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Optimization methods 
for the distortion of thin‑walled 
box girders and investigation 
of distortion effects
Zhaonan Wang 

To investigate the distortion process of thin‑walled box girders, three commonly used methods based 
on energy variational calculus and static balance analysis are optimized. A generalized analytical 
formula for box‑girder distortion research is derived, and a fourth‑order distortion control differential 
equation is obtained. Typical numerical examples are used to verify and compare the three methods. 
The results show that the value of distortional warping normal stress calculated by the optimized 
methods is slightly different from the literature values and that the maximum error between methods 
does not exceed 5.39%. The calculation results of Method 2 and Method 3 are similar. The values of the 
geometric distortion characteristics calculated by the three methods are related to the cross‑sectional 
form of the box girder and the distortion analysis process, and the calculated values are not unique. 
The absolute value of the peak normal stress of distortion on the top plate of a thin‑walled box girder 
with a cantilever plate is smaller than that on the bottom plate. Under a concentrated distortion load, 
the distribution of the distortion deformation along the length of a simply supported box girder with 
only end diaphragm is not consistent, and there is reverse deformation near the beam end.

Distortion effects play a significant role in the spatial mechanics of thin-walled box girders. Under eccentric 
vertical loads, the distortion warping normal stress of a box girder far exceeds the torsion warping normal stress 
in proportion to the total longitudinal normal stress. Based on this, many studies have been conducted on the 
distortion of thin-walled box girders. The research methods can basically be divided into energy variational 
calculus based on the principle of stationary potential energy and plate element analysis methods based on the 
static balance analysis of each plate in a box girder.

Guo et al.1 introduced the application of plate element analysis methods to study the distortion of box girders 
with a rectangular cross section. Energy variational calculus has the advantage of clear physical concepts, but the 
analysis process is relatively  complex2,3. Kermani et al.4 analyzed the distortion effect of a two-span continuous 
box girder with equal cross section using the energy variation calculus. Boswell et al.5 used energy variational 
calculus to study the torsion and distortion of curved box girders. The distribution of distortion sector coordi-
nates on the cross section of curved box girders follows a curve in the form of. In  literatures6–9 used the energy 
variation calculus to study the deformation of box girders. Zhang et al.7 used energy variational calculus to study 
the distortion effect of box girders and analyzed the distribution of the distortion moment, distortion warpage 
rate, and other factors as a function of the box-girder length. Regardless of the distortion analysis method used, 
the calculation results for the distortion warping normal stress are similar. Marcello et al.10 analysed the distor-
tion effect of curved box girders using the Hamiltonian Structural Analysis method. Generally, shell element, 
solid element and 3-D beam element are used to analyze the distortion effect of box  girder11,12, which is more 
applicable, but the strict logic and the convenience of parameter research are not as good as the theoretical 
analysis method. In  literatures13,14, the distortion of single box double-cell box girders and the effect of transverse 
diaphragms on box girder deformation were examined. Li et al.15 studied the distortion effect of a variable-height 
box girder bridge by using the plate element analysis method and solved the distortion differential equation via 
the Newmark method. Usually, the solution of distortion differential equations is achieved by using analogous 
beam on elastic foundation solutions and initial parameter  solutions16–20.

The process of energy variation calculus based on the principle of stationary potential energy is complex, but 
the physical meaning of the relevant variables is relatively clear. The process of plate element analysis based on 
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static equilibrium analysis is relatively simple. In this study, three distortion analysis methods based on these 
two principles are optimized and investigated. Multiple numerical examples are used to compare the differences 
in the distortion characteristics between each method and between straight and inclined web box girders. The 
differences in application between two commonly used methods for solving distortion differential equations, 
namely, the analogous beam on elastic foundation solutions and the initial parameter solutions, are clarified. 
Finally, a detailed study was conducted regarding the distribution of distortion angles, distortion moments, and 
other factors along the length of the box girder.

Distortion load and general section form of box girders
The eccentric vertical load PT(z) acting on the top plate of the thin-walled box girder is shown in Fig. 1. The 
vertical load PT acts along the y-axis, and the horizontal distance from the centroid c of the section is e. The PT 
can be decomposed into moments acting on the top plate, causing torsion and distortion of the box girders. 
The moment can be decomposed into an antisymmetric load P = PTe/a4 acting on the connection point between 
the web and top plate. Then, the antisymmetric load P can be decomposed to obtain the distortion load on the 
left and right web plates, namely, Pd1 = Pd3 = Pa2a1/[(a4 + a2)h] . The distortion load on the bottom plate is 
Pd2 = Pa4a2/[(a4 + a2)h] , and the distortion load on the top plate is Pd4 = Pa22/[(a4 + a2)h] , as shown in Fig. 1.

In Fig. 1, the corners of the box girder are represented by numbers 1 ~ 4, h represents the beam height, ai and ti 
(i = 1, 2, 3, 4) correspond to the width and thickness of the left web, bottom plate, right web, and top plate, respec-
tively, a1 = a3, t1 = t3, and d is the width of the cantilever plate. I1 = I3, I2 and I4 are defined as the out-of-plane inertia 
moments of the web, bottom, and top plates of the box girder, respectively. Ii = t3i /

[

12
(

1− µ2
)]

(i = 1, 2, 4) , 
where μ is Poisson’s ratio. J1 = J3, J2, and J4 are the in-plane inertia moments of each plate element. Ji = tia

3
i /12 

(i = 1, 2), and J4 = t4(a4 + 2d)3/12 . α is the dip angle of the web plate, and θ is the angle between the web and 
top plate, with the coordinate origin located at c, the right-hand coordinate system. The distortion assumption 
of box girders can be found in the  literature2,7.

Distortion research method based on distortion sector coordinate analysis
Distortion sector coordinate and box girder warping strain energy
Under an eccentric vertical load, the box girder section deforms around the centre of distortion ds. The tangential 
displacement v(s) is defined as positive in the counterclockwise direction around the distortion centre ds of the 
box girder cross section. As shown in Eq. (1), each item represents the tangential displacement of the top, bot-
tom, and web plate. Here, yc is the distance from the centreline of the top plate to the centroid c of the box girder 
section, yd is the distance from the distortion centre ds of the box girder to the centroid c of the cross section, and 
x1 is the x-coordinate of 5 points on the web plate. After the distortion of the box girder, the displacement from 
point 5 to point 5′ and from point 6 to point 6′, the angle formed by the connection between these two points 
and ds is γd1, γd2. The distortion angle of this method is defined as γd = γd1 + γd2 , as shown in Fig. 2.

Figure 1.  Eccentric vertical load and cross section of the box girder.

Figure 2.  Distortional angle and deformation of the box girder.
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According to the assumption, the tangential mid-plane shear strain of the box girder γzs = 0, with 
∮

∂v
∂z = 0 . 

After substituting Eq. (1), the following can be obtained:

where kd =
2x1h

(yc+yd)a4+(h−yc−yd)a2
 . Due to ∂v

∂z +
∂w
∂s = 0, w(s) is the z-axis distortion warping displacement. By inte-

grating along the tangential direction of the box girder section, it can be obtained that w(s) =
∫ s
0

(

− ∂v
∂z

)

ds + C′ . 
Proper selection of the calculation point can make the constant of integration C′ as 0, and Eq. (1) is substituted 
into w(s) to obtain:

Equation (3) represents the z-axis distortion warping displacement of the top, bottom, and web plate. If Eq. (3) 
is represented as w(s) =

∫ s
0 ρddds · γ

′
d = ωd · γ

′
d , then ωd = −

∫ s
0 ρddds , and ωd can be defined as the distortion 

sector coordinate of a box girder. The distortion normal stress of the box girder can be obtained by the following:

In Eq. (4), E is the material elastic modulus. Definition ωd1 and ωd4 are the distortion sector coordinates of 
points 1 and 4 of the box girder, respectively. σd1 and σd4 are the distortion normal stress values at points 1 and 4 of 
the box girder, respectively. Let β = σd1/σd4, according to the stress self-equilibrium condition, it can be concluded 
that β value. From the definition of ωd, ωd1=

−kd(yc+yd)a4
2(1+kd)

 , and ωd4=
kd(h−yc−yd)a2

2(1+kd)
.

Iωd=
∫

F ω
2
ddF is defined as the distortion warping sector moment of inertia of the box girder in the distortion 

normal stress self-balance analysis, and F is the cross-sectional area of the box girder. Then,

Therefore, the distortion warping strain energy of the box girder is 12
∫

L EIωd(γ
′′
d )

2dz , where the integral path 
along the z-axis of the box girder is the girder length L.

Box girder transverse bending strain energy
When the box girder produces a distortion, the transverse bending moments at corner points 1 and 4 of the box 
girder are M1 and M4. Through calculation, M1 and M4 can be expressed as a linear relationship between the dis-
tortion transverse bending moment of the plate and the distortion angle γd of the box girder. Here, M1 = EIR1γd , 
M4 = EIR3γd , and IR1 and IR3 are coefficients that generate the transverse bending moment of inertia IR of the 
box girder. The transverse bending strain energy of the box girder can be obtained as follows:

where IR =
a4I

2
R1

3I4
+

a2I
2
R3

3I2
+

2a1(I
2
R1+I2R3+IR1IR3)

3I1
 in  m2, M(s) is the transverse bending moment of the frame, and s 

is the circumferential coordinate of the closed part of the box girder section.

Distortion control differential equation of the box girder
The sum of the distortion warping strain energy and transverse bending strain energy of the box girder is shown 
in Eq. (7) as follows:

The distortion external load potential energy of the box girder is shown in Eq. (8):

(1)v(s) =







−(yc + yd)γd2

−(h− yc − yd)γd2

x1γd1 cosα

(2)γd =
(1+ kd)γd2

kd
= (1+ kd)γd1

(3)w(s) =



































� s

0

(yc + yd)kd

1+ kd
γ ′
dds

� s

0

(h− yc − yd)kd

1+ kd
γ ′
dds

−

� s

0

x1 cosα

1+ kd
γ ′
dds

(4)σd(s) = E
∂w

∂s
= Eωdγ

′′
d

(5)Iωd=
(a4 + 2d)3t4 + 2a24a1t1

6a24
ω2
d1 +

(a2t2 + 2a1t1)

6
ω2
d4 −

a1t1

3
ωd1ωd4

(6)U1 =

∫

L

∫

s

M2(s)

2EI
dsdz =

E

2

∫

L
IRγ

2
d dz

(7)U12 =
1

2

∫

L
[EIωd(γ

′′
d )

2
+ EIRγ

2
d ]dz
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where md = 2P
x1+kd(−yc−yd) tan α

1+kd
 . Then, the total distortion potential energy of the box girder can be obtained 

by the following:

The unit length box girder in the middle of the span is taken along the longitudinal direction of the box girder. 
According to the variational principle, the Euler equation is used to yield � = [IR/(4Iωd)]

1/4 , and the distortion 
control differential equation can be obtained as follows:

The differential equation can be solved by the initial parameter solutions. The odd form of Eq. (10) is 
γ ′′′′
d + 4�4γd = 0 . Define Bd = EIωdγ

′′
d  , then, the distortion normal stress can be expressed as σd = Bdωd/Iωd , 

where Bd is the distortion warping bimoment of the box girder. This is distortion analysis Method 1 of the box 
girder.

Distortion research method based on the energy variational calculus
Single box single-cell box girders generally have a symmetry axis, so the distortion transverse bending moment 
at each corner of the box girder is conveniently expressed by the distortion angle, and then the expression of the 
transverse bending moment of inertia of the box girder can be obtained. Via this method, the transverse bend-
ing moment of inertia is obtained by solving the transverse bending moment of the box girder. The obtained 
distortion warping sector moment of inertia of the box girder is also different from that obtained by setting the 
circumferential displacement. The distortion warping sector moment of inertia is derived by using the relation-
ship between the displacement of each corner after the distortion of the box girder and the in-plane moment.

Transverse bending strain energy of the box girder
The distortion angle of the box girder in this method is defined as γd, as shown in Fig. 3. When the box girder 
is distorted, the distortion angle is γd, and the horizontal displacement of the top slab is γdh, which can also be 
expressed as γda1sinθ.

When the unit horizontal force P = 1 acts at the midspan of the top slab of the box girder, the shear force X1 
at the midspan of the top slab and the horizontal lateral displacement of the top slab δh can be obtained through 
the force method equation, as shown in Eqs. (11) and (12).

Then, the vertical shear force in the midspan of the top slab of the box girder shown in Fig. 3 is γda1X1 sin θ/δh , 
the transverse bending moment at point 1 of the frame is M1 = γda1a4X sin θ/δh , and the transverse bending 
moment at point 4 of the frame is M4 = γda1(a2X − a1 sin θ) sin θ/δh . The distortion angle γd is used to repre-
sent the distortion transverse bending moment at the corner of the box girder, so the transverse bending strain 
energy of the unit length box girder segment can be expressed as:

Substituting the expressions of M1 and M4 into Eq. (13) yields

(8)U3 = −

∫

L
mdγddz

(9)U =
1

2

∫

L

[

EIωd(γ
′′
d )

2
+ EIRγ

2
d − 2mdγd

]

dz

(10)γ ′′′′
d + 4�4γd = md/(EIωd)

(11)X1=
2[a22hI1I4 + a1h(a4 + 2a2)I2I4]

a34I1I2 + a32I1I4 + 2a1(a
2
4 + a22 + a2a4)I2I4

= 2X

(12)δh=

[

a34
I4

+
a32
I2

+
2a1(a

2
4 + a22 + a2a4)

I1

]

X2

6E
−

[

a22
I2

+
a1(a4 + 2a2)

I1

]

hX

3E
+

(

a2

I2
+

2a1

I1

)

h2

6E

(13)U1 =
M2

1a4

6EI4
+

M2
4a2

6EI2
+

2a1(M
2
1 +M2

4 +M1M4)

6EI1

Figure 3.  Deformation of the box girder after horizontal lateral displacement.



5

Vol.:(0123456789)

Scientific Reports |        (2023) 13:19166  | https://doi.org/10.1038/s41598-023-46478-1

www.nature.com/scientificreports/

where IR = 6

a34
I4
+

a32
I2
+

2a1(a
2
4+a22+a2a4)

I1

a2a
3
4

I2I4
+

2a1a
3
4

I1I4
+

2a1a2a
2
4

I1I2
+

3a21a
2
4

I21

 , unit is  m2.

Distortion warping strain energy of the box girder
The displacement vi of each corner point after the distortion of the box girder in this method is defined as shown 
in Fig. 4. According to the relationship between the deflection of the elementary beam and the bending moment, 
vi (i = 1, 2, 3, 4) can be obtained. Therefore, the quadratic differential of each corner displacement can be expressed 
as v′′1 = v′′3 = −

1+β
Ea1

σd4 , v′′2 = −
2σd4
Ea2

 , v′′4 = −
2βσd4
Ea4

.
The distortion angle γd of the box girder in Fig. 3 can be represented by the displacement of each corner of 

the box  girder2 in Fig. 4:

T h rou g h  t h e  an a ly s i s  o f  F i g .   4 ,  c an  obt a i n  t h e  fo l l ow i ng  re su l t s ,  n am e ly, 
dx1 = v4, dx2 = − v2, dy3 =

v2
tan θ +

v3
sin θ , and −dy2 =

v1
sin θ +

v2
tan θ  , which is simplified by substituting it into 

Eq. (15). Additionally, the distortion angle γd is differentiated twice about the z-axis, and then, v′′i  (i = 1,2,3,4) is 
substituted, which is obtained by combining Eq. (4).

where ωd4 =
a22a4h

2a2a4(1+β)+2a22β+2a24
 and σd1 = −Eωd4βγ

′′
d  . Here, the distortion warping normal stress is substituted 

into the strain energy formula with respect to the normal stress σd1. Taking the unit length of the box girder, the 
distortion warping strain energy of the box girder can be obtained as:

where Iωd= [(a4+2d)3a42t4β
2+a52a

2
4t2]h

2+2a1a
4
2a

2
4h

2t1(1+β2−β)

24[a2a4(1+β)+a22β+a24]
2  , unit is  m6.

Distortion load potential energy and distortion control differential equation
In this method, the potential energy of the box girder under a distorted load can be expressed as 
U3 = −

∫ L
0 Pd4hγddz . Taking the unit length of the box girder, the total potential energy of the frame when the 

box girder is distorted can be represented as:

Based on the energy variational principle and Euler equation, the distortion governing differential equation 
of the box girder is obtained as:

The distortion normal stress σd can be calculated after the corresponding quantity is obtained, and the dis-
tortion shear stress τd can be calculated according to the equilibrium condition of the element. In this sec-
tion, γ ′′

d = −Bd/(EIωd) , and the expression of the distortion normal stress of corner 4 can be obtained as 
σd4 = Bdωd4/Iωd . This is the box-girder distortion analysis Method 2.

(14)U1=EIRγ
2
d

(15)γd =
dx1 − dx2

a1 sin θ
+

dy3 − dy2

a2

(16)σd4=− Eωd4γ
′′
d

(17)U2 = EIωd(γ
′′
d )

2

(18)U = EIωd(γ
′′
d )

2
+ EIRγ

2
d −

Pa22
(a2 + a4)

γd

(19)EIωdγ
′′′′
d + EIRγd = Pa22/[2(a2 + a4)]

Figure 4.  Distortional deformation and corner displacement of the box girder.
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Distortion research method based on the static equilibrium of plate elements
Different from the former two methods, this method is based on the static equilibrium analysis of the plates 
of the box girder under an eccentric vertical load, and the plate element analysis method is used to obtain the 
distortion differential equation of the box girder. The form of the box girder is shown in Fig. 1. This method 
defines the sum of the changes in the angle between the web and bottom plate connected to corner 4 of the box 
girder as the distortion angle γd of the box girder.

Analysis of the in‑plane force system of each plate of the box girder
After distortion of the box girder, the force in the analysis plane is shown in Fig. 5. Through the in-plane static 
balance analysis of each plate of the box girder, ignoring the small amount in the balance equation, the in-plane 
force system balance equation of each plate can be obtained, as shown in Eq. (20).

In Fig. 5, qxB and qxA are the transverse binding forces of the box girder web to the top plate, Todz is the lon-
gitudinal binding force of the web to the top plate, Pd4 is the in-plane distortion load of the top plate, and dQo 
and dMo are the in-plane shear force and moment increment generated on the micro segment of the top plate, 
respectively. qxC and qxD are the transverse binding forces of the box girder web to the bottom plate, Tudz is the 
longitudinal binding force of the web to the bottom plate, Pd2 is the in-plane distortion load of the bottom plate, 
and dQu and dMu are the in-plane shear force and moment increment generated on the micro segment of the 
bottom plate, respectively. qyA and qyD are the transverse binding forces of the top plate and bottom plate of the 
box girder to the left web, Todz and Tudz are the longitudinal binding forces of the top and bottom plate on the 
micro segment to the web, dQc and dMc are the in-plane shear force and moment increment generated on the 
micro segment of the left web, respectively, and Pd1 is the in-plane distortion load of the left web.

where qy = qyA + qyD, qx2 = qxC + qxD, and qx1 = qxB + qxA . From the relationship between the distortion 
warping normal stress at each corner of the box girder and the in-plane moment of each plate, the relationship 
between the in-plane moment of the top, bottom and web plate can be obtained as follows: Mo =

2a1J4Mc
(1+β)a4J1

 , 

Mu =
2βa1J2Mc
(1+β)a2J1

 . From the relationship between the bending moment and deflection via elementary beam theory, 
γd and Mc have the following relationship:

where χ1 = −2a1(a2+a4)(a2+a4β)

EJ1(1+β)a4a
2
2h

 . Mo, Mu and Eq. (21) are substituted into Eq. (20) to obtain the description for 
distortion angle γd and the differential equation of the force system on each plate, as shown in Eq. (22).

where Iωd =
h[(1+β)a22a

2
4J1+a21

(

a22J4+a24J2β
)

]
2a1(a2+a4)(a2+a4β)

 , unit is  m6.

Analysis of the out‑plane force system and distortion differential equation of the box girder
By listing the force system balance equations on the left web, top and bottom plate, can obtain:

(20)
d2Mc

dz2
+

a1

2a4

d2Mo

dz2
+

a1

2a2

d2Mu

dz2
+

a1

2a4
Pd4 +

a1

2a2
Pd2 + Pd1 −

(

qy +
a1

2a4
qx1 +

a1

2a2
qx2

)

= 0

(21)
d2Mc

dz2
=

γ ′′′′
d

χ1

(22)−
EIωd

a4
γ ′′′′
d +

a1Pd4

2a4
+

a1Pd2

2a2
+ Pd1 −

(

qy +
a1qx1

2a4
+

a1qx2

2a2

)

= 0

Figure 5.  Force system of the top and bottom slab and web.
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where m12, m41, m43, and m14 are the transverse bending moments at the end of each plate element. Equation (23) 
is substituted into qy + a1qx1/(2a4)+ a1qx2/(2a2) of Eq. (22), and the relationship between the distortion angle 
γd and the transverse bending moment at the end of each plate is derived by using graph multiplication. The 
result can be written in the form shown in Eq. (24).

Let  a1(a2+a4)
2a2δh

[(a4 − a2)X + 2h]γd  =  EI Rγ d,  so  IR =
3a1(a2+a4)[(a4−a2)X+2h]

a2(K1X2−K2X+K3)
 ,  unit  i s   m 2.  where 

K1 =
a34
4I4

+
a32
4I2

+
a1(a

2
4+a22+a2a4)

2I1
 , K2 =

a22h
I2

+
2a1a2h+a1a4h

I1
 , K3 =

a2h
2

I2
+

2a1h
2

I1
.

Change the expression a1Pd42a4
+

a1Pd2
2a2

+ Pd1 of Eq. (22) into a1Pd42 +
a1a4Pd2
2a2

+ a4Pd1 . Substitute the distortion 
load obtained above, and make Ω = a1(a2 + a4)/(2h); then, it can be written as PΩ.

Through the above analysis, Eq. (22) can finally be written in the form of Eq. (25), which is based on the 
distortion angle γd of corner 4. The fourth-order distortion governing differential equation of the box girder with 
γd as an unknown quantity was established.

If the box girder is rectangular, then the distortion warping normal stress at point 1 of the box girder can also 
be written as σd1 = Mcβh

J1(1+β)
 , can also be written as σd1 = Bdωd1/Iωd , where ωd1=

a4hβ
4(1+β)

 , so ωd4=
a4h

4(1+β)
 . This is 

the box-girder distortion analysis Method 3.

Solutions of distortion‑controlled differential equations
The obtained distortion controlled differential equation can be solved by the initial parameter method as follows: 
let the initial parameter solution of the odd form of the differential equation be the following:

where Ai (i = 1, 2, 3, 4) is any integral constant, Ŵ1=sh(�z) sin (�z) , Ŵ2=sh(�z) cos (�z) , Ŵ3=ch(�z) sin (�z) , and 
Ŵ4=ch(�z) cos (�z) . When solving differential equations, the Iωd and IR of each method expression are different. 
The boundary conditions of the box girder are as follows: The fixed end constraint is γd = γ ′

d = 0 ; the constraint 
of the simply supported end with the rigid diaphragm is γd = γ ′′

d = 0 ; and the constraint of the free end with 
the rigid diaphragm is γd = γ ′′′

d = 0.
The distortion governing differential equation can also be solved by using the analogous beam on elastic 

foundation solutions (BEF solutions). The BEF method is a special form of the initial parameter solution, and 
the prerequisite for its use is λL > 2π, which is not restricted by the initial parameter solutions. When a unit 
distortion load is applied in the middle of the span of the box girder, the distortion angle of the box girder and 
the influence line of the distortion bimoment can be obtained. The BEF method solutions for Eq. (26) are shown 
in Eq. (27) as follows:

If λL ≤ 2π, which is solved by Eq. (28), then z is the longitudinal coordinate of each section of the box girder. 
The distortion angle of the simply supported box girder is γd. The initial parameter expression of the distortion 
bimoment Bd is shown in Eq. (28), where γd0 and Bd0 are the distortion angle and distortion bimoment at z = 0 
of the box girder, respectively, and their values can be determined by the corresponding boundary conditions.

Numerical examples
Example 1, taken from the  literature2, a simply supported box girder bridge with rectangular section, and a 
calculated span L = 80 m. E = 35 GPa, and μ = 0. A moment of 1 kNm is applied to the span of the top plate, 
and the cross-sectional dimensions are shown in Fig. 6. The calculated distortion characteristics and corner 
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distortion warping normal stress are listed in Table 1. The values of Bd and γd in the table are calculated by the 
BEF solutions under a unit load, σd is the numerical value under the actual load, and its values are taken from 
the midspan section of the box girder.

In Table 1, the distortion characteristics of box girders obtained from the  literature2 and various analysis 
methods are listed. The ratio of the distortion warping normal stress β and distortion sector coordinates ωd 
values are equal, but there is a significant difference in the values of the transverse bending moment of inertia 
IR and distortion warping sector moment of inertia Iωd of the frame. This is caused by the different distortion 
analysis methods.

From Table 2, the maximum error between the distortion normal stress values of Method 1 and those of 
 literature2 is 4.71%, while the distortion normal stress values of Method 2 and Method 3 and those of  literature2 
have very small errors. Using the results in  literature2 as a reference, the advantages of the optimized methods 
in calculating the distortion effect of box girders can be verified. Compared to Method 1, Methods 2 and 3 have 
a simpler distortion analysis process and better calculation accuracy, but Method 1 can describe the concepts of 
box-girder distortion sector coordinates more comprehensively. Regardless of the analysis method, the numerical 
error in calculating the distortion normal stress of the box girder is very small.

Example 2 is also taken from  literature2, i.e., a simply supported box girder bridge with a trapezoidal cross 
section. The calculated span is L = 40 m, E = 34.3 GPa, the concentrated force acting in the span of the box girder 
is PT = 1000 kN, and the eccentricity is e = 0.55 m. The calculation results of Methods 1 and 2 are listed in Table 3. 
Table 3 shows that the maximum error (σd) of the numerical value does not exceed 5.39%. For the trapezoidal sec-
tion box girder, Methods 1 and 2 are used to calculate the distortion effect of the box girder, and the ωd values are 
not equal to each other, which is different from the rectangular box girder. In the analysis of example 1, although 

Figure 6.  Cross section of the box girder (unit: cm).

Table 1.  Distortional normal stress and characteristics of the box girder of example 1.

Items Iωd/m6 IR/m2 ωd4/m2 β γd/(×  10−10 rad) Bd/(N  m2) σd1/(KPa) σd4/(KPa)

Literature  value2 ① 6.0850 0.002 2.54255 0.4749 0.6800 2.6280 0.5215 1.0981

Method 1 value ② 4.2712 0.007 2.54255 0.4749 0.0291 1.7579 0.4970 1.0464

Method 2 value ③ 3.0432 0.001 2.54255 0.4749 0.6792 1.3140 0.5214 1.0978

Method 3 value ④ 12.1728 0.004 2.54255 0.4749 3.3961 2.6279 0.5213 1.0978

Table 2.  Distortional normal stress error.

Distortion normal stress
Error 1/%
[(① − ②)/① × 100]

Error 2/%
[(① − ③)/① × 100]

Error 3/%
[(① − ④)/① × 100]

σd1 (KPa) 4.70 0.02 0.04

σd4 (KPa) 4.71 0.03 0.03

Table 3.  Distortional normal stress and characteristics of the box girder of example 2.

Items Iωd/m6 IR/m2 ωd4/m2 ωd1/m2 β σd1/(MPa) σd4/(MPa)

Method 1 value 3.18040 0.02924 2.10617 0.82242 0.23429 0.04386 0.18722

Method 2 value 0.89353 0.00151 1.47989 0.34672 0.23429 0.04150 0.17713

Error/% – – – – – 5.39 5.39
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the Iωd and IR values are different, the ωd values are the same. This shows the difference between rectangular and 
trapezoidal box girders in the calculation of distortion geometric characteristics.

Example 3, i.e., a box girder with a trapezoidal cross section, is taken from  literature7. The value of σd is 
generated by the actual load, and the calculated value is listed in Table 4. From the values in the  literature7, the 
distortion values calculated by Methods 1 and 2 are not equal, but the calculated values of σd are basically the 
same, and the error is very small. Therefore, it can be considered that different methods are effective at calculat-
ing σd and that the values are equal, which is confirmed. In example 3, the ωd values are not equal to each other.

To study the distortion effect of the thin-walled box girder, Method 2 is adopted, and based on example 1, 
the calculation results under a unit concentrated load are obtained. The distribution and variation of γd, Bd, σd 
and Md along the beam length are shown in Figs. 7, 8, 9 and 10. As shown in Fig. 7, the distortion angle γd has 
the maximum value at the mid-span section of the box girder, then gradually decreases, and exhibits the mini-
mum value near L/8 or 7L/8 of the bridge span section. At the beam end, the distortion angle γd is 0. The value 
of distortion angle γd reflects the degree of change in the relative position of each plate of the box girder after 

Table 4.  Distortional normal stress and characteristics of the box girder of example 3.

Items Iωd/m6 ωd4/m2 β σd1/(MPa) σd4/(MPa)

Literature  value7 0.02321 0.72000 – – 23.35

Method 1 value 0.01611 0.65357 0.27742 6.195 22.33

Method 2 value 0.00574 0.50637 0.27742 6.294 22.69

Figure 7.  The variation in the distortion angle γd along the beam length.

Figure 8.  The variation in the distortion bimoment Bd along the beam length.
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distortion. For γd at the mid-span section of the box girder, the symbol is opposite to that near the L/8 or 7L/8 
bridge span section, indicating that the deformation direction of the box girder section is opposite to that at the 
mid-span section in the area near the beam end.

Figure 8 shows the variation in the distortion bimoment Bd of the box girder along the length. At the mid-span 
section of the box girder, the distortion bimoment exhibits the maximum value, and then the value decreases 
rapidly. The length of this area is approximately L/8 of the box girder length. Different from the variation in the 
distortion angle along the box girder length, the distortion bimoment has a minimum value near the L/4–1.5L/4 
(2.5L/4–3L/4) bridge span section. Compared with the variation in the distortion angle, the variation in the dis-
tortion bimoment Bd along the box girder length is much more dramatic, and the value changes from a positive 
maximum to a negative minimum in a small range of lengths.

The variation in the distortion warping normal stress σd of corners 1 and 4 of the box girder along the beam 
length is shown in Fig. 9. The variation law is similar to the distortion bimoment. In the area of a small mid-span 
section, the numerical symbol of σd is changed, because the diaphragm is set at the end of the box girder, and 
the distortion warping normal stress value gradually becomes 0. Figure 9 shows that the absolute value of the 
distortion warping normal stress peak at corner 1 is less than that at corner 4. Distortion warping has a greater 
impact on the bottom plate of the box girder than on the top plate. This is caused by a redistribution of distor-
tion warping normal stress on the section due to the existence of the cantilever plate of the box girder. Figure 10 
shows the distribution and variation of the distortion moment Md of the box girder along the girder length. The 
absolute value of the distortion moment Md is the largest at the mid-span section and then gradually decreases. 
It is not 0 at the end section of the box girder. The whole figure is antisymmetric about the mid-span section of 
the box girder.

Figure 9.  The variation in the distortion warping normal stress σd along the beam length.

Figure 10.  The variation in the distortion moment Md along the beam length.
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Conclusions
Through the optimization study of the existing box girder distortion analysis methods, several numerical exam-
ples are used to verify and compare the distortion geometric characteristics and other eigenvalues calculated 
by each method, and the distribution law of distortion effects such as distortion angle along the beam length is 
analysed. The conclusions are drawn as follows:

(1) The analysis methods of box girder distortion research focus on different points, the analysis process is 
different, and the definition of the distortion angle is different, but the form of the distortion control dif-
ferential equation is the same. The calculation of the distortion warping normal stress of the box girder by 
each method is basically the same, and the error is very small. For the three calculation examples in this 
paper, the maximum error is 5.39%. Regardless of the method, the corner distortion normal stress ratio β 
values are equal.

(2) Through the optimization study of three distortion analysis methods, verification and comparison of 
numerical examples. Compared with method 1, the distortion theoretical analysis process of method 2 
and method 3 is simpler, easy to be popularized in engineering practice, and meets the needs of engineering 
designers. Method 1 can describe the physical quantities such as distortion fan coordinates of box girder 
more completely, and the theoretical analysis process is more complete.

(3) Due to the different theoretical concerns and analysis process, via three analysis methods, the calculation 
result of the distortion sector coordinates ωd is affected by the cross-sectional form of the box girder. For a 
box girder with a rectangular cross section, the results via the three methods are the same, whereas for a box 
girder with the trapezoidal cross section, the results are different. The distortion warping sector moment of 
inertia Iωd and transverse bending moment of inertia IR of the frame are related to the numerical formation 
and the process of the various distortion analysis methods. Iωd, IR, and ωd, et al., show that the distorted 
geometric characteristics of the box girder are not the inherent characteristics of the box girder section, 
and the calculated values are not unique.

(4) The distortion angle γd reflects the spatial relative position change in each plate of the box girder after 
distortion. For a simply supported box girder with only end diaphragms, under the action of a centralized 
distortion load, the longitudinal variation law of the distortion angle along the beam is inconsistent, and 
there is reverse deformation near the beam end. The distribution of the distortion warping normal stress 
along the beam length is the same as that of the distortion bimoment. Due to the existence of the box girder 
cantilever plate, the distribution of the distortion warping normal stress peak on the top plate is smaller 
than that on the bottom plate. The distribution of the distortion moment is antisymmetric with respect to 
the mid-span section of the box girder, and the value at the beam end is not 0.
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