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The statistics of how the local environment of a particle looks like, e.g., given by the distribution

of nearest neighbor distances or the sizes of Voronoi cells, is important as a starting point for the
calculation of many material properties like electronic or photonic band structures. Here we study
local environments that occur in quasicrystals with large rotational symmetry. Both with analytical
considerations based on geometric arguments and with an analysis of a large number of numerically
created patches of high-symmetry quasicrystals we find that the Voronoi area’s distribution reaches a
bimodal curve and that in the limit of large rotational symmetries the distribution of nearest neighbor
distance converges against a universal curve, where 27.7% of the vertices have their nearest neighbor
at a normalized distance equal to 1, while for the other 72.3% the nearest neighbor is at a distance less
than 1. Therefore, the statistics of local environments is non-trivial but independent of the specific
rotational symmetry. Thus properties that only depend on local environments are expected to be
universal for all high-symmetry quasicrystals.

The spatial organization of atoms or molecules in a solid-state material ultimately determines its physical and
chemical properties. The local environment referring to the arrangement of the constituent elements in the
immediate vicinity of a particular atom or site within a material can have a significant impact on various prop-
erties of the material, such as its mechanical strength, thermal conductivity, electrical conductivity, and even
its optical properties.

Unlike in ordinary crystals, where atoms are arranged in a periodically repeating pattern, the local environ-
ments in quasicrystals exhibits a higher degree of complexity; Quasicrystals are aperiodic structures that possess
long-ranged order while lacking translational symmetry' and they are characterized by the presence of specific
structural motifs (‘tiles’) that are repeated aperiodically throughout the material.

First quasicrystals were observed in an Aluminum-Manganese mixture! about forty years ago, and have been
since found in various systems, ranging from metallic alloys (see, e.g.,>) to intrinsic nanoparticle compounds*”,
induced colloidal structures®-®, micellar quasicrystals’, and beyond to naturally occurring quasicrystalline
meteorites'®!!.

For any given N it is possible to generate a quasicrystal with N—fold rotational symmetry, e.g., by using
the method that we use here. Although this infinite variety in rotational symmetry is considered as one of the
most important properties of quasicrystals, only a handful of low-symmetry quasicrystals with N = 5,8, 10, 12
have been observed and their local environments are studied in detail®'*'3, with rare exceptions like 18-fold
symmetry”'*. So while intrinsic quasicrystals with large rotational symmetry are rare, in principle they can be
induced by external forcing, e.g., by applying laser fields with the desired quasicrystalline symmetry to colloidal
systems®!. At a first glance even perfect (i.e., deterministacally calculated) quasicrystalline patterns look similar
to random tiling patterns or even other random patterns, at least for large rotational symmetry if only a local
patch far from the global symmetry center is shown as in the top panel of Fig. 1(b). This inevitably leaves us
with a fundamental question: What are the structural differences, specifically in local environments, between
low- and high-symmetry (N 3> 1) quasicrystals? And while long-ranged correlations obviously are special for
perfect quasicrystals one might ask how a quasicrystal with large rotational symmetry locally differs from random
patterns. Could an amorphous structure even be modelled with a well-ordered quasicrystal where all degrees of
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Figure 1. Quasicrystal tilings close and far from the center of symmetry. (a) Quasiperiodic tiling of low
rotational symmetry N = 5 with a zoom around the symmetry center (0, 0), and far from the symmetry center
at (878356, 957863). (b) Quasiperiodic tiling with a high rotational symmetry N = 63 with a zoom around the
same two points as in (a).

freedom and excitations in principle are known? Note, that the statistical sampling of high-symmetry quasic-
rystals requires larger (or more) patches as similar features only repeat at very large distances in contrast to low
symmetry quasicrystals where local patterns like local symmetry centers occur more frequently®!*.

In this work, we focus on local structural properties of quasicrystals for various N. The statistics of local
properties like the distribution of nearest neighbor’s distances are essential for the modeling of the interaction
energy in stable or metastable structures, the local dynamics like self-diffusivity, the electronic band structures
in atomic systems as, e.g., given by the tight-binding model*, or the photonic bandstructure in colloidal struc-
tures. Note that there are also physical properties that depend on long-ranged correlations, e.g., the multifractal
wavefunctions studied for quasicrystals in'®. However, in this work we will concentrate on the local statistics.
Local environments can also affect the stability and formation of quasicrystals: The growth of a quasicrystal often
is a process with two steps, namely first a structure with a lot of phasonic strain is assembled and then the strain
slowly is relaxed by local rearrangements'”'®. The structure obtained in the first step differs from the perfect qua-
sicrystal by phasonic flips and therefore locally possess the same statistics concerning nearest neighbor distances.
A corresponding statistical analysis is presented in this work. As a consequence, for a grown structure with the
same statistical properties as a perfect quasicrystal, one then can determine what phasonic flips are necessary to
relax the phasonic strain during the second step of the growth process. Therefore, the statistics of local environ-
ments leads to a better understanding of the factors that govern the stability and growth of quasicrystals and is
crucial for their controlled synthesis and processing.

In the following, we investigate the pair statistics in two dimensional quasicrystals by means of lattice sites’
next-neighbour distributions with analytical and numerical methods. We further study the Voronoi cell area
distributions of these sites using our numerical algorithm. In both cases, we obtain discrete bimodal distribu-
tions, where our results suggest that for N — oo these distributions approach a continuous one (albeit dense as
dictated by discrete symmetry of the quasicrystal) as the structural complexity increases upon increasing N, i.e.,
a larger number of prototiles are needed to create the lattice.

Our numerical studies require large portions of the quasicrystal. Hence, the main challenge remains in gener-
ating large enough and homogeneous high-symmetry quasiperiodic lattices, and far from the perfect symmetry
center. We tackle this problem with our improved algorithm which we briefly introduce in the next section
alongside our results on structural properties in high-symmetry quasicrystals. Then, we present a discussion on
the results obtained and point out some of the lines of research that can be derived from our work. Finally, we
conclude our work with some details about the method used to obtain the numerical results.

Results

Different from periodically ordered materials, quasicrystals can possess arbitrary rotational symmetry'*%, allow-
ing an infinite range of possible lattices. As we will see in the following, the previous raises a series of natural
questions about the spatial distributions of the vertices of the lattices as a function of the rotational symmetry.
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To answer these questions, we investigate local neighborhoods of vertices in a wide range of quasiperiodic
lattices, with symmetries ranging from N = 5to N = 1009.

Studying structural properties often requires efficient algorithms to generate the relevant quasiperiodic lat-
tices. We have recently introduced an algorithm?! that is based on the Generalized Dual Method (GDM), see
Methods section. Our algorithm has successfully reproduced the previous dynamical results published in Ref.?.
Most importantly, our method circumvents the need for an approximant as it can create perfect quasiperiodic
environments at any given point in the space. As such it is also not anymore necessary to limit the studies to a
region close to the center of symmetry of the system. Note that, in contrast to low rotational symmetries, for large
rotational symmetries the environment around the symmetry center can be very different from the environment
further away from it, as illustrated in Fig. 1, where we represent a large quasiperiodic tiling by a red (low rota-
tional symmetry) and blue (high rotational symmetry) square box, and we zoom in around the center of sym-
metry and far from the center of symmetry. To make plots easier to read, throughout this work, we will use red
tones in plots for what corresponds to low rotational symmetries, and blue tones for high rotational symmetries.

Nearest-neighbour-distance distribution
First, we consider the example of a quasiperiodic tiling with symmetry N = 5 formed by the GDM using uni-
tary star vectors. It consists of two types of tiles, (a “fat” and a “skinny” one)?. If the side length of the tiles is

normalized, then, the tiles can be defined by their minor axis a, one witha = /(5 — +/5)/2 & 1.175 and the

other with a = 1/¢ ~ 0.618, where ¢ denotes the number of the golden mean. This yields only two possible
nearest-neighbor distances, the unit length 1 and a distance of 1/¢ ~ 0.618

Increasing the rotational symmetry of the system changes the number of prototiles in a quasiperiodic tiling.
As a consequence, the nearest-neighbor distribution also changes. Natural questions are: how many different tiles
exist for a given N, what is the probability to find each kind of tile, and how does the nearest neighbor distribu-
tion change as N increases? Furthermore, is there a limit distribution when N — o0?

To answer these questions, we use two different approaches, namely analytical and numerical. To be specific,
we first analytically calculate the probability of all possible rhombic prototiles for given a symmetry N. Then, we
approximate the frequency distribution function of the nearest-neighbor distance in the quasiperiodic lattice
using this result and assuming that any array of non-overlapping rhombuses around a vertex is possible. The latter
is clearly false for low symmetries, where depending on the local isomorphism class some configurations may be
prohibited?. Despite this, as we will see in the numerical results, for sufficiently high symmetries, this assumption
seems to be correct. In our second approach, we compute numerically the nearest-neighbor-distance distribution
using our modified GDM algorithm (cf. “Methods” ), and finally we compare our results from both approaches.

Distribution of tiles

Using GDM we can obtain analytic expressions for the vertices ?ﬂj’nk, a € [0, 1,2, 3] of the tiles that constitute
the quasiperiodic structures?*%:

N
o 1
b, = i€ + miei + E L‘Tk [(n]— +aj)er — (mk + aK)E; } e — aiJ ¢
ik
21 =0 .
tnj,nk - tn}-,nk - e]’

2 tO —Zj—Ek,

nj,nk nj,n

tn‘j,nk = tn?,nk — €k (1)
where ¢ are N star vectors that define the symmetry of the tiling, ny are N integers associated with each tile,
ak € (0,1), Ajx = ejxeky — ejyexy With ek, and eg, the components of the vector R Elﬂ' is the orthogonal vector to
€x, and | x] is the floor function giving the greatest integer less than or equal to x. Note that this equation does
not require that the star vectors are homogeneously distributed on the circle. However, in this work we will study
quasicrystals with rotational symmetry N, so the star vectors point to the vertices of a regular polygon with N
sides. This leads to the fact that if N is even, there are N/2 star vectors that are antiparallel to the other N/2 star
vectors. In this case, for each antiparallel pair of vectors ¢; and ¢; that fulfill o; = nej, Eq. (1) will produce the
same result as if choosing only one of the two star vectors. This means that if Nis of the form 2(2n — 1) = 4n — 2,
withn € Nand o; = @ V i, then Eq. (1) will produce the same tilling as N/2, for example, N = 5and N = 10
produce the same triangular lattice if all o; are equal. However, even in this case, if not all the o; have the same
value, then N = 5and N = 10 do not produce the same tilling.

By this construction, the sides of the generated tiles have a length of 1 as given by the length of the star vec-
tors that set the unit length. Given this restriction, the tiles only differ from each other by their internal angles.
Note that, in our model, the lattice sites correspond to the vertices of the tiles. This implies that the distance
d between an arbitrary lattice site and its nearest neighbor is bounded from above by the unit length, with
d = min(l,a;,ay,...,ay), a’s being the length of the diagonals containing this lattice site (vertex) that is shared
by the v tiles.
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Figure 2. Scheme of the dual transformation. The angles yl ) )/t o yj o 9,;, 0; i and G/k are the angles form by the
intersection of two of the orthogonal lines to the start vectors e, ejand ey formlng a triangle area in dual space.
They are also the internal angles of the rhombi around a vertex in real space. The small arrows with colors red,

blue, and purple represent three of the start vectors orthogonal to the grid lines with the same colors.

The tilings as constructed by the GDM consist of equilateral rhombic tiles with equal opposite angles 6" and
y' =7 — ¢’ in the rhombus with 8" < /2 being the smaller one. Moreover, each rhombus is produced by a
combination of two star vectors e; and e (see Eq. (1) and Fig. 2) with the angles between them correspond-
ing to the two distinct angles in the rhombus. More generally, every pair of star vectors will form an angle of
0’ = imr /N withi € (2,4,...,N — 2) for even symmetries andi € (2,4,...,N — 1) for odd symmetries. Con-
sequently, the other angle of the rhombus will be y’ = jr/N with j € (N —2,N —4,...,2) for even N and
je (N —2,N—4,...,1)forodd N.

For even symmetries, because i and j run over the same values, it is sufficient to consider half of the values
of i, i.e., there are| N /4] distinct rhombic prototiles. For odd symmetries, however, we need to obtain the angles
6 = min(6’, y’) for all possible values (6’ or y’), which means half of the values of i and half of the values of j.
Hence there are| N /2] different rhombi. The length of the minor diagonal of a rhombus a reads as

a=+/2—2cos(0), (2)

where the value of 2 cannot exceed unity, but can well be less than 1 if 8’ < w/3 or y’ < /3. In fact, a simple
calculation with 6’ = im /N shows that there exists| N/6] + [mod(N,3)/N]and|N/3]| + [mod(N, 3)/N]pos-
sible different a’s (distance to the nearest neighbor) in case N is even or odd, respectively.

For 6 € [0, /2], the values a can take according to Eq. (2) are all different. Thus, given a pair of star vectors
and integers n; and ny, producing any rhombus is equally probable, except for the square rhombi (6 = 7/2) in
cases where N is a multiple of 4. In these cases the probability to produce a square is half of the probability to
produce any other rhombus. In summary, the probability of producing a spec1ﬁc kind of rhombus is 157737 /2 7if N'is

odd

TNT
of square rhombi where N is a multiple of 4 the probability is z=5;. Note that we will not mention explicitly the
latter case in the remainder of the manuscript, unless stated otherw1se

Given a random position in real space, we are interested in the probability of finding this position in a par-
ticular prototile. This probability is proportional to the area of the prototile since there is an equal probability
to construct any type of rhombus. As such, the coverage area of each prototile after producing # of them is
proportional to the area of each prototile. The area of a rhombus with side length 1 is given by sin(6). Thus, the
probability of finding a tile with 6 reads

if N is even but not a multiple of 4. Moreover the probablhty is >3 (N 5y for non-square rhombi. In case

p@) = — 0O (l) sin(0)
LN/ZJ sin(2i /N) 2N (3)
for odd symmetries, and
_ sin(60)
per= SV Gnin/N) 2 <N) n(® )

for even symmetries that are not multiples of 4.
Alternatively, the probabilities can be expressed in terms of @; Inverting Eq. (2) yields (@) = arccos(1 — a2/2).
Thus, the probability of finding a single tile with minor-diagonal length a can be written as

p1(@) = Asin (arccos (1 — a/2)), (5)

where A = 1/ ZLN/ ! sin(2ir /N) = 2tan ( )andA =1/ ZLN/M sin(2ir /N) = 2tan (N) for odd and even
N, resp., represents the normalization constant for a rhombus with side length 1. The probability function p; (a)
in Eq. (5) agrees well with the computationally obtained probabilities, see Fig. 3 for a comparison for N = 1009.
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Figure 3. Distribution of rhombic tiles as a function of their minor-diagonal length 4 in a quasiperiodic tiling
of symmetry 1009. The histogram was obtained using 1 x 10° rhombi, and the continuous line is p; (a), see Eq.

(5).

Nearest-neighbour-distance

Because each vertex is shared by v rhombi in the tiling, the nearest-neighbor distance d for this vertex cor-
responds either to the shortest of the v diagonals containing this vertex or to 1 if the shortest diagonal is
larger than 1 (note that a vertex can be surrounded by “fat” tiles where both diagonals are larger than 1 and
“thin” tiles with the major diagonals passing through the vertex). Then, a first and crude approximation to
the probability density of the nearest-neighbor distance would be to assume that there is only one rhombus
around a given vertex. In this case, it would be sufficient to consider only a subset of a@’s, namely a € [0, 1) in
the probability density to select a diagonal of length a (not necessarily the minor one). This is simply given by
p1(a)da = Asin (arccos (1 — az/Z))dQ = Aada, with A =1/ foz dda = %

This, of course, is not a good approximation as every vertex belongs to at least three rhombi. Next, we will
improve our approximation by considering two rhombic tiles around a vertex. In order to do this, we will assume
that any configuration of two rhombi around a vertex is possible in the quasicrystal and then we will estimate
the probability that, given a vertex v and a rhombus with a diagonal a; containing this vertex, there is another
rhombus with a diagonal a; that shares this vertex v. We remark that our assumption is not always fulfilled in
perfect quasicrystals, but in a random tiling. However, the distribution of rhombi that we use must be equal to
that in a perfect quasicrystal. Therefore, we do not expect that the following results hold in more general random
tilings. First, we notice that each region (polygon) in the dual space represents a vertex v in the real space, and
each vertex in the dual space is a rhombus in the real space (see Fig. 2). Thus, a polygon with # vertices in the
dual space represents a vertex v in the real space surrounded by n rhombi. Fig. 2 shows the transformation of
a triangular region in the dual space (left-hand side in Fig. 2) into a vertex in the real space (yellow dot on the
right-hand side in Fig. 2), surrounded by 3 rhombi. Because of Eq. (1), the external angles (yl ) of the polygon
(triangle) in the dual space are equal to the internal angles of the rhombi around v. Moreover, the length of
diagonals that pass through v can be calculated using Eq. (2) with6 = 01;, where 9/ is the angle formed between
the star vectors e; and e;.

Now consider a segment s of a polygon in the dual space formed by the intersection of a grid line /; orthogo-
nal to e; with grid lines J;, and I orthogonal to e; and e respectively. The polygon is not intersected by any
of the grid lines except by those that constitute its boundary as in Fig. 2. Call the intersections between I;
and J; as x;j, and [; and I as xj;. If we fix [; and Iy and displace [; with respect to xj in the direction of e;, the
length of s will change. Since the distance between parallel lines in the dual space is constant and equal to 1,
the maximum possible displacement of any line J; is bounded by 1. In the limit case where there are N — oo
star vectors, the maximum length of s is 1 because, if not, it would be intersected by another grid line almost
orthogonal to s. This imposes a maximum displacement sin(@i’j) on ;. Similarly, if we fix [; and ; and displace

I, then the maximum displacement for I would be sin(6},). Then, from all possible displacements d; and dy
of lines Jj and I, only those with d; < sm(9 ) and di < sin(9},) can produce the polygon segment w1th inter-
nal angles 6 and 6},. Thus, we can approx1mate the probability to produce a polygon with that segment as
sm(Glj) sm(@lk), or equivalently, the probability to have two rhombi around a vertex with angles 9’ and 0 is
sm(9 ) sin(8},) = sin (arccos (1 — a1/2)) sin (arccos (1 — az/z)), where we used Eq. (2) to rewrlte the prob-

ablhty asa functlon of the diagonals of the rhombi.
Hence, a second approximation to the probability density of the nearest neighbor distance can be written as:

. 2 —a? 2 i 2 — x2
p2(a) = Asin <arccos ( 5 )> / sin <arcc0s ( 5 ))dx, (6)

with A = 1/( fo f sin(arcsin(1 — a?/2)) sin(arcsin(1 — x2/2))dxda being the normalization constant.
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Applying the same argument to three or more rhombi is not easy, because, unlike the case of 2, with more
rhombi the angles 6;,6;, . . ., 6, are not all independent, and that is reflected in the fact that three or more ran-
domly chosen rhombi may overlap. However, because 6; =~ 0 and 0, = 0 are very unlikely, we can approximate
the probability density function using 3 rhombi as independent. That is:

2 —a? 2 2 — x? 2
p3(a) = Asin (arccos ( 5 )) {/ sin (arccos ( 5 ))dx} , (7)

where A = 1/(f02 sin(arcsin(1 — 3:2/2))(fa2 sin(arcsin(1 — a?/2))da)?dx).

Note that for small values of a, where one of the rhombi possesses an angle 8’ ~ 0 (thus y” ~ 7, cf. Fig. 2), the
probability of the three rhombi overlapping is not so small, such that p; (a) could be a better approximation than
p3(a). However, for middle and large values of a the 3-rthombi approximation p3(a) should yield more accurate
results. In particular, the proportion of nearest neighbors at a distance of 1 should be better approximated with

[} p3(a)da = 0.274 than with [} ps(a)da ~ 0.4223.

Finally, because the nearest-neighbor distance d is given as d = min(1,a;,ay, ..., ay), we can approximate
its frequency distribution function using d ~ min(1, aj, a,a3) to yield
. 242 2 . -2 2
o(d) ~ A sin (arccos (T)) [fd sin (arccos ( 5 ))dx} ifd < 1, ®)
8(d — 1) [} p3(x)dx ifd > 1,

where & (x) denotes the Dirac delta function.

At this point, it is worth mentioning that increasing the number of rhombi in our approximation represents a
challenging task. First, we would need to calculate the probability p,(a) of having exactly #» rhombi around a vertex
as a function of g, the shortest of all diagonals containing that vertex. Once we would have these probabilities, then we

i1
could improve the approximation to p,(a) = > i, pi(a)A sin (arccos (23“2 >> [ / ﬂz sin (arccos <2}x2 >>dx}
forn > 3. This is, however, beyond the scope of this manuscript for two reasons: firstly, there are always at least three
rhombi around a vertex, but not necessarily more, and secondly, our numerical measurements show a good agreement
with p (d) from Eq. (8) as will be shown in the following.

In our previous calculations to obtain p (d) we have so far assumed that any configuration of rhombi is possible
and that any possible displacement of the lines /; and I is equally probable. As we previously mentioned, strictly
speaking, this is incorrect because some configurations can be forbidden in a perfect quasicrystal depending on
the local isomorphism class. Therefore, we perform numerical measurements with our algorithm detailed in the
Methods section. We generate quasiperiodic lattices and then compute the distribution of the nearest-neighbor
distances as a function of the rotational symmetry. Subsequently, we compare our numerical results with the
probability density function in Eq. (8). Note that we require a proper sampling for our numerical experiments,
i.e. a sufficiently large region and including sufficient parts far away from the symmetry center. For example, the
region near the origin in Fig. 1a must not be considered to be representative of the structure at farther distances
in general.

For low symmetries, the distribution of the nearest-neighbor distance exhibits only a few singular peaks at
characteristic distances. For instance, for N = 5, the nearest neighbor of a lattice site is located either at a distance
of 1, or at a distance of 1/t = 0.618 corresponding to the minor diagonal of the “skinny” tile, cf. Fig. 4a. We embed
in the plot some examples of the tiling around a vertex with its nearest neighbor at distance d.

For high rotational symmetries, N 3> 1, we observe a bimodal distribution of distances containing a singular
peak for the distance d = 1 and a distribution consisting of peaks at all remaining nearest-neighbor distances
d < 1that are dense in the limit N — oo. The limit distribution for N — 0o can be approximated by Eq. (8),
see the blue dashed line in Fig. 4b. Some examples of the nearest-neighbor distance distribution for d < 1are
shown in Fig. 4c. While the frequency of the unit distance d = 1is larger than other next-neighbour distances
d < 1, its ratio to distances less than 1 seems to converge to 0.277 as N — oo, see Fig. 4d. This agrees fairly well

with our analytical expectation || 12 p(d")dd’ &~ 0.274 using Eq. (8). Figure 4d also shows an oscillatory behavior
with period 6 which dampens as N grows. We do not understand why there is this period, so it remains an open
question. The part with dense peaks for d < 1reaches its maximum around a value of d = +/2/2, corresponding
to a tile with a minor angle of 77 /4 radians.

Voronoi area distribution

The distributions obtained in the previous subsection point out three interesting behaviors: (i) It seems that there
is no correlation in the type of rhombus around a vertex, (ii) there is a non-constant and well-defined distribution
for the next-neighbor distances d < 1 of the quasiperiodic lattice sites of high symmetries, and (iii) the ratio of
the maximal next-neighbor distance d = 1to those where d < 1 approximate 0.277. Behavior (i) is unexpected
because for low symmetries we know that depending on the class of isomorphism, there are some forbidden
configurations of rhombi around a vertex”. On the other hand, if the smallest angle of the tiles containing the
site exceeds /3 radians (“fat tiles”), the nearest neighbor will be at a distance d = 1. Thus, 27.7% of all vertices
are surrounded by fat tiles or where the major axis of the tile is part of the site. This is relevant because, although
growing N can produce arbitrarily close neighbors, there will be many more relatively isolated sites. To better
understand how isolated each site can be from its neighborhood, we will compute the distribution of the site’s
Voronoi cell areas A in the following.
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Figure 4. Pair statistics in quasiperiodic lattices. Distribution of the next-neighbor distance of the quasiperiodic
lattice sites with N = 5,7,9,11,13 (a), N = 1009 (b), and N = 15,75, 307,467, 643, 1009 (c). The dashed line in
(b) corresponds to our analytical result in Eq. (8). In (c) we omit the maximum possible distance d = 1 plotting
with bars for N = 15and N = 75 and lines for N > 75. (d) The probability p that the distance to the next
neighbor is exactly d = 1. The blue horizontal line represents the limit value of 0.277 for N — oo.

Similar to the nearest-neighbor distribution, the Voronoi cell area distributions for low rotational symmetries
do not show any obvious behavior (see Fig. 5a). However, by increasing the rotational symmetry of the lattices
(see Fig. 5¢, e), we observe a clear trend towards a well-defined bimodal distribution with a local minimum
around the value A = 0.87 (see Fig. 5e). This is probably related to the fact that there are two kinds of nearest
neighbors, those at a distance d = 1 and those at a distance d < 1. The Voronoi area of those with the nearest
neighbor with d = 1is bounded by A € (i7/4, 1], where the maximum value corresponds to a vertex surrounded
by 4 squares, and the minimum value corresponds to a vertex surrounded by flat rhombi with its smallest diago-
nal of length 0. In contrast, the Voronoi area of those with d < 1is bounded by A € (0, /3/4) ~ (0,0.87), where
the minimal value corresponds to a vertex surrounded only by 2 flat rhombi and the maximum value corresponds
to a vertex surrounded by 3 rhombi with its smallest diagonal of length 1. Figure 5b, d, f show the Voronoi tesel-
lation for the quasiperiodic lattice sites with rotational symmetry N = 5, N = 51 and N = 169, respectively.

Discussion

In this work we have introduced and employed an improvement to the algorithm of*!. This algorithm proved to
be helpful in exploring the structural properties of quasicrystals with large rotational symmetries, especially as
we now can produce quasicrystalline patterns far away from the global symmetry center. Thus, the statistics can
be improved significantly and the results are not distorted by the global symmetry center.

One of our main results is that the distribution of distances to nearest neighbors converges into a universal
distribution for N — oo and possesses an unexpected behavior for high symmetries: Approximately a quarter of
the particles are exactly one unit length away from their nearest neighbor, while all other particles are closer to
their neighbor. Such a distribution cannot be observed for small rotational symmetries. Our result also implies
that a perfect quasicrystal with a large rotational symmetry can be used as a model for an amorphous system as
long as the same nearest-neighbor-distance distribution and no properties that depend on long-ranged correla-
tions are considered. The advantage of such a model is that the quasicrystals can be obtained deterministically
and that in principle all degrees of freedom and all excitations are known. This might help to understand excita-
tions at least in some special amorphous systems.

Our distribution of nearest neighbors can be used as the starting point of tight binding and similar approaches
to calculate electronic band structures. Similarly, photonic bandstructures for colloidal quasicrystals might be
predicted based on the nearest neighbor distances. Note that there are also physical properties that might depend
on long-ranged correlations that we want to study in future works. However, all properties that are mainly based
on the local environments interestingly are expected to be similar as the distribution of nearest neighbors con-
verges against the same curve for N — oo.

Scientific Reports |

(2023) 13:16696 | https://doi.org/10.1038/s41598-023-42145-7 nature portfolio



www.nature.com/scientificreports/

o

0.00 0.25 0.50 0.75 1.00

A
(a) (b)
5
4
3
1
0 oL ‘u‘ul\nlhﬂm | |h w
000 025 050 075 100
(c) (d)
4
3
2
1
0 ‘.‘.]..M,.,w.un.uhunlm WWM“
000 025 oS0 075 100
(e) (f)

Figure 5. Distribution of the Voronoi areas associated with the sites of the quasiperiodic arrays of rotational
symmetry N = 5,7,9,11,13 (a), N = 51(c) and N = 169 (e). Some examples Voronoi tilings for N = 5 (b),
N =51(d) and N = 169 (f).

Note that for a given rotational symmetry we can produce different types of quasicrystals with the method
that we employ. To be specific, we can continuously tune through different local isomorphism classes?. However,
we have not observed any changes in our statistical results in the case of large rotational symmetry. Note that our
analytical calculations are also independent of the local isomorphism class. In contrast, in quasicrystals with small
rotational symmetries, the local isomorphism class might be important, e.g., for photonic properties®. This also
means that at least for local properties, we can sample quasicrystals with high rotational symmetries by varying
the parameters «; of Eq. 1 homogeneously instead of moving the system far away from the center of symmetry.

All numerical results in this article are obtained for deterministic quasicrystals while for the analytical approx-
imations we considered arbitrary tilings that statistically possess the same composition of tiles around a node as
the corresponding deterministic quasicrystals. However, the focus of our work was on the perfect quasicrystals
and not on random tilings. Note that for the ensemble of random tilings, an entropy can be defined which was
determined in? for high rotational symmetry.

In the future, we want to study the statistical properties on longer length scales. Though the local statistics
might be similar for high rotational symmetry, we expect long-ranged correlations that still depend on the
rotational symmetry.
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Methods
Our algorithm is based on the Generalized Dual Method (GDM)'*%, from which we obtain Eq. (1).

These equations give us a function that, given a set of N star vectors, N integers, and two indices j and k,
returns a tile of the respective quasiperiodic tiling. However, we are interested in a function that, given a point
and the information necessary to produce a given tessellation (the set of star vectors and the displacements
associated with the isomorphism class), builds the tessellation around that point. Thus, it would be desirable
to obtain the indices j and k, and the values of the integers 1 and n; to produce the tile containing an arbitrary
point P. One possibility is to use brute force, i.e., using all combinations of the indices j, k and the values for #;
and n, starting with 0 and then interleaving n and —n beginning with n = 1to find the set of values n;, ny that
produce the tile. The computational complexity of this algorithm depends on the distance r of P to the origin
and scales approximately as r*..

Given an index j and the value of nj, an orthogonal strip to ¢; is built with the tiles produced by taking all the
combinations of ¢; with their respective integers n;*'. Using this, we can approximate the integers n; needed to

generate the tiles around Pas

B.s
Ve { dAe]—" ®)

where d, is the average separation between the bands, { . —‘ is the nearest integer and &; is the unitary vector in

the same direction than ¢;.

If the star vectors correspond to the vertices of a regular polygon with N sides inscribed in a unit circle, then
the distance dg4 is equal to N/2. We only analyzed quasiperiodic systems that satisfy this condition throughout
the present work.

Using Egs. (1) and (9), we can build a set of tiles around the point P taking all possible pairs of indices j, k
with their corresponding integers n],., n;c, where n; € [n; — Bi,n; + Bil with B; € ZT U {0}. Here, B determines
the size of the neighborhood of the quasiperiodic array that we generate and its smallest possible value depends
on the symmetry of the system; Bin = 1for N < 40 and B,,in = 0 for N > 40.

Since using the GDM we produce each tile with equal probability, our algorithm necessarily produces some
tiles that are not connected to each other. As a result, the algorithm produces a set of tiles around P that contains

that point 13, where the tiles are adjacent to each other (which we will refer to as the main cluster), as well as a set
of tiles where the tiles are disconnected from this first set (which we will refer to as the trash tiles). The problem
with the trash tiles is that they mostly form clusters of very few or a single tile. Therefore they are not useful for
increasing the statistics of nearest neighbor or Voronoi areas distributions.

Eliminating the trash tiles is then a crucial step in our algorithm. The Voronoi cells inside a cluster will have
a finite area bounded above by a certain value A. In contrast, those tiles at the border of a cluster will have an
area greater than A. In?!, this fact is used to generate an iterative algorithm in which tiles are removed from
the boundary of the clusters, “evaporating” the small clusters and leaving only the main cluster. A substantial
improvement consists of measuring the minimum distance r,,;, between the point P and the centroids whose
Voronoi cells have an area greater than A. By eliminating all the tiles whose centroid are farther than r,,;, from
the point P, we keep only a subset of the tiles of the original main cluster.

Using this improved version of our algorithm, we compute the nearest neighbor distance distribution for a
quasiperiodic lattice of rotational symmetry N as follows:

An arbitrary site P is randomly selected within a square region of side 2 x 10° centered at the origin.

2. A main cluster of the quasiperiodic tiling of radius R is produced around the site P. The numerical value of
R depends on the parameter § and on the rotational symmetry N, corresponding to the minimum distance
min described in the previous paragraph. The values of the parameters «; (Eq. 1) were set to 0.2 for all values
of i.

3. We define a circle of radius R, = 0.7R, centered on P. The sites of the quasiperiodic lattice that we will analyze
to obtain the nearest neighbor distance distribution will be those that are found within this circular region,
to avoid boundary tiles.

4. 'We compute the Voronoi tiling using Fortune algorithm?® over the sites of the main cluster. Then, we obtain
the first neighbors for each site within the circle of radius R;.

5. We calculate the distance between each one of the sites and its first neighbors, keeping the minimum of these
distances in an array.

6. We iterated this procedure until a total of 1 x 10° sites were analyzed.

For the case of the distribution of Voronoi areas, the procedure to follow is the same as the case just exposed,
only modifying step 5 for the corresponding calculation of the area of the Voronoi cell associated with each one
of the sites within the circle of radius R, (Supplementary Information).
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Data availability

The code of the algorithm used in the present work has been written in JULIA and can be download, as well as
the datasets generated during and/or analysed during the current study, from https://github.com/AlanRodrig
oMendozaSosa/Quasiperiodic-Tiles.

Received: 4 June 2023; Accepted: 6 September 2023
Published online: 04 October 2023

References
1. Shechtman, D., Blech, L., Gratias, D. & Cahn, J. W. Metallic phase with long-range orientational order and no translational sym-
metry. Phys. Rev. Lett. 53, 1951-1953. https://doi.org/10.1103/PhysRevLett.53.1951 (1984).

. Macig, E. The role of aperiodic order in science and technology. Rep. Prog. Phys. 69(2), 397-441. https://doi.org/10.1088/0034-
4885/69/2/103 (2005).

. Steurer, W. Why are quasicrystals quasiperiodic?. Chem. Soc. Rev. 41, 6719-6729. https://doi.org/10.1039/C2CS35063G (2012).

. Talapin, D. et al. Quasicrystalline order in self-assembled binary nanoparticle superlattices. Nature 461, 964 (2009).

. Sun, Y. et al. Formation pathways of mesoporous silica nanoparticles with dodecagonal tiling. Nat. Commun. 8, 252 (2017).

. Mikhael, J., Roth, J., Helden, L. & Bechinger, C. Archimedean-like tiling on decagonal quasicrystalline surfaces. Nature 454, 501

(2008).

7. Schmiedeberg, M. & Stark, H. Colloidal ordering on a 2D quasicrystalline substrate. Phys. Rev. Lett. 101, 218302. https://doi.org/
10.1103/PhysRevLett.101.218302 (2008).

8. Mikhael, J. et al. Proliferation of anomalous symmetries in colloidal monolayers subjected to quasiperiodic light fields. Proc. Natl.
Acad. Sci. 107(16), 7214-7218. https://doi.org/10.1073/pnas.0913051107. http://www.pnas.org/content/107/16/7214.full.pdf (2010)

9. Fischer, S. et al. Colloidal quasicrystals with 12-fold and 18-fold diffraction symmetry. PNAS 108(5), 1810 (2011).

10. Bindj, L., Steinhardt, P. J., Yao, N. & Lu, P. Natural quasicrystals. Science 324, 1306 (2009).

11. Bindi, L. et al. Evidence for the extraterrestrial origin of a natural quasicrystal. PNAS 109, 1396 (2012).

12. Steurer, W. Boron-based quasicrystals with sevenfold symmetry. Philos. Mag. 87, 2707. https://doi.org/10.1080/147864307013586
24 (2007).

13. Schmiedeberg, M. & Stark, H. Comparing light-induced colloidal quasicrystals with different rotational symmetries. J. Phys.
Condens. Matter 24(28), 284101 (2012).

14. Dotera, T., Oshiro, T. & Ziherl, P. Mosaic two-lengthscale quasicrystals. Nature 506, 208 (2014).

15. Ashcroft, N. W. & Mermin, N. D. Solid State Physics (Holt, Rinehart and Winston, 1976).

16. Kalugin, P. & Katz, A. Electrons in deterministic quasicrystalline potentials and hidden conserved quantities. J. Phys. A Math.
Theor. 47, 315206. https://doi.org/10.1088/1751-8113/47/31/315206 (2014).

17. Achim, C. V,, Schmiedeberg, M. & Léwen, H. Growth modes of quasicrystals. Phys. Rev. Lett. 112, 255501. https://doi.org/10.1103/
PhysRevLett.112.255501 (2014).

18. Nagao, K., Inuzuka, T., Nishimoto, K. & Edagawa, K. Experimental observation of quasicrystal growth. Phys. Rev. Lett. 115, 075501.
https://doi.org/10.1103/PhysRevLett.115.075501 (2015).

19. Socolar, J. E. S., Steinhardt, P. J. & Levine, D. Quasicrystals with arbitrary orientational symmetry. Phys. Rev. B 32(8), 5547-5550.
https://doi.org/10.1103/physrevb.32.5547 (1985).

20. Steurer, W. The structure of quasicrystals. Z. Kristallogr. Crystal. Mater. 190(1-4), 179-234. https://doi.org/10.1524/zkri.1989.190.
14.179 (1990).

21. Sosa, A. R. M. & Kraemer, A. S. Efficient algorithm for simulating particles in true quasiperiodic environments. J. Phys. A Math.
Theor. 55(24), 245001. https://doi.org/10.1088/1751-8121/ac6b68 (2022).

22. Kraemer, A. S., Schmiedeberg, M. & Sanders, D. P. Horizons and free-path distributions in quasiperiodic Lorentz gases. Phys. Rev.
E92(5), 052131 (2015).

23. Socolar, J. E. S. & Steinhardt, P. . Quasicrystals. II. Unit-cell configurations. Phys. Rev. B 34(2), 617-647. https://doi.org/10.1103/
physrevb.34.617 (1986).

24. Naumis, G. G. & Aragén, J. L. Analytic expressions for the vertex coordinates of quasiperiodic lattices. Z. Kristallogr. Crystal. Mater.
218(6), 397-402. https://doi.org/10.1524/zkri.218.6.397.20728 (2003) (the equation 6 is incorrect, the terms should be subtracted,
not added. These error propagates to the following equations).

25. Lin, C,, Steinhardt, P. ]. & Torquato, S. Hyperuniformity variation with quasicrystal local isomorphism class. J. Phys. Condens.
Matter 29(20), 204003. https://doi.org/10.1088/1361-648x/aa6944 (2017).

26. Levine, D. & Steinhardt, P. J. Quasicrystals. I. Definition and structure. Phys. Rev. B 34, 596-616. https://doi.org/10.1103/PhysR
evB.34.596 (1986).

27. Destainville, N., Widom, M., Mosseri, R. & Bailly, F. Random tilings of high symmetry: I. Mean-field theory. J. Stat. Phys. 120, 799.
https://doi.org/10.1007/s10955-005-6989-y (2005).

28. Lin, C,, Steinhardt, P. ]. & Torquato, S. Light localization in local isomorphism classes of quasicrystals. Phys. Rev. Lett. 120, 247401.
https://doi.org/10.1103/PhysRevLett.120.247401 (2018).

29. de Bruijn, N. G. Algebraic theory of Penrose’s non-periodic tilings of the plane. I. Indag. Math. (Proc.) 84(1), 39-52. https://doi.
0rg/10.1016/1385-7258(81)90016-0 (1981).

30. Fortune, S. A sweepline algorithm for Voronoi diagrams. In Proceedings of the Second Annual Symposium on Computational
Geometry. 313-322 (1986).

IS5}

N U W W

Acknowledgements

A.R.M.S. and A.S.K. appreciate the computing platform provided by the Laboratorio de Cémputo de Alto
Rendimiento, under the coordination of Departamento de Matematicas of Facultad de Ciencias, UNAM. We
also acknowledge the support received through the project PAPIIT IN113923. A.S.K. was supported by Chinese
Academy of Sciences President’s International Fellowship Initiative for visiting scientist grant No 2023VMB0013.

Author contributions

A.S.K, E.C.O. and M.S. propose to study the problems mentioned in this article. A.R.M.S. and A.S.K. pro-
grammed the algorithm and A.R.M.S. ran the simulations and create the figures. All authors contributed equally
to the discussions and writing the paper.

Competing interests
The authors declare no competing interests.

Scientific Reports |

(2023) 13:16696 | https://doi.org/10.1038/s41598-023-42145-7 nature portfolio


https://github.com/AlanRodrigoMendozaSosa/Quasiperiodic-Tiles
https://github.com/AlanRodrigoMendozaSosa/Quasiperiodic-Tiles
https://doi.org/10.1103/PhysRevLett.53.1951
https://doi.org/10.1088/0034-4885/69/2/r03
https://doi.org/10.1088/0034-4885/69/2/r03
https://doi.org/10.1039/C2CS35063G
https://doi.org/10.1103/PhysRevLett.101.218302
https://doi.org/10.1103/PhysRevLett.101.218302
https://doi.org/10.1073/pnas.0913051107
http://www.pnas.org/content/107/16/7214.full.pdf
https://doi.org/10.1080/14786430701358624
https://doi.org/10.1080/14786430701358624
https://doi.org/10.1088/1751-8113/47/31/315206
https://doi.org/10.1103/PhysRevLett.112.255501
https://doi.org/10.1103/PhysRevLett.112.255501
https://doi.org/10.1103/PhysRevLett.115.075501
https://doi.org/10.1103/physrevb.32.5547
https://doi.org/10.1524/zkri.1989.190.14.179
https://doi.org/10.1524/zkri.1989.190.14.179
https://doi.org/10.1088/1751-8121/ac6b68
https://doi.org/10.1103/physrevb.34.617
https://doi.org/10.1103/physrevb.34.617
https://doi.org/10.1524/zkri.218.6.397.20728
https://doi.org/10.1088/1361-648x/aa6944
https://doi.org/10.1103/PhysRevB.34.596
https://doi.org/10.1103/PhysRevB.34.596
https://doi.org/10.1007/s10955-005-6989-y
https://doi.org/10.1103/PhysRevLett.120.247401
https://doi.org/10.1016/1385-7258(81)90016-0
https://doi.org/10.1016/1385-7258(81)90016-0

www.nature.com/scientificreports/

Additional information
Supplementary Information The online version contains supplementary material available at https://doi.org/
10.1038/541598-023-42145-7.

Correspondence and requests for materials should be addressed to A.R.M.S., A.S.K.,, E.C.O. or M.S.
Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2023

Scientific Reports |

(2023) 13:16696 | https://doi.org/10.1038/s41598-023-42145-7 nature portfolio


https://doi.org/10.1038/s41598-023-42145-7
https://doi.org/10.1038/s41598-023-42145-7
www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Structural studies of local environments in high-symmetry quasicrystals
	Results
	Nearest-neighbour-distance distribution
	Distribution of tiles
	Nearest-neighbour-distance
	Voronoi area distribution

	Discussion
	Methods
	References
	Acknowledgements


