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Significance of heat transfer rate 
in water‑based nanoparticles 
with magnetic and shape factors 
effects: Tiwari and Das model
Syed Asif Ali Shah 1, Shumaila Kanwal 1, Muhammad Idrees 1, Asif Mahmood 2, 
Irfan Mahmood 3, Ali Akgul 4 & Abdul Bariq 5*

Nanofluids are implementable in a variety of applications, such as heat exchangers, the healthcare 
sector, the cooling of various devices, hybrid‑powered machines, microelectronics, power plants, 
chemical processes, astronomical technology, cancer treatment, etc. Nanofluids also have enhanced 
heat transmission and thermal efficiency. The heat radiation of nanoparticles and the natural‑
convective flow of electrically conducting nanofluids over the rotating disk using Darcy Forchheimer’s 
porous media, thermal radiation is investigated in this paper. The nanoparticles titanium dioxide 
and single‑walled carbon nanotubes are taken into account with base fluid water. The main goal 
of this investigation is to enhance heat transfer in nanofluids. The mathematical solution for the 
model has been obtained through the utilization of cylindrical coordinates. The flow model, which 
forms the basis of the investigation, is constructed around partial differential equations (PDEs). To 
address the inherent nonlinearity of these PDEs, physical similarities are employed to transform 
them into ordinary differential equations (ODEs). Subsequently, the fourth‑order Runge–Kutta 
technique is employed via Matlab to solve these ODEs. The graphical examination of the velocities 
and temperature with various parameters is an exquisite display of scientific artistry. The magnetic 
field component is anticipated to exhibit an inverse correlation with velocities, while the temperature 
profile is expected to surge with the rise of the nonlinear mixed convection parameter. Additionally, 
the skin friction and Nusselt number are meticulously computed and presented in a tabular format, 
adding a touch of elegance to the already breathtaking analysis. By boosting the radiation parameter, 
the Nusselt value declined. Moreover, it is observed that the nanofluids having a laminar nanoparticle 
shape have a greater heat transfer rate.

List of symbols
ρf   Base fluid density
νnf   Dynamic viscosity of nanofluid
M  Magnetic parameter
(ū∗, v̄∗, w̄∗)  Velocity components
g  Dimensionless secondary velocity
Pr  Prandtl number
N̄u

∗

r   Nusselt number
αnf   Thermal diffusivity of nanofluid
θ  Dimensionless temperature
�1 , �2  Mixed convection due to temperature
αnf   Thermal diffusivity of nanofluid
νnf   Kinematic viscosity of nanofluid
T∗

∞  Temperature away from the surface
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Rd  Radiation parameter
T̄∗  Non-dimensional temperature
f̄ ′  Dimensionless primary velocity
L̄∗1  Wall slip coefficient
m  Nanoparticles shape factors
α  Velocity slip coefficient
V  Velocity in vector form
ḡ ′  Dimensionless secondary velocity
η  Dimensionless variable
ρCp  Heat capacity
Knf   Thermal conductivity of nanofluid
Fr  Darcy forchheimer coefficient
βT  Quadratic convection parameter
t̄∗r   Tangential stress
t̄∗θ   Radial stress
(r̄∗,ϕ, z̄∗)  Spherical coordinates �̄∗ angular velocity

In recent years, nanofluids have garnered a considerable amount of interest owing to their utilization in engi-
neering and industrial sectors. Choi and  Eastman1 made the initial nanofluid. To improve the thermophysical 
characteristics, other authors add their work in different ways of research. Overall, it is obvious that the employ-
ment of nanoparticles is essential for the industrial conditioning needed in the last stage of material production, 
tumor treatment, etc. The research of rotating disk-induced flows is widely used in many different applications, 
such as engines for gas turbines and motors, biomedical fields, spinning air filters, petroleum sciences, and 
food recent advancements. The study of these flows has experienced a recent surge in interest. Von-Karman2 
conducted an important study on the continuous flow produced by the consistently high spinning of an infinite 
disk.  Cochran3 studied the flow because of the rotating disk and he was able to asymptotically solve the stable 
hydrodynamic issue by utilizing the Von-Karman modifications. Ramzan et al.4 delved into the intricate impact 
of mixed convection in the presence of a magnetic field. Ganvir et al.5 expounded on the fascinating properties 
and thermal transmission rate in nanofluids. They illuminated the multifaceted relationship between tempera-
ture and matter, elucidated the ingenious use of surfactants in stabilizing nanoparticles, explicated the role of 
convection in heat transfer, elaborated on the diverse effects of thermal characteristics, and expounded on the 
intriguing influence of particle size. The calculation of heat transfer on the surface is intricately linked to the 
thermal conductivity and the thickness of connected layers.. Sadiq et al.6 analyzed thermal transfer for an axially 
symmetric nanofluid flow by Das and Tiwari model that was imposed parallel to a spiraled disk that is uniformly 
spinning and spreading radially.

Mustafa et al.7 studied the nanofluid flow of ferromagnetic Fe3O2 particles with base fluid suspended in a 
homogenous suspension over the rotating disk. Their research shows that by boosting the actual volume fraction 
of magnetic nanoparticles, the rate of surface temperature distribution can be enhanced. Reza-E-Rabbi et al.8 
investigated the movement of multiphase fluid flow over a stretching sheet in the presence of nanoparticles using 
numerical models. They observed that the heat transfer c profiles are increased as a result of an elevation in the 
porous parameter. The effect of the thickness of connecting layers on thermophysical characteristics was covered 
by Lenin et al.9. They evaluated that their research is helpful for the efficiency of thermal properties and use in 
their profitable applications. In the midst of the presence of both fundamental materials, Ali et al.10 explored the 
profound significance of fluctuating nanomaterial radii for the non-Newtonian stream of nanofluid instigated 
by an expanding sheet. The study of magneto-hydrodynamics (MHD) steady flow in a Porous medium filled 
with Copper nanoparticles with base fluids water was conducted by Hayat et al.11. They meticulously examined 
the impact of partial slip and heat radiation. Shah et al.12 studied MHD nanofluid flow across the Riga plate. In 
this paper, they analyzed that the heat transfer rate enhanced for magnetic and thermal radiation parameters. 
Jamshed et al.13. conducted their research by incorporating two distinct types of nanofluids; one composed of 
titanium oxide engine oil and the other composed of copper engine oil. Their results demonstrate that a rise 
in both the Reynolds and Brinkman numbers leads to a notable augmentation in the system’s entropy. Nayak 
et al.14. examined the effect of Darcy Forchheimer on velocity and temperature using the Tiwari–Das model. 
They analyzed that thermal profile boosted for larger inputs of thermal radiation parameter.

To regulate the motion of nanofluid, a numerical method for mass and heat transfer enhancement/reduction 
is defined, which is studied with reactive chemicals flow passing a stretched surface that is inclined, by Reza-E-
Rabbi et al.15. Ramzan et al.16 analyzed the effects of velocity and thermal slip variables on the magnitude of the 
velocity and Brownian motion coefficient by the Tiwari–Das model. They concluded that the temperature and 
concentration profiles increased for the thermophoretic parameter. Haq et al.17 studied the two-dimensional 
radiative mixed convective flows of nanofluid and non-Darcy porous substances that appeared on a wavy inclined 
surface. It is analyzed that an increase in thermophoresis and Brownian motion parameters yields a decrease in 
the rate of heat transfer. Ali et al.18 evaluated the motion of chemically linked species using the Arrhenius activa-
tion energy. In profitable and technological sectors of the industry, such as lubrication systems, cancer therapy, 
and solar cell enhancement, nanofluids are being used more and more. Sreedevi et al.19 conducted a numerical 
analysis using the Tiwari–Das model to investigate the temperature exchange and fluid flow characteristics of 
water-Ag-based reactive nanofluids on the inner part of a square hollow. The study was carried out under typical 
conditions on the horizontal walls and temperature-equivalent conditions on both sides of the walls.

When free/natural convection and enforced convection techniques work with each other to transport heat, 
this is known as mixed convection in the field. Safdar et al.20 studied mixed-convection MHD nanofluid flow 
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across a stretched surface. They observed that the temperature profiles enhanced for higher input of radiation 
parameter.  Xu21 investigated the spinning disk-induced mixed convection of a hybrid nanofluid. They simulate 
the situation, and a basic homogeneous flow model that explains nanofluids with nanoparticles of several types is 
constructed. Reza-E-Rabbi et al.22 analyzed the properties of fluid flow and heat transmission. They determined 
that a linear pattern is used to estimate the radiative heat flux. Bachok et al.23 studied the nanofluids flow with 
heat transfer across the spinning disk by Das and Tiwari model and the research outcomes of this research can 
be applied to the development of an efficient air conditioning network for electrical parts, thereby assisting in 
the creation of specific operating settings that is simultaneously efficient and secure. Fallah et al.24 analyzed that 
their research could be applied to rotating MHD energy sources for future space systems and heat conversion 
techniques for nuclear-powered spacecraft. Gamachu and  Ibrahim25 analyzed that a higher volume percentage 
of alumina and silver nanoparticles can manage the distribution of temperature and concentration in mixed 
convection flow of hybrid nanofluid over the rotating disk.

Reza-E-Rabbi et al.26 analyzed the impact of heat radiation on MHD Casson nanofluid flow across a stretched 
sheet. They examined that the streamlines declined with the increase of the magnetic parameter. Prasad et al.27 
observed a spinning disk with no mass flux and mixed convection Williamson flow of nanofluids. They ana-
lyzed the high amount of the heat buoyancy term increases the velocity and the concentration buoyancy factor 
decreases the velocity. Ahamd et al.28 observed the Maxwell nanofluid mixed convective flow induced by the 
rotating cylinder and also they noted that the swirl velocity and temperature were decreased and axial velocity 
was enhanced by greater values of the buoyancy and mixed convection variable. Dinarvand and  Pop29 conducted 
a study on the laminar free convective flow and thermal transmission in an electrically conducting nanofluid of 
copper/water across a spinning downward-pointing vertical cone by utilizing the Tiwari–Das nanofluid tech-
nique. Their findings were quite intriguing. Rawat et al.30, on the other hand, delved into the study of MHD 
Cu-Water nanofluid flow, using Buongiorno’s model in the existence of heat radiation and chemical processes. 
They concluded that as the thermal relaxation parameter increases, both temperature and concentration curves 
decline. Finally, Mustafa et al.31 explored the impacts of MHD on the mixed convection flow of nanofluid par-
ticles in a stagnation area across a vertical plate, using copper and alumina nanofluid. Their findings were quite 
remarkable and insightful.

It is observed from the above literature that no one looked into the nanofluid flow over the rotating disk 
with the Tiwari and Das model. The novelties of this research include: (1) The impact of linear/nonlinear mixed 
convection is analyzed. (2) The impact of heat radiation is computed. (3) Tiwari–Das model is considered. (4) 
The nanoparticles TiO2 and SWCNT are taken into and base fluid is water. (5) The slip parameters are examined. 
(6) The effect of different nanoparticles shape factors is analyzed. Moreover, The current study will address the 
following issues:

• What will be the impacts of magnetic, Darcy-Forchheimer, and mixed convection parameters on primary 
and secondary velocities?

• What will be the trend of temperature profile against shape factors, magnetic, thermal radiation, and Darcy-
Forchheimer parameters?

• What will be the influence of magnetic, thermal radiation, Darcy-Forchheimer, shape factors, and mixed 
convection parameters over skin friction number and Nusselt number?

Mathematical formulation
If (r̄∗,ϕ, z̄∗) is the collection of spherical coordinates, and the disk is positioned at z̄∗ = 0 and the flow is gener-
ated by the disk rotating in the direction of the positive ϕ at a constant angular velocity of �̄∗ . The fluid flow 
of nanoparticles expands over an infinitely large rough disk. The nanofluid flow velocity’s components are ū∗ , 
v̄∗ and w̄∗ in the orientations of (r̄∗,ϕ, z̄∗) . The ambient temperature, indicated by (T∗) , is reached a significant 
space from the boundary while the wall temperature is maintained consistently at T∗

∞
 = (T∗

w) . The partial slip 
situations are considered appropriate since the basic level of roughness at the disk is assumed to be lower than 
the difference among boundary layers. A constant (Bo) magnetic field that acts axially. The magnetic field is 
likely to be omitted because the magnetic Reynolds ratio is so negligible. The flow problem is depicted in Fig. 1.

The following governing equations are given in vector  form32,33

The equation system can be converted into consecutive approaches using the model of Tiwari–Das31.

(1)∇ .V =0,

(2)(V .∇)ū∗ = −
1

ρnf
∇p+

µnf

ρnf
∇

2V −
σnf

ρnf
B∗20 ū∗ +

1

ρnf
ḡ∗
[

�1(T̄∗ − T∗

∞
)+ (�2(T̄∗ − T∗

∞
)2
]

− Fū∗2,

(3)(V .∇)v̄∗ =
µnf

ρnf
∇

2V −
σnf

ρnf
B∗20 v̄∗ +

1

ρnf
ḡ∗
[

�1(T̄∗ − T∗

∞
)+ (�2(T̄∗ − T∗

∞
)2
]

− Fv̄∗2,

(4)ρnf (V .∇)w =−∇p+ µnf∇
2w,

(5)(V .∇)T =αnf∇
2T −∇ .qr .
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The following boundary conditions apply to the  problem34.

Here g∗ is the gravitational acceleration, p̄∗ indicates pressure, �1 is mixed convection due to temperature, and 
L∗1 stands for the wall slip ratio in this instance.

The dynamic viscosity of the base fluid µnf  are considered as  follows16:

The dynamic viscosity of the base fluid ρnf  are considered as  follows7,35:

The following form consideration for thermal conductivity knf  taken  from14,36:

(6)
∂ū∗

∂ r̄∗
+

ū∗

r̄∗
+

∂w̄∗

∂ z̄∗
= 0,

(7)

(

∂ū∗

∂ r̄∗
ū∗ −

v̄∗2

r̄∗
+

∂ū∗

∂ z̄∗
w̄∗

)

= −
1

ρnf

∂p∗

∂ r̄∗
+
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(

∂2ū∗
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1

r̄∗
∂ū∗
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−

ū∗

r̄∗2
+

∂2ū∗

∂ z̄∗2

)

−
σnf

ρnf
B∗20 ū∗ +

1
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�1(T̄∗ − T∗

∞
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∞
)2
]

− Fū∗2,

(8)

(
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∂ r̄∗
ū∗ −
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+
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)

=
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ρnf

(
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1
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(10)
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(11)
when z̄∗ = 0, w̄∗ = 0, v̄∗ = r̄∗�̄∗, ū∗ = L∗1

∂ū∗

∂ z̄∗
, T̄∗ = T∗

w ,
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∞
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(12)µnf =
µ

(1− φ)2.5
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f
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s
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Figure 1.  Geometry of the nanoparticles flow.
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The thermal diffusivity of the nanodfluid αnf  are considered as  follows19:

The previous research failed to acknowledge the intricate relationship between electrical conductivity and volume 
fraction. Despite the fact that nanoparticles exhibit a significantly higher electrical conductivity than their base 
liquids, it is well established that the electrical conductivity of the resulting nanofluid will vary as the volume 
of nanoparticles increases. Hence, the esteemed work  of23 has deduced the effective electrical conductivity σnf .

The characteristics of nanoparticles and the base fluid shown in Table 1.
The resultant PDEs can be turned into ODEs by using the approximate solution listed  here11:

Although f̄  , ḡ θ , and φ are non-dimensional variables, η is the non-dimensional length through the axis of rota-
tional. Using the similarity transformation ratio from the previous Eqs. (6 and 10) have similar justifications. 
Eqs. (7, 8, 10) are reorganized as follows:

The boundary conditions are altered as:

Here prime derivative indicate by f̄ ′ and ḡ ′ with respective to η , α = L∗1

√

2�̄∗

νf
 is stand for velocity slip variable, 

Pr =
νf
αf

 denotes the Prandtl number, βT =
�2

�1

(

T∗
w − T∗

∞

)

 is stand for quadratic convection variable due to 

temperature, χT =
ḡ∗�1

(

T̄∗
−T∞)

)

2r�̄2ρf
 is a nonlinear mixed convection parameter due to temperature, Rd =

4σ1T
3
∞

KKf
 

stands for thermal radiation.
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=
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(
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)
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3

(
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σf

− 1

)

φ
(

σs
σf

+ 2

)

−

(

σs
σf

− 1

)

φ
.
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√

2�̄∗

νf
, ū∗ = r̄∗�̄∗ f̄ ′(η), v̄∗ = r̄∗�̄∗ḡ(η), w̄∗ = −

√

2νf �̄
∗ f̄ (η),
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∞

− µf �̄
∗P(η), T̄∗

=
(

T∗

w − T∗

∞

)

θ(η)+ T∗

∞
.

(19)

1

(1− φ)2.5
(

1− φ + φ
ρs
ρf

) f̄ ′′′ + f̄ ′′ f̄ −
1

2
(f̄ ′)2 +

1

2
ḡ2 −

σnf
σf

(

1− φ + φ
ρs
ρf

)Mf̄ ′

+
1

(

1− φ + φ
ρs
ρf

)χT (1+ βTθ)θ − Fr(f̄
′)2 = 0,

(20)

1

(1− φ)2.5
(

1− φ + φ
ρs
ρf

) ḡ ′′ + ḡ ′ f̄ − ḡ f̄ ′ −

σnf
σf

(

1− φ + φ
ρs
ρf

)Mḡ +

(

1− φ + φ
ρs

ρf

)

χT

(1+ βTθ)θ − Fr(ḡ
′)2 = 0,

(21)
(

knf

kf
+

4

3
Rd

)

θ ′′ + Pr(1− φ)2.5
(

1− φ + φ
ρs

ρf

)

f̄ θ ′ = 0.

(22)when η = 0, ḡ = 1, f̄ ′ = αf̄ ′′, θ = 1, f̄ = 0,

(23)when η → ∞, θ → 0, f̄
′

→ 0, P̄∗ → 0, ḡ → 0.

Table 1.  Thermal and physical aspects of two nanoparticles and  water37,38.

Nanoparticles/base fluid TiO2 SWCNT H2O

ρ(kg m−3) 4250 2600 997.1

Cp(J kg
−1.K−1) 686.2 425 4179

k(W m−1.K−1) 8.95 6600 0.6129
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It should be noted that nanofluid pressure can be easily determined by integrating Eq. (10). The frictional 
force acting on a disk with radius R, in accordance with the definite integral, is the value that is of a practical 
problem in this case.

Additionally, the tangential stress τ̄ ∗r  is

Radial stress τ̄θ is

which results in the subsequent skin friction coefficient:

In order to calculate the local Nusselt number N̄ur , we add the heat fluxes caused by nanoparticle diffusion and 
conduction,

The zero wall mass flux supposition, it should be emphasized, removes the wall heat flux caused by nanoparticle 
diffusion. Eq. 28 does have the form given by Eq. 18 where the disk’s heat flow is present is q′′ = −k ∂T̄∗

∂ z̄∗ .

Numerical solution
Here, a novel shooting technique and a direct discretization strategy have been innovated in order to tackle 
boundary value quandaries. It is imperative to employ an infallible, high-order approach that can proficiently sur-
mount general, nonlinear boundary value issues. Fortunately, the RK method, a user-friendly and advantageous 
resource offered by MATLAB, can competently address relatively intricate conundrums. The method employs an 
iterative framework that effectively solves nonlinear systems of equations. Let’s replace Z1 = f̄  , Z2 = f̄

′ , Z3 = f̄
′′ , 

Z4 = ḡ , Z5 = ḡ
′ , Z6 = θ , Z7 = θ

′ . Thus, the ordinary differential equations Eqs. (19–21) along with boundary 
conditions Eqs. (22, 23) can be written as:
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along with the boundary conditions:

Verification. We verified the results of skin friction and Nusselt number with Yin et al.34 and  Acharya37 in 
order to confirm the accuracy of our most recent research, with Pr = 6.2 (water at 300 K) and set all other vari-
ables to zero. There is a high degree of agreement with the body of literature, as seen in Table 2.

Result and discuusion
Some significant results are obtained by solving the transform Eqs. (19-21) along boundary conditions (22, 23) 
are described in this section. Runge-Kutta of order four is the technique used for numerical solutions. Exten-
sive computational work is done to determine the effects on f̄ ′ , ḡ , and θ along with the variational behavior of 
parameters. The flow chart of the current study is shown in Fig. 2. Figure 3 shows that the shape factor m depends 
on the various particle  shapes39. In this context, the term “shape factor” refers to a value that is influenced by an 
object’s shape but unaffected by its dimensions.

Table 3 shows the numerical calculation of skin friction for TiO2/H2 O and SWCNT/H2 O nanofluid with 
various parameters. It can be noticed that the value of skin friction for TiO2/H2 O and SWCNT/H2 O increases 
with the high value of the magnetic parameter and Darcy Forchheimer are increased but decreased with mixed 
convection variable. Table 4 shows the computational calculation of the Nusselt number for TiO2/H2 O and 
SWCNT/H2 O nanofluid with various parameters. It can be noticed that the value of Nusselt number for TiO2

/H2 O and SWCNT/H2 O decrease with the high value of the magnetic parameter, Darcy Forchheimer, and 
thermal radiation parameter while it has increasing behavior for different nanoparticles shape factors. Table 4 
shows that the enhancement in heat transfer rate is greatest for laminar shape nanoparticles and least for sphere 
shape nanoparticles.

The velocity profiles against different values of parameters are shown in Figs. 4, 5, 6, 7, 8 and 9. Figure 4 
shows the velocity profile for various inputs of α1 with TiO2/H2 O and SWCNT/H2 O nanofluids. Increase in α1 
raises f̄ ′ . At a specific increment in α1 , f̄ ′ rises gradually with an increase in η and reaches its maximum value 
at a predetermined distance. This is because the interaction between the liquid and solid phases within the 
nanofluid is directly influenced by the velocity slip variable. Figure 5 shows the primary velocity of TiO2/H2 O 
and SWCNT/H2 O nanofluid are increase with the increasing of βT.The increase in mixed convection variable 
βT for different values, the velocity profile of TiO2/H2 O and SWCNT/H2 Onanofluid enhance. This is due to 
the fact that when the buoyancy on free convection gets significant, mixed convection occurs. A higher mixed 
convection parameter βT indicates that natural convection (buoyancy) will have a greater impact. The differ-
ence in density brought on by temperature gradients tends to promote fluid motion during natural convection. 
Stronger temperature gradients may result from this, and then the primary velocity increases. Figures 6, 7 explain 
how the velocities profile varies for different values of Fr in comparison to the TiO2/H2 O and SWCNT/H2 O 
nanofluid. Both components of velocity decrease with the increase of Fr because of the inertial resistance, which 
is shown by a higher Darcy-Forchheimer value. Figures 8, 9 show the graph of velocities with magnetic variables. 
It can be noticed that both velocities fall in the TiO2/H2 O and SWCNT/H2 O nanofluid with the enhancement 
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(38)at η → ∞ Z′
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Table 2.  A comparison of f ′(0) and −θ
′

(0) for Pr = 6.2.

Yin et al.34 Acharya et al.37 Our outcomes

f̄ ′(0) 0.51022941 0.5102295 0.510229497

−θ
′

(0) 0.93387285 0.9338728 0.933872789



8

Vol:.(1234567890)

Scientific Reports |        (2023) 13:15507  | https://doi.org/10.1038/s41598-023-42480-9

www.nature.com/scientificreports/

of magnetic variable M. This is due to the fact that the Lorentz force is imposed by the presence of a transverse 
magnetic field, which impedes the velocity field. The velocity profiles decrease as a result of the retarding force 
rising in tandem with the values of M.

The velocity profiles against different values of parameters are shown in Figs. 10, 11, 12, 13 and 14. Figure 10 
shows the magnetic parameter effect on the temperature profile. It can be noticed that with the high values of 
the magnetic variable M, the temperature-enhanced in SWCNT/H2 O and TiO2/H2 O nanofluids. This is due to 
the opposing Lorentz force, which crosses the fluid motion and generates heat. Figure 11 shows the temperature 

Figure 2.  Schematic representation of the current study.

Figure 3.  Shape factors for various  particles39.
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Table 3.  Skin friction coefficient numerical results against various parameter inputs.

M Fr βT

Re0.5C̄f Re0.5C̄f

TiO2-H2O SWCNT-H2O

0.6 1.1008 1.0840

1.0 1.2721 1.2588

1.4 1.4286 1.4173

0.5 0.4 1.2399 1.2280

0.9 1.3943 1.3754

1.4 1.5341 1.5092

0.5 0.3 1.2722 1.2587

0.7 1.2719 1.2583

1.1 1.2716 1.2580

Table 4.  Nusselt number numerical results against various parameter inputs.

M Fr Rd m

Re−0.5N̄ur Re−0.5Nu

TiO2-H2O SWCNT-H2O

0.6 0.2990 0.2920

1.0 0.2159 0.2084

1.4 0.1649 0.1589

0.5 0.4 0.2201 0.2123

0.9 0.2012 0.1947

1.4 0.1863 0.1808

0.5 0.5 0.2397 0.2310

1.0 0.1890 0.1828

1.5 0.1586 0.1540

0.7 3.0 0.2084 0.2159

3.7221 0.2117 0.2181

4.0613 0.2132 0.2191

6.3698 0.2232 0.2247

16.1576 0.2604 0.2378
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M = 1.0, Pr = 6.2, T = 0.4, Fr =0.5, T = 0.05,
Rd = 0.5, m = 3.0

Figure 4.  Velocity slip parameter influence on the primary velocity.
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Figure 5.  Mixed convection parameter influence on the primary velocity.
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Figure 6.  Darcy Forchiemer parameter influence on the primary velocity.
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Figure 7.  Darcy Forchiemer parameter influence on the secondary velocity.
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Figure 8.  Magnetic parameter influence on the primary velocity.
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Figure 9.  Magnetic parameter influence on the secondary velocity.

0 5 10 15 20
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(
) SWCNT - H2O

TiO2 - H2O

M = 0.5, 1.0, 1.5

 = 0.2, Pr = 6.2, T = 0.4, Fr =0.5, T = 0.05,
Rd = 0.5, m = 3.0

Figure 10.  Magnetic parameter influence on the temperature.
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Figure 11.  Shape factor influence on the temperature.
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Figure 12.  Thermal radiation parameter influence on the temperature.
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Figure 13.  Mixed convection parameter influence on the temperature.
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profile graph with the shape factor m. It can be noticed that the profile of SWCNT/H2 O and TiO2/H2 O nano-
fluids are increase with the increasing of m. Figure 11 shows the influence of various nanoparticle shapes on the 
nanofluid’s capacity for heat transmission within the boundary layer of nanofluid flow. The relationship between 
the shape factor’s various values and the temperature distribution is demonstrated for SWCNT/H2 O and TiO2/
H2 O indicates how the nanofluid’s non-dimensional temperature increases as m increases. Due to their increased 
surface area’s tendency to absorb more heat from the boundary layer than the other shapes, spherical shape nano-
particles are found to have the lowest temperature. This explains why spherical nanoparticles transfer heat at the 
border faster than the other shapes. For the spherical-shaped nanoparticles, this explains why the boundary has 
the maximum rate of heat transmission. For nanoparticles, the laminar shape shows the greatest temperature. 
Figure 12 shows the graph of thermal radiation with a temperature of TiO2/H2 O and SWCNT/H2 O nanofluids. 
The temperature profile of SWCNT/H2 O and TiO2/H2 O nanofluids enhanced with the high values of Rd. This is 
due to the system’s energy being increased by radiation, which leads to intermolecular interactions and changes 
the system’s temperature and nanoparticle intensity.

Figure 13 shows the temperature profile of TiO2/H2 O and SWCNT/H2 O nanofluids are increased with the 
increasing of βT . The increase in mixed convection variable βT , the temperature is enhanced in SWCNT/H2 O 
and TiO2/H2 O nanofluids. This is because natural convection is more likely to occur when there is a variation 
in density due to temperature differences. This may lead to stronger temperature gradients. Figure 14 shows the 
effect on the temperature of the increasing values of Fr. A higher Darcy-Forchheimer parameter, increases the 
flow resistance which can hinder the flow of heat and result in reduced heat transfer rates. It can be noticed that 
more temperature enhanced in SWCNT/H2 O and TiO2/H2 O nanofluids increase with the increasing values Fr. 
It is analyzed that from all the temperature profiles with different parameters, the temperature profile of SWCNT/
H2 O is more enhanced in the comparison of TiO2/H2O.

Conclusion
In this study, behold the presentation of the intricate mathematical computations that govern the flow of nano-
fluid produced by a rough rotating disk. The PDE system makes up the physical issue in this paper. In view of 
the significant nonlinearity, a suitable similarity transformation is used, and an ODEs system with BCs is cre-
ated. The RK method with MATLAB is used along with a numerical shooting technique to handle these ODEs.

The results to be noted are:

• As the magnetic variable increases the primary, secondary velocity, and Nusselt number components decrease.
• The primary flow rate increases with the increase of the velocity slip variable.
• The temperature profile and skin friction coefficient are enhanced by increasing the magnetic parameter and 

shape factor values.
• The magnitude of the primary velocity and secondary velocity reduces, and the temperature profile is 

enhanced with the progressing inputs of Fr.
• The increasing inputs of Rd, the temperature profiles of SWCNT/H2 O more prominent in the comparison 

of TiO2/H2O.
• The velocity increase, the temperature, and the skin friction coefficient are reduced by increasing inputs of 

mixed convection variables βT due to temperature.
• The enhancement in heat transfer rate is maximum in laminar nanoparticles shape and the minimum heat 

enhancement is observed in a spherical shape.
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Figure 14.  Darcy Forchiemer parameter influence on the temperature.
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Future direction. This work can be extended for different non-Newtonian nano, hybrid, and ternary nano-
fluids flow across the rotating disk. Moreover, this can be extended for the modified Buongiorno model.

Data availability
The data that support the findings of this study are available from the corresponding author upon reasonable 
request.

Received: 23 June 2023; Accepted: 11 September 2023

References
 1. Choi, S. U. & Eastman, J. A. Enhancing Thermal Conductivity of Fluids with Nanoparticles (No. ANL/MSD/CP-84938; CONF-

951135-29) (Argonne National Lab, 1995).
 2. Von Karman, T. Uber laminare und turbulente Reibung. Z. Angew. Math. Mech. 1, 233–252 (1921).
 3. Cochran, W. G. (1934). The flow due to a rotating disk. In Mathematical Proceedings of the Cambridge Philosophical Society Vol. 

30, No. 3, 365–375. Cambridge University Press.
 4. Ramzan, M., Khan, N. S., Kumam, P. & Khan, R. A numerical study of chemical reaction in a nanofluid flow due to a rotating disk 

in the presence of magnetic field. Sci. Rep. 11(1), 19399 (2021).
 5. Ganvir, R. B., Walke, P. V. & Kriplani, V. M. Heat transfer characteristics in nanofluid—A review. Renew. Sustain. Energy Rev. 75, 

451–460 (2017).
 6. Sadiq, M. N., Sajid, M., Fahim, M., Zafar, H. & Fazil, M. H. Numerical simulation for Tiwari-Das model for Homann flow of 

nanofluid due to a spiraling disk: A spectral technique. Int. J. Mod. Phys. B 36(27), 2250190 (2022).
 7. Mustafa, M., Khan, J. A., Hayat, T. & Alsaedi, A. Numerical solutions for radiative heat transfer in ferrofluid flow due to a rotating 

disk: Tiwari and Das model. Int. J. Nonlinear Sci. Numer. Simul. 19(1), 1–10 (2018).
 8. Reza-E-Rabbi, S., Ahmmed, S. F., Arifuzzaman, S. M., Sarkar, T. & Khan, M. S. Computational modelling of multiphase fluid flow 

behaviour over a stretching sheet in the presence of nanoparticles. Eng. Sci. Technol. Int. J. 23(3), 605–617 (2020).
 9. Lenin, R., Joy, P. A. & Bera, C. A review of the recent progress on thermal conductivity of nanofluid. J. Mol. Liq. 338, 116929 (2021).
 10. Ali, B., Nie, Y., Hussain, S., Manan, A. & Sadiq, M. T. Unsteady magneto-hydrodynamic transport of rotating Maxwell nanofluid 

flow on a stretching sheet with Cattaneo–Christov double diffusion and activation energy. Therm. Sci. Eng. Prog. 20, 100720 (2020).
 11. Hayat, T., Rashid, M., Imtiaz, M. & Alsaedi, A. Magnetohydrodynamic (MHD) flow of Cu-water nanofluid due to a rotating disk 

with partial slip. AIP Adv. 5(6), 067169 (2015).
 12. Shah, S. A. A., Alanazi, M. M., Malik, M. F. & Abbas, Z. New insight into the dynamics of non-Newtonian Powell-Eyring fluid 

conveying tiny particles on Riga plate with suction and injection. Nanotechnology 34(34), 345401 (2023).
 13. Jamshed, W. et al. Features of entropy optimization on viscous second-grade nanofluid streamed with thermal radiation: A Tiwari 

and Das model. Case Stud. Therm. Eng. 27, 101291 (2021).
 14. Nayak, M. K., Shaw, S., Khan, M. I., Pandey, V. S. & Nazeer, M. Flow and thermal analysis on Darcy–Forchheimer flow of copper-

water nanofluid due to a rotating disk: A static and dynamic approach. J. Market. Res. 9(4), 7387–7408 (2020).
 15. Reza-E-Rabbi, S. et al. Numerical simulation of a non-linear nanofluidic model to characterise the MHD chemically reactive flow 

past an inclined stretching surface. Part. Differ. Equ. Appl. Math. 5, 100332 (2022).
 16. Ramzan, M., Bilal, M., Chung, J. D. & Mann, A. B. On MHD radiative Jeffery nanofluid flow with convective heat and mass bound-

ary conditions. Neural Comput. Appl. 30(9), 2739–2748 (2018).
 17. Haq, I. et al. Mixed convection nanofluid flow with heat source and chemical reaction over an inclined irregular surface. ACS 

Omega 7(34), 30477–30485 (2022).
 18. Ali, B., Shafiq, A., Manan, A., Wakif, A. & Hussain, S. Bioconvection: Significance of mixed convection and MHD on dynamics 

of Casson nanofluid in the stagnation point of rotating sphere via finite element simulation. Math. Comput. Simul. 194, 254–268 
(2022).

 19. Sreedevi, P., Reddy, P. S., & Suryanarayana Rao, K. V. (2021). Effect of magnetic field and radiation on heat transfer analysis of 
nanofluid inside a square cavity filled with silver nanoparticles: Tiwari-Das model. Waves in Random and Complex Media, 1–19.

 20. Safdar, R. et al. Thermal radiative mixed convection flow of MHD Maxwell nanofluid: Implementation of Buongiorno’s model. 
Chin. J. Phys. 77, 1465–1478 (2022).

 21. Xu, H. Modeling unsteady mixed convection of a nanofluid suspended with multiple kinds of nanoparticles between two rotating 
disks by a generalized hybrid model. Int. Commun. Heat Mass Transf. 108, 104275 (2019).

 22. Reza-E-Rabbi, S. et al. Characterization of fluid flow and heat transfer of a periodic magnetohydrodynamics nano non-Newtonian 
liquid with Arrhenius activation energy and nonlinear radiation. Heat Transf. 51(7), 6578–6615 (2022).

 23. Bachok, N., Ishak, A. & Pop, I. Flow and heat transfer over a rotating porous disk in a nanofluid. Physica B 406(9), 1767–1772 
(2011).

 24. Fallah, B., Dinarvand, S., Eftekhari Yazdi, M., Rostami, M. N. & Pop, I. MHD flow and heat transfer of SiC-TiO2/DO hybrid 
nanofluid due to a permeable spinning disk by a novel algorithm. J. Appl. Comput. Mech. 5(5), 976–988 (2019).

 25. Gamachu, D. & Ibrahim, W. Mixed convection flow of viscoelastic Ag-Al2O3/water hybrid nanofluid past a rotating disk. Phys. 
Scr. 96(12), 125205 (2021).

 26. Reza-E-Rabbi, S., Arifuzzaman, S. M., Sarkar, T., Khan, M. S. & Ahmmed, S. F. Explicit finite difference analysis of an unsteady 
MHD flow of a chemically reacting Casson fluid past a stretching sheet with Brownian motion and thermophoresis effects. J. King 
Saud Univ. Sci. 32(1), 690–701 (2020).

 27. Prasad, K. V., Vaidya, H., Makinde, O. D., & Setty, B. S. (2019). MHD mixed convective flow of Casson nanofluid over a slender 
rotating disk with source/sink and partial slip effects. In Defect and Diffusion Forum Vol. 392, 92–122. Trans Tech Publications Lt.

 28. Ahmed, A., Khan, M. & Ahmed, J. Mixed convective flow of Maxwell nanofluid induced by vertically rotating cylinder. Appl. 
Nanosci. 10, 5179–5190 (2020).

 29. Dinarvand, S. & Pop, I. Free-convective flow of copper/water nanofluid about a rotating down-pointing cone using Tiwari-Das 
nanofluid scheme. Adv. Powder Technol. 28(3), 900–909 (2017).

 30. Rawat, S. K., Upreti, H. & Kumar, M. Comparative study of mixed convective MHD Cu-water nanofluid flow over a cone and 
wedge using modified Buongiorno’s model in the presence of thermal radiation and chemical reaction via Cattaneo–Christov 
double diffusion model. J. Appl. Comput. Mech. 7(3), 1383–1402 (2021).

 31. Mustafa, I., Javed, T. & Majeed, A. Magnetohydrodynamic (MHD) mixed convection stagnation point flow of a nanofluid over a 
vertical plate with viscous dissipation. Can. J. Phys. 93(11), 1365–1374 (2015).

 32. Kumar, P. et al. Significance of irregular heat source and Arrhenius energy on electro-magnetohydrodynamic hybrid nanofluid 
flow over a rotating stretchable disk with nonlinear radiation. In Numerical Heat Transfer (ed. Part, A.) 1–23 (Applications, 2023).

 33. Hosseinzadeh, K. et al. Entropy generation analysis of mixture nanofluid (H2O/c2H6O − 2)Fe3O4 flow between two stretching 
rotating disks under the effect of MHD and nonlinear thermal radiation. Int. J. Ambient Energy 43(1), 1045–1057 (2022).



15

Vol.:(0123456789)

Scientific Reports |        (2023) 13:15507  | https://doi.org/10.1038/s41598-023-42480-9

www.nature.com/scientificreports/

 34. Yin, C., Zheng, L., Zhang, C. & Zhang, X. Flow and heat transfer of nanofluids over a rotating disk with a uniform stretching rate 
in the radial direction. Propuls. Power Res. 6(1), 25–30 (2017).

 35. Shah, S. A. A. & Awan, A. U. Significance of magnetized Darcy–Forchheimer stratified rotating Williamson hybrid nanofluid flow: 
A case of 3D sheet. Int. Commun. Heat Mass Transf. 136, 106214 (2022).

 36. Shah, S. A. A. et al. Bio-convection effects on Prandtl hybrid nanofluid flow with chemical reaction and motile microorganism 
over a stretching sheet. Nanomaterials 12(13), 2174 (2022).

 37. Acharya, N., Bag, R. & Kundu, P. K. Influence of Hall current on radiative nanofluid flow over a spinning disk: A hybrid approach. 
Physica E 111, 103–112 (2019).

 38. Idrees, M., Shah, S. A. A., Ahmad, B., Ali, B. & Mahmood, I. New insights into the heat transfer dynamics of a hybrid 
(SWCNT −MWCNT) nanofluid: A case of 3D rotational flow. Int. Commun. Heat Mass Transf. 138, 106311 (2022).

 39. Jamshed, W., Devi, S. U. & Nisar, K. S. Single phase-based study of Ag − Cu/EO Williamson hybrid nanofluid flow over a stretching 
surface with shape factor. Phys. Scr. 96(6), 065202 (2021).

Acknowledgements
The authors would like to acknowledge Researchers Supporting Project Number (RSP2023R43), King Saud 
University, Riyadh, Saudi Arabia.

Author contributions
S.S.A.A and K.S. wrote the main manuscript. I.M. found out the results. M.A. and M.I. wrote the graphical 
description. A.A. and B.A. used the software and formal analysis of the manuscript.

Funding
There is no funding source.

Competing interests 
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to A.B.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.

Open Access  This article is licensed under a Creative Commons Attribution 4.0 International 
License, which permits use, sharing, adaptation, distribution and reproduction in any medium or 

format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the 
Creative Commons licence, and indicate if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the 
material. If material is not included in the article’s Creative Commons licence and your intended use is not 
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from 
the copyright holder. To view a copy of this licence, visit http:// creat iveco mmons. org/ licen ses/ by/4. 0/.

© The Author(s) 2023

www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Significance of heat transfer rate in water-based nanoparticles with magnetic and shape factors effects: Tiwari and Das model
	Mathematical formulation
	Numerical solution
	Verification. 

	Result and discuusion
	Conclusion
	Future direction. 

	References
	Acknowledgements


