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Significance of thermal 
relaxation on energy transport 
of Maxwell fluid rotating 
over a cylindrical surface 
with homogeneous–heterogeneous 
reactions
Jawad Ahmed 1*, Faisal Nazir 1 & Nevine M. Gunaime 2

Many industrial applications, including coating processes, roller bearing uses, and cooling gas 
turbine rotors, involve non-Newtonian fluid flow across rotating cylinders. The current study aims 
at evaluating the energy transport of the Maxwell fluid rotating over a horizontal cylindrical surface 
using the Cattaneo–Christov heat flux conduction model. This model predicts the properties of 
thermal relaxation by revising conventional Fourier’s law. Isothermal cubic autocatalytic kinetics 
provides a homogeneous reaction, while first-order kinetics yields a heterogeneous reaction. With 
the help of transformations, the system of ODEs relating the equations for energy, momentum, 
and concentration is produced. For a numerical solution, the bvp4c scheme, which is based on the 
finite difference technique in Matlab 9.7 R2019b, is used. The importance of dominant parameters is 
displayed with the graphical depictions for axial, radial, and azimuthal flows, as well as temperature 
and concentration distributions. The noteworthy results illustrate that the Maxwell parameter has a 
declining influence on all velocity components. Further, thermal relaxation time causes a decline in the 
temperature field as well. Moreover, as the homogeneous–heterogeneous reaction parameters are 
increased, a reduction in fluid concentration is shown.

List of symbols
u, v,w   Velocity components (m  s−1)
r,ϕ, z   Polar coordinates (m)
R1   Cylinder radius (m)
V  Velocity field
E  Rotating velocity
(a, b)   Species concentrations
Pr   Prandtl parameter
cp   Specific heat capacity
β   Maxwell parameter
T∞   Ambient temperature
DA,DB   Diffusion coefficient parameters
σ   Electric conductivity of the fluid
δ   Diffusion coefficients ratio parameter
k1   Homogeneous reaction parameter
k2   Heterogeneous reaction parameter
f ′(η)g(η), f (η)   Dimensionless axial, tangential and radial velocities
B   Magnetic field
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M   Magnetic field number
J1   Current density
(kc , ks)  Rate constants
q  Heat flux
δE ,βt   Fluid thermal relaxation time and thermal relaxation parameter
Re   Reynolds parameter
ρ   Density of fluid
T   Fluid temperature
Tw   Wall temperature
η   Dimensionless variable
Sc   Schmidt parameter
ν   Kinematic viscosity
θ(η),φ(η)   Dimensionless temperature and concentration
�1   Fluid relaxation time

Manufacturing glass fibres, creating plastic films, growing crystals, cooling metal sheets, making paper, and many 
more engineering and industrial applications all depend on an understanding of non-Newtonian fluid move-
ments. Rate type, integral type, and differential type are three categories used to describe the non-Newtonian 
model. The Maxwell fluid  model1 is one of the most well-known rate type models due to its wide range of appli-
cations. For example, lubricants, polymer solutions, and crude oil are all considered to be examples of Maxwell 
fluid. Many scholars, including Shafique et al.2, focused on the Maxwell fluid motion in a rotating frame under 
the impact of chemical reactions and activation energy. Ali et al.3 studied the effects of buoyancy on the Falkner 
Skan flow of a Maxwell nanofluid past a wedge with binary activation energy and chemical reactions and obtained 
the numerical solution with FEM. Hayat et al.4,5 considered the stretched flow of Maxwell fluid under chemical 
reactions, MHD, and stagnation point region. Research on Maxwell fluid flow across various configurations and 
under different physical situations can be found  in6–13.

Due to its wide range of technical mechanisms, including glass fibre, wire drawing, paper manufacture, and 
hot rolling, the flow created by rotating and stretching surfaces has drawn researchers to examine its features. 
The liquid movement over rotating cylinders is also crucial in a variety of applications, from axles and shafts 
to spinning projectiles. Numerical research on the axisymmetric movement of viscous fluid across a rotating 
and stretchable cylinder was conducted by Fang et al.14. Moreover, Fang et al.15 studied the constant flow over a 
revolving and stretching disk. Sprague and Weidman et al.16 investigated the flow of a viscous fluid caused by a 
purely rotating cylinder. Ahmed et al.17 explored the process of thermal transmission in the spinning Maxwell 
nanofluid produced by a revolving cylinder. Ahmed et al.18 came across the mixed convection phenomenon 
caused by stretching and vertically rotating a cylinder in a 3D Maxwell nanofluid flow. Titanium dioxide  (TiO2) 
and aluminium oxide  (Al2O3) as nanoparticles were used in Ahmed et al.’s19 analysis of the thermal characteris-
tics of hybrid nanofluid motion across a swirling and stretchable cylinder. Due to the stretching and torsion of 
a cylinder, Ghoneim et al.20 concentrated on the nanofluid rotation with transmission of heat for SWCNT and 
MWCNT with the base liquid as water.

Differences in temperature between various systems generate the phenomenon known as heat transfer. The 
research on heat transfer mechanisms, such as convection, conduction, and radiation, is concerned with the 
exchange of momentum, mass, and energy. The application of this phenomenon is widespread in many different 
industries, including chemical reactions, polymer extrusion, and mechanical and nuclear engineering. Under 
certain conditions, Fourier’s  rule21 was examined as a very effective model for heat transmission  mechanisms22–27. 
By including thermal relaxation time,  Cattaneo28 updated Fourier’s work. The result of this modification was 
the hyperbolic shape’s energy equation. In the Maxwell–Cattaneo relationship,  Christov29 extended Cattaneo’s 
findings even further by using the upper-convective Oldroyd derivative, preferably the partial time derivative. 
Sui et al.30 considered the viscous flow of fluid with heat transmission using numerical modelling in a wave 
microchannel with a rectangular cross-section. Sheikholeslami et al.31 scrutinized the influence of thermal radia-
tion on the movement of MHD nanofluid between the gap of two horizontally moving plates. According to the 
Cattaneo–Christov theory, Khan et al.32 examined the mass and heat diffusion for spinning Oldroyd-B fluid over 
the stretched sheet. The heat and flow transport inside a microchannel with a triangular part were numerically 
modelled by Rezaei et al.33. Irfan et al.34,35 took into consideration a bidirectional surface of stretching. With 
the use of the Cattaneo–Christov model, Han et al.36 investigated the flow of viscoelastic fluid. For the tempera-
ture and concentration fields, they discovered the graphical results. Using the Cattaneo–Christov theory and a 
stretched sheet, Upadhya et al.37 looked into the MHD flow of a viscous fluid. With higher levels of the thermal 
relaxation number, there is a reduction in heat transmission. Farooq et al.38 explored the Cattaneo–Christov 
theory when addressing viscous fluid flow with variable mass diffusivity and thermal conductivity. According 
to their findings, concentration and temperature distribution decrease as mass and thermal relaxation time 
parameters increase. Also, multiple studies have been done to analyse the Cattaneo–Christov theory for heat 
transportation in the flow of different fluid models (see Refs.39–43).

Chemical processes are classified as homogeneous or heterogeneous depending on whether they occur in a 
large volume of fluid (homogeneous) or on specific catalytic surfaces (heterogeneous). Many chemical reaction 
systems, such as catalysis, biological processes, and combustion, include both homogeneous–heterogeneous 
reactions. It is typical for the connection between chemical reactions to be quite complex since they include 
the consumption and synthesis of reactant species at various rates both on the catalytic surfaces and inside the 
fluid. Khan et al.44 considered the fluid model of Maxwell across a spinning disk and examined the influence of 
homogeneous–heterogeneous processes, convective boundary conditions, and nonlinear thermal radiations. 
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Hayat et al.45 observed the effects of homogeneous–heterogeneous reactions and thermal stratification on the 
Jaffrey fluid rotating in the region occupied between doubly rotating disks. By considering the Maxwell model, 
the efficiency of homogeneous–heterogeneous reactions between the two rotating parallel disks with enhanced 
heat conduction theory was inspected by Ahmed et al.46. In the presence of homogeneous–heterogeneous reac-
tions, the time dependent and magnetized motion of Maxwell liquid on a rotating and a vertically moving disk 
were studied by Khan et al.47.

The available literature indicates that no research has been done on the features of mass and heat transfer 
with homogeneous–heterogeneous reactions for 3D Maxwell fluid motion using Cattaneo–Christov theory. This 
study incorporates each aspect that is lacking in previously published work. The paper further elaborates on 
the significance of Lorentz forces and convective boundary conditions on thermal and solutal transports. With 
the use of momentum, temperature, and concentration conservation equations, the governing 3D flow physical 
problem is modelled and numerically solved with the bvp4c solver in Matlab. By illustrating and elaborating on 
graphical and tabular trends, the effect of the active parameters is strongly highlighted. This article is organized 
as: the flow arrangement and mathematical model of the rotating cylinder are presented in “Problem Formula-
tion”. Section “Numerical solution” presents the method to the solution. Graphical illustrations and a table in 
“Discussion” show the physical significance of the relevant factors on flow, thermal, and mass transport. Sec-
tion “Conclusions” concludes by summarising the outcomes obtained.

Problem formulation
Suppose a rotating cylinder with a radius of R1 that induces a Maxwell fluid rotating flow which is electrically 
conducting in the existence of a transverse magnetic field. Assuming that the cylinder rotates around its axis at 
a constant speed and that the axial distance has a linear relationship with the cylinder’s stretching velocity, as 
shown in Fig. 1. The cylindrical coordinated system (z,ϕ, r) is used to represent the mathematical explanation 
of the physical problem. On the assumption that the induced electric and magnetic fields are to be ignored, a 
uniform magnetic beam with strength B0 is applied along the r-direction. By assuming that T(z,R1) = Tw for 
the temperature at the cylinder’s surface, thermal analysis is examined. The Cattaneo–Christov heat flow theory 
and convective condition are applied when the analysis of heat transport is taken into account.

In addition, the homogeneous and heterogeneous reactions are considered. The cubic autocatalytic homo-
geneous reaction is

The first-order isothermal reaction can be represented in the following form:

here ( kc , ks ) are the rate constants, (A,B) represent the chemical species, and (a, b) represent the concentrations 
of those species. Moreover, we presume that this chemical reaction is isothermal. The leading equation of the 
Maxwell 3D flow in the occurrence of the magnetic field is:

(1)A+ 2B → 3B, r = kcab
2
,

(2)A → B, r = ksa,

(3)∇ · V = 0,

(4)ρ(V .∇)V = −∇p+∇ · S + J1 × B

(5)ρcp(V .∇)T = −∇ · q,

(6)(V .∇)a = DA∇
2a− kcab

2
,

(7)(V .∇)b = DB∇
2b+ kcab

2
,

Figure 1.  Flow configuration.
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In the case of a Maxwell fluid, the extra stress tensor S is defined as:

where �1 is the time of relaxation, µ dynamic viscosity, T liquid temperature, cp heat capacity at constant pres-
sure, J1 current density, and DA and DB are the diffusion coefficients. Further A1 indicates the first tensor of 
Rivlin–Ericksen and  DDt the upper convective derivative written as

According to the steady, incompressible and axisymmetric suppositions, the governing equations for the 
current energy and flow transfer problem are given below

with the boundary conditions (BCs)

In Eq. (14), q is the heat flux satisfying the relation

where thermal conductivity is represented by k , and thermal relaxation time by δE . We get the following expres-
sion when q is eliminated from Eqs. (14) and (19):

The following transformation group is introduced (Ref.14):

(8)
(

1+ �1
D

Dt

)

S = µA1,

(9)A1 = ∇V + (∇V)t ,

(10)
DS

Dt
=

∂S

∂t
+ (V .∇)S − LS − SLt .

(11)
∂u

∂r
+

∂w

∂z
+

u

r
= 0,

(12)u
∂u
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(
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+ 2uw

∂2u

∂r∂z
+ w2 ∂

2u

∂r2

)
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(
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+

1

r

∂u
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)

−

σB0
2

ρ

(
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)

,

(13)
u
∂v

∂z
+ w

∂v

∂r
+

wv

r
+�1

(

u2
∂2v

∂z2
+ 2uw
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(
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(
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,

(14)ρcp

(

u
∂T

∂z
+ w

∂T

∂r

)

= −∇ .q,

(15)u
∂a

∂z
+ w

∂a

∂r
= DA

(

∂2a

∂r2
+

1

r

∂a

∂r
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− kcab
2
,

(16)u
∂b

∂z
+ w

∂b

∂r
= DB

(

∂2b

∂r2
+

1

r

∂b

∂r

)

+ kcab
2
,

(17)u = 2az, v = E,w = 0,−k
∂T

∂r
= ht

(

Tf − T
)

,DA

∂a

∂r
= ksa,DB

∂b

∂r
= −ksa at r = R1,

(18)u = 0, v = 0,T → T∞, a → a0, b → 0 at r → ∞.

(19)q + δE

(

∂q

∂t
+ V · ∇q − q · ∇V + (∇ · V)q

)

= −k∇T ,

(20)

(

u
∂T
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= α

(
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1
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.

(21)η =

r2

R2
1

, u = 2azf ′(η), v = Eg(η),w = −aR1
f (η)

η
1
2

,

(22)θ(η) =
T − T∞

Tf − T∞

,φ(η) =
a

a0
,ψ(η) =

b

a0
.
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When the preceding ansatz is used, Eq. (11) automatically becomes satisfied, and Eqs. (12, 13, 15–18, 20) yield.

with BCs.

where β = �1a is the Maxwell number, M =
σB0

2

aρ
 the magnetic variable, Re = aR21

2v  the Reynolds parameter, 
Pr = v

α
 the Prandtl variable, γ =

ht
k

√

v
a  the Biot number, βt = 2aδE the thermal relaxation time parameter, 

k1 =
kca

2
0

2a  homogeneous reaction, Sc = v
DA

 the Schmidt parameter,  k2 = ksR1
2DA

 the heterogeneous reaction param-
eter and δ = DB

DA
 is the diffusion coefficients ratio.

Assuming that the diffusion coefficients ( DA,DB ) are equal in size. This hypothesis leads to an examination 
of chemical reactions when DA and DB are equivalent, i.e. δ = 1 . Based on this assumption, the following cor-
relation can be derived:

Thus, the Eqs. (26) and (27) turn into

with BCs

To achieve the fast convergence, the variable η is converted as η = ex as followed by Fang and  Yao14. Hence, 
Eqs. (23)–(25), (28), (30) and (31) become

with the transformed BCs

The dimensionless form of Nusselt number in the limiting case when δE = 0 is defined as

(23)ηf ′′′ + f ′′ + Reff ′′
− Ref ′2 − βRe

(

f 2f ′′

η
+ 2f 2f ′′′ − 4ff ′f ′′

)

−MRe

(

f ′

2
− βff ′′

)

= 0,

(24)

2η2g ′′ + 2ηg ′ −
g

2
+ 2Reηfg ′ + Refg − βRe

(

2f 2g ′ + 4ηf 2g ′′ + 4ff ′g −
4f 2g

η

)

−MRe
(

ηg − 2βηfg ′ − βfg
)

= 0,

(25)ηθ ′′ + θ ′ + RePrf θ ′ − βtRePr(f
2θ ′′ + ff ′θ ′) = 0,

(26)
1

Sc

(

ηφ′′
+ φ′

)

+ Re(f φ′
− k1φψ

2) = 0,

(27)
δ

Sc

(

ηψ ′′
+ ψ ′

)

+ Re(fψ ′
+ k1φψ

2) = 0,

(28)
f (1) = 0, f

′

(1) = 1, g(1) = 1, θ
′

(1) = −γ (1− θ(1)),φ
′

(1) = k2φ(1), δψ
′

(1) = −k2φ(1),

f ′(∞) = 0, g(∞) = 0, θ(∞) = 0,φ(∞) = 1,ψ(∞) = 0 ,

(29)φ(η)+ ψ(η) = 1.

(30)
1

Sc
(ηφ′′

+ φ′)+ Ref φ′
− Re k1φ(1− φ)2 = 0,

(31)φ
′

(1) = k2φ(1),φ(∞) = 1.

(32)
fxxx − 2fxx + fx − Re

(

f 2x − ffxx + ffx
)

− βRee−x
(

2f 2fxxx − 5f 2fxx + 3f 2fx − 4ffxfxx + 4ff 2
x

)

−MRe

(

ex
fx

2
− βffxx + βffx

)

= 0,

(33)
2gxx −

g

2
+ Re

(

2fgx + fg
)

− βRee−x
(

2f 2gx + 4f 2gxx + 4f 2gx + 4ffxg − 4f 2g
)

−MRe
(

exg − 2βfgx − βgf
)

= 0,

(34)
(

1− βtRePre
−xf 2

)

θxx + RePrf θx − βtRePr(ffxθx − e−xf 2θx) = 0,

(35)
1

Sc
φ
xx

+ Re
(

f φx − exk1φ(1− φ)2
)

= 0,

f (0) = 0, fx(0) = 1, g(0) = 1, θx(0) = −γ (1− θ(0)),φx(0) = k2φ(0),

(36)f ′(∞) = 0, g(∞) = 0, θ(∞) = 0,φ(∞) = 1.

(37)Nu = −2θ ′(1).
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Numerical solution
Using the bvp4c solver in Matlab 9.7 R2019b, the coupled system of Eqs. (32–35) and (36) demonstrating energy, 
momentum, temperature, and concentration with conditions is numerically integrated. The use of Lobatto IIIA 
 formula48,49 is the central idea of the bvp4c solver. It is crucial to have initial iterations that fulfil the boundary 
conditions to approximate the solution. Once these initial guesses have been established, the iteration process 
proceeds by modifying the initial guess using an alternative technique known as the finite difference method. 
The working mechanism of this scheme is illustrated in the flow diagram as shown in Fig. 2, which provides a 
visual representation of the steps involved in the numerical integration process for solving the equations.

We define the new variables below with this in mind. Let, f = R1 , fx = R2 , fxx = R3 , fxxx = RR1 , g = R4 , 
gx = R5 , gxx = RR2 , θ = R6 , θx = R7 , θxx = RR3,φ = R8 , and φx = R9 , φxx = RR4 for Eqs. (32)–(36). The first-
order ODEs that result are listed below:

where

with BCs

Discussion
This section reveals the numerical results with a physical explanation for flow, thermal, and solute transports 
under the influence of the relevant physical parameters, such as the Biot number γ , Prandtl number Pr , Max-
well parameter β , magnetic parameter M , chemical reaction parameters ( k1 , k2 ), and Schmidt number Sc . 
We fix the values of relevant quantities for graphical representations during the numerical computation as 
Re = 2.0,M = 0.5,β = 0.01 , Pr = 2.0 , βt = 0.2 , Sc = 0.4 , k1 = 0.1 , k2 = 0.2 , γ = 0.5.

The impact of the Reynolds number Re on the radial velocity f (η) , axial velocity f ′(η) , aximuthul velocity 
g(η) , temperature field θ(η) , and concentration distribution φ(η) is shown in Fig. 3a–e. It demonstrates that the 
flow fields in Fig. 3a–c degrade and flow only occurs close to the surface at increasing values of Re . The Reynolds 
number (Re) is a dimensionless value utilized to identify the characteristics of fluid motion. When the Reynolds 

(38)
RR1 =

(

2R3 − R2 + Re
(

R
2
2 − R1R3 + R1R2

)

+ βRee−x
(

3R
2
1R2 − 5R

2
1R3

−4R1R2R3 + 4R1R
2
2

)

+MRe

(

e
x
R2

2
− βR1R3 + βR1R2

))

/C1,

(39)
RR2 =

(

R4

2
− Re(2R1R5 + R1R4)+ βRee−x

(

6R
2
1R5 + 4R1R2R4

−4R
2
1R4

)

+MRe
(

e
x
R4 − 2βR1R5 − βR1R4

)

)

/C2,

(40)RR3 =
(

βtRePr
(

R1R2R7 − e−xR2
1R7

)

− RePrR1R7
)

/C3,

(41)RR4 = −ReScR1R9 + ReSce
xk1R8(1− R8)

2),

C1 = 1− 2βRee−xR2
1,C2 = 2− 4βRee−xR2

1,C3 =

(

1− βtRePre
−xR2

1

)

,

(42)
R1(0) = 0,R2(0) = 1,R4(0) = 1,R7(0) = −γ (1− R6(0)),R9(0) = k2R8(0),

R2(∞) = 0,R4(∞) = 0,R6(∞) = 0,R8(∞) = 1.

Figure 2.  Flow diagram of bvp4c technique.
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number is between 4 and 7, the flow is typically considered to be transitional. The values of the profiles for axial, 
radial, tangential, and temperature decline as the Re upsurges, while the concentration of the fluid rises. Physi-
cally, greater values of Re cause a rise in the inertial force in the fluid flow. The inertial force acts as an opposing 
force to the fluid flow agent, causing the flow field to contract in every direction. We are aware that as Re increases, 
the forced convection mechanism in the flow decreases, resulting in a decrease in the temperature field.

The influence of the M on the radial, axial, and azimuthal velocities is reported in Fig. 4a–c. It demonstrates 
that an upsurge in the magnetic parameter M causes a fall in fluid motion. The magnetic number M is a meas-
ure of the ratio of the magnetic force to the inertial force on a particle in a rotating fluid. Theses graphs show 
a decrease in velocities as the magnetic number increases from 2 to 5. This is because as the magnetic forces 
increase, they tend to slow down or stop the particles in the rotating fluid.

Figure 3.  (a–e) The f (η), f ′(η) , g(η) , θ(η) , and φ(η) via Re.
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The effect of the Maxwell number β on the radial velocity f (η) and axial velocity f ′(η) on the flow field is 
shown in Fig. 5a–b. The value of β is an indicator of the strength of a fluid’s circulation. As it increases, the axial 
velocity of the fluid decreases as well, while the radial velocity of the fluid also drops. This happens because the 
axial velocity is affected by the circulation of the fluid, while the radial velocity is affected by the centrifugal 
force of the fluid. Physically, the rheology of a material of the viscoelastic type is defined by β . The dimensionless 
relaxation time is the Maxwell parameter β . These phenomena are depicted using relaxation time. Therefore, as 
the Maxwell number upsurges, both the radial and the axial velocity decline.

Figure 4.  (a–c) The f (η) , f ′(η) , and g(η) via M.

Figure 5.  (a,b) The f (η) and f ′(η) via β.
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Figure 6a–c show the impact of the Prandtl variable Pr , thermal relaxation time βt , and Biot number γ on the 
temperature profile. The Prandtl number, a dimensionless number, is a measure of a fluid’s momentum diffusivity 
to thermal diffusivity ratio. A graph of the temperature profile in Fig. 6a versus the Prandtl number will show 
how the temperature increases or decreases as the Pr rises. As the number Pr increases, the θ(η) decreases. This 
graph also indicates that the temperature will decrease faster in comparison to the rate at which the Pr upsurges. 
Thermal relaxation time is the amount of time it takes for a material to reach a given fraction of its equilibrium 
temperature after a temperature change. The decrease in the graph of the temperature profile in Fig. 6b indicates 
that the material is slowly cooling off as time passes. This is due to the thermal relaxation time; the higher the 
value, the longer it will take for the temperature to decrease. The increase in the graph of temperature profile in 
Fig. 6c is a representation of the relationship between the rate of heat transfer and the Biot number in a system. 
As the γ rises, the resistance to heat transfer upsurges and the temperature profile increases.

The impacts of the Schmidt number Sc , homogeneous parameter k1 , and heterogeneous parameter k2 on 
concentration fields are reported in Fig. 7a–c. The Sc is a ratio of the momentum diffusivity of a fluid to its 
mass diffusivity. As the value of the Sc upsurges, the concentration of the fluid upturns in Fig. 7a. An increase 
in values Sc  indicates that the momentum diffusivity of the fluid increases, which leads to an increase in the 
concentration profile. In Fig. 7b, it is noted that the φ(η) decrease for greater values of homogeneous number k1 . 
Physically, for greater values of k1 , the constructive reaction in the fluid decreases the mass transfer. Figure 7c 
further demonstrates the influence of k2 on the concentration profile. Here, a reduction in species concentration 
is observed for a higher estimation of k2 . It is also noted that the physical behaviour of the homogeneous and 
heterogeneous responses is consistent.

The validity of this investigation is demonstrated in Table 1, where the obtained results are the best match 
with the findings of previous research. In Table 2, the numerical results of the surface thermal gradient are deter-
mined for various physical parameter values. It is noted that the upsurge in the magnetic field number causes 
a reduction in the rate of heat transfer; however, the Reynolds parameter, Biot number, and Prandtl number 
exhibit the opposite trend.

Figure 6.  (a–c) The θ(η) via Pr , βt and γ.
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Conclusions
We analyzed the mass and heat transport in the Maxwell fluid rotating above the stretching and spinning cylinder 
and magnetic flux. The novelty of the current problem was to investigate homogeneous–heterogeneous reactions 
and the Cattaneo–Christov theory to predict the solutal and thermal energy transport mechanisms. Convective 
conditions were also considered at the boundary. The nonlinear physical problem representing the set of systems 
of ODEs was numerically integrated through the bvp4c scheme in Matlab 9.7 R2019b. The impacts of some 
governing parameters, namely the Maxwell parameter, magnetic number, Reynolds number, Prandtl parameter, 
Biot number, chemical reaction parameters and Schmidt number, on the flow, thermal and concentration profiles 
were graphically presented and discussed. The analysis leads to the following conclusions:

• The velocity was reduced in magnitude with the upsurge of the Maxwell parameter.
• The Reynolds parameter with a higher trend decreased the velocity and temperature profiles and increased 

the concentration distributions.

Figure 7.  (a–c) The φ(η) via Sc , k1 and k2 , respectively.

Table 1.  Axial f ′′(1) and swirl g ′(1) velocity gradients comparison values of for various Re when β1 = M = 0.

Re

f ′′(1) g ′(1)

Ref.14 Present Ref.14 Present

0.1 − 0.48960 − 0.4896012 − 0.51023 − 0.5102309

0.2 − 0.61425 − 0.6142532 − 0.52750 − 0.5275013

0.5 − 0.88702 − 0.8870254 − 0.58571 − 0.5857130

1.0 − 1.17963 − 1.1796310 − 0.68797 − 0.6879765

2.0 − 1.59399 − 1.5939980 − 0.87319 − 0.8731950

5.0 − 2.41748 − 2.4174843 − 1.28467 − 1.2846796

10 − 3.34445 − 3.3444567 − 1.81019 − 1.8101976
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• Greater values of the magnetic number reduced the velocity field’s radial, axial, and azimuthal components.
• The thermal relaxation time and Prandtl parameters were effective in lowering the fluid temperature.
• Chemical processes that are both homogeneous and heterogeneous have been discovered to have significant 

effects on lowering the concentration distribution.

The contribution of this work can lead to new lines of inquiry in the area of thin film flow over a rotating 
cylinder with some alternative stochastic numerical  computing50–55.

We believe that the recent upshots will deal with noteworthy information for complex issues within computer 
routines involving rotating Maxwell fluid with improved heat conduction and chemical reactions because of their 
numerous applications in processes of heat transfer, heat exchanger, biological processes, combustion, etc., and 
also utilize these results in experimental studies.

Data availability
All data generated or analysed during this study are included in this published article.

Received: 17 April 2023; Accepted: 13 September 2023

References
 1. Maxwell, J. C. On the dynamical theory of gases. Philos. Trans. R. Soc. 157, 49–88 (1867).
 2. Shafique, Z., Mustafa, M. & Mushtaq, A. Boundary layer flow of Maxwell fluid in rotating frame with binary chemical reaction 

and activation energy. Results Phys. 6, 627–633 (2016).
 3. Ali, B., Hussain, S., Nie, Y., Rehman, A. U. & Khalid, M. Buoyancy effects on Falkner Skan flow of a Maxwell nanofluid fluid with 

activation energy past a wedge: Finite element approach. Chin.  J. Phys. 68, 368–380 (2020).
 4. Hayat, T., Awais, M., Qasim, M. & Hendi, A. A. Effects of mass transfer on the stagnation point flow of an upper-convected Maxwell 

(UCM) fluid. Int. J. Heat Mass Transf. 54(16), 3777–3782 (2011).
 5. Hayat, T., Abbas, F., Awais, M. & Alsaedi, A. Magnetohydrodynamic stretched flow of Maxwell fluid in presence of homogene-

ous–heterogeneous chemical reactions by three different approaches. J. Comput. Theor. Nanosci. https:// doi. org/ 10. 1166/ jctn. 2014. 
3448 (2014).

 6. Awais, M., Hayat, T., Irum, S. & Alsaedi, A. Heat generation/absorption effects in a boundary layer stretched flow of Maxwell 
nanofluid: Analytic and numeric solutions. PLoS One 10(6), e0129814 (2015).

 7. Awais, M., Muhammad, N., Hayat, T. & Alsaedi, A. Chemical reaction effects in Maxwell fluid flow over permeable surface: Dual 
solutions. Int. J. Nonlinear Sci. Numer. Simul. https:// doi. org/ 10. 1515/ ijnsns- 2014- 0093 (2015).

 8. Saleem, S., Awais, M., Nadeem, S., Sandeep, N. & Mustafa, M. T. Theoretical analysis of upper-convected Maxwell fluid flow with 
Cattaneo–Christov heat flux model. Chin. J. Phys. 55(4), 1615–1625 (2017).

 9. Khan, M., Irfan, M. & Khan, W. A. Impact of heat source/sink on radiative heat transfer to Maxwell nanofluid subject to revised 
mass flux condition. Results Phys. 9, 851–857 (2018).

 10. Ali, B., Nie, Y., Hussain, S., Manan, A. & Sadiq, M. T. Unsteady magnetohydrodynamic transport of rotating Maxwell nanofluid 
flow on a stretching sheet with Cattaneo–Christov double diffusion and activation energy. Therm. Sci. Eng. Prog. 20, 100720 (2020).

 11. Arain, M. B., Bhatti, M. M., Zeeshan, A., Saeed, T. & Hobiny, A. Analysis of Arrhenius kinetics on multiphase flow between a pair 
of rotating circular plates. Math. Probl. Eng. 2020, 1–17 (2020).

 12. Abro, K. A., Siyal, A., Souayeh, B. & Atangana, A. Application of statistical method on thermal resistance and conductance during 
magnetization of fractionalized free convection flow. Int. Commun. Heat Mass Transf.  119, 104971 (2020).

 13. Sadiq, K., Jarad, F., Siddique, I. & Ali, B. Soret and radiation effects on mixture of ethylene glycol-water (50%–50%) based Maxwell 
nanofluid flow in an upright channel. Complexity 2021, 1–12 (2021).

 14. Fang, T. & Yao, S. Viscous swirling flow over a stretching cylinder. Chin. Phys. Lett. 28, 114702 (2011).
 15. Fang, T. Flow over a stretchable disk. Phys. Fluids 19(12), 128105 (2007).
 16. Sprague, M. A. & Weidman, P. D. Three-dimensional flow induced by torsional motion of a cylinder. Fluid Dyn. Res. 43, 015501 

(2011).
 17. Ahmed, A., Khan, M. & Ahmed, J. Thermal analysis in swirl motion of Maxwell nanofluid over a rotating circular cylinder. Appl. 

Math. Mech.-Engl. Ed. 41, 1417–1430 (2020).
 18. Ahmed, A., Khan, M. & Ahmed, J. Mixed convective flow of Maxwell nanofluid induced by vertically rotating cylinder. Appl. 

Nanosci. 10, 5179–5190 (2020).

Table 2.  Nu for various values of emerging parameters such as β = 0.01 , βt = 0 , Sc = 1.0 , k1 = 0.1 , k2 = 0.5.

Pr Re M γ Nu

2.0 0.01 0.01 0.2 0.7363146

2.5 0.7601068

3.0 0.7783884

2.0 3.0 0.7699975

4.0 0.7925048

5.0 0.8090123

2.0 0.1 0.7409156

0.3 0.7385680

0.6 0.7352207

0.5 0.7 0.9324871

0.9 1.0944860

1.1 1.2305260

https://doi.org/10.1166/jctn.2014.3448
https://doi.org/10.1166/jctn.2014.3448
https://doi.org/10.1515/ijnsns-2014-0093


12

Vol:.(1234567890)

Scientific Reports |        (2023) 13:15583  | https://doi.org/10.1038/s41598-023-42679-w

www.nature.com/scientificreports/

 19. Ahmed, J. et al. Thermal analysis in swirling flow of titanium dioxide–aluminum oxide water hybrid nanofluid over a rotating 
cylinder. J. Therm. Anal. Calorim. 144, 2175–2185 (2021).

 20. Ghoneim, M. E., Ahmed, J., Ali, W. & Yassen, M. F. Carbon nanotubes (CNT) based nanofluid flow due to a rotating cylinder: 
Static and dynamics models. Microfluid Nanofluid 26, 83 (2022).

 21. Fourier, J. B. J. Theories Analytique De La Chaleur 499–508 (Didot, 1822).
 22. Awan, S. E. et al. Numerical computing paradigm for investigation of micropolar nanofluid flow between parallel plates system 

with impact of electrical MHD and hall current. Arab. J. Sci. Eng. 46, 645–662 (2021).
 23. Qureshi, I. H. et al. Influence of radially magnetic field properties in a peristaltic flow with internal heat generation: Numerical 

treatment. Case Stud. Therm. Eng. 26, 101019 (2021).
 24. Awan, S. E., Raja, M. A. Z., Mehmood, A., Niazi, S. A. & Siddiqa, S. Numerical treatments to analyze the nonlinear radiative heat 

transfer in MHD nanofluid flow with solar energy. Arab. J. Sci. Eng. 45, 4975–4994 (2020).
 25. Awan, S. E. et al. Numerical treatment for dynamics of second law analysis and magnetic induction effects on ciliary induced 

peristaltic transport of hybrid nanomaterial. Front. Phys. 9, 631903 (2021).
 26. Parveen, N. et al. Thermophysical properties of chemotactic microorganisms in bio-convective peristaltic rheology of nano-liquid 

with slippage, Joule heating and viscous dissipation. Case Stud. Therm. Eng. 27, 101285 (2021).
 27. Awais, M., Awan, S. E., Raja, M. A. Z. & Shoaib, M. Effects of gyro-tactic organisms in bio-convective nano-material with heat 

immersion, stratification, and viscous dissipation. Arab. J. Sci. Eng. 46, 5907–5920 (2021).
 28. Cattaneo, C. Sulla conduzionedelcalore. Atti Semin. Mat. Fis. Univ. Modena Reggio Emilia 3, 83–101 (1948).
 29. Christov, C. I. On frame indifferent formulation of the Maxwell–Cattaneo model of finite speed heat conduction. Mech. Res. Com-

mun. 36, 481–486 (2009).
 30. Sui, Y., Teo, C. J., Lee, P. S., Chew, Y. T., & Shu, C. Fluid flow and heat transfer in wavy microchannels. Int. J. Heat Mass Transf. 53, 

2760–2772 (2010).
 31. Sheikholeslami, M., Ganji, D. D., Javed, M. Y., & Ellahi, R. Effect of thermal radiation on magnetohydrodynamics nanofluid flow 

and heat transfer by means of two phase model. J. Magn. Mater. 374, 36–43 (2015).
 32. Khan, W. A., Irfan, M. & Khan, M. An improved heat conduction and mass diffusion models for rotating flow of an Oldroyd-B 

fluid. Results Phys. 7, 3583–3589 (2017).
 33. Rezaei, O., Akbari, O. A., Marzban, A., Toghraie, D., Pourfattah, F., & Mashayekhi, R. The numerical investigation of heat transfer 

and pressure drop of turbulent flow in a triangular microchannel. Phys. E. Low. Dimens. Syst. Nanostruct. 93, 179–189 (2017).
 34. Irfan, M., Khan, M. & Khan, W. A. On model for three-dimensional Carreau fluid flow with Cattaneo–Christov double diffusion 

and variable conductivity: A numerical approach. J. Braz. Soc. Mech. Sci. Eng. 40(12), 1–10 (2018).
 35. Irfan, M., Khan, M. & Khan, W. A. Interaction between chemical species and generalized Fourier’s law on 3D flow of Carreau fluid 

with variable thermal conductivity and heat sink/source: A numerical approach. Results Phys. 10, 107–117 (2018).
 36. Han, S., Zheng, L., Li, C. & Zhang, X. Coupled flow and heat transfer in viscoelastic fluid with Cattaneo–Christov heat flux model. 

Appl. Math. Lett. 38, 87–93 (2014).
 37. Upadhya, S. M. & Raju, C. S. K. Cattaneo–Christov heat flux model for magnetohydrodynamic flow in a suspension of dust particles 

towards a stretching sheet. Nonlinear Eng. 7, 237–246 (2018).
 38. Farooq, M., Ahmad, S., Javed, M. & Anjum, A. Analysis of Cattaneo–Christov heat and mass fluxes in the squeezed flow embedded 

in porous medium with variable mass diffusivity. Results Phys. 7, 3788–3796 (2017).
 39. Saleem, S., Awais, M., Nadeem, S., Sandeep, N. & Mustafa, M. T. Theoretical analysis of upper convected Maxwell fluid flow with 

Cattaneo–Christov heat flux model. Chin. J. Phys. 55, 1615–1625 (2017).
 40. Awais, M., Awan, S. E., Iqbal, K., Khan, Z. A. & Raja, M. S. Z. Hydromagnetic mixed convective flow over a wall with variable 

thickness and Cattaneo–Christov heat flux model: OHAM analysis. Result Phys. 8, 621–627 (2018).
 41. Aqsa, M. Y., Malik, A. & Imtiaz, M. Awais, Rheology of Burgers’ model with Cattaneo–Christov heat flux in the presence of heat 

source/sink and magnetic field. Sci. Iran. 26, 323–330 (2019).
 42. Awais, M. et al. Hall effect on MHD Jeffrey fluid flow with Cattaneo–Christov heat flux model: An application of stochastic neural 

computing. Comp. Intell. Syst. 8, 5177–5201 (2022).
 43. Ali, A., Khatoon, R., Ashraf, M. & Awais, M. Cattaneo–Christov heat flux on MHD flow of hybrid nanofluid across stretched cyl-

inder with radiations and Joule heating effects. Waves Rand. Comp. Med. https:// doi. org/ 10. 1080/ 17455 030. 2022. 21455 24 (2022).
 44. Khan, M., Ahmed, J. & Ahmad, L. Chemically reactive and radiative von Karman swirling flow due to a rotating disk. Appl. Math. 

Mech. Eng. Ed. 39, 1295–1310 (2018).
 45. Hayat, T., Qayyum, S., Imtiaz, M. & Alsaedi, A. Homogeneous–heterogeneous reactions in nonlinear radiative flow of Jeffrey fluid 

between two stretchable rotating disks. Res. Phys. 7, 2557–2567 (2017).
 46. Ahmed, J., Khan, M. & Ahmad, L. Effectiveness of homogeneous–heterogeneous reactions in Maxwell fluid flow between two 

spiraling disks with improved heat conduction features. J. Therm. Anal. Calor. https:// doi. org/ 10. 1007/ s10973- 019- 08712-9 (2019).
 47. Khan, M., Ahmed, J. & Ali, W. An improved heat conduction analysis in swirling viscoelastic fluid with homogeneous–heterogene-

ous reactions. J. Therm. Anal. Calorim. 143, 4095–4106 (2021).
 48. Awais, M., Hayat, T. & Ali, A. 3-D Maxwell fluid flow over an exponentially stretching surface using 3-stage Lobatto IIIA formula. 

AIP Adv. 6(5), 055121 (2016).
 49. Ahmad, I. et al. A novel application of Lobatto IIIA solver for numerical treatment of mixed convection nanofuidic model. Sci. 

Rep. 11, 4452 (2021).
 50. Raja, M. A. Z. et al. Integrated intelligent computing application for effectiveness of Au nanoparticles coated over MWCNTs with 

velocity slip in curved channel peristaltic flow. Sci. Rep. 11, 22550 (2021).
 51. Awais, M., Bibi, M., Raja, M. A. Z., Awan, S. E. & Malik, M. Y. Intelligent numerical computing paradigm for heat transfer effects 

in a Bodewadt flow. Surf. Interf. 26, 101321 (2021).
 52. Awan, S. E., Raja, M. A. Z., Awais, M. & Shu, C. M. Intelligent Bayesian regularization networks for bio-convective nanofluid flow 

model involving gyro-tactic organisms with viscous dissipation, stratification and heat immersion. Eng. Appl. Comput. Flu. Mech. 
15(1), 1508–1530 (2021).

 53. Shoaib, M., Raja, M. A. Z., Khan, M. A. R., Farhat, I. & Awan, S. E. Neuro-computing networks for entropy generation under the 
influence of MHD and thermal radiation. Surf. Interf. 25, 101243 (2021).

 54. Awan, S. E., Raja, M. A. Z., Awais, M. & Bukhari, S. H. R. Backpropagated intelligent computing networks for 3D nanofluid rheol-
ogy with generalized heat flux. Wav. Rand. Comp. Med. https:// doi. org/ 10. 1080/ 17455 030. 2022. 20394 17 (2022).

 55. Raja, M. A. Z., Awan, S. E., Shoaib, M. & Awais, M. Backpropagated intelligent networks for the entropy generation and joule 
heating in hydromagnetic nanomaterial rheology over surface with variable thickness. Arab. J. Sci. Eng. 47, 7753–7777 (2022).

Author contributions
J.A. wrote the main manuscript text, F.N. and N.M.G. prepared Figs. 1, 2, 3, 4, 5, 6 and 7. All authors reviewed 
the manuscript.

https://doi.org/10.1080/17455030.2022.2145524
https://doi.org/10.1007/s10973-019-08712-9
https://doi.org/10.1080/17455030.2022.2039417


13

Vol.:(0123456789)

Scientific Reports |        (2023) 13:15583  | https://doi.org/10.1038/s41598-023-42679-w

www.nature.com/scientificreports/

Competing interests 
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to J.A.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.

Open Access  This article is licensed under a Creative Commons Attribution 4.0 International 
License, which permits use, sharing, adaptation, distribution and reproduction in any medium or 

format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the 
Creative Commons licence, and indicate if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the 
material. If material is not included in the article’s Creative Commons licence and your intended use is not 
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from 
the copyright holder. To view a copy of this licence, visit http:// creat iveco mmons. org/ licen ses/ by/4. 0/.

© The Author(s) 2023

www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Significance of thermal relaxation on energy transport of Maxwell fluid rotating over a cylindrical surface with homogeneous–heterogeneous reactions
	Problem formulation
	Numerical solution
	Discussion
	Conclusions
	References


