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An analysis of slippage effects
on a solid sphere enclosed

by a non-concentric cavity filled
with a couple stress fluids

Amal Al-Hanaya' & Shreen El-Sapa?™*

This investigation shows the effect of slippage on the slow spinning of a rigid sphere covered by a
non-concentric spherical hollow full of an incompressible couple stress fluid. Moreover, the velocity
slip conditions are employed on surfaces of both the rigid sphere and the cavity. In addition, the
solid sphere and the cavity are rotating axially at various angular speeds. The solution is obtained
semi-analytically at low Reynolds numbers utilizing the superposition with the numerical collocation
approach. This paper discusses the hydrodynamic couple exerted by the fluid on the internal particle.
The dimensionless torque increases as the slip and spin slip increase by 99%, the couple stress
parameter by 49%, and the separation parameter by 79%. Additionally, the non-dimensional torque
decreases with the increase of the size ratio by 89%. Consequently, it is found that all the results
agreed with the corresponding numerical analysis in the traditional viscous liquids and the revolving
of two eccentric rigid spheres with no slippage (Al-Hanaya et al. in J. Appl Mech Tech Phys 63(5):1-9,
2022).

List of symbols

i The volume-averaged velocity, m/s
p The fluid pressure, Pa or N/m?

" The viscosity of the fluid, N s/m?

n 1 The 1st and 2nd couple stress viscosity, 1/N s
tij, mij The stress tensor and the strain tensor, N/m?
B1, B2 The velocity slippages on the two particles, N s

Recent research on the theory of couple stress fluid behavior is very helpful, and these analyses explain enough
about the habits of rheological compound liquids like suspensions of polymers with molecules from prolonged
chains, lubricants, liquid crystals, and blood. Therefore, the theory of couple stress fluid, which Stokes first pro-
posed in 1966, is the sole theory of many polar fluids that also be composed of couple stresses and contain the
typical Cauchy stress. Couple stress fluids are fluids that are suspended in a viscous medium with stiff particles
that are randomly oriented. This theory, which is the most direct popularization of the theory of the traditional
fluid, was created by Stokes. Moreover, a couple of conflicts and physical ties are maintained. The theory of couple
stress fluid is thoroughly outlined in the work by Stokes®. Numerous studies into a few stress fluids, such as’>.
Recently, Al-Hanaya et al.° examined the axisymmetric motion of fluid couple stress between two eccentric spin-
ning spheres that the normalized torque on the solid sphere rotates inside the outside sphere with no slippages.
Moreover, the normalized torque increases with both the size ratio and separation distance. The couple stress
fluids have been applied in several applications of porous mediums such as El-Sapa and Almoneef’ investigated
the axisymmetric movement of an aerosol particle contained in a couple-stress fluid moving in a slippage regime.
On the other hand, Maurya et al.? evaluated the couple stress fluid flow surrounding a solid sphere in a porous
material in the presence of a homogeneous magnetic field.

In the study of fluid dynamics, employing the traditional no-slip boundaries condition is prevalent. Conse-
quently, the no-slip requirement, however, may not always hold, and fluid particle slippage on the surface of the
stiff barrier can occur, according to various investigations conducted in the past century”!?. Additionally, Ellahi'!
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examined how the slip boundary condition affected non-Newtonian flows in a channel. He used the symmetric
analysis method (HAM) to solve nonlinear boundary value governing problems. The flows of Couette, Poiseuille,
and modified Couette of an incompressible even-pressure flow between parallel walls were all correctly solved by
Devakar et al.!? using slip limit conditions. The solution is like a viscous classical Newtonian fluid solution with
pair pressures close to zero in the finite state. Additionally, the results demonstrate that different pressures reduce
fluid velocity. A rigid sliding ball’s creeping motion in an infinite binary stress fluid was studied by Ashmawy".
He also added the vanishing couple stress condition and the linear sliding limit condition to the sphere’s surface.
Thus, Slippage conditions at the boundary are used to study the unstable flow of an incompressible couple stress
fluid between two plates that are in parallel. by Saad and Ashmawy'*. Further, the two rigid spheres with slippage
surfaces that have distinct diameters and are suspended in a porous medium in a horizontal magnetic field were
studied semi-analytically for the Stokes flow approximation's.

Medical and industrial applications require porous material fluid flow quantification. Chemical, biological,
and environmental engineering and research gently spin a solid particle in an incompressible porous medium,
non-Newtonian, or Newtonian fluids. Furthermore, Jeffrey solved limitless Newtonian fluid spheroid rotation's.
The Stokes flow spinning of a spheroid around its axis of revolutions in a viscous fluid with the slipping influence
was further studied by Chang and Keh'!” where the torque monotonically decreases with the slippage parameter
for a spheroid with a constant size ratio. On the other side, at low Reynolds numbers, Lee and Keh studied the
static rotation of a sliding spherical particle about the longitudinal axis of a sliding circular tube'®. The creep-
ing flow of continuous spinning of a slipping sphere that is only slightly distorted in a Brinkman medium was
investigated analytically in'®.

In actual instances of rotation of particles, solid walls surround the fluid in its immediate vicinity*. Therefore,
it is important to understand if particle rotation is impacted by the presence of boundary walls. So, the slow rota-
tions of a hard sphere near one or more planar walls?, inside a spherical hole** were studied. Also, theoretical
research has investigated the rotary motion of a soft or porous circular object with a low Reynolds number in a
cylinder® and a spherical cavity**?. These investigations demonstrate that borders can have a significant and fas-
cinating impact on how particles rotate. In addition, numerous researchers used the collocation method to solve
various fluid dynamics problems. El-Sapa®® studied the axisymmetric motion of two rigid spheres in a Brinkman
medium with slip surfaces. Sherief et al.?”** discussed the problems of low Reynolds number micropolar fluid
motion. The boundary collocation method is widely employed to resolve flow problems?2

The purpose of this study is to provide semi-analytical solutions for the axisymmetric rotation of a solid sphere
within a non-concentric hollow filled by a couple stress fluids under the impact of slippage surfaces. As a result,
the boundary collocation procedure is employed in the system of equations. Additionally, given various values
of the relevant parameters such as the slippage, the separation, the size ratio, the couple stress, and the angular
velocity ratios, the normalized torque acting on the interior solid sphere can be calculated. In general, the results
showed good convergence across the parameters considered, and all the results are displayed graphically and
calculated tabularly. Several studies have investigated this problem in viscous fluids and microfluidics, but this
work concentrates on two concentric spheres with slippages in couple stress fluids.

Mathematical formulation
By the notion of a low Reynolds number, without the presence of body forces and body couples, the field con-
straints controlling the steady motion of an incompressible couple stress liquid are dictated by*:

V- -u=0, (1)

Vp+uVAVAU+NVAVAVAVAL=O0. ()

Here, the constant u is the fluid viscosity, n is the viscosity of 1st couple stress, u is the velocity vector of the
fluid, and p is the fluid pressure. If the relation (2) tends to the classical equation of Navier-Stokes. The tensor
forms of t;; and m;; are’

tj = —p&ij + 2 dij — 5 eijp Mo, (3)

mij = mdjj + 4(n wj; + 1’ i), (4)

where 7’ is 2nd couple stress, m is a tensor trace of couple stress, the two tenors are Kronecker delta, ejjk is
alternating tensor, dij is deformation rate tensor, and @ is vorticity vector, the two last concepts are formed as:

1 1
dij = S Wij + i), @i = e k. (5)

The enforced boundary constraints may be used to derive the scalar quantity that was mentioned in rela-
tion (4). Additionally, one may explicitly define it as' by using the second relation of (4) and the concept of (5):

1
m= —mij. 6
3 Mii (6)
The physical constants in the fundamental Eqs. (3) and (4), as well as the equation for movement (2), are
presumed to adhere to the following constraints in*
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w>0,n7>0,n>n7. (7)

Furthermore, suppose that the surface of the sphere is subject to the following circumstances., r = a:

a. Slippage restriction
B (u¢ —a2 sin@) = trg> ®)

where is the slippage parameter changing its values from zero to infinity. This coeflicient is only related to

the type of fluid and the material’s surface. Furthermore, the perfect slip situation becomes possible when

the slip coefficient disappears, and the traditional no-slip case may be inferred as a specific instance in this

study when the slip parameter approaches infinity. The slippage condition of the boundary has recently been

used to solve several viscous fluids’~'? and micropolar fluids®®?” issues.
b. The prevailing condition is the absence of couple stresses?

mijn; =0 on r=a, 9

where is the unit normal to the surface of the solid sphere. Stokes' has suggested the boundary condition-
ing Eq. (9). Only in this situation can mechanical interactions at the borders produce a force distribution.,
according to physical theory.

Solution of the problem

Assume that the rotational movement of a spherical object of radius moves symmetry about its axis within an
incompressible couple stress liquid. The spherical systemic procedure is established at the center of the sphere,
the field functions are not dependent on ¢. Further, the velocity and vorticity vectors are represented by:

= (0, 0, up(r,0)), (10)

& = (@, (1,0), wp(r,6), 0), (11)
Substitute Eq. (10) into the momentum Eq. (2) by eliminating the pressure, the subsequent p.d.e is obtained as:
E*(E* —«?)(rsinfuy) =0, (12)

where the material constant 1/k = /n/a?u, is taken into consideration as a polarity indicator for the couple
stress fluids approach, and the Stokesian indicator of axial motion is:
, 9% 1-¢% 3P

E° = ﬁ + 2 87{2’ ¢ = cosf. (13)

Moreover, from Eq. (5) the non-vanishing vorticity components w, and wy, are:

l(v 0. 1 1 9 (sin6 ug) 14
wy=—-(Vxu) e=- —(sin6 uy).
T2 "7 2rsin6 96 ¢
Lovx @ L 8( ) (15)
= - X . = —_———— .
wy 5 u) - ey 57 a7 r ug

Furthermore, the tangential stress is calculated by El-Sapa and Almoneef” as:

; 0 <u¢)+1 8m,g+1(2 + )+cot6( )+18m99
=pur—(—)+= -(2m m — (mgg — m - .
o =R\ 2\ or ror o r o0 o0 r 90 (16)
We obtain the following couple stresses by using the tensor relation (4):
ow,
myy = m+4(n+0) 27, (17a)
4 dwy 44 ,1 (0w, 17b
Mpg = 4n—— - —wg |,
r0 n ar n -\ 90 0 (17b)
_24 1 /0w, 44 ,0wg
Moy = Ur 30 o n O (17¢)
mag = m+a0n -+ 1)~ (22 1o 17d
00 = nrTn \ 50 r | ( )
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1
Mmep = m+ 4(11 + n’) ;(u)r + cotBwy). (17e)

The differential Eq. (12) has the following generalized solution:

o]

e =1 =1
ug(r,0) = Z |:An o 1_|_Bn r" 4+ C,r2 IrH—%(K ry+ D, rz Kn+%(K r)] P},(;), (18)

n=1

where the two functions and K, () the first and second types of modified Bessel functions of order n, respectively.
Also, P!(.) denotes the corresponding Legendre polynomials of order the first type.
Applying Eq. (18) to Egs. (14) and (15), the vorticity components are obtained as:

1 s 5 1 =3 =3
Wy = 5 E n(n+1){An r "+ By 4 Cyr 2 L 1r)+Dyr2 Kn+;(w)} Py(5),  (19)
2 2

n=1

> -3
wy = % Z {nA,, r" 2 4+ DB+ Cyr 2 <n1n+;(/<r) —krl 1 (kr)
2

1
2
n=1 (20)

+D, r_T3 (nK 1 (k7r) + krK 1(KT)):| P,II(C).
n+5 n—y

The couple is determined by applying Egs. (19)-(20) to Eq. (17):
My = m + 2()7 + )7/) Z n(n+1) [7(71 +2)A, r "3 4 (n—1)B, r"?
n=1
-5 =5
+Cyr2 (K rl 1) —m+2I 1« T)> +D,r2 (K rK 1 +n+2K 1 f))} Py(2),
Vl*i n E n— n 2

1
2

21
Mg =2 i [—n(n+2)(n+0)r " A — (7 = D+ )" B,
n=1
+ s ((n + n/)xrlni% (k) — (NG + 1 +2n) + n'n(n + 2))1“%(“)) Cu (22)
- ((n + n,)KT’Kn_% (k1) + (nG*r? + n* +2n) + n'n(n + 2))1<n+% (KT))Dn:| PL()
mg, =2 fj [=n(n+2)(n + ') r "> Ay— (0> = (7 + 0)r" 2B,
n=1
7 (Kr(n + ”/)In_% (er) = (n' 6 + 1 + 2n) + n(n + 2))In+%(/cr)) Cn (23)

_r_T5 <KT(7] + ’),)Kn— (k1) + (n/(KZrZ L+t 2n) +n(n + 2))Kn+l (Kr)> Dn} P},(g)
2

=

mgg =m+2(+n)Y_ [n((n+1)*Py(¢) — cotOP4(()) Ay 1"
n=1

=

+n+ 1)(—n2Pn({) + cot GP,I,(K)) B,r" 2412 (n(n +1) (n(n +2)I ! (kr) —xrl 4 (Kr))P,,(g‘)
nt3 n=3
—cotf <n1 1(kr) —krl (KV))P:,({)) C, + rf (n(n +1) (n(n +2)K 1(kr)+krK (Kr)) P,(¢)
3 =3 mty =3

—cot@(nK 1 (kr) + k1K 1(Kr)>Pyll(C)>Dn}
n+3 n—z

(24)
mgs =m+4(n+n0") > [(n(n+ DPu(&) + ncotOPL(E)) Ay 73
n=1
+ (n(n+ DPy(§) = (n+1) cot 0P, (§)) B, r" (25)

+r7 (n(n + DI, 1 (e 1)PyE) + (nIH% (kr) = K7,y (w))P},(;)) Cy
+r? (n(n + DK, 1 (kNP(0) + <nKn+% (k) + 7K, s (Kr))P;(g))Dn }

The boundary conditions (9) can be written as
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My =0 on r=a (26)
From Eq. (22)
o0
m=-2(n+7) Z n(n+ D[—(n+2)Aua™" > + (n— 1)B,a" 2
n=1

-‘:—Cntz_75 (KaI (Ka)—(n+2)l+1(/<a)) —i—Dﬂa—T5 (KaK (Ka)+(n+2)K+1(Ka))} P,(2).
n n E n— n E

27)

_1 1

2 2

Employing the obtained Egs. (18), (21)-(25), and (27) into (16), we get:
o0

Typ = Z [Apr ™" (=n(n+ D20 — ny') — pr*(n+2) — oy)

n=1

+Br" 3 (—n(n+ D@0+ (n+ D) + pri(n — 1) + )

=7
—Dyr 2 (/cr(m’z — n(n + 77’) (n+ Der— 2>+ mn —n(n+ Dy’ + oz3r)Kn (k)

E (28)
28
+(pa?(n+2) = ne®r® + 3m)n + n(n + D@0 — ) —aa)K (Kr))
2

-7
+Cyrz (Kr(;uz + (n+n)nn+ Drr— > +mp—nn+ Dern + 015,)1”7 (kr)

1
2
+(—Mr2(n +2)+ H(K2r2 +3n)n —nn+1)Q2n — m]/) + aé,)InJrl(Kr))P;({)}

2

where

aor = (P — 20) cot? 0 + (1 = 22)n + (3 — n*)n) esc® 0

ay = n(n+1)(n+2)(n+ 1) — 3n’n + nag,

@y = (n+ 1) [n(n— D+ 1) + (0" —n—2)n = 21) cot’ § — (2n* — n+3)n + (n* — 3)n") csc” 0]
a3 = (1 = 2)n —21/) cot? 0 + (3 — 2n*)n + (3 — nP)n') cs? 6

oy =nn+1)n+2)n+1n) — na

as, = —(n+2) + ayp,

o = 30’0 — ay,.

As a result of the axisymmetric particle being impacted by the fluid flow, a torque is generated that has a
magnitude of?®

r— 00 m' (29)

Hydrodynamic interaction of a rigid sphere enveloped by a spherical cavity filled
with a couple stress fluid

For this simulation, it is assumed the annulus between the solid sphere, a; and a spherical cavity, a; is filled with
a constant density of couple stress liquid. Therefore, the sphere and the spherical cavity are rotating around a
connecting line of its centers with distinct angular speeds ;1 ad €2, respectively and at a distance h from their
centers as shown in Fig. 1. Consider thatuy’,w; ', w,’ are the components of VelOCit?/' and vorticity as a result
of the presence of the solid particle a; without the spherical cavity a; and u? o, a)92) are the components of
velocity and vorticity of the spherical cavity a, without the solid particle a; as shown in Fig. 1. Additionally, the
subsequent relations link the coordinate systems (r1, 6;) and (r2, 6,) together as:

12 =13+ h? —2ryhcosb,, (30)
r% =r12+h2+2r1hc0591. (31)

Hence, the boundary conditions are linear so the principle of superposition can be applied. Thus, the field
functions are represented as:
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as

couple stress fluid

Figure 1. The geometrical shape of a sphere covered by a cavity filled with couple stress fluid.

(1) (2)
ug (11,01 12,60) ugy” (r1,01) g (r2,02)
me(r1,01;12,602) | = mié)(rl,el) + m%)(rz,ez) , (32)
trg (r1,01; 12,62) tr(clp) (r,61) ti(?b) (r2,65)
The next boundary conditions are recommended for the two spherical surfaces:
1 .
l,_, ~ Etw =aQsinby,  myl, _, =0, (33)
1 .
Wl _, + Etr(p = a;Q;sin b, mr9|y2:a2 =0. (34)
From (32) and use (18), (22), (28) the field functions g4, w,, wg, Mrg, ty¢ are:
s -1
Uy = Z |:An Tl_n_l + D, 712 KnJr%(K 7‘1):| Pyll(gl)
n=1
o N 1 (35)
+> {B,, B4 Cary? Ly rz)} Pl(&),
n=1
o =3
wr =3y n+ D A"+ Dyr? K1k n)} Pu(51)
2
n=1
00 3 (36)
1 —1 2
+§Z;n(n+l) By r;l + Cy r22 In+%(K 7'2):| Py (£2).
n=
o0 -3
wy = % Z nAy, rl—n—Z + D, r12 ("KHL(K”) + KrlKn1(Krl)):| P}l(;l)
o 2 2
~ s (37)
+ %Z —(n+ 1)B, r;'_l +C, r22 (nIrH—l(KrZ) — Krzfn_;(Krz)) P},(gz).
p— 2 2
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Mg = =2 PhE) [n(n+2)(n + 1m0 A,

n=1

-5
—I—rlz ((KZT’%T] + n(n+ 2)(n + n/))Kn_'_% (k1) + k11 (n + n/)Kn_% (KTl)) D,

00 (38)
~2) " Ph&) [0 = D+ 1)y B,
n=1
-5
—0—1’22 ((Kzrgn + n(n+ 2)(n + ’7/))1”_,_1 (kry) — Kf'z()’] + n/) In—l (/crz)) Cn] .
2 2
Trp =Y Pr@)[Awr; " (—n(n+ D)2 — nn) — pri(n+2) — o)
n=1
=7
— Dury? (Kn (urf = n(n+n) o+ 1) = (P} +mn —nn+ Dn' + o, )K 1 (k)
2
+(pri(n+2) — n(c*r] + 3m)n + n(n+ )20 — ny') — 0‘4r1)Kn+l (KTl)):|
. ’ (39)
+ P [BA T (—ntn+ D@+ (14 D)+ urdn = 1) + )
n=1
;7
+ Cy, r22 (Krz (/u% + (n + n/)n(n +1)— (Kzrzz +mn —nn+ )kr, n’ + a5r2)I 1(k12)
"2

+(—ur§(n +2)+ n(K2r22 +3mn —nn+1)Q2n —ny') + a6'2)1n+l (KY2)>:|.
2

Accordingly, by applying the boundary conditions (34) and (35) to Egs. (35), (38), and (39), we get the fol-

lowing system:
[o°]
> Phen [An{ar" = By (=n (4 D@y = m) - pad(n+2) — aia,) }
n=1

=7
+ Duay? {ﬁ;‘ (xal (nat —n(n+n")(n+1) = (Paj +n)n — n(n+ D0’ + @z6,)K 1 (car)
2

-1
+a,? K, 1(eca) + B (mat(n+2) — nk?al + 3m)n + n(n+ 1)2n — ny) — a4m)Kn+l (Ka1)> H
2 2

+ 3P [Ba(r4 + BT 7 (—nn+ D@0+ (o D)+ purdn— 1) + a2y )
n=1

(k12)

-7
+ C, "22 {7;31_1 (Kr2 (p,r% + (n + r]/)n(n +1) — (Kzr% +mn —nn+ Dy + a5,2)1n71
2

-1
+r,? L 10kr) = B! (—ur3 (n+2) 4 n(k*r; + 3mn — n(n+ 1)(2n — nn') +(¥6r2)1n+;(/€r2)> H
r

:a]Q]\/l—{lz >
(40)
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S [An{rT" T+ BT (= D@ = ) = prfn ) = ) }
n=1

-7
+ Dy {—ﬂ{l <m (urf = n(n+1)(n+ 1) = (P} +mn = n(n+ Dy’ + a3, )K 1 (en)
2

-1
+r12 Kn+l(f< r) — ,32_1 (/ucrlz(n +2) — n(/czrf +3mn+nn+1)2n —ny) — tx4yl)Kn+1(Kr1)> }:|
2 2

r2=ay

+ > Ph@) | Ba(a} = By ) (—n(n+ D@+ (14 D) + uad(n — 1) + azy) )
n=1
-7

+ Cpay? {ﬁ{l(lmz(w%Jr (n+n0")n(n+1) — a3 + nyn — n(n+ Drazn' + asa, )] 1 (kaz)

1
2

-1
+ay® 1 1(kay) + By (—pay(n +2) + nlea3 +3m)n — n(n + 1) @1 — ny') + dea, ), 1 (xm) H
2 2
= 0292\/ 1-— §22 >
=5

> [+ 20+ a2, + a0 { (Cain+ntn+ D0+ 0K, 1 (Ea)

(41)

n=1

+Lai (n + ﬂ/)Kn_; (bar) }Dn:| Py(¢1)
’ (42)

00 =5
+> {(n2 — D+ 1)y ?By +1,° {(zzrin +nn+2)0+ 1)) 1 ()
n=1 2

=0,

r=ai

—tna(n+ )L 1 (erz)}cn} P, (62)

0 =5

> [n(n + 2+ 1) " A 4 {(erfn +n(n+2)(+n))K 1 (bry)
2

n=1

+en(n )k, 1 (erl)}Dn} P&

ry=ap

o0 =5

+ 3 [0 = D@+ 1)as By + 0 {(z2a§n +n(n+2)(n+m))I 1 (tar)
2

n=1
— lay(n+ 77’)1”_% (Eaz)}Cn]P,I,@z) =0,

where
aor = (10 — 20) cot?* 0 + (1 — 2n2)y + 3 — n)n') csc? 0
iy = n(n+ D(n+2)(n +n') — 30’0 + na,
ax = (" = 2)n = 21y cot? 6 + (3 = 2n*)n + (3 — n*)n) csc? 6
a3 = n(n—+ 1) (n+2)(n+1n') — nog
ag = (n+D[n(n — D0 +n0") + (7 —n—2)n — 20" cot® & — (2n* — n+ 3)n + (n* — 3)n’) csc” 6]
asy = —(n+2) +ay, e =3n"n—ay

These constants A,, By, Cy,, D, obtained by solving 4N simultaneous linear algebraic Eqs. (40)-(43) provided
by the infinite series has been truncated to N terms. To satisfy the boundary criteria at a limited number of
discrete locations on the generating arcs of the spherical boundaries, the boundary collocation technique will
then be used. The desired unknowns A,, B, Cy,, D,, are then determined by numerically solving the resultant
system of equations using the Gauss elimination technique. On the semi-circular longitudinal arc of each particle
surface from 0 = 0 to 6 = 7, the collocation technique (Ganatos et al. 1980) applies the boundary conditions
at a finite number of individual points and reduces the infinite series in Egs. (40)-(43). The coefficients matrix
becomes unique if these points are employed, as shown by looking at the system of linear algebraic equations for
the unknown constants A,, By, C,, D,,. The strategy suggested in the literature, such as that used by Ganatos et al.
in 1980 to choose the collocation points, is what we apply to avoid this singular matrix and obtain high accuracy:
Four fundamental collocation points on each spherical particle are taken at 6; = ¢, n/2—¢,7/24¢,m — € on
the half unit circle 0 < 6; < 7 at n any meridian plane, where ¢ is provided by a minimal number to prevent the
singularity at6; = 0, /2, 7. The other points are chosen as mirror-image pairs with 6; = 7 /2 and are uniformly
spaced around the two-quarter circles, omitting those singularities. The linear algebraic equations are solved
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(@) 50

using the Gaussian elimination approach to uncover the unknown coefficients, and the hydrodynamic drag force
is then calculated. It is sufficient to have N = 45 collocations for convergence to occur. To figure out the torque
that the fluid on the sphere a; experiences as a result of the tangential stress, we must provide the value of the
constant , A; which is one of an infinite number of unknown constants.

Tz(l) =8 A. (44)

A spherical particle of radius, a; with angular velocity, 2 rotating into an unbounded area of an incompress-
ible viscous fluid flow experiences the following torque:

TV = 8w palQ. (45)

Numerical results
All results produced using this collocation approach in the present section converge to at least five decimal places.

We want to quantitatively represent the normalized torque operating on the inner solid sphere for a variety of
parameter values found in the equations governing the phenomenon, the slippage 51 = B1/ waz, By = Ba/mal,
0 < B1, B2 < o0, couple stress of first and second kind the size ratio of the particles a; /az, 0.1 < a;/a; < 0.99,
the separation parameter § = h/(a; — a1),0.001 < § < 0.9, and the angular velocity ratio, ® = 2/,
—2.5 < @ < 2.5 parameters. The impact of the relevant parameters within the problem is illustrated graphically
in Figs. 2, 3, 4 and numerically in Tables 1, 2 and 3.

It is found from Tables 1, 2, and Fig. 2a represents the torque for no-slippage at certain values of related
parameters for various values of angular velocity ratio, so the torque is a force that makes an item rotate around
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Figure 2. For various values of the indicated parameters, the distribution of torque on the sphere versus the

size ratio with (a) ) = 0.5, 7 =01, By =B, — 00, 8 =0.01,(b)8 =01, =0, n=0.01, »=0,(c)
§=00Lp =01,7=00L7 =0 &=0(d)3s=05p = fp — 00, i =0.1, & = 0.
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Figure 3. For various values of the indicated parameters, the distribution of torque on the
sphere versus the size ratio with (a) 7 = 0.01, 7' =0, a;/a; = 0.5, § = 0.01, & = 0, (b)
=001, 7/ =0, f =05 8=001,d=0(c)/ =001, # =0, B =058 =00La;/a, = 0.5, (d)

®=05 # =05 f=18=001a/a = 0.5

its axis. It is also known as the moment of force. Physically, speed is defined as the amount of distance traveled
in each amount of time, but angular velocity refers to the rate of rotation of the body and the number of revolu-
tions in each amount of time. Thus, the non-dimensional torque is inversely proportional to the angular velocity.
Consequently, that the torque decreases with increasing, & which agrees with the physical concepts. in addition,
the torque slowly decreases for the positive values of the angular velocity with the increase of size ratio but for
the negative values, it changes its direction to up. Figure 2b displays the torque for various values of slippage
parameters for fixed the cavity and the solid sphere rotates with value one. Hence, the torque increases with the
increase of both the slippage parameters and the size ratio. This mode is like Motor Mode, the induction motor
torque swings in this mode of operation as the slip changes, going from zero to full load torque. From zero to
one is the slide. At no load, the value is 0; at rest, it is 1. But for the fluid, the slip parameter varies from zero to
infinity, where zero denotes perfect slip, the values in between are the partial slippage, and infinity denotes the
no-slip condition, the last is the limiting situation for the work of Amal et al.. The curves show a clear relation-
ship between the torque and the slip. In other words, the amount of torque produced increases with slippage
and vice versa. Additionally, Fig. 2c differs from Fig. 2b with the value of the separation parameter, and also the
cavity has a partial slip which makes the torque diminish rapidly with the increase of the size ratio, the torque
value appears to be minimal when the particle is in a concentric position inside the cavity (§ & 0) as expected.
We have found that our placement results of the torque in a concentric position are very similar to the analytical
solution available in the literature. Moreover. Figure 2d for no-slippage indicated the advancement of torque
with the improvement of the first couple stress parameter.

Furthermore, Fig. 3a—d illustrate the distribution of torque against the velocity slippage on the solid sphere for
certain values of the rest parameters. Figure 3a displays the torque growths with the growth of the slip parameter
on the cavity and at the same time increases with the slippage on the solid sphere. On the other hand, in Fig. 3b
the torque diminishes with the increase of the size ratio, a; /a; and the torque as mentioned previously increases
with the slip parameter. Figure 3¢ exhibits the torque where the curves diverged when approaching high values
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Figure 4. For various values of the indicated parameters, the distribution of torque on the

sphere versus the size ratio with (a) ® = 0.5, 7/ = 0.5, f =1, 8§ = 0.01,a1/a; = 0.5, (b)

7 =05, 7=0.5, 8, =0.1,& = 0.5,a; /a; = 0.5 and versus the separation parameter at (c)

A =08 7 =05 &=05,a1/as=0.1,8 =001 (d)f =001, 7 =01, & =0.15 = pr — oo

of slippage parameters and the torque declines with the increase of the angular velocity ratio as usual. Thus, in
Fig. 3d exposits the torque has more significant for the improvement of the first couple stress parameter and agree
with the limiting case of viscous fluids. Table 3 shows the exact value was taken when N =90 for the convergence
of the normalized torque with various parameters.

Finally, the distribution of torque versus velocity slippage on the solid sphere for fixed values of the pertinent
parameters is presented in Fig. 4a and b as a result of this investigation, the torque increase with the increase of
the second couple stress parameter increases. Additionally, Fig. 4b and c expressed the torque versus the separa-
tion parameter where the improvement of torque has been shown in Fig. 3b by increasing the distance from the
centers between the solid sphere and the spherical cavity. Therefore, in Fig. 4c the torque is directly proportional
to the slippage parameter and this relation affects the torque with the separation distance that the torque inclined
with the growth of the separation parameter.

Conclusion

In this research, we study the interfacial slippage effect and the steady incompressible rotation of a couple stress
fluids around a rotating sphere. Therefore, the graphs are used to give a numerical analysis of the torque oper-
ating on the inner solid sphere’s surface. As a result, raising the couple stress coefficient results in an expected
increase in torque. Additionally, it is established that the torque is significantly influenced by the second viscosity
parameter. It elevates the torque’s worth. In addition, it is shown that the size ratio and separation parameter have
more significant on the couple stress fluid flow, especially for small values. Finally, it is determined that the slip
parameter has a significant influence in raising the torque value. The motivation for studying flow slip boundary
conditions comes from the possible applications in a variety of engineering and applied scientific fields, as well as
from a serious grasp of hydrodynamics, which serves as the theoretical basis for the design and construction of
nanofluidic devices. Additionally, the development of shale reservoirs depends heavily on a knowledge of slip flow
behavior in the nano-porous medium. The future study can be applied to this work in the effect of permeability
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AL
[32 =1.0 ﬁz — oo Al-Hanaya et al.®

s arfaz |fr1=01 |B1=100 [f1—> o0 |f1=01 |p1 =100 |p1 = oo
0.1 003225 |0.78092 | 1.01889 |0.03225 | 0.78110 1.01920
02  |003225 [078245 |1.02149 [0.03225 |0.78540 1.02652
03  |003225 [078212 |1.02093 [0.03227 |0.79727 1.04690
0.4 0.03223 0.77278 1.00507 0.03231 0.82139 1.08889
05 |003218 |0.74389 | 095674 |0.03237 |0.86439 1.16577

001 |06 |003206 068719 |0.86493 |[0.03247 093733 1.30245
07 |003184 [0.60230 |0.73436 |0.03261 |1.06188 1.55598
0.8 |003155 |049769 | 058374 |0.03281 |1.28904 2.09696
09 [003094 [039546 |044762 |0.03313 |1.77031 3.78003
099 003049 |031242 |0.34469 | 003342 |3.04746 34.54674
0.999 0.03044 0.30529 0.33595 0.03349 3.31620 342.44217
0.1 003224 |078097 | 101898 |0.03225 |0.78120 1.01938
02 |003225 [0.78248 |1.02156 |0.03225 |0.78599 1.02760
03 |003225 [0.78167 |1.02013 |0.03226 |0.79881 1.04975
04 |003224 |077118 | 1.00224 |0.03228 |0.82421 1.09424
05 003220 [074113  |095201 |0.03234 |0.86865 1.17418

025 |06 |003210 068398 |0.85974 [0.03243 |0.94303 1.31455
0.7 0.03190 0.59947 0.73046 0.03257 1.06886 1.57299
0.8 |003157 |049643 |058227 |0.03279 |1.29714 212226
09 |003119 [038748 |044756 |0.03313 |1.79807 3.8279
099 003049 |031242 |0.34468 |0.03342 |3.04790 34.99001
0999 [0.03044 [030529 |033595 |0.03349 |331620 | 346.83475
0.1 003224 |078117 | 101932 |0.03224 |0.78168 1.02021
02  |003225 |078244 |1.02149 |0.03223 |0.78862 1.03230
0.3 0.03227 0.77951 1.01631 0.03220 0.80499 1.06114
04 003229 [076516 |099163 |0.03218 |0.83473 1.11430
05 003230 [0.73159 |093578 [0.03220 |0.88377 1.20443

0.5 0.6 0.03222 0.67352 0.84320 0.03230 0.96257 1.35690
07 ]003205 [059191 |0.71966 |0.03248 | 1.09241 1.63153
0.8 |003165 [049270 |0.57840 [0.03274 |1.28574 220844
09 [003106 [039340 |044729 [0.03319 |1.80238 3.99041
099 [003049 [031241 |034466 |0.03342 |3.04924 36.48973
0999 |003044 [030529 |033594 [0.03349 |[331620 | 361.69635
0.1 003192 |0.75623  |0.98597 |0.03583 | 0.80028 1.22229
0.2 0.03365 0.77073 0.99450 0.03398 0.89441 1.23946
03  |003251 [071317 |091287 |0.04197 |0.92638 1.32305
04  |002976 [0.73038 | 0.90166 | 0.03200 |0.95732 1.43159
05 |003337 |067266 |0.84166 |0.03190 |1.02844 1.58224

099 |06 [003220 062949 |077043 [0.02945 |1.11103 1.80706
07 |003301 |056414 |067892 [0.03223 |1.23987 221790
0.8 |003155 [048052 |0.56356 |0.03236 |1.52707 3.01919
0.9 0.03132 0.39104 0.44771 0.03291 1.59731 5.47414
099 [003021 [031235 |034457 [0.03341 |3.05446 50.07121
0999 |0.03044 [030528 |033593 [0.03349 |331618 | 496.26477

Table 1. The non-dimensional torque exerted on the internal sphere in this situation when the exterior sphere
is stable and the interior sphere is spinning, with zero second couple stress and 77 = 0.01.

of porous medium and magnetic field such as in** and*. Additionally, the impact of oscillation, the fractional

approach and electro-osmotic can be employed in this study such as
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AL

Bi=h=140 B1 = B2 — oo Al-Hanaya et al.’

s aifay |7=001 |7=01 |7=05 |§=001 |§=01 |§=05
0.1 0.57330 0.65116 | 0.66421 1.01920 1.15055 1.52470
0.2 0.57524 0.65355 | 0.66666 1.02652 1.15980 1.54038
0.3 0.57994 0.65890 | 0.67213 1.04690 1.18530 1.58215
0.4 0.58803 0.66702 | 0.68037 1.08889 1.23713 1.66536
0.5 0.59962 0.67634 | 0.68994 1.16577 1.33082 1.81308
0.01 0.6 0.61433 0.68317 | 0.69826 1.30245 1.49618 2.06809
0.7 0.63420 0.67755 | 0.70128 1.55598 1.80220 2.52955
0.8 0.65267 0.64280 | 0.67590 2.09696 2.45493 3.49669
0.9 0.66648 0.61653 | 0.59771 3.78003 4.48301 6.47011
0.99 0.66758 0.56537 | 0.54800 34.54636 56.94579 60.50151
0.999 |0.66921 0.55884 | 0.54199 |342.43909 | 565.72382 | 601.04962
0.1 0.57334 0.65125 | 0.66431 1.01938 1.15076 1.52505
0.2 0.57544 0.65408 | 0.66735 1.02760 1.16105 1.54213
0.3 0.58037 0.66006 | 0.67385 1.04975 1.18856 1.58667
0.4 0.58866 0.66851 | 0.68537 1.09424 1.24326 1.67390
0.5 0.60021 0.67762 | 0.68897 1.17418 1.34056 1.82667
0.25 0.6 0.61478 0.68395 | 0.69731 1.31455 1.51039 2.08795
0.7 0.63384 0.66559 | 0.69843 1.57299 1.82243 2.55800
0.8 0.66201 0.65454 | 0.68267 2.12226 2.48523 3.53980
0.9 0.66384 0.61580 | 0.59537 3.82797 4.54064 6.55318
0.99 0.66758 0.56517 | 0.54865 34.98962 57.67765 61.27888
0.999 |0.66921 0.56884 | 0.54194 | 346.83163 |572.98175 |608.76062
0.1 0.57355 0.65180 | 0.66499 1.02021 1.45161 1.52686
0.2 0.57631 0.65720 | 0.67172 1.03230 1.47391 1.55118
0.3 0.58189 0.66552 | 0.68360 1.06114 1.52388 1.60517
0.4 0.59175 0.67437 | 0.60488 1.11430 1.61663 1.70529
0.5 0.59378 0.68152 | 0.68926 1.20443 1.77413 1.87480
0.5 0.6 0.62323 0.68501 | 0.69514 1.35690 2.03751 2.15696
0.7 0.63511 0.67039 | 0.69164 1.63153 2.50484 2.65567
0.8 0.64391 0.66207 | 0.68389 2.20844 3.47339 3.68662
0.9 0.66834 0.60611 | 0.58671 3.99041 6.43495 6.83469
0.99 0.66757 0.56459 | 0.54877 36.48932 60.15379 63.90918
0.999 ]0.66921 0.55884 | 0.54199 |361.69312 |597.53766 |634.84937
0.1 0.56781 0.57258 | 0.56857 1.21999 1.76665 1.85133
0.2 0.59375 0.61575 | 0.61091 1.23978 1.80276 1.90223
0.3 0.60225 0.64550 | 0.64169 1.32249 1.88068 2.15113
0.4 0.61329 0.67245 | 0.67025 1.42115 2.14798 2.16144
0.5 0.62772 0.69213 | 0.68995 1.58843 2.21828 2.48490
0.99 0.6 0.64324 0.69569 | 0.68939 1.82290 2.73840 2.89574
0.7 0.65705 0.68240 | 0.66848 2.21619 3.42169 3.61707
0.8 0.66846 0.66582 | 0.64596 3.01909 4.77911 5.06701
0.9 0.67874 0.65369 | 0.63172 5.47408 8.86403 9.40760
0.99 0.66756 0.56445 | 0.54731 50.05823 | 496.22067 87.89735
0.999 ]0.66921 0.56883 | 0.54199 |496.22067 |817.37067 |868.80151

Table 2. The non-dimensional torque exerted on the internal sphere in this situation when the exterior sphere
is stable and the interior sphere is spinning, with zero second couple stress.
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N |Bi=H=0001 fi=p=10 [fi=P=40 |pi=H=60 |p1=p>
4 0.00015 0.12565 0.35071 0.43878 0.55054
10 0.00017 0.13649 0.35877 0.44127 0.54684
30 0.00015 0.13715 0.35825 0.44120 0.54689
40 0.00015 0.13720 0.35830 0.44125 0.54692
50 0.00014 0.13722 0.35833 0.44127 0.54693
60 0.00013 0.13724 0.35835 0.44128 0.54694
70 0.00011 0.13726 0.35836 0.44129 0.54695
80 0.00011 0.13727 0.35837 0.44130 0.54695
85 0.00010 0.13727 0.35837 0.44130 -

90 - - - - -

Table 3. Convergence of the non-dimensional torque exerted on the internal sphere for different parameters
ofw=0.5 7n=08,7 =0.5 a;/a; =0.1,8§ = 0.5with CPU = 36.55 sec.

Data availability
The data that support the findings of this study are available in the article.
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