal
axes represent Noc whereas the vertical axis in Fig. 10a represents the numerical values of P19 and that in

Fig. 10b represents those of P11;. In the following let us write a noisy expectation value obtained in the ith round

of quantum computing by (O)Qi?kit(i, Nqc) (O = Pr1g, Pin1andi = 1,. .., Ngamp) and similarly an expectation

noisy
value with QEM by (O) 3wt (i» Noc) with taking Noc = 2" withnge = 8,9, -, 14, Nuamp = 100,and ¥, = 0.2.
From these two figures, we clearly see that both (O)S‘ﬁgt(i, Nqc) and (O)gglﬁt(i, Nqc) approach to {O)oisy and
(O I?;ﬂ(;t(i Nqc) from (O)noisy and those of (O )Sg\(/}t(i Nqc) from
(O)QEM get smaller for larger Noc = 2"QC. To evaluate these deviations numerically, in Fig. 10c (O = Pjy) and

0d (O=Pi11 ) we plot inverse variances defined by

1
1
(Unotsy Qiskit [0, Nac, Nsamp])
Qiskit

Qiskit Noamp (O)poisy (5NQC)
( >n01sy (NQC)Nsamp) Zz Sa1 ’ MNZTP

)QEM respectively, i.e., the deviations of (O)

-1
Nsam ki ki
= |:Zi:1 o <( >S§S;t(l Nqc) — (O )I?;?S;t(NQC)> } , where

Nsamp

‘We approximate (afo isy,Qiskit[O’ Nqc» Nsamp]> - as a linear func-
1
. ki ki
tion of Nqc as (Unoisy,Qiskit[O’ NQC,Nsamp]) Solfs;t[O NiampINqc and we have ar?;fsylt[O Namp] = 4.62
and 5.05 for Py and Pi11, respectively. On the other hand, the variances of (O)S(i,i(;t(i, Nqc) can be analytically
evaluated (see also the description in pages 7 and 8) as

—1 1Oy —1
( nmsy[O NQC]) = (7@)“0@(1 <O)"°'Sy)) = Unoisy[OINQc, and we have anoisy[O] > 4.04 for P1jg and
[O,Nqcland o2

NQC
noisy.Qiskitl O> NQCNsamp ] have good

Otnoisy[ O] = 4.26 for P111. Therefore, the two variances anmsy
numerical agreements. In addition to these two variances, we also plot the quantity defined by
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Figure 11. Histogram of the probability distribution of the computational basis states for QAA simulations
given by UQA% in Eq. (14). Here we have set ¢, = 0.2.
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Figure 12. Quantum circuit for QAA given by VA4 with k = 1.

%

-1 Niam iskit , . A Q kit 2
{aéEM,Qiskit[o,NQc,Nsamp,Nq,d]} _ { g <<o>8§Mn(l,NQC) — (D)ot (NQC,Nsamp)) }
N = Qiskit _ —Namp (0)3eM (:-Noc) . .
_ agiisll&t (O, Neamp» Np d)Noc where (0)qEMm (NQC> Nsamp) = iy T Namp Such a quantity describes

the deviations of (O)gglﬁt(i, Nqc) from (O)qrm owing to the finite effect of Nqc and plays the role of variance.

-1 -1
Like (02 [O, NQC]) and [”ﬁoisy,Qiskit[O’ Nqc, Nsamp]]} , we take it as the linear function of Nqc given by

noisy
the coefficient agllzsll\j[n(o, Nsamp»> Ng» d). Note that the dependency of the coefficient aggll\(,[lt(o, Nsamp» Ng» d) in

terms of N, and d originates in the size of the quantum-noise-effect circuit group 3N,;d. Owing to our simulation,

we obtain agjfﬁt(o, Nsamp> Ng» d) = 3.45forO = P19 andaggll\(,[it(o, Nsamps Ng» d) = 3.77 for O = Py11. The coef-
ficients aggﬁt(o, Nsamp» Ng» d) are smaller than ar?;isfylt[O, Nsamp], as expected, since the deviations get larger
owing to the usage of the quantum-noise-effect circuit group (additional computational resource for QEM). The
ratio —a'?‘:gt[o’l\]samp ]
a3 (0, NyampsNy»d)

QEM (Nsamp>[Ng>

is not so big. We leave the detailed mathematical analysis on (UéEM[O,NQC])_I and

, however, is about 1.34 for both cases which implies that the broadening of the deviations

-1
UéEM,Qiskit[O’ NQcs Nsamps Ny d]} as well as the coefficient arqem (O, Nsamp» Ng» d) as our future work. In addi-
tion to Nsamp = 100, we also perform the simulations for Ngmp = 1000, and as a result, we obtain

a0, Nyamp] = 425 and agent (O, Neamp N»d) = 3.18 for Prjg and aes [0, Nsamp] = 447 and

noisy noisy
aggﬁt(o, Niamp» Ng» d) = 3.34 for Py11. As a result, by increasing Noc both (O)S;?f;t(i, Nqc)and (O)g}fﬁt(i, Naqc)

approach to {O) noisy and (O) qem, respectively, owing to the law of large numbers. Let us also show the simulation
results of the rest of the six probabilities of the computational basis states for %, = 0.2 as the histogram in Fig. 11,
which also includes P;1 and P;1;. The ideal values of these six probabilities are all zero and we see that the noisy
simulation results with QEM are numerically close to them compared with those without QEM, which indicates
that our QEM scheme also works for the other six probabilities.

In addition to the above simulation, let us present the simplified version of QAA for the two-qubit systems®.
In this problem setting, we consider the effective two-dimensional space spanned by the two Bell states
[ty = w and|®1) = w, and write their superposition state by | Z) = cy+|WT) + cgp+|DT), where
the complex coefficients cy-+, cop+ satisfy [cy+ | + |cp+|* = 1. Our goal is to amplify the probability amplitude
cq+. Here we take the initialization operator to be Vinit = Ucx[Qr1; Qro] - (R, (27”) Qo ® Hg,, ) while we take the
Grover operator to be Vg=VV,, where V,=X-Z-X)g,®Zg, and
Vs = Vinit - 210)8%(0] — Laxa) - Vi = =V with Vi = Vinit - (X ® X - Ucz[Qro; Q1] - X ® X) - Vi k is the
number of Vg to be applied. In total, the unitary operation for running QAA is given by VA = (Vg)k - Vips.
We present the corresponding quantum circuit in Fig. 12. As similar to the above case, on the quantum circuit
we implement V instead of V. In the following, let us take a look at the meanings of the three unitary operations
Vinit» Vs, and V,,. First, the unitary operation Vi generates the superposition of |®T) and |¥) as
[00) — |s) = Vinit|00) = cos %"l\l—'*) + sin %"ldﬁ) with ¥y = 7 /3. Second, the unitary operation V,, is the
oracle operator and when it is applied to the initial state|s) we have V,[s) = cos ’97" [Wt) —sin '77" |®T), ie., the
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Figure 13. Noisy quantum simulations for QAA given by VQAA for O = Py, P11 All these results are obtained
by our numerical code. (a) Plots of the results of Pigeat = (P11) p4..;> Pnoisy = (P11) Pl and Pqpm = (Pll)pSEM
1

presented by the black dashed line, the blue solid line, and the orange solid line, respectively. (b) Plots of the

results of Pigeal = (P00) ... > Proisy = (Poo) preal > and Pqopm = (Po())p;}EM presented by the black dashed line, the
1

blue solid line, and the orange solid line, respectively. (c) The ratio RTqem (97 ) for P11. (d) The ratio RT qem (9+)

for Po().
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Figure 14. Histogram of the probability distribution of the computational basis states for two-qubit-system
QAA simulations. We have set 9, = 0.2.

oracle operator V,, is the operator such that it reverses the sign of the Bell state |®). Third, Vj is the reflection
of the vector V,|s) with respect to the vector |s). When we operate Vg on |s) for k times we have
(V6)¥|s) = cos (ZH# &) + sin (ZH% |®7), and since ¥y = /3 we have k = 1. We can understand the
geometrical meaning of the operation Vg as follows. Let us consider the effective three-dimensional space
spanned by the two Bell states |®*) and |¥ ) and the vector |£) which is perpendicular to both |®T) and W ).
Furthermore, we call the axis which is parallel to |&) (perpendicular to the two-dimensional plane spanned by
|®T)and [WT)) as &-axis. The unitary operation Vg is the rotation about &-axis by the angle ¢y in this effective
three-dimensional space. We can verify whether|® ™) has been generated as the output state or not by measuring
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the probabilities of |00) state and |11) state, which are denoted by poo and pi1, respectively. In other words, the
probabilities poo and py; are the expectation values of the projection operators Pyy and Py, respectively, where
Py (P11) is the projection operator of |00) (|11)) state. Namely, we run noisy quantum simulation for O = Py, P11
and perform QEM on them: Note that in the case of the ideal simulation we obtain poy = p11 = We plot the
numerical results of p;; and poo for the range 0 < ¥; < 0.5 in Fig. 13a,b, respectively, and in Fig. 13c d we plot
RTqem (P ) for p11 and pgo, respectively. All these results shown here are obtained by our original numerical
code and we have denoted (Pgo(11)) pideals (P00(11)> real 5 and (Poo(11)) M by Pideal> Preal> and Pqgm, respectively.
Let us look from the results of the probability p;;. In Flg 13a we see that for any U the absolute of the deviation
| (P11 )p:f_a_ll — (P11) py.., ‘15 bigger than’ P11)p;2Ell\/I —{Pi1)pg.s b as we see in Fig. 13c the ratio

RTqem (9 ) is greater than one. Therefore, our QEM scheme works well for the noisy simulation of p;;. In con-
trast, in Fig. 13b,d we see that the probability poo shows essentially a different behavior. That is the expectation
value without QEM (Pyq) P is numerically close to the ideal value (Pqo) ., compared with the QEM-performed

expectation value (Pgg) pQEM; and correspondingly, the ratio RTqem (%7 ) is lower than one. Such a characteristic
is understood as follows Flrstly, we have analytically examined that the expectation value (Py) , real does not
include first-order term in 7, i.e., (POO)A?D ooy =0 The lowest-order term included in the numerator of

RTqem(91)is O(r2). Secondly, due to our QEM the lowest order of the denominator of RTqewm (97 ) is also O(z2).
As a result, the ratio RTqgm (97 ) becomes lower than one, which indicates that it is not appropriate to adopt our
QEM scheme. We consider that this is because our QEM scheme described by Eq. (8) is the scheme for mitigating
the first-order AD effect. In the limit of ¥, — 0, the ratio RTqgm (9, ) takes finite value, and analytically it is the
ratio between the absolute of the coefficient of (Pgq) 54D 5. and that of (Pgg) 51(AAD oy - We note that we have
performed two types of simulations with our original Code. In the first one we have directly implemented
Ucz[Qr; Qrol gate while in the second one we have implemented it via the decomposition

(12x20, ® Hoy ) - Uex[Qe1; Quol - (12x2¢,, ® Haq,, ). According to the results of these two simulations, we have
analyzed that on the Qiskit code Ucz[Qr1; Qro] gate is automatically implemented by the above decomposition
since the result of the second simulation with our original code shows better matching with that obtained by our
Qiskit code. In such a case, the first-order term in t appears for (Poo) real and our QEM works well. Besides poo

and p1y, let us briefly discuss the noisy simulation results of the probablhty weights of |01) and |10) and write
them by po; and pjo, respectively. We show them in the histogram in Fig. 14 which describes the probability
distribution of the computational basis states of the two register qubits Qo and Qr;. Here we have taken ¥, = 0.2.
We

Let us end this subsection by giving the following comment. In the previous subsection, we have seen that
our QEM scheme becomes meaningless in the cases when the expectation values of the ideal simulations are
equivalent to those of noisy simulations such as the simulation for the expectation value (Y). Besides these cases,
our QEM scheme represented by the formula in Eq. (8) does not work when noisy expectation values do not
include the first-order term in 7 like the noisy simulation for the probability pgo discussed above. In other words,
if we construct the QEM formula which describes the mitigation for a higher-order quantum noise effect, which
is discussed in Sect. IB in the Supplementary Information, by using it we become able to accomplish the noisy
quantum simulation obtaining RTqem (¥;) > 1.In practice, however, when we run quantum algorithms on real
quantum devices we cannot compute RTqgm (J) since we cannot compute ideal expectation values. We can
check whether noisy expectation values include the first-order terms in t or not, for example, in the following
way. We perform two types of QEM, QEM of both the first- and second order quantum noise effects and the one

of only the second-order effect. Let us denote the density matrices obtained by the former QEM and the latter
EM EM
one by p?nd and p?ndonly’

EM EM —
Misyand = ’Tr< (P — oo Only)O) x t71,

respectively. Next, we introduce the measure

(noisy

(VO’ Z())

(v3,23) (V2 25)

Figure 15. Structure of the graph G = (V, E). It is the square composed of the four vertices vy, v1, v2, and v3
and the four edges (vov1), (v1v2), (vav3), and (v3vg). For each vertex v; (i = 0, 1, 2, 3) the binary value z; = %1is
assigned and the set (v}, z;) is encoded in the qubit Q;; in the QAOA simulation.
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expectation values do not include the first-order terms in 7) then the measure Migy2nd is O(t?). On the other
hand, if the first-order QEM succeeds (noisy expectation values include the first-order terms in r and is mitigated)
then Misyand is O(1). By extending this approach we can examine whether noisy expectation values include
higher-order quantum noise effects or not. We consider, however, that the failure of the first-order QEM for the
noisy quantum computation when the linear order in r does not appear is not so crucial compared with the case
when we have failed in mitigating the linear-order quantum noise effects included in noisy expectation values,
and indeed we can see this by looking at Fig. 14. For the probability weight of |00> state, the numerical differ-
ences among the three expectation values, (0) Pt (0) P> (©>P§Ei\4’ are small. On the other hand, for the prob-

ability weight of |11> state, ((5) 4., and ((A))ngM is close enough while ((5) 4., and (O) preal are quite separated.
1

QAOA
As a final example, let us apply our QEM scheme to the noisy simulation of the variational quantum algorithm
called Quantum Approximate Optimization Algorithm (QAOA)?~**. In the following, we analyze QAOA for
a max-cut problem which is to divide vertices (nodes) of a given graph into two groups so that the number of
edges connecting two vertices belonging to the different groups is maximized and is a NP (Non-deterministic
Polynomial time)-hard problem.

First, we discuss from a theoretical framework of a classical approximate optimization. We express the given
graph G as G = (V,E), where V.= {vg,...,Vi,...,VNy—1} is the set of vertices with Ny denoting their total

number and for each vertex v; the binary value z; = £1isassigned. E = { { (vov1), Co,1 }, ces { (vivit1), Ciig1 }, cees
{ (VNy—2VNy—1)> CNy—2,Ny -1 } } is the set of the edges with (v;v;11) denoting the edge connected by the vertices
viand vi1 1. The quantity Cj; (i,j = 0, ..., Ny — 1withi # j) is the adjacency matrix element (weight) for the edge

(vivj) which is semi-positive. Let us write the Ny strings of z; by z = (2, ..., 2Ny —1). The goal of a classical
approximate optimization is to minimize the cost function
1
Ce) =3 > Cilzizi— 1), (15)

(vi-vj)
or equivalently to maximize the ratio rcao (< 1) which satisfies

C(z)

Cmin

> 1CAO» (16)

where Cpip, is the minimum value of C(z). In our simulation, as illustrated in Fig. 15 we adopt the square graph
given by the four vertices vo, v1, 2, and v3, and the edges are (vov1), (viv2), {(v2v3), and (v31p), and take Cj; = 1
for any edge (v;v;). Next, we discuss the theoretical framework for QAOA. The four vertices vo, v1, v2, and v3 are
encoded in four qubits Qro, Qr1, Qr2, and Qy3, respectively, and the values z;z; in the expectation values of the
operators Zg; ® Zg;. The cost function C(z) in Eq. (15) is given by the expectation of the Hamiltonian

1
Hc = 2 Z (ZQri ®Zq,; — 1)> (17)
(i)
where the symbol (i, j) (i, j = 0, 1,2, 3) denotes the summation for the edges connected by the qubits Q;; and Q;;
under the square-graph structure in Fig. 15. In this simulation the physical operator O is the Hamiltonian Hc in
Eq. (17). The unitary operation for running QAOA, which we denote by UAOA, consists of three elements. The
first one is the unitary operation for creating the reference state and is given by the Hadamard-gate operation

on all four qubits, Uiy, = H®*. The other two are the unitary operations Uc(ﬂjQAOA) and Uy (<P]QAOA) which are

generated by the Hamiltonian H¢ in Eq. (17) with the angle ﬂJ-QAOA and the term Hy = ) _; Xq,; with the angle
(ijAOA, respectively: in QAOA Hy is called the transverse-field (mixing or driving) term. The two types of angles
19].QAOA and <ijAOA (j =1,...,p) are the variational parameters and p is the repetition number of applying the
2 iterations
0. —1{2] RPN
0)g,, —H -G R.(209404) Ro (20320 -
0)g,, —{H] | R.(202°°Y)| | R (209 |
00, —H ] R.(2094°%) (R (209°°% || Ru(2o2*N |

Figure 16. Quantum circuit for QAOA.
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Figure 17. Quantum simulations for QAOA. In (a) we show the results of QEM for the cost function
C(ﬂQAOA wQAOA) The blue and orange solid lines are Cyoisy = (Hc) Pl and Cqem = (HC) QEM, respectively,

and they obtained by our original code. The blue and orange circles are the results of (H, C) real and (Hc) QBN
obtained by our Qiskit code, respectively. For this simulation, we have described (H¢) Pl and (HC)pQEM as
1 d1

Cr?olfsk 1t and CQ]IESII\(,F, respectively. The dotted black line is the ideal expectation value Cigeq = (Hc)p,..,- In (b) we

have plotted e results of the ratio RTqgm (U7 ). The black curve is the result obtained by our original code
whereas the red circles are the one obtained by our Qiskit code. For each ©,, we have plotted 100 circles.

unitary operation Ux (¢ QAOA) Uc (ﬁJQAOA) (the number of iteration), which determines the accuracy of QAOA.
In total, URAOA is given by

p 3
O. 0.
U0t = T (Ux (@Y - U@ ON) | - [@Hem},
j=1 a= (18)
. QAOA . QAOA
UC('L?]'QAOA) — 67”91 Hc, Ux ((pQAOA) e —ig; HX.

The quantum circuit for URAOA in Eq. (18) is presented in Fig. 16. In our simulation we set p = 2 and the

circuit depth is d = 15. The unitary operation Uy (go-QAOA) is implemented by the R, gate (rotation about x axis)

QAOA QAOA

with the angle 2¢ - Meanwhile, the quantum circuit for Uc (; ) is composed of the sets of the quantum

gates [UCX[Q”, Qr,], R, (Zﬂ]QAOA)], where R, denotes the rotational gate about z axis and the associated angle is

29004 Corresponding to Eq. (16), the goal of QAOA simulation is to compute and minimize the expectation

value

C(#QAOA,wQAOA) — (ﬂQAOA QAOA|H(;|0QAOA QAOA)’ (19)

P P

where [# QA0A, QAOAY — [JQAOA |y ®4 yyith 9 QA0A — (z?QAOA l?QAOA) and QA0A — ((pQAOA, wzQAOA) Let
QAOA (oQAOA) in Eq. (19) as the cost function and its minimization is

equivalent to the optimization of the variational parameters ﬁ]QAOA,(pJQAOA

us also call the expectation value C(#
, and write them by
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PQiskit and PQiskit

We have set 7 = 0.2. Pigeal> Pnoisy> and Pqem are obtained by our original code while noisy QEM 3re
obtained by the Qiskit code.
ﬁ]QAOA’Opt, (ijAOA’OPt. We show their values in Sect. III in the Supplementary Information. Let us now discuss

our simulation results shown in Figs. 17, 18 and 19. All these results are obtained by computing the probability
distribution of the computational basis states since the Hamiltonian H¢ in Eq. (17) is given by the Z gate opera-
tions. First, let us take a look at the simulation results in Fig. 17. In Fig. 17a, we have plotted the results of the
cost function C(ﬂQAOA, (pQAOA) for the ideal simulation (Cigeal = (Hc)p,.,)> the noisy simulation
(Choisy = (Hc) p‘;eall), and the simulation with QEM (Cqem = (HC)p;)Ellvl). The dashed black line, the blue solid

line, and the orange solid line are Cigea1, Cnoisy> and CQem, respectivel)};‘ and they are all obtained by our original
code. On the other hand, the blue and orange circles are (Hc¢) Pt and (Hc)p;zEM, respectively, and they have been
calculated by our Qiskit code. We have denoted (Hc) ot and <HC)p§FII\A by Cr%fsk;t and ngllf,ft, respectively. We
have plotted 100 circles for each ¥;. We see that in the range 0.1 < ¥, < 0.5 our QEM works well. In Fig. 17b,
we have plotted the ratio RTqem (97 ). The black curve is the result obtained by our original code while the red

circles are those obtained by our Qiskit code and 100 circles are plotted for each ¥¥;. Corresponding to the result
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shown in Fig. 17a, the ratio satisfies RTqem (%) > 1. Like the results in Fig. 10, we present the Nqc dependencies
of the probabilities Pyio; and P19 in Fig. 18a,b, respectively. We take Nqc = 2"C with nqc = 8,9,...,14,

Nsamp = 100, and ¥#; = 0.2. We see that as we increase Nqc both (Poml)%isst(i, Nqc) and (Pmlo)%fgt(i, Naqc)
Qiskit Qiskit

approach to {Po101) noisy and {P1010) noisy> respectively, and similarly, (Po101)Qem (b Nq ) and (P1010) QEM (i',lNQC)

approach to (Py101)qQem and (P1o10)QeM, respectively. In Fig. 18¢,d we plot (Olfoisy,Qiskit[O’ Naqc, Nsamp]> ,and
-1

aéEM)QiSkit[O, Nqc, Nsamps Ny d]] for Poio1 and Pioio, respectively. For Ppio1 we obtain

noisy[ O] = 4.20, a TN O, Nymp] = 3.50, [0, Nyamps Ng» d] == 2.61 and for Pioo

noisy

noisy[O] = 4.19,a8§f§t[0, Nsamp] 2= 3.80, ¢QEM[O, Nsamp, Nyg» d] == 2.84. For both Pgi01 and Pio19 the ratio
Qiskit
Ynoisy [O>Nsamp] Qiskit

m is 1.34, which indicates that the broadening of the deviations of (O) gy (4, Noc) from (O)qem

due to our QEM method is not so large (not so high computational cost). We have also performed our simula-

tions for Ngamp = 1000 and we obtain al?gffy“[o, Namp] = 4.04, aggﬁt[O, Ngamp» Ng» d] 2= 3.02 for Po1o1 and
Qiskit Qiskit

noisy [O, Nsamp] == 4.33, a gy O, Nsamp, Ny, d] 2= 3.27 for Pio10. Therefore, compared with the results for
Qiskit
noisy

o

Ngamp = 100 the coefficients o
agg\(,[it[O, Nsamps Ng» d]. Finally, let us explain the results in Fig. 19. Here we have presented the histogram of the
probability distribution of the computational basis states for the ideal case (Pigea1), the noisy case (Pnoisys ngisi(ylt),
and the case with QEM being performed (Pqgm, Pg]issll\(,}t), with setting ¥, = 0.2. We see that ideally the probabili-

ties of the two quantum states|0101) and|1010) are both equal to 0.5. This implies that under the optimized vari-
PQAOA (,QA04)

[O, Nsamp] get bigger and become closer to ayeisy[O] and

ational parameters the cost function C ( becomes minimized such that the four qubits Q,; are
partitioned into the two groups [QrO; Qrz} and [er, Qrﬂ, and it implies that all the edges of the square are to be
cut, i.e., the maximum number of edges to be cut is four. Correspondingly, as shown in Fig. 17a the ideal mini-
mum value of the cost function is —4.0, and we obtain the maximum cut number four by multiplying minus one.
Consequently, our QEM scheme works for the noisy QAOA simulation.

QEM scheme implementation

In this section, we demonstrate our QEM scheme using two IBM Q Experience processors, ibmq_belem and
ibm_perth®. In Fig. 4 in Sect. V of the Supplementary Information, we show schematics of spatial configurations
for qubits in these machines: Fig. 4a is the illustration for ibmq_belem whereas Fig. 4b is that for ibm_perth. As
similar to the quantum simulations demonstrated in “Numerical simulations”, we examine the efficacy of our
QEM scheme for the real quantum devices by varying the depths of the quantum algorithms to be run. We do
this for two quantum algorithms, Ulggl in Fig. 5a and a quantum algorithm for a two-qubit system defined by
Ui?n?),Z = (Ucz[Qui; er])"rep - XiX;, where n"P is an integer. For the usage of ibmq_belem, we choose qubits Q;
and Qs as register qubits whereas we use Q (Q4) as an ancilla bit for mitigating the quantum noise effect on Q;
(Q3). On the other hand, we use Q; and Qs as register qubits while we use an ancilla bit Q, (Qs) for QEM of the
quantum noise effect on Q; (Q3) for the usage of ibm_perth. In the following, we rewrite Q; and Q3 as Q;; and
Qr3, respectively, to emphasize that they are used as register bits. Our QEM scheme can be applied provided
that noise parameters (strengths) are given a priori. Thus, we start from the acquisition of the quantum noise
strengths of these devices (noise characterization). Then, we discuss the results of our QEM method obtained
with these machines (implementation).

Noise characterization

Let us first discuss from how to obtain the AD strength t (= y At) or the Ty time. The relation between the decay
rate y and the T} time is T} = m, where 7 is the Bose-Einstein distribution function. For superconduct-
ing qubit systems, qubit frequencies and temperatures are about 5.0 GHz (see also Tables II, IV, and V in the
Supplementary Information) and 10 mK*', respectively. As a result, the Bose-Einstein distribution function 7
is estimated to be 7 ~ 10~!! and we approximate i to be zero. The value of T can be obtained as follows. First,
we prepare a single qubit and apply the X gate so that the qubit is in the|1) state (excited state). Next, we let the
qubit relax until certain time t;dax (a=1,2,...,Nnand0 < t; < f < --- < ty, ), measure the output state of
the qubit which is either |0) or |1), and repeat this process to obtain the probability weights of the|0) and |1) states.
The total exposure time of the qubit is t°571 = AtX 4 712X where AtX denotes a X-gate operation time. This
is equivalent to measuring the dynamics of the expectation value (P!)(£1°5T1) (the dynamics of the probability
such that |1) is to be measured as the output state), and by doing an exponential fitting on the (P (+°571) plots
we can extract the value of T. We can also extract a T time and here let us consider a Ty time which is obtained
by the Ramsey measurement explained in the following and hereinafter we just denote T} time as T time. Basi-

relax
ta

cally, what we do is first we apply the Hadamard gate, let the qubit relax for , apply the second Hadamard

gate, measure the output state, and repeat this process: The actual gate operations implemented on these experi-
ments are not the two Hadamard gates owing to the issue of transmon qubit systems and its details is described
in Sect. IV in the Supplementary Information. The above procedure is essentially equivalent to measuring the
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Figure 20. Plots in (a) and (c) are quantum computation results obtained by ibm_perth and (b) and (d) are

quantum simulation results. The quantum algorithm which has been run is Ugrgl. Both (a) and (b) are the results
of expectation values of Z; and (c) and (d) are the ones of RTqgm. All the quantum circuits have been executed
under Noc = 214 Ngamp = 5. The horizontal axes represent d = n**P + 1, where n™P = 16, 32, 64. The quantum

computation has been conducted at 07:17, 09/26/2023.

dynamics of (P') (£1°512), where 10672 = 2AtH 4 €12 with At denoting Hadamard-gate operation time. From
the (P') (¢°472) curve we obtain a T, time. In the Supplementary Information IV, we explain how to estimate the
T1and T, times with presenting the experimental data plots of the expectation values: Figs. 2 and 3 show the data
plots of the T} and T, times, respectively, and Table I lists the values of them for ibmq_belem.

In Sect. V in the Supplementary Information, we present the physical properties (single-qubit and two-qubit
gate times, qubit frequencies) of ibmq_belem and ibm_perth: Tables II and III (Tables IV-VII) list the physical
properties of ibmq_belem (ibm_perth). Here let us briefly explain the gate properties. The native gates of these
machines are the following, identity gate, virtual Z gate, VX gate, X gate, CNOT, and reset operation (reset into
|0)). The Hadamard gate is decomposed into a series of the native gates as H = R, (%) VX R, (%)

By using the data in Sects. IV and V in the Supplementary Information we are now able to implement our
QEM scheme. Before showing the results, let us comment five things about our experiment. Firstly, the values
of Ty and T times differ from qubit to qubit on a real device due to imperfection (inhomogeneities of T; and T5).
To take these inhomogeneities into account and extract T} and T times, we need to perform the above two
procedures independently on each qubit. Secondly, a gate time At is actually gate dependent as shown in
Tables IT-VII in the Supplementary Information. By taking the inhomogeneities of both the T} and T times and
the gate times into account, instead of 7, which does not depend on both the qubits and the quantum gates, we
perform our QEM scheme by using a perturbative parameter 7jx = yjAty, where j(=0,...,N; — 1)is the index
for qubit numbering whereas k(= 1,.. ., d) is that for labeling the gates. In the following, we denote the T} and
T, times of the qubit Q; by T jand T j, respectively. Thirdly, T1 and T, times fluctuate temporally on a real device.
To run our QEM scheme, it is necessary to record the data of T; and T, times day-by-day and use these values.
Thus, we indicate the time and the date in the coordinated universal time (UCT) when we list the data of T; and
T, times. Fourthly, the CZ gate operation is decomposed into the form

UczlQui Q] = (Re(3) - VX - Re(3)) - Uexl@ui Qal - (Re(3) - VX Re(3)) . and according to the
transpilation of IBM Q Experience programming (Ucz[Qs1: Qu3])? has been processed as
(Uezl@n: QuD? = (Re(3) - VX Re(%) ) - UexlQu: Q] - 1+1- Uex[Qui: Qe - (Re(3) - VX Re(3)),

and Ui%(;,z has been executed as Ui?n(f;,z = (Rz(%) : \/)?'Rz(%)>3 - Ucx[Qr1; Q3] - (1 - 1+ Ucx[Qr13
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Figure 21. Quantum computation and simulation results for UiQm?)’z. (a) ((b)) and (c) ((d)) are the quantum
computation (simulation) results of expectation values (Z; Z3) and ratios RTqem, respectively. All the horizontal
axes represent d = 3n™P 4 1 with n™P = 5, 10, 15. The quantum computations have been conducted via ibm_
perth at 06:55, 09/21/2023 under Noc = 2", Nggmp = 10.

Q"1 (Rz (%) VX R, (%))3 - X1X5*. Note that 1 denotes the identity operator. Fifthly, the time when

the quantum computation has been conducted (see the captions of Figs. 20, 21, and 22) indicates the time when
the original circuit and the quantum-noise-effect-circuit group have been executed. Finally, the measured (experi-
mental) value of 7, which we denote by Texp> CaN be differ from the true value of t due to, for instance, imperfec-
tion of experimental apparatuses. Although that is the case, the conduction of our QEM method is said to be a
success provided that the condition RTqem > 1is satisfied.

Implementation

As mentioned previously, in real quantum devices both T} and T5 times and gate operation times are inhomo-
geneous, and moreover, both AD and PD effects exist. By taking these elements into account, we perform our
QEM scheme by improving the formulas given by Egs. (3) and (8) as

Ng—-1 4

(OYEM = (O) e — (0) reals
Pd-1 Pg.-1 ; kzz:l (A,{q,][]){&mpdm])
d d f
Aty Aty /. -
A?ﬁ&PDpdml = H Ul - {—E(,{)kml - ijkmlzj*) + T((TJ';)}O.JUJ-+ - lepkmlpjlﬂ . H U;
I=k+1 J ] I=k+1
(20)

We note that the quantum circuits such that the additional operations {Z,5 ~, P1} are inserted after the virtual
Z gates are not needed for (or do not contribute to) the calculation of Eq. (20) because the operation time of the
virtual Z gate is zero.
First, let us discuss from the results for U%ecl which are shown in Fig. 20. Here all the horizontal axes repre-
sent d = n™P + 1, where the repetition number #™P is taken to be 16, 32, and 64. Fig. 20a presents a quantum
computation result of expectation values (Z; ) obtained by ibm_perth whereas the plots in Fig. 20b is a quantum
simulation result of (Z;)*>. On the other hand, Fig. 20c displays a quantum computation result of RTqgm with
ibm_perth and Fig. 20d plots a quantum simulation result of RTqem®. In Fig. 20a, we observe that both the
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Figure 22. Quantum computation ((a) and (c)) and simulation results ((b) and (d)) for UiQm?)’z. (a) and (b) are
the plots of (Z; Z3) and (c) and (d) are those of RTqgm. All the horizontal axes represent d = 3x1™P + 1with
n™P = 5,10, 15. The quantum computations have been conducted via ibmq_belem at 11:43, 09/11/2023 under
Ngc = 2", Ngamp = 10.

expectation values with and without QEM get farther from the ideal expectation value (black dashed line) rapidly
as we increase n™P, and correspondingly, the monotonic decreasing of RTqgy is exhibited in Fig. 20c, which are
similar to the characteristics in Fig. 6a,c. Compared with these results, however, RTqrm decreases gradually since
not only the noisy expectation values but also the expectation values with QEM increase rapidly. In contrast, in
Fig. 20D, we see that while the expectation values without QEM or noisy expectation values (blue open circles)
increase gradually as d (or n™P) gets larger the expectation values with QEM (orange open circles) take almost the
same value. In Fig. 20d, the monotonic increasing of RTqgwm is exhibited. In the experiment of the implementa-

tion of Ulgecl, both the expectation values and RTqgm obtained by the quantum computation and those by the
quantum simulation show qualitatively different behaviors. On the other hand, all the ratios RTqgm are greater
than one. As a result, our QEM scheme has worked, however, not effectively.

Next, let us explain the results of the implementation which are shown in Fig. 21. Figure 21a,c display quan-
tum computation results via ibm_perth and Fig. 21b,d present quantum simulation results®: Fig. 21a,b are the
results of expectation values (Z;Z3) while Fig. 21c,d are those of RTqgm. All the horizontal axes describe
d = 3n"P + 1 with n™P = 5,10,15: the factor three represents the implementation of one CNOT gate

Ucx[Qr1; Qr3]and two identity operations acting on both Q1 and Q3. Such identity operations are coming from

2
the operation ( R, (%) -/ X R, (%)) =1 - 1: see also the fourth comment in “Noise characterization”. Note

that the number of the implementation of the virtual Z gate is not included in the depths of the quantum algo-
rithms. Let us explain from the results in Fig. 21a,b. We observe that both of these results show qualitatively the
same behavior, i.e., while the noisy expectation values (blue open circles) gradually get farther from the ideal
expectation value (black dashed line) as n™P increases, the expectation values with QEM (orange open circles)
approximately take the same value. On the other hand, in Fig. 21¢,d the ratios RTqeMm exhibit the monotonic
increasing, and moreover the ratio RTqpwm is greater than one for every d: RTqgm shown in Fig. 21c are larger

than those in Fig. 20c for every d. In addition to the quantum computation with ibm_perth, we have also con-

ducted a quantum computation using ibmq_belem and a quantum simulation for Ui%C’ZSS: Fig. 22a,c are the

quantum computation results and Fig. 22b,d are the quantum simulation results. As similar to the labeling in
Fig. 21, Fig. 22a,b (22¢,d) are the results of (Z, Z3) (RTqgm), and all the vertical axes represent d = 3n"™P + 1with
n'P = 5,10, 15. Overall, the characteristics of these results are similar to those for ibm_perth. Here we plot two
types of expectation values with QEM which are indicated by the orange open circles and the green squares and
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Method N, Naqc

Ours k O((qu)k)

PEC 0 O (exp(2beer:Nyd))
ZNE 0 0

ESD/VD (n— )Ny + lor(n — 1)N, 0

Table 1. Comparison between our QEM method in kth-order perturbation theory and the other three
methods. Here b is a positive constant and € is a gate error rate. The number of ancilla bits N, is equal to
(n — 1)N, for VD without ancilla bits.

two types of RTqgm by the red open circles and the green squares. The quantities plotted by the orange and red
open circles have been calculated by using the data of the T} and T times obtained at 05:08 whereas the others
obtained by the data taken at 12:33: see Table I in the Supplementary Information. The time when the latter data
has been taken (12:33) is closer to the time when the quantum computation has been conducted (11:43), and
thus we consider that the latter RTqgm are greater than the former ones: see also the third comment in “Noise
characterization”. As a result, we observe RTqem > 1 for every quantum computation in our experiment, and
we consider that our QEM works for the IBM Q Experience processors.

To summarize our experiment of the implementation of our QEM scheme, the quantum computations for

and UQC  show the different behaviors although the same machine has been used: the former case exhibits
the dlfferent ehavior from the simulation result while the latter case shows qualitatively the similar behavior.

Moreover, the ratios RTqgm for U, i?n?)Z are larger than those for QreCl’ which are in contrast to the results in

Figs. 6 and 7: On the whole, RTqgm for Ul re2 are basically smaller than those for Uprel One way to interpret the
characteristics in Fig. 21c and 22¢, the i 1ncreas1ng behavior of RTqrwm with respect to n'P , is as follows. When
the noise strength is too small the noisy expectation values become sufficiently close to the ideal ones and in
such circumstances the conduction of our QEM scheme can give rise to negative effects since computers can
treat up to certain digits. Indeed, such a characteristic has been observed in the quantum simulation results in
Fig. 9¢,d and 17b in the range 0 < ¥, < 0.1: for a superconducting qubit system T7 ~ 100 s and At =~ 100 ns
and v, is estimated to be ¥, & 0.063. Thus, in order to utilize our QEM method effectively we need to use it under
circumstances with moderate quantum noise strengths or for running moderately long quantum algorithms
under weak quantum noise effects: such a way of interpretation, however, cannot be adapted to understand the
characteristics in Fig. 20c. Consequently, the interpretation of the discrepancy between the quantum simulation

result and the quantum computational result for U}?re and the discrepancy between the characteristic of RTqrm

for Ulmp , and that for Uprel remain unresolved for this experiment.

We note that our experiment has been conducted under restricted conditions such as the time for which we
could have used the IBM Q Experience processors and the machines which have been available. Provided that we
have no such restrictions, let us give several comments on how to improve our results. The first way is to increase
the value of Ngymp. As indicated in Figs. 10 and 18, by increasing the value of Ngamp we expect that the expectation
values with QEM approach to unique values and we become clearer to see whether our QEM scheme is working
or not. The second way is to mitigate other types of errors. By combining our QEM scheme with QEM methods
for other errors such as state preparation and measurement errors or errors according to other quantum noise
channels such as crosstalk®, we anticipate that the value of RTqgm becomes larger.

In addition to the above discussion, let us consider the effectiveness of the implementation of our QEM
scheme on different quantum hardware and here we choose ion trap qubit systems. Ion trap qubit systems are
engineered, for instance, as linear chains and a two-qubit gate operation can be exploited such that it can be
performed on any pair of qubits”’: In contrast, in order to implement a two-qubit gate on two separated qubits,
say Qg and Qp, on the superconducting quantum devices which have been used in this experiment we need to
insert SWAP operations acting on qubits which locate between Q, and Q;*¢. Therefore, all quantum algorithms
as well as quantum-noise-effect circuit groups are able to be implemented as indicated by the quantum circuits
for them. In other words, we can harness our QEM scheme on ion trap qubit devices without reformulating the
quantum circuits. Next, let us discuss quantum noise in ion trap qubit systems. The quantum noise occur in, for
instance, hyperfine-state type ion-trap qubit systems are considered to be the phase damping and T, times are
about 10 s while single-qubit gate times are around 10 microseconds and two-qubit gate times are about 100 p
s712. By setting T» = (2y) ", we have 1, = y, At & 5 x 107°, where we have set At = 100 us. 7, is sufficiently
small and therefore, we expect that our QEM scheme also works for ion-trap NISQ devices. From these ingre-
dients, we expect that the implementation our QEM scheme works more effectively and is more suitable for ion
trap qubit systems compared with the superconducting qubit systems.

Comparison with other methods

We make comparisons between our method and other methods. Although many types of QEM methods have
been proposed up to now?**”*%7¢, here we focus on the following three methods, probabilistic error cancellation
(PEC)26:27:30:33,57,60.6568-7L73,7476 7610 noise extrapolation (ZNE)?2750-33727476 "and error suppression by dear-
angements (ESD)”7>7¢ and virtual distillation (VD)®7¢. In Table 1, we summarize and present the comparison
between our method and the others in terms of the number of ancilla bits N, and the number of additional
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Figure 23. Numerical comparisons between our QEM method and PEC. We take ¥ = 0.1 x a with
a=1,2,...,5. The results in (a)-(c) are the ones for Noc — 0¢. (a) Plots of the ideal cost function Cige,) (black
dotted line), the cost function without QEM Cyyisy (blue curve), the cost function with QEM Cqgm (orange
curve), and the cost function with PEC Cpgc which are plotted by 100 (NSPa];:nCp = 100) green circles for each

;. We take M = 181. (b) The ratio Npgc/Qem/Nsamp Which satisfy RTpec/qem > 1. () Plots of the variances

0&em (O, Noy) and o3 (M, 97, Nois) in Eq. (23). We take M = 181and Niie, = 100. (d) Plots of the
variances oéEM (O, st;mp, Nqc) and o9 (M, 9+, Nsilfncp, Nqc) by taking Noc = 210,

circuits Naqc. We choose PEC from these three methods and numerically compare with our method and the
reason we do this is the following. Both methods are theoretically similar such that they evaluate quantum noise
effects on quantum states by quantum computational operations and perform QEM which are represented as
sums of expectation values yielded by ensembles of quantum circuits including original circuits and quantum
circuits containing additional operations.

Comparison with PEC

First, we make a comparison between our method and PEC?%%73053,57,60.6568-71737476 ‘Thege two methods have a
theoretical similarity such that they use additional quantum computational operations to mitigate quantum noise
effects, however, their treatments are technically different. In PEC, quantum noise effects are mitigated by con-
structing inverse processes of quantum noises comprised of the sixteen basis operations and quasiprobabilities
called recovery operations. In other words, both original circuits and additional quantum circuits are probabil-
istically generated owing to quasiprobabilities. Suppose that the recovery operation for the quantum noise under
consideration, which acts on a single-qubit state, is composed of Nguasp nonzero quasiprobabilities. The elemen-
tary operations of the recovery operation (the terms composing the recovery operation) is inserted after each

operation of U; and the maximum number of circuits for performing PEC is Né\{fa‘ip. Once all these circuits are
run obeying the quasibrobabilities the quantum noise effects are completely mitigated (non-perturbavtive method
with respect to the noise strength). We mathematically describe the recovery operation as follows. By writing
the non-zero quasiprobabilities and the associated basis operations as g and By (@ = 1,. . ., Nquasp)> respectively,
the recovery operation executed after the operation of U is described in terms of these quantities as
NPEC

(5111,1 = ®jlill <ZZ?:SIP n
Ith layer act, By, is the basis operation acting on the jth qubit Qj, and 7 is the associated quasiprobability of
By ;i note that 7, include both positive and negative values. Furthermore, let us say that we compute an expecta-
tion value (O) with a repetition number Nqoc and accuracy € and write an associated quantum mechanical variance
by A%[Nqc, €]. When we perform PEC under the same repetition number Nqc and the accuracy e the variance
of the expectation value with PEC being performed, which we denote by A prc[Nqc, €], becomes larger than

the AL[Nqc, €] Af ppcINac, €] = Cpc Aj[Nae» €]

aj, Ba, ) , where N;IIEC is the number of qubits on which the recovery operations in the

original variance as where
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NPEC 2
Nguh . o . o
P el | = exp(2beerd) with b a positive constant and € is a gate error rate which is

2
Chpc = Hl 12
assumed to be gate independent (or a typical gate error rate)?”->**, Let us say that we generate M quantum
circuits (we call M as PEC sampling number) obeying the quasiprobability and an elementary circuit of the M

quantum circuits can be either the original circuit or one of the additional circuits. By writing the set of quantum

circuits for PEC which is composed of Né\‘lfai quantum circutis by SPEC and the ith generated circuit by CPEC
(e SPEC ), the exact error cancellation owing to PEC is described by
limpr— 00 (O)pEC,M = limpr— 0o Zf\il (O)c}’EC = (O)ideal>, Wwhere <O>C}’EC is the expectation value of O obtained
by the quantum circuit CPE€, which is generated with the probability ﬁso. How many times a quantum circuit,
say Cq, appears in the M sampling depends on its quasiprobability. The computational resource, however, is finite
in practice and in order to implement PEC in a real circumstance we take the sampling number M such that
!(O)pEC,M - <O)idea1’ < e. The sampling number M scales in € as 0(6*2)50’53’6"’73'74’76. On the other hand, our
AP

QEM method is conducted by the estimation of the kth-order quantum noise effect pd...1 and we subtract

it from the noisy expectation value. In contrast to the quasiprobabilities, the coeflicients which compose AQD Pd-1

such as =1 and :I:i are not probabilistic but deterministic (see Eq. (9) and the argument in Sect. I in the Sup-

plementary Information), and furthermore, to evaluate AQD pd...1 we deterministically prepare and execute the

quantum-noise-effect circuit group whose size (the number of elementary circuits composing it) is O ((qu)k).
The quality of our QEM method gets better as we increase k and this corresponds to the increasement of M in
PEC. Let us make numerical comparisons between these two methods for QAOA discussed in “QAOA” and show
them in Fig. 23. We perform the quantum simulations by taking the AD strength ©¥; = 0.1 X a with
a=1,2,...,5. We take k = 1 (first-order perturbation theory) for our QEM method and for PEC we take
M= 3qu + 1, which is the number of quantum circuits we need to perform our first-order QEM scheme, and
in this case d = 15,N; = 4 and M = 181. The reason why we take M = 3dN, + 1is the following. Let us say
that we conduct each QEM method with the same amount of quantum computational resource (under the same
condition) and this can be regarded as the number of quantum circuits to be used for QEM. This is because, as
mentioned previously, both methods are described as sums of expectation values generated by ensembles of
quantum circuits consist of original circuits and quantum circuits including additional operations. By taking

account this, next let us introduce an error defined by Sqepm = ’ (@) Odn — (©>pQEM ‘, which represents the abso-

lute of the difference between the ideal expectation value and the expectation value with our QEM method being
performed.

On the other hand, we introduce an error §pgc = } o0t — (O) pECM‘ with setting M = 3dN, + 1. The

numerical comparison between our method and PEC can be redescribed such that we perform each method
using the common quantum computational resource which is the 3dN; + 1 quantum circuits and examine
whether éqpm is smaller than épgc or not: the method having smaller error can be represented as the better QEM

method. Hereinafter, let us rewrite the expectation value with QEM and that with PEC as (é)pQEM — (O)QEM (D)
and (O)pec,m — (O)pEc (P, M), respectively, to express the noise-strength dependencies. Furthermore, we
rewrite the ideal expectation value and the noisy expectation value as (@)pd M <O>1dea1 and
(O>p:ieal — (O)nmsy(z?f) respectively. Note that the operator O is chosen to be H¢ in Eq. (17). The recovery
operation of AD acting on single-qubit states after the operation of U; is described by’

571 ® 14++1— GAD('l?-,; } —/1— GAD(ﬁt)Z.
ADITO 20— AP () b 2(1 — APy on
GAD(l?r)
- W(Plo))jl,

where 1;, is the identity operator acting on Qj, Zj,[p] = Z;jpZ;, (P)o))j is the reset operator acting on Qj, and
23
2

€D (9,) is the error rate given by AP (9,) = sin? =1 — e 7. Let us explain from the result in Fig. 23a.

Here we plot four types of quantities, the ideal cost function (O);deal (black dotted line), the noisy (no QEM) cost
function (O)noisy(ﬁ ) (blue curve), the cost function with QEM (O C )QEM (U7 ) (orange curve), and the cost function
with PEC (O)pgc(M, ¥, ) withl =1, NSIZ‘ECP, where NFEC s the repetition number of the PEC simulation

m samp
under the same condition in terms of M and ¥; and (O )pEC (M, 9+, 1)is the cost function acquired in the Ith round
of the PEC simulation. We note that N, PECP is different from Ngump introduced in “Numerical simulations”. In

sam’
contrast to our QEM scheme, PEC is a probablhstlc theory and when we perform a PEC simulation for NSI;EHCP

times and obtain NYEC data of the cost functlon( Ypec (M, U7, ), in general( Ypec(M, ¥, 11) # (O C Ypec (M, ¥+, 1)

samp

for I} # . This is why we introduce the repetition number Ns};lf;lcp for the PEC simulation. On the other hand,
(0)QeM (P2, 1) = (0)qem V1, ) = (O)qem (D7) for [y # I and the repetition number NSIZ};;% is unnecessary for
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our QEM scheme. We compute (O)ideals (O)noisy(ﬁ,), (@)QEM(ﬁr) with our original code while we compute
(O)pEc (M, 9+, 1) with the software package Mitiq”* and Cirq®, and the PEC simulations are done under the
condition M = 181 and Nsilf‘ncp = 100 and the data points of (O)pEc(M, B¢, 1) are plotted with green circles for
each ;. To quantify which of the two cost functions, (O)qem(9;) and (O) pc (M, ¥+, 1), is closer to (O)igeal, we
introduce a measure defined by

[(O)pEC(M, B2, 1) — (O)ideal]
1(O)qem (P2) — (Oideall

Like RTqgm in Eq. (13), the ratio RTpec/Qem (M, ¥, ) becoming greater than one implies that our QEM

RTpec/QEM (M, U7, 1) =

(22)

scheme is working better than PEC. By denoting the number of (O)prc(M, ¥, 1) data points satisfying
RTpec/qem (M, ¥¢,1) > 1as Npgc/Qem, in Fig. 23b we show the ratio NPEC/QEM/NPEC We see that the ratio

samp*
RTpec/qem (M, ¥+, 1) is greater than 50% for every ;. We also obtain the ratio Npec/QeM/Nsamp = 0.99 for the
realistic noise strength ¥ = 0.045 (T} ~ 100 usec and At ~ 100 nsec) in the current superconducting devices.

In addition to the ratio RTqem (M, ¥, ) in Eq. (22), we compute mean squared errors defined by

PEC
N, samp

1 ~ n 2
0ec (M, 90 NEEG) = 3 e (10)pEc M. 90D = (Oideat)

I=1 samp

NEES (23)
sam, 1 R . 2
e (Ve NI = Y e (Odaem @) = (Oigar) -

l:l samp

Note that aéEM(l?T, st;&c ) = oéEM(z?r) (no Ns};]fncp dependency). By using the variances in Eq. (23) we can

re-describe the comparison between the quality of our QEM and that of PEC as the comparison of the magni-
tudes of the two variances, i.e., the method exhibiting smaller variance has the better QEM quality. We show this

NPEC

numerical result in Fig. 23c and we obtain aéEM(ﬁf) < oppc V2, samp

) for every ;. The results in Fig. 23a-c

are the ones for Noc — oc. In Fig. 23d, we compute the variances aéEM(ﬁr,NSPa]fncp) and O}%EC(M, ﬁr,NSPa];:nCp)

for Noc = 219 (each circuit is executed by taking Nqc = 210) and denote them as aéEM(ﬁr,NSPEC Nqc)

amp?
PEC
N, samp

and aﬁEC(M, ¥, NPEC Nqc), respectively. Note that we have used

samp’

(é)pEc (M, 91, Nqc, ) to compute f’ﬁEc M, ¥, Ns};f‘,%, Nqc): for computing both "}%Ec M, ﬂf,Ns};],E,ﬁ,, Nqc) and

data of expectation values

UéEM(ﬁf,Nsif;ﬁ,,NQc) we set Nsamp = 1. We do not observe any significant difference in the variance of PEC
between the finite and infinite N cases, as can be seen by comparing Fig. 23c,d. However, due to the finite
Nqc = 210 we observe a slight increase in the variance of our QEM in the range 0.1 < ¥; < 0.3. Nonetheless,

our QEM still exhibits O‘éEM (¢, Nsif;lcp, Nqo) < UI%EC M, ¥+, Nsl;]fnc ,Nqc) for every ;.

As a result, the quality of our QEM method outperforms that of PEC under such conditions. Let us examine
for realistic cases when M is sufficiently larger than 181 and we consider that there are two types of effects. The
first one is that, owing to the concept of PEC, (O)pgc (9, M) gets closer to (O)ideal OWing to an increasement of
M, which is a positive effect. The second one, which is a negative effect, is that the total amount of errors associ-
ated with the additional operations gets bigger by increasing M which makes (O)pgc (97, M) to become farther
from (O)ideal- At some point, say M = M., we consider that the second (negative) effect gets larger than the
first (positive) effect because the second effect is not to be mitigated and gets bigger. As a result, (O)pgc (9, M)
becomes farther from (O);gea for M > M. It has been shown in Ref.® that the errors associated with the addi-
tional operations can be mitigated by combining with ZNE. The necessity of ZNE, however, implies that we
need an additional computational resource to mitigate such errors. In contrast, our QEM method is conducted
self-consistently such that the quantum noise effects on both the original circuit and the quantum-noise-effect
circuit groups are mitigated. In other words, we do not need additional resources to mitigate the quantum noise
effects on the quantum-noise-effect circuit groups. We consider that such a self-consistency is the advantage of
our method compared with PEC. Furthermore, the size of the quantum-noise-effect circuit group (the computa-

d
tional cost) is practically polynomial in N,;d while the number of quantum circuits for performing PEC is Né\l{iasp
(exponential in Nyd), and thus the practical computational cost of our QEM method is lower than that of PEC.
In total, we consider that our QEM method is superior to PEC even for sufficiently large M.

Comparison with ZNE

Next, let us make a comparison between ZN and our method. The similarity between ZNE and our
method (as well as PEC) is that both of these methods require additional quantum circuits. In ZNE, first a quantum
mechanical expectation of an physical observable, say Oppys, is measured which includes a quantum computational
error given by a noise strength (or an error rate) yo. Then, we create extra quantum circuits which ideally yield the
same expectation value of Oppys as the original quantum circuit does but with noise strengths larger than y. Such
boostings of the noise strengths can be done, for instance, by insertions of identity gate operations®°"72, Let us
denote the original circuit by Corg, which is subject to the quantum noise with the strength yy, while we denote the
extra circuits subject to noises with strengths y; by Cj with j = 1,2,..., Nzng, i.e., for ZNE Naqc = Nzng. Here
we labeled the extra circuits Cjso that yp < y1 < - - - YNy~ The highest order of the quantum noise effects which
can be mitigated is Nzng and this is one of the powerful advantage of ZNE. The difference between our method

E26,27,50753,72,74,76
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and ZNE, on the other hand, is that in our method (as well as in PEC and ESD and VD) QEM tasks are performed
by quantum computational operations (gate operations and measurements) whereas in ZNE quantum computers
are used for calculating expectation values while the QEM tasks are done by classical computers. The advantages
of ZNE are that it does not require ancilla bits and QEM can be performed without knowledge of quantum noises.
There is a drawback, however, that its quality becomes poor when yy is too big. Furthermore, in experiments we
need to obtain the values yy, 1, . . . , ¥zng with high precision. On the other hand, our method requires both the
ancilla bits and knowledge of quantum noises but can be applied to quantum noises for arbitrary noise strengths
although higher computational cost is demanded for doing higher-order perturbation and both the values of decay
rates and gate operation times are needed with high precision. Next let us compare the two methods with respect
to the depth of a quantum algorithm and a coherence time with which we identify as a T} time. Here we assume
that all single-qubit and two-qubit gate times are identical and denote the single-qubit time and the two-qubit gate
time by ¢} and £5, respectively. Moreover, we assume that all T times are identical with respect to qubits. Let s first
consider from the conduction of Richardson-extrapolation-based ZNE and for simplicity we make an approxima-
tion t¥ < 5 so that the depth of a quantum algorithm d can be identified with the depth of (the number of the
layers of) two-qubit gates to be implemented. Let us say that we enhance the noise strength y; by the factor ¢; =
with takingr; = 1 4 0.1 x iwithi = 1,2, ...Such a situation can be created by inserting an identity operation for
the time 0.1 x i x £5 after the operation of each Uy. In this way, we can effectively make the operation time of Uy
to be r;£5 or we can effectively make the decay rate to be r;y; while the operation time of Uy to be t5. The operation
time to execute the quantum algorithm Hle Ur = Uy - Uy - - - Uy - Uy plus the additional identity operations is

r; dt;g’ and it must satisfy the condition r; dt§ < T. For superconducting qubits £ ~ 100 nsec and T; ~ 100 ps'®115
and under such conditions we obtain r;d < 1000. For d = 800, we haver;d = 880, r,d = 960, r3d > 1000, which
means that we are able to perform QEM up to second order: For d = 900 we have r;d = 990, rod > 1000, which
means that we are able to perform QEM up to linear order, and ford > 910 we become unable perform QEM. For
larger ¢; the upper limit of d such that QEM is valid gets smaller. From these considerations, we see that we can
perform high-order QEM for small d while for large d we can only perform low-order QEM and for sufficiently
large d we cannot apply QEM. Such a characteristics comes from the d dependence of the total additional identity
operation time. Furthermore, the exponential extrapolation also becomes invalid for large d since it is only effective
for small error rate €err such that e..:d = O(1)¥. Next, let us consider the conduction of our QEM. The time for
performing our kth-order QEM method is at most dt§ + (2t5 + t$)k =~ dt$ + 2.1kt} (we assume that all additional
operations are P'), where we have set t? ~ 0.1£5%. Thus, the operational time for implementing the k additional

operations, which is 2.1kt§, does not depend on d. For d = 800, 900, and 910 the highest orders of quantum noise
effects which we can mitigate are 95, 47, and 42, respectively. Consequently, we consider that for small d satisfying
rznedts < Ty the quality of ZNE is better while for large d our method has a better quality and such a tendency
does not change even T times are extended and the gate times 5 get shorter. At the end, we mention that ZNE
is not applicable to time-dependent noise*”***! whereas our method is by reformulating 7 as a function of time.

Comparison with ESD and VD

Finally, we make a comparison between our method and ESD®7>7¢ and VD76, Since these two are similar
approaches we bring them together and abbreviate it as ESD/VD. Like PEC and our method, ESD/VD is com-
posed of gate operations and/or quantum measurement on an ancilla bit. ESD/VD has two advantages, it can
be applied to various types of quantum noise and additional quantum circuits are unneeded. The procedure of
ESD/VD is comprised of three parts, a preparation of n copies of an original circuit which generate (pfff‘,ll)®”, a
performance of derangement operation, which is a generalization of SWAP operation (in Ref.®® it is called cyclic
shift operator), and an operation of controlled-O operator with O denoting the physical operator of which we
take an expectation value®”’>: In Ref.%, the scheme which does not use an ancilla-assisted measurement has been
presented and in this case N, = (1 — 1)N (see Table 1). Let us express p:i?ﬁll in a spectral decomposition form
denoted by ,0;?11 = Adom|¥dom) (Wdom!| + Ziiqfl 2al¥a)(¥al, where the eigenvalues satisfy the descending order
Jdom > /1+++ > A,Ng_;. Due to such a process, we obtain the expectation value (¥4om|O|¥dom). In ESD/VD,
there are two problems which need to be handled with, the mismatch between the ideal state pj...; and the domi-
nant eigenvector state p90M = Y40 ) (Wdom | which is called coherent mismatch or noise floor, and the mitigation
of the quantum noise effects associated with the operations of the derangement operator and the controlled-O
operator. It was argued in Ref.” that the quantum computational error coming from the coherent mismatch
and that due to the quantum noise effects associated with the operations constructing the quantum circuit for
ESD/VD, which we call ESD/VD circuit, can be mitigated by combining with ZNE. As argued in the previous
discussion for ZNE, we consider, however, that such a hybrid scheme works provided that the composite circuit
of the original circuit and the ESD/VD circuit can be executed within a coherence time of a qubit. Furthermore,
we need large numbers of qubits to perform ESD/VD and this limits sizes of overhead. On the other hand, our
method needs the additional quantum circuits (quantum-noise-effect circuit group) but both the errors associ-
ated with the operations of Uy and those associated with the insertions of the additional operations implemented
on the quantum-noise-effect circuit group are self-consistently mitigated and saves an additional computational
resource for mitigating the errors associated with the additional operations since our scheme does not need to
be combined with other methods for doing this. Moreover, the number of ancilla bits which we need to perform
k-th order QEM is k, which does not enlarge the overhead that much. Such properties, in principle, enable us to
perform QEM for both short-term (NISQ algorithms) and long-term algorithms.
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Conclusion and outlook

In this paper, we have established our QEM scheme for reducing the quantum noise (decoherence) effects on the single-
qubit states which occur during the gate operations. We have formulated it as the perturbation theory with respect to
the noise strength (in the case of AD effect it is 7), which are evaluated by the gate time and decay rate (T time and/
or T> time), and is represented by the ensemble of quantum circuits, namely the quantum-noise-effect circuit groups.
The numbers of quantum circuits composing the quantum-noise-effect circuit groups are polynomial with respect to
the product of the depth of the quantum algorithm under consideration and the number of register bits, which can be
considered that the conduction of our QEM scheme is not so high-cost computational performance. To demonstrate
the validity of our QEM scheme, we have performed the noisy quantum simulations of the qubits under the AD effects
for four types of quantum algorithms based on the linear-order perturbation theory. It is to be noted that before we
conduct our QEM scheme, we need to be careful with if the expectation values on which we are aiming to perform
QEM do not include the linear-order term in 7 or if they are equivalent to the ideal simulation results like the com-
putation of the expectation value of the identity operator. As long as these two are not the cases then our linear-order
QEM scheme works as we have demonstrated in “Numerical simulations’, and it is valid in a broad region of 7, which
implies its effectiveness and powerfulness. Our QEM scheme can be generalized to error mitigation for other types of
quantum noises including the generalized amplitude damping, the phase damping, the composition of these two, and
the stochastic Pauli noises like the depolarizing channel. Furthermore, it can be extended to cases of error mitigation
for higher-order quantum noise effects and once this is established we expect that we become able to perform quan-
tum computations in high accuracy even for long-depth quantum algorithms. In “QEM scheme implementation’, we
have discussed the experimental results of the implementation of our QEM scheme. Consequently, we have observed
RTqgm > 1lfor every quantum computation and our QEM scheme has worked for the IBM Q Experience processors.
In this work, we have focused on the decoherence effects acting on the single-qubit states and established the QEM
scheme for them. In real quantum devices, however, there exist many types of errors and complex quantum noise
channels. We expect that by conducting an elaborate noise (device) characterization we become able to improve the
quality of QEM. For instance, by combining our QEM scheme with other error-mitigation techniques such as those
for state preparation (initialization) and measurement and imperfections of gate operations or those for other quantum
noise channels like crosstalk we anticipate to realize QEM with higher quality.

Our QEM scheme is solely conducted by gate operations and measurements on ancilla bits and can be applied
to any type of quantum algorithm. Such a characteristic enables us to programmably perform high-accurate
quantum computing solely by the quantum-computational operations (software manipulations). Furthermore,
our QEM scheme can be performed with any type of quantum hardware such as solid-state systems and atomic-
molecule and optical systems and with quantum devices of any generation, and both the computational cost
whose order is polynomial in N,;d and its accuracy can be coherently controlled. These three characteristics are
the big advantages of our scheme.

One of the important outlooks of this work is quantum computations by large-scale quantum devices or future
(next-generation) quantum devices using various types of quantum hardware such as superconducting circuits
and ion-trap qubit systems. In such a case, we consider that we also need to take into account quantum noises
acting on many-body quantum states such as collective quantum noises®” %712 and correlated noises™'%>-1%,
Another important problem is the establishment of QEM schemes for time-dependent quantum noises including
non-Markovian quantum noises'*!1°,

Our QEM scheme can be extended to mitigation of these complex quantum noise effects provided that they
are formulated as groups of quantum circuits. When such formalisms are being constructed, we expect that we
become able to realize QEM scheme which mitigates various types of quantum noise effects. We expect that this
leads to conduction of quantum computing for big-size problems with high-quality results being obtained. We
believe that this paves the way to realize high-quality quantum computing for application to problems in many
branches of science and engineering including material science, quantum chemistry, combinatorial optimization
problems, and machine learning using large-scale quantum computers.

Data availability
The datasets generated and/or analyzed during the current study are available from the corresponding author
on reasonable request.

Received: 27 April 2023; Accepted: 19 January 2024
Published online: 13 March 2024

References

1. Feynman, R. P. Simulating physics with computers. Int. J. Theoretical Phys. 21, 467-488 (1982).

2. Deutsch, D. Quantum theory, the Church-Turing principle and the universal quantum computer. Proc. R. Soc. Lond. A. Math.
Phys. Sci. 400, 97 (1985).
Lloyd, S. Universal quantum simulators. Science 273, 1073 (1996).
DiVincenzo, D. P. The physical implementation of quantum computation. Fortschritte der Physik Progress Phys. 48, 771 (2000).
M. A. Nielsen & I. Chuang. Quantum computation and quantum information (2002).
Georgescu, I. M., Ashhab, S. & Nori, E. Quantum simulation. Rev. Mod. Phys. 86, 153. https://doi.org/10.1103/RevModPhys.86.
153 (2014).
Linke, N. M. et al. Experimental comparison of two quantum computing architectures. Proc. Natl. Acad. Sci. 114, 3305 (2017).
Wendin, G. Quantum information processing with superconducting circuits: A review. Rep. Progress Phys. 80, 106001 (2017).
Krantz, P. et al. A quantum engineer’s guide to superconducting qubits. Appl. Phys. Rev. 6, 021318 (2019).
Kjaergaard, M. et al. Superconducting qubits: Current state of play. Annu. Rev. Condensed Matter Phys. 11, 369 (2020).
Huang, H.-L., Wu, D,, Fan, D. & Zhu, X. Superconducting quantum computing: A review. Sci. China Inform. Sci. 63, 1 (2020).

S

= o w®N

—

Scientific Reports |

(2024) 14:6077 | https://doi.org/10.1038/s41598-024-52485-7 nature portfolio


https://doi.org/10.1103/RevModPhys.86.153
https://doi.org/10.1103/RevModPhys.86.153

www.nature.com/scientificreports/

12.

13.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.
29.

30.

31.

32.

33.

34.
35.

36.

41.
42.
43.
44.
45.
46.
47.
48.
49.
50.
52.

53.
54.

55.

57.

58.

59.

60.

Bruzewicz, C. D., Chiaverini, ., McConnell, R. & Sage, J. M. Trapped-ion quantum computing: Progress and challenges. Appl.
Phys. Rev. 6,021314 (2019).

Kaushal, V. et al. Shuttling-based trapped-ion quantum information processing. AVS Quant. Sci. 2, 014101 (2020).

Nakamura, Y., Pashkin, Y. A. & Tsai, J. Coherent control of macroscopic quantum states in a single-Cooper-pair box. Nature
398, 786 (1999).

Makhlin, Y., Schén, G. & Shnirman, A. Quantum-state engineering with Josephson-junction devices. Rev. Mod. Phys. 73, 357.
https://doi.org/10.1103/RevModPhys.73.357 (2001).

Xiang, Z.-L., Ashhab, S., You, J. Q. & Nori, F. Hybrid quantum circuits: Superconducting circuits interacting with other quantum
systems. Rev. Mod. Phys. 85, 623. https://doi.org/10.1103/RevModPhys.85.623 (2013).

Kwon, S., Tomonaga, A., LakshmiBhai, G., Devitt, S. J. & Tsai, J.-S. Gate-based superconducting quantum computing. J. Appl.
Phys. 129, 041102 (2021).

Cirag, J. . & Zoller, P. Quantum computations with cold trapped ions. Phys. Rev. Lett. 74, 4091. https://doi.org/10.1103/PhysR
evLett.74.4091 (1995).

Sorensen, A. & Molmer, K. Quantum computation with ions in thermal motion. Phys. Rev. Lett. 82, 1971. https://doi.org/10.
1103/PhysRevLett.82.1971 (1999).

Leibfried, D., Blatt, R., Monroe, C. & Wineland, D. Quantum dynamics of single trapped ions. Rev. Mod. Phys. 75, 281. https://
doi.org/10.1103/RevModPhys.75.281 (2003).

Wineland, D. J. Quantum information processing and quantum control with trapped atomic ions. Physica Scripta 2009, 014007
(2009).

Hiffner, H., Roos, C. F. & Blatt, R. Quantum computing with trapped ions. Phys. Rep. 469, 155 (2008).

Peruzzo, A. et al. A variational eigenvalue solver on a photonic quantum processor. Nat. Commun. 5,1 (2014).

McClean, J. R., Romero, J., Babbush, R. & Aspuru-Guzik, A. The theory of variational hybrid quantum-classical algorithms.
New J. Phys. 18, 023023 (2016).

Kandala, A. et al. Hardware-efficient variational quantum Eigensolver for small molecules and quantum magnets. Nature 549,
242 (2017).

McArdle, S., Endo, S., Aspuru-Guzik, A., Benjamin, S. C. & Yuan, X. Quantum computational chemistry. Rev. Mod. Phys. 92,
015003. https://doi.org/10.1103/RevModPhys.92.015003 (2020).

Endo, S., Cai, Z., Benjamin, S. C. & Yuan, X. Hybrid quantum-classical algorithms and quantum error mitigation. J. Phys. Soc.
Jpn. 90, 032001 (2021).

E. Farhi, J. Goldstone, & S. Gutmann. A quantum approximate optimization algorithm. arXiv preprint arXiv:1411.4028 (2014).
G. E. Crooks. Performance of the quantum approximate optimization algorithm on the maximum cut problem. arXiv preprint
arXiv:1811.08419 (2018)

Wang, Z., Hadfield, S., Jiang, Z. & Rieffel, E. G. Quantum approximate optimization algorithm for MaxCut: A fermionic view.
Phys. Rev. A 97, 022304 (2018).

R. Shaydulin & Y. Alexeev. Evaluating quantum approximate optimization algorithm: A case study. in 2019 tenth international
green and sustainable computing conference (IGSC) (IEEE, 2019), 1-6.

Zhou, L., Wang, S.-T., Choi, S., Pichler, H. & Lukin, M. D. Quantum approximate optimization algorithm: Performance, mecha-
nism, and implementation on near-term devices. Phys. Rev. X 10, 021067 (2020).

J. Abhijith, A. Adedoyin, J. Ambrosiano, P. Anisimov, A. Bartschi, W. Casper, G. Chennupati, C. Coffrin, H. Djidjev, D. Gunter,
et al. Quantum algorithm implementations for beginners. arXiv e-prints , arXiv (2018).

Schuld, M. & Petruccione, E Supervised Learning with Quantum Computers Vol. 17 (Springer, 2018).

Mitarai, K., Negoro, M., Kitagawa, M. & Fujii, K. Quantum circuit learning. Phys. Rev. A 98, 032309. https://doi.org/10.1103/
PhysRevA.98.032309 (2018).

Benedetti, M., Lloyd, E., Sack, S. & Fiorentini, M. Erratum: Parameterized quantum circuits as machine learning models (2019
Quant. Sci. Tech. 4 043001). Quant. Sci. Technol. 5,019601 (2019).

Arute, E et al. Quantum supremacy using a programmable superconducting processor. Nature 574, 505 (2019).

Preskill, J. Quantum computing in the NISQ era and beyond. Quantum 2,79 (2018).

Palma, G. & Suominen, K. AK Ekert Proc. Roy. Soc. London A 452, 567 (1996).

Resch, S. & Karpuzcu, U. R. Benchmarking quantum computers and the impact of quantum noise. ACM Comput. Surveys (CSUR)
54,1 (2021).

Shor, P. W. Scheme for reducing decoherence in quantum computer memory. Phys. Rev. A 52, R2493. https://doi.org/10.1103/
PhysRevA.52.R2493 (1995).

Devitt, S. J., Munro, W. J. & Nemoto, K. Quantum error correction for beginners. Rep. Progress Phys. 76, 076001 (2013).

Lidar, D. A. & Brun, T. A. Quantum Error Correction (Cambridge University Press, 2013).

Roffe, ]. Quantum error correction: An introductory guide. Contemp. Phys. 60, 226 (2019).

Viola, L. & Lloyd, S. Dynamical suppression of decoherence in two-state quantum systems. Phys. Rev. A 58, 2733 (1998).
Viola, L., Knill, E. & Lloyd, S. Dynamical decoupling of open quantum systems. Phys. Rev. Lett. 82, 2417 (1999).

Khodjasteh, K. & Lidar, D. A. Fault-tolerant quantum dynamical decoupling. Phys. Rev. Lett. 95, 180501 (2005).

Masuyama, Y. et al. Extending coherence time of macro-scale diamond magnetometer by dynamical decoupling with coplanar
waveguide resonator. Rev. Sci. Instrum. 89, 125007 (2018).

Wise, D. E, Morton, J. J. & Dhomkar, S. Using deep learning to understand and mitigate the qubit noise environment. PRX
Quant. 2,010316. https://doi.org/10.1103/PRXQuantum.2.010316 (2021).

Temme, K., Bravyi, S. & Gambetta, J. M. Error mitigation for short-depth quantum circuits. Phys. Rev. Lett. 119, 180509 (2017).
Kandala, A. et al. Error mitigation extends the computational reach of a noisy quantum processor. Nature 567, 491 (2019).

Li, Y. & Benjamin, S. C. Efficient variational quantum simulator incorporating active error minimization. Phys. Rev. X 7, 021050
(2017).

Endo, S., Benjamin, S. C. & Li, Y. Practical quantum error mitigation for near-future applications. Phys. Rev. X 8, 031027 (2018).
Bonet-Monroig, X., Sagastizabal, R., Singh, M. & O’Brien, T. E. Low-cost error mitigation by symmetry verification. Phys. Rev.
A 98, 062339. https://doi.org/10.1103/PhysRevA.98.062339 (2018).

McArdle, S., Yuan, X. & Benjamin, S. Error-mitigated digital quantum simulation. Phys. Rev. Lett. 122, 180501 (2019).
Jattana, M. S., Jin, E, De Raedt, H. & Michielsen, K. General error mitigation for quantum circuits. Quant. Inform. Process. 19,
1(2020).

Xiong, Y., Chandra, D., Ng, S. X. & Hanzo, L. Sampling overhead analysis of quantum error mitigation: Uncoded vs. coded
systems. IEEE Access 8, 228967 (2020).

A. Zlokapa & A. Gheorghiu. A deep learning model for noise prediction on near-term quantum devices, arXiv preprint arXiv:
2005.10811 (2020).

Bravyi, S., Sheldon, S., Kandala, A., Mckay, D. C. & Gambetta, J. M. Mitigating measurement errors in multiqubit experiments.
Phys. Rev. A 103, 042605. https://doi.org/10.1103/PhysRevA.103.042605 (2021).

Sun, J. et al. Mitigating realistic noise in practical noisy intermediate-scale quantum devices. Phys. Rev. Appl. 15, 034026. https://
doi.org/10.1103/PhysRevApplied.15.034026 (2021).

Scientific Reports |

(2024) 14:6077 |

https://doi.org/10.1038/s41598-024-52485-7 nature portfolio


https://doi.org/10.1103/RevModPhys.73.357
https://doi.org/10.1103/RevModPhys.85.623
https://doi.org/10.1103/PhysRevLett.74.4091
https://doi.org/10.1103/PhysRevLett.74.4091
https://doi.org/10.1103/PhysRevLett.82.1971
https://doi.org/10.1103/PhysRevLett.82.1971
https://doi.org/10.1103/RevModPhys.75.281
https://doi.org/10.1103/RevModPhys.75.281
https://doi.org/10.1103/RevModPhys.92.015003
http://arxiv.org/abs/1411.4028
http://arxiv.org/abs/1811.08419
https://doi.org/10.1103/PhysRevA.98.032309
https://doi.org/10.1103/PhysRevA.98.032309
https://doi.org/10.1103/PhysRevA.52.R2493
https://doi.org/10.1103/PhysRevA.52.R2493
https://doi.org/10.1103/PRXQuantum.2.010316
https://doi.org/10.1103/PhysRevA.98.062339
http://arxiv.org/abs/2005.10811
http://arxiv.org/abs/2005.10811
https://doi.org/10.1103/PhysRevA.103.042605
https://doi.org/10.1103/PhysRevApplied.15.034026
https://doi.org/10.1103/PhysRevApplied.15.034026

www.nature.com/scientificreports/

61.

62.

63.

64.

65.

66.

67.
68.

69.

70.

71.

72.

73.

74.

75.

76.
77.

78.

79.

80.

81.

82.

84.

85.

86.
87.

88.
89.

Otten, M. & Gray, S. K. Accounting for errors in quantum algorithms via individual error reduction. NPJ Quant. Inform. 5, 1.
https://doi.org/10.1038/s41534-019-0125-3 (2019).

Otten, M. & Gray, S. K. Recovering noise-free quantum observables. Phys. Rev. A 99, 012338. https://doi.org/10.1103/PhysR
evA.99.012338 (2019).

McClean, J. R., Kimchi-Schwartz, M. E., Carter, J. & de Jong, W. A. Hybrid quantum-classical hierarchy for mitigation of deco-
herence and determination of excited states. Phys. Rev. A 95, 042308. https://doi.org/10.1103/PhysRevA.95.042308 (2017).
Czarnik, P, Arrasmith, A., Coles, P. . & Cincio, L. Error mitigation with Clifford quantum-circuit data. Quantum 5, 592. https://
doi.org/10.22331/q-2021-11-26-592 (2021).

Strikis, A., Qin, D., Chen, Y., Benjamin, S. C. & Li, Y. Learning-based quantum error mitigation. PRX Quant. 2, 040330. https://
doi.org/10.1103/PRXQuantum.2.040330 (2021).

Huggins, W. J. et al. Virtual distillation for quantum error mitigation. Phys. Rev. X 11, 041036. https://doi.org/10.1103/PhysR
evX.11.041036 (2021).

Koczor, B. Exponential error suppression for near-term quantum devices. Phys. Rev. X 11, 031057 (2021).

Piveteau, C., Sutter, D., Bravyi, S., Gambetta, J. M. & Temme, K. Error mitigation for universal gates on encoded qubits. Phys.
Rev. Lett. 127, 200505 (2021).

Lostaglio, M. & Ciani, A. Error mitigation and quantum-assisted simulation in the error corrected regime. Phys. Rev. Lett. 127,
200506 (2021).

Suzuki, Y., Endo, S., Fujii, K. & Tokunaga, Y. Quantum error mitigation as a universal error reduction technique: Applications
from the NISQ to the fault-tolerant quantum computing eras. PRX Quant. 3, 010345. https://doi.org/10.1103/PRXQuantum.3.
010345 (2022).

Piveteau, C., Sutter, D. & Woerner, S. Quasiprobability decompositions with reduced sampling overhead. NPJ Quant. Inform.
8,1(2022).

Pascuzzi, V. R., He, A., Bauer, C. W,, de Jong, W. A. & Nachman, B. Computationally efficient zero-noise extrapolation for
quantum-gate-error mitigation. Phys. Rev. A 105, 042406. https://doi.org/10.1103/PhysRevA.105.042406 (2022).

Takagi, R. Optimal resource cost for error mitigation. Phys. Rev. Res. 3, 033178. https://doi.org/10.1103/PhysRevResearch.3.
033178 (2021).

LaRose, R. et al. Mitiq: A software package for error mitigation on noisy quantum computers. Quantum 6, 774. https://doi.org/
10.22331/q-2022-08-11-774 (2022).

Koczor, B. The dominant eigenvector of a noisy quantum state. New J. Phys. 23, 123047. https://doi.org/10.1088/1367-2630/
ac37ae (2021).

Cai, Z. et al. Quantum error mitigation. Rev. Mod. Phys.. 95, 045005. https://doi.org/10.1103/RevModPhys.95.045005 (2023).
Wang, H., Ashhab, S. & Nori, F. Quantum algorithm for simulating the dynamics of an open quantum system. Phys. Rev. A 83,
062317 https://doi.org/10.1103/PhysRevA.83.062317 (2011).

Hu, Z., Xia, R. & Kais, S. A quantum algorithm for evolving open quantum dynamics on quantum computing devices. Sci. Rep.
10, 1 (2020).

Tornow, S., Gehrke, W. & Helmbrecht, U. Non-equilibrium dynamics of a dissipative two-site Hubbard model simulated on the
IBM quantum computer. J. Phys. A: Math. Theor. 55, 245302. https://doi.org/10.1088/1751-8121/ac6bd0 (2022).

Garcia-Pérez, G., Rossi, M. A. & Maniscalco, S. IBM Q Experience as a versatile experimental testbed for simulating open
quantum systems. NPJ Quant. Inform. 6, 1 (2020).

Del Re, L., Rost, B., Kemper, A. F. & Freericks, J. K. Driven-dissipative quantum mechanics on a lattice: Simulating a fermionic
reservoir on a quantum computer. Phys. Rev. B 102, 125112. https://doi.org/10.1103/PhysRevB.102.125112 (2020).
Koppenhéfer, M., Bruder, C. & Roulet, A. Quantum synchronization on the IBM Q system. Phys. Rev. Res. 2, 023026 (2020).
de Jong, W. A. et al. Quantum simulation of open quantum systems in heavy-ion collisions. Phys. Rev. D 104, L051501 (2021).
Hama, Y. Quantum circuits for collective amplitude damping in two-qubit systems. https://doi.org/10.48550/ARXIV.2012.02410
(2020).

H. Abraham, AduOffei, R. Agarwal, I. Y. Akhalwaya, G. Aleksandrowicz, T. Alexander, M. Amy, E. Arbel, Arijit02, A. Asfaw, A.
Avkhadiev, C. Azaustre, AzizNgoueya, A. Banerjee, A. Bansal, P. Barkoutsos, A. Barnawal, G. Barron, G. S. Barron, L. Bello, Y. Ben-
Haim, D. Bevenius, A. Bhobe, L. S. Bishop, C. Blank, S. Bolos, S. Bosch, Brandon, S. Bravyi, Bryce-Fuller, D. Bucher, A. Burov, E
Cabrera, P. Calpin, L. Capelluto, J. Carballo, G. Carrascal, A. Chen, C.-E Chen, E. Chen, J. C. Chen, R. Chen, J. M. Chow, S. Churchill,
C. Claus, C. Clauss, R. Cocking, E. Correa, A. J. Cross, A. W. Cross, S. Cross, J. Cruz-Benito, C. Culver, A. D. Cércoles-Gonzales,
S. D. E. Dandachi, M. Daniels, M. Dartiailh, DavideFrr, A. R. Davila, A. Dekusar, D. Ding, J. Doi, E. Drechsler, Drew;, E. Dumitrescu, K.
Dumon, I. Duran, K. EL-Safty, E. Eastman, G. Eberle, P. Eendebak, D. Egger, M.. Everitt, P. M. Fernandez, A. H. Ferrera, R. Fouilland,
FranckChevallier, A. Frisch, A. Fuhrer, B. Fuller, M. GEORGE, J. Gacon, B. G. Gago, C. Gambella, . M. Gambetta, A. Gammanpila, L.
Garcia, T. Garg, S. Garion, A. Gilliam, A. Giridharan, ]. Gomez-Mosquera, Gonzalo, S. de la Puente Gonzalez, J. Gorzinski, I. Gould,
D. Greenberg, D. Grinko, W. Guan, J. A. Gunnels, M. Haglund, I. Haide, I. Hamamura, O. C. Hamido, F. Harkins, V. Havlicek, J.
Hellmers, L. Herok, S. Hillmich, H. Horii, C. Howington, S. Hu, W. Hu, J. Huang, R. Huisman, H. Imai, T. Imamichi, K. Ishizaki, R.
Iten, T. Itoko, JamesSeaward, A. Javadi, A. Javadi-Abhari, W. Javed, Jessica, M. Jivrajani, K. Johns, S. Johnstun, Jonathan-Shoemaker,
V. K, T. Kachmann, A. Kale, N. Kanazawa, Kang-Bae, A. Karazeev, P. Kassebaum, J. Kelso, S. King, Knabberjoe, Y. Kobayashi, A.
Kovyrshin, R. Krishnakumar, V. Krishnan, K. Krsulich, P. Kumkar, G. Kus, R. LaRose, E. Lacal, R. Lambert, ]. Lapeyre, J. Latone,
S. Lawrence, C. Lee, G. Li, D. Liu, P. Liu, Y. Maeng, K. Majmudar, A. Malyshev, J. Manela, J. Marecek, and M. Marques, D. Maslov,
D. Mathews, A. Matsuo, D. T. McClure, C. McGarry, D. McKay, D. McPherson, S. Meesala, T. Metcalfe, M. Mevissen, A. Meyer, A.
Mezzacapo, R. Midha, Z. Minev, A. Mitchell, N. Moll, ]. Montanez, G. Monteiro, M. D. Mooring, R. Morales, N. Moran, M. Motta,
MrE P. Murali, J. Miiggenburg, D. Nadlinger, K. Nakanishi, G. Nannicini, P. Nation, E. Navarro, Y. Naveh, S. W. Neagle, P. Neuweiler,
J. Nicander, P. Niroula, H. Norlen, NuoWenLei, L. ]. O’Riordan, O. Ogunbayo, P. Ollitrault, R. Otaolea, S. Oud, D. Padilha, H. Paik,
S. Pal, Y. Pang, V. R. Pascuzzi, S. Perriello, A. Phan, F. Piro, M. Pistoia, C. Piveteau, P. Pocreau, A. Pozas-Kerstjens, M. Prokop, V.
Prutyanov, D. Puzzuoli, ]. Pérez, Quintiii, R. I. Rahman, A. Raja, N. Ramagiri, A. Rao, R. Raymond, R. M.-C. Redondo, M. Reuter,
J. Rice, M. Riedemann, M. L. Rocca, D. M. Rodriguez, RohithKarur, M. Rossmannek, M. Ryu, T. SAPV, SamFerracin, M. Sandberg,
H. Sandesara, R. Sapra, H. Sargsyan, A. Sarkar, N. Sathaye, B. Schmitt, C. Schnabel, Z. Schoenfeld, T. L. Scholten, E. Schoute, J.
Schwarm, I. E. Sertage, K. Setia, N. Shammah, Y. Shi, A. Silva, A. Simonetto, N. Singstock, Y. Siraichi, I. Sitdikov, S. Sivarajah, M. B.
Sletfjerding, J. A. Smolin, M. Soeken, I. O. Sokolov, I. Sokolov, SooluThomas, Starfish, D. Steenken, M. Stypulkoski, S. Sun, K. J. Sung,
H. Takahashi, T. Takawale, I. Tavernelli, C. Taylor, P. Taylour, S. Thomas, M. Tillet, M. Tod, M. Tomasik, E. de la Torre, K. Trabing,
M. Treinish, TrishaPe, D. Tulsi, W. Turner, Y. Vaknin, C. R. Valcarce, E Varchon, A. C. Vazquez, V. Villar, D. Vogt-Lee, C. Vuillot, J.
Weaver, ]. Weidenfeller, R. Wieczorek, J. A. Wildstrom, E. Winston, J. J. Woehr, S. Woerner, R. Woo, C. J. Wood, R. Wood, S. Wood, S.
Wood, J. Wootton, D. Yeralin, D. Yonge-Mallo, R. Young, J. Yu, C. Zachow, L. Zdanski, H. Zhang, C. Zoufal. Qiskit: An open-source
framework for quantum computing (2019). https://doi.org/10.5281/zenodo.2562110.

IBM Quantum Experience [online]. https://quantum-computing.ibm.com/ ( 2023)

Carmichael, H. J. Statistical Methods in Quantum Optics 1: Master Equations and Fokker-Planck Equations Vol. 1 (Springer Sci-
ence & Business Media, 1999).

Agarwal, G. S. Quantum Optics (Cambridge University Press, 2012).

Breuer, H.-P. et al. The Theory of Open Quantum Systems (Oxford University Press on Demand, 2002).

Scientific Reports |

(2024) 14:6077 |

https://doi.org/10.1038/s41598-024-52485-7 nature portfolio


https://doi.org/10.1038/s41534-019-0125-3
https://doi.org/10.1103/PhysRevA.99.012338
https://doi.org/10.1103/PhysRevA.99.012338
https://doi.org/10.1103/PhysRevA.95.042308
https://doi.org/10.22331/q-2021-11-26-592
https://doi.org/10.22331/q-2021-11-26-592
https://doi.org/10.1103/PRXQuantum.2.040330
https://doi.org/10.1103/PRXQuantum.2.040330
https://doi.org/10.1103/PhysRevX.11.041036
https://doi.org/10.1103/PhysRevX.11.041036
https://doi.org/10.1103/PRXQuantum.3.010345
https://doi.org/10.1103/PRXQuantum.3.010345
https://doi.org/10.1103/PhysRevA.105.042406
https://doi.org/10.1103/PhysRevResearch.3.033178
https://doi.org/10.1103/PhysRevResearch.3.033178
https://doi.org/10.22331/q-2022-08-11-774
https://doi.org/10.22331/q-2022-08-11-774
https://doi.org/10.1088/1367-2630/ac37ae
https://doi.org/10.1088/1367-2630/ac37ae
https://doi.org/10.1103/RevModPhys.95.045005
https://doi.org/10.1103/PhysRevA.83.062317
https://doi.org/10.1088/1751-8121/ac6bd0
https://doi.org/10.1103/PhysRevB.102.125112
https://doi.org/10.48550/ARXIV.2012.02410
https://doi.org/10.5281/zenodo.2562110
https://quantum-computing.ibm.com/

www.nature.com/scientificreports/

90. K. Kraus, A. Bohm, J. D. Dollard, & W. Wootters. States, effects, and operations: fundamental notions of quantum theory. in
Lectures in Mathematical Physics at the University of Texas at Austin, Lecture Notes in Physics 190 (1983).
91. L. K. Grover. in Proceedings of the 28th Annual ACM Symposium on the Theory of Computing (1996).
92. Grover, L. K. Quantum mechanics helps in searching for a needle in a Haystack. Phys. Rev. Lett. 79, 325. https://doi.org/10.1103/
PhysRevLett.79.325 (1997).
93. Montanaro, A. Quantum algorithms: An overview. NPJ Quant. Inform. 2, 1 (2016).
94. S.Jordan. Quantum algorithm zoo. Retrieved June 27, 2013 (2011).
95. Y. Minato, K. Higa, & R. Nagai. IBM Quantum de manabu ryoshi konpyuuta (in Japanese) (Shuwa System, 2021) https://books.
google.co.jp/books?id=mOdKzgEACAA]J.
96. Sarovar, M. et al. Detecting crosstalk errors in quantum information processors. Quantum 4, 321. https://doi.org/10.22331/q-
2020-09-11-321 (2020).
97. Wright, K. et al. Benchmarking an 11-qubit quantum computer. Nat. Commun. 10, 5464 (2019).
98. C. Developers, Cirq (2022), See full list of authors on Github: https://github.com/quantumlib/Cirq/graphs/contributorshttps://
doi.org/10.5281/zenodo.6599601.
99. Dicke, R. H. Coherence in spontaneous radiation processes. Phys. Rev. 93, 99 (1954).
100. Gross, M. & Haroche, S. Superradiance: An essay on the theory of collective spontaneous emission. Phys. Rep. 93, 301 (1982).
101. Duan, L.-M. & Guo, G.-C. Optimal quantum codes for preventing collective amplitude damping. Phys. Rev. A 58, 3491. https://
doi.org/10.1103/PhysRevA.58.3491 (1998).
102. Fortunato, E. M., Viola, L., Hodges, J., Teklemariam, G. & Cory, D. G. Implementation of universal control on a decoherence-
free qubit. New J. Phys. 4, 5 (2002).
103. V. N. Premakumar & R. Joynt. Error Mitigation in Quantum Computers subject to Spatially Correlated Noise, arXiv preprint
arXiv:1812.07076 (2018).
104. Macchiavello, C. & Palma, G. M. Entanglement-enhanced information transmission over a quantum channel with correlated
noise. Phys. Rev. A 65, 050301. https://doi.org/10.1103/PhysRevA.65.050301 (2002).
105. Yeo, Y. & Skeen, A. Time-correlated quantum amplitude-damping channel. Phys. Rev. A 67, 064301. https://doi.org/10.1103/
PhysRevA.67.064301 (2003).
106. Terhal, B. M. & Burkard, G. Fault-tolerant quantum computation for local non-Markovian noise. Phys. Rev. A 71, 012336. https://
doi.org/10.1103/PhysRevA.71.012336 (2005).
107. Novais, E. & Baranger, H. U. Decoherence by correlated noise and quantum error correction. Phys. Rev. Lett. 97, 040501. https://
doi.org/10.1103/PhysRevLett.97.040501 (2006).
108. Aharonov, D, Kitaev, A. & Preskill, J. Fault-tolerant quantum computation with long-range correlated noise. Phys. Rev. Lett. 96,
050504. https://doi.org/10.1103/PhysRevLett.96.050504 (2006).
109. Ban, M., Kitajima, S. & Shibata, E Decoherence of quantum information in the non-Markovian qubit channel. J. Phys. A Math.
General 38, 7161 (2005).
110. Yu, T. & Eberly, J. Entanglement evolution in a non-Markovian environment. Opt. Commun. 283, 676 (2010).

Acknowledgements

We thank all the other members of Quemix Inc. for giving us the fruitful comments and reading this manuscript
carefully. This work was supported by MEXT as “Program for Promoting Researches on the Supercomputer
Fugaku” (JP-MXP1020200205) and JSPS KAKENHI as “Grant-in- Aid for Scientific Research(A)” Grant number
21H04553. This study was carried out using the TSUBAME3.0 supercomputer at Tokyo Institute of Technology.

Author contributions

Y.H. and H.N. accomplished the theoretical analysis. Y.H. and H.N. developed the codes, performed the numeri-
cal simulations, and verify the results. All authors contributed to the manuscript preparation and presentation
of results.

Competing Interests
The authors declare no competing interests.

Additional information
Supplementary Information The online version contains supplementary material available at https://doi.org/
10.1038/541598-024-52485-7.

Correspondence and requests for materials should be addressed to Y.H.
Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2024

Scientific Reports |

(2024) 14:6077 | https://doi.org/10.1038/s41598-024-52485-7 nature portfolio


https://doi.org/10.1103/PhysRevLett.79.325
https://doi.org/10.1103/PhysRevLett.79.325
https://books.google.co.jp/books?id=mOdKzgEACAAJ
https://books.google.co.jp/books?id=mOdKzgEACAAJ
https://doi.org/10.22331/q-2020-09-11-321
https://doi.org/10.22331/q-2020-09-11-321
https://github.com/quantumlib/Cirq/graphs/contributors
https://doi.org/10.5281/zenodo.6599601
https://doi.org/10.5281/zenodo.6599601
https://doi.org/10.1103/PhysRevA.58.3491
https://doi.org/10.1103/PhysRevA.58.3491
http://arxiv.org/abs/1812.07076
https://doi.org/10.1103/PhysRevA.65.050301
https://doi.org/10.1103/PhysRevA.67.064301
https://doi.org/10.1103/PhysRevA.67.064301
https://doi.org/10.1103/PhysRevA.71.012336
https://doi.org/10.1103/PhysRevA.71.012336
https://doi.org/10.1103/PhysRevLett.97.040501
https://doi.org/10.1103/PhysRevLett.97.040501
https://doi.org/10.1103/PhysRevLett.96.050504
https://doi.org/10.1038/s41598-024-52485-7
https://doi.org/10.1038/s41598-024-52485-7
www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Quantum error mitigation via quantum-noise-effect circuit groups
	QEM schemes
	Modeling and formulation
	QEM scheme

	Numerical simulations
	Preliminary
	Quantum amplitude amplification
	QAOA

	QEM scheme implementation
	Noise characterization
	Implementation

	Comparison with other methods
	Comparison with PEC
	Comparison with ZNE
	Comparison with ESD and VD

	Conclusion and outlook
	References
	Acknowledgements


