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Genuine multipartite entanglement 
measures based on multi‑party 
teleportation capability
Minjin Choi 1,2, Eunok Bae 3,4* & Soojoon Lee 3,5*

Quantifying entanglement is vital to understand entanglement as a resource in quantum information 
processing, and many entanglement measures have been suggested for this purpose. When 
mathematically defining an entanglement measure, we should consider the distinguishability 
between entangled and separable states, the invariance under local transformation, the monotonicity 
under local operations and classical communication, and the convexity. These are reasonable 
requirements but may be insufficient, in particular when taking into account the usefulness of 
quantum states in multi‑party quantum information processing. Therefore, if we want to investigate 
multipartite entanglement as a resource, then it can be necessary to consider the usefulness of 
quantum states in multi‑party quantum information processing when we define a multipartite 
entanglement measure. In this paper, we define new multipartite entanglement measures for three‑
qubit systems based on the three‑party teleportation capability, and show that these entanglement 
measures satisfy the requirements for being genuine multipartite entanglement measures. We also 
generalize our entanglement measures for N‑qubit systems, where N ≥ 4 , and discuss that these 
quantities may be good candidates to measure genuine multipartite entanglement.

Entanglement is a crucial resource in quantum computing and quantum information tasks that cannot be 
explained classically. Typical two-party quantum applications of entanglement as a resource include quantum 
 teleportation1 and quantum key  distribution2, which are performed on bipartite entangled states. However, 
there also exist multi-party quantum applications, such as multi-party quantum  teleportation3,4, conference key 
 agreement5, and quantum secret  sharing6, where multipartite entanglement is considered as a resource. In par-
ticular, genuine multipartite entanglement (GME) is a significant concept for multipartite systems, since it plays 
an essential role in quantum  communication3,7 and quantum  cryptography5,6,8. GME is also a critical resource in 
measurement-based quantum  computing9, quantum-enhanced  measurements10, quantum phase  transitions11,12, 
and quantum spin  chains13. Therefore, in order to make use of GME as a resource, its quantification is necessary.

Entanglement measures are mathematical tools to quantify entanglement. For bipartite systems, concurrence 
is one of the well-known entanglement  measures14–16. It can distinguish between entangled and separable states 
and does not increase under local operations and classical communication (LOCC), which are important require-
ments for quantifying entanglement. For multipartite systems, it is more complicated to investigate entanglement, 
in particular GME. Even for three-qubit pure states, we should consider three different bipartition scenarios, 
A|BC, B|AC, and C|AB. In addition, there are two inequivalent classes, the Greenberger–Horne–Zeilinger (GHZ) 
class and the W class, differentiated by stochastic  LOCC17. A straightforward approach to define entanglement 
measures for quantifying GME is to deal with bipartite entanglement measures for all bipartitions. For instance, 
the minimum and the geometric mean of concurrences for all  bipartitions18,19 satisfy the conditions for being a 
GME  measure18,20; the distinguishability between genuinely multipartite entangled states and biseparable states, 
the invariance under local transformations, the monotonicity under LOCC, and the convexity. The concurrence 
 fill21, which is the square root of the area of the three-qubit concurrence triangle, was also proposed as a GME 
measure, but it has recently been shown that this measure does not satisfy the monotonicity under  LOCC22.

We now ask whether a GME measure can compare the usefulness of any pure states in some specific multi-
partite quantum information processing. This question is natural when we use GME as a resource. For example, 
a monotonic relationship exists between bipartite entanglement and teleportation fidelity for pure  states23,24. 
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Indeed, such a concept of the proper GME measure has been  discussed21, which makes the GHZ state rank as 
more entangled than the W state. This concept stems from the fact that the GHZ state can be more useful than 
the W state in three-qubit  teleportation25. However, teleportation capabilities for other arbitrary pure states have 
not been taken into account. In fact, the minimum and the geometric mean of concurrences for all bipartitions 
are proper GME measures, but it is not difficult to find quantum states for which these GME measures and the 
three-qubit teleportation  capability26 give different orders.

In order to appropriately utilize GME as a resource, we need a GME measure that can compare the usefulness 
of quantum states in a given quantum information processing. In this paper, we first take account of three-qubit 
teleportation, and propose novel GME measures for three-qubit systems based on three-qubit teleportation 
capability. To this end, we consider the maximal average teleportation fidelity of resulting states on the other 
parties obtained after a measurement by one of the parties, and prove that our measures based on the fidelity 
can be used to observe separability on three-qubit systems and does not increase on average under LOCC. By 
comparing our GME measures with other GME measures, we show that there are quantum states such that their 
usefulness in three-qubit teleportation cannot be explained by the other GME measures, while it can naturally 
be done from ours. We also show that our GME measures can be defined by using only two of the possible three 
fidelities, unlike the minimum and the geometric mean of concurrences should consider concurrences for all 
bipartitions. In other words, we can make GME measures that have a simpler form.

This paper is organized as follows. We first introduce the maximal average teleportation fidelity obtained after 
one of the parties measures his/her system, and look into its properties. After defining entanglement measures 
based on the three-qubit teleportation capability, we prove that they fulfill the conditions for the GME measures. 
We give examples to show that our newly defined GME measures are more appropriate than the other GME 
measures to compare the capability of three-qubit teleportation. We finally generalize our entanglement meas-
ures to N-qubit systems, and discuss that these N-partite entanglement measures have the potential to be GME 
measures by showing that GME is related to N-qubit teleportation capability when N ≥ 4.

Main results
Three‑qubit teleportation capability and its properties. Three-qubit teleportation we consider pro-
ceeds as follows. Suppose that three parties, Alice, Bob, and Charlie, share a three-qubit state. After one performs 
an orthogonal measurement on his/her system, the rest carry out the standard  teleportation1 over the resulting 
state with the measurement outcome. For instance, if the initial state is |GHZ�ABC = 1√

2
(|000�ABC + |111�ABC) , 

then having one of them measures his/her system in the X basis {|0x�, |1x�} , where |tx� = 1√
2

(

|0� + (−1)t |1�
)

 for 
t = 0 or 1, makes it possible for them to perfectly accomplish three-qubit teleportation since it can be written as 
|GHZ�ABC = 1

2
(|0x0x0x�ABC + |0x1x1x�ABC + |1x0x1x�ABC + |1x1x0x�ABC).

Let us first look at the maximal fidelity of two-qubit teleportation. For a given teleportation scheme �ρAB over 
a two-qubit state ρAB , the fidelity of two-qubit teleportation is defined  as23

It has been proven that when �ρAB represents the standard teleportation scheme over ρAB to attain the maximal 
fidelity, the following equation  holds27,28:

where f is the fully entangled  fraction14, which is given by

where the maximum is over all maximally entangled states |e� of two qubits. The given state ρAB is said to be 
useful for teleportation if and only if F(�ρAB ) > 2/323,24,29.

We now consider three-qubit teleportation capability. Let Fij be the maximal average fidelity of teleportation 
over the resulting state in the systems i and j after measuring the system k, where i, j, and k are distinct systems 
in {A,B,C} . Since three-qubit teleportation consists of a one-qubit measurement and two-qubit teleportation, 
it is straightforwardly obtained  that26

where

Here, Uk is a unitary operator, that is, { Uk
†|0�,Uk

†|1�} describes a one-qubit orthogonal measurement on the 
system k, and ρUk ,t

ij  is the resulting state with the outcome t. We say that a given state ρABC is useful for three-qubit 
teleportation if and only if min{FAB(ρABC), FBC(ρABC), FCA(ρABC)} > 2/3.

Before showing the properties of the maximal average teleportation fidelity Fij , let us first consider the two-
qubit maximal teleportation fidelity F. Hereafter, we denote |ψ�S1S2 ∈ SEP(S1 : S2) when |ψ�S1S2 is separable 

(1)F
(

�ρAB

)

=
∫

dξ�ξ |�ρAB (|ξ��ξ |)|ξ�.

(2)F
(

�ρAB

)

=
2f (ρAB)+ 1

3
,

(3)f (ρAB) = max�e|ρAB|e�,

(4)Fij(ρABC) =
2fij(ρABC)+ 1

3
,

(5)fij(ρABC) = max
Uk

1
∑

t=0

�t|UkρkUk
†|t�f

(

ρ
Uk ,t
ij

)

.
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between the systems S1 and S2 for simplicity. By the Schmidt decomposition, any two-qubit pure state |φ�AB can 
be written in the form |φ�AB =

√
a|u0v0�AB +

√
1− a|u1v1�AB , where 0 ≤ a ≤ 1 and {|u0�, |u1�} , {|v0�, |v1�} are 

orthonormal sets. Thus, by calculating the entanglement fraction f (|φ�AB) , we get F
(

�|φ�AB
)

= 2
3
+ 2

3

√
a(1− a) . 

Note that the  concurrence15,16 for a pure state |ψ�S1S2 is defined as

where ̺ S1 is the reduced density operator of |ψ�S1S2 , so we have

From this equation, we can see that |φ�AB ∈ SEP(A : B) if and only if F
(

�|φ�AB
)

= 2
3
 , and for two-qubit pure 

states, the more entangled state with respect to the concurrence, the higher the maximal teleportation fidelity 
F. Moreover, since the concurrence satisfies the monotonicity under LOCC on pure states, so does the maximal 
teleportation fidelity F.

We now show that the maximal average teleportation fidelity Fij on three-qubit pure states has similar proper-
ties. For three-qubit pure states, it has been shown that the following equation  holds26:

where τ is the three-tangle30 and Cij is the concurrence for the reduced density operator ρij of |φ�ABC . We note 
that the three-tangle τ satisfies

for any distinct i, j, and k, where Ci(jk) denotes the concurrence between i and the other system jk. For mixed 
states, the concurrence is defined by means of the convex roof extension. In particular, for two-qubit systems, 
the concurrence of mixed state can be computed  by16

where the �l s are eigenvalues of the matrix X =
√√

ρ(σy ⊗ σy)ρ∗(σy ⊗ σy)
√
ρ in decreasing order, σy is the 

Pauli Y operator, and ρ∗ is the conjugate of ρ . Hence, it is not difficult to calculate Fij for a given three-qubit 
pure state.

By using Eq. (8), we obtain the following lemmas, which are important properties when we define our GME 
measures.

Lemma 1 Let |φ�ABC be a three-qubit pure state. Then for any distinct i, j, and k in {A,B,C} , Fij(|φ�ABC) = 2
3
 if 

and only if |φ�ABC ∈ SEP(i : jk) or |φ�ABC ∈ SEP(j : ik) . Moreover, if Fij(|φ�ABC) > 2
3
 and Fik(|φ�ABC) > 2

3
 , then 

Fjk(|φ�ABC) > 2
3
.

Lemma 2 For three-qubit pure states, the maximal average teleportation fidelities FAB , FBC , and FCA does not 
increase on average under LOCC.

We remark that Lemma 1 and Lemma 2 are not directly derived from the properties of the three-tangle τ and 
the concurrence Cij although we use Eq. (8) to prove them. If |φ�ABC ∈ SEP(i : jk) for some i, j, and k, then 
τ(|φ�ABC) = 0  ,  but  t h e  c onve rs e  i s  n ot  t r u e .  For  e x ampl e ,  τ(|W�ABC) = 0  ,  w h e re 
|W�ABC = 1√

3
(|001�ABC + |010�ABC + |100�ABC) . However, |W�ABC /∈ SEP(i : jk) for any distinct i, j and k. In 

addition, the concurrence Cij can increase under LOCC on three-qubit states. Indeed, Cij(|GHZ�) = 0 , but after 
measuring the system k in the X basis, Cij of the resulting state becomes 1.

GME measures based on three‑qubit teleportation capability. Let |ψ� ∈ H1 ⊗H2 ⊗ · · · ⊗HN 
be an N-partite pure state. The state |ψ� is called biseparable if it can be written as |ψ� = |φG� ⊗ |φḠ� , where 
|φG� ∈ Hj1 ⊗ · · · ⊗Hjk and |φḠ� ∈ Hjk+1

⊗ · · · ⊗HjN . Here, k < N and {j1, . . . , jk|jk+1, . . . , jN } is a biparti-
tion of the whole system. An N-partite mixed state ρ is called biseparable if it can be written as a convex sum 
of biseparable pure states ρ =

∑

i pi|ψi��ψi| , where the biseparable pure states {|ψi�} can be biseparable with 
respect to different bipartitions. If an N-partite state is not biseparable, then it is a genuinely N-partite entangled 
state.

Note that minimal conditions for being a good entanglement measure have been suggested as  follows18,20: 

 (i) E(ρ) > 0 if and only if ρ is a nonbiseparable state.
 (ii) E is invariant under local unitary transformations.
 (iii) E is not increasing on average under LOCC. That is, if we have states {ρk} with probabilities {pk} after 

applying a LOCC transformation to ρ , then 
∑

k pkE(ρk) ≤ E(ρ).
 (iv) E is convex.

(6)C
(

|ψ�S1S2
)

=
√

2
(

1− Tr
(

̺2S1

))

,

(7)C(|φ�AB) = 3F
(

�|φ�AB
)

− 2.

(8)
Fij(|φ�ABC) =

√

(

τ + C2
ij

)

(|φ�ABC)+ 2

3
,

(9)τ = C2
i(jk) − C2

ij − C2
ik

(10)C(ρ) = max{0, �1 − �2 − �3 − �4},
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If a multipartite entanglement measure satisfies these conditions, then we call it a GME measure. Our approach 
is to define a multipartite entanglement measure on pure states and generalize it to mixed states through the 
convex roof extension

where the minimum is over all possible decompositions ρ =
∑

l pl|ψl��ψl| . This approach has the advantage 
that it suffices to define an entanglement measure on pure states that satisfies the conditions (i), (ii), and (iii) in 
order to construct a GME measure.

Let us now define entanglement measures based on the three-qubit teleportation fidelity.

Definition 3 For a three-qubit pure state |φ�ABC , let Tij(|φ�ABC) = 3Fij(|φ�ABC)− 2 , where Fij is the maximal 
average teleportation fidelity in Eq. (8). We define multipartite entanglement measures Tmin and TGM as

respectively, on three-qubit pure states. For three-qubit mixed states, we generalize them via the convex roof 
extension.

The reason why we use Tij instead of Fij itself is to set the values of Tmin and TGM between 0 and 1. It directly 
follows from Lemma 1 that Tmin and TGM satisfy the condition (i). We know that they are invariant under 
local transformations, which is the condition (ii), from the definition of Fij . From Lemma 2, we can also prove 
that they fulfill the condition (iii). The condition (iv) is guaranteed by the convex roof extension. Therefore, we 
have the following theorem.

Theorem 4 Entanglement measures Tmin and TGM are GME measures.

In Lemma 1, we also showed that for a three-qubit pure state |φ�ABC , if Fij(|φ�ABC) > 2
3
 and Fik(|φ�ABC) > 2

3
 , 

then Fjk(|φ�ABC) > 2
3
 for any distinct i, j, and k in {A,B,C} . Therefore, only two quantities Tij and Tik are enough 

to define a GME measure.

Definition 5 For any distinct i, j, and k in {A,B,C} , we define multipartite entanglement measures T (i)
min and 

T
(i)
GM as

on three-qubit pure states. For three-qubit mixed states, we generalize them through the convex roof extension.

We have the following theorem by applying the same proof method in Theorem 4.

Theorem 6 Entanglement measures T (i)
min and T (i)

GM are GME measures for any i ∈ {A,B,C}.

We can interpret entanglement measures T (i)
min and T (i)

GM as the minimum and the average teleportation 
capability of the system i, respectively. Remark that if one defines an entanglement measure with concurrence 
in this way, then it cannot be a GME measure. For example, let us think of the biseparable state 
|ξ�ABC = 1√

2
(|000�ABC + |110�ABC). We can clearly see that CA(BC) = CB(CA) = 1 , but CC(AB) = 0 . Thus, if we 

define Gmin ≡ min{CA(BC),CB(CA)} , it cannot be a GME measure since Gmin(|ξ�ABC) �= 0.
The following examples show that our GME measures are more suitable to capture the usefulness of a given 

state for three-qubit teleportation. We note that GME measures Cmin and CGM in  References18,19 are given by 
Cmin ≡ min{CA(BC),CB(CA),CC(AB)} and CGM ≡ 3

√

CA(BC)CB(CA)CC(AB) , respectively, on three-qubit pure states.

Example 1 We calculate Tmin , TGM , T (A)
min , T (A)

GM , Cmin , and CGM for some states, and show that they give the 
opposite order for the states, which means that these GME measures are distinct from one another. For 0 ≤ t ≤ 1 , 
let

Then all GME measures return the same value 2t
√
1− t2 on the state |φ(t)�ABC . Note that h(t) ≡ 2t

√
1− t2 is 

a continuous function of t, which has the minimum value 0 at t = 0, 1 and the maximum value 1 at t = 1/
√
2 . 

Hence, if there is a state |ψ�ABC such that E(ψ) > E′(ψ) , where E,E′ ∈
{

Tmin,TGM ,T
(A)
min,T

(A)
GM ,Cmin,CGM

}

 , 
then it follows from the intermediate value theorem that there exists t ′ with

(11)E(ρ) = min
{pl ,ψl}

∑

l

plE(|ψl�),

(12)
Tmin ≡ min{TAB,TBC ,TCA},
TGM ≡ 3

√

TABTBCTCA,

(13)
T

(i)
min ≡ min{Tij ,Tik},

T
(i)
GM ≡

√

TijTik ,

(14)|φ(t)�ABC = t|000�ABC +
√

1− t2|111�ABC .
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which means that these GME measures E and E′ provide the opposite order for the quantum states |ψ�ABC and 
|φ(t ′)�ABC . Indeed, let us consider the following state

where 0 ≤ r ≤ 1 . Then for any E,E′ ∈
{

Tmin,TGM ,T
(A)
min,T

(A)
GM ,Cmin,CGM

}

 , it is easy to find r′ such that 
E
(

ψ(r′)
)

> E′
(

ψ(r′)
)

 as seen in Fig. 1. Hence, they are all different GME measures.

Example 2 The GME measure Tmin is defined based on three-qubit teleportation capability. Thus, we can say 
that if |ψ� is more entangled than |ξ� with respect to Tmin , then |ψ� is more useful than |ξ� in three-qubit tel-
eportation. Let

where 0 ≤ r ≤ 1 . In Fig. 2, we can see that for 0.7 < r < 0.9,

where |ψ(r)�ABC is the state in Eq. (16). In other words, although |ψ(r)�ABC is more valuable for three-qubit 
teleportation than |ξ(r)�ABC in this case, Cmin does not catch this fact. Similar examples can be readily found for 
other GME measures as well.

GME and N‑qubit teleportation capability. We here discuss the relation between GME and N-qubit 
teleportation capability, where N ≥ 4 . Note that fij in Eq. (5) can be generalized in the following two ways. Let 
ρA1···AN be a N-qubit quantum state and K = {k1, k2, . . . , kN−2} = {A1,A2, . . . ,AN }\{i, j} . One is

where ρK = ρk1 ⊗ ρk2 ⊗ · · · ⊗ ρkN−2
 and UK = Uk1 ⊗ Uk2 ⊗ · · · ⊗ UkN−2

 is a product of local unitary operators. 
The other is

(15)E(ψ) > E
(

φ(t ′)
)

= E′
(

φ(t ′)
)

> E′(ψ),

(16)|ψ(r)�ABC = r|000�ABC +
√
1− r2

2
|101�ABC +

√
1− r2√

2
|110�ABC +

√
1− r2

2
|111�ABC ,

(17)|ξ(r)�ABC =
√
1− r2√

2
|001�ABC +

√
1− r2√

2
|010�ABC + r|100�ABC ,

(18)
Cmin(ξ(r)) > Cmin(ψ(r)),

Tmin(ξ(r)) < Tmin(ψ(r)),

(19)f
(N)
ij (ρA1···AN ) = max

UK

∑

J∈{0,1}N−2

�J|UKρKU
†
K |J�f

(

ρ
UK ,J
ij

)

,

Figure 1.  Graphs of the GME measures Cmin , Tmin , T (A)
min

 , CGM , TGM , and T (A)
GM

 for the state |ψ(r)� of the 
form in Eq. (16). For any two of these measures, we can choose r for which these measures have different 
values. Note that for the state |φ(t)� of the form in Eq. (14), these measures have the same value 2t

√
1− t2 

for any t ∈ [0, 1] , and these values vary from 0 to 1. Hence, we can easily find states in which the values of the 
measures have different orders. For instance, let t ′ be a value such that CGM(φ(t′)) = TGM(φ(t′)) = 0.8 . Then 
CGM(ψ(0.7)) > CGM(φ(t′)) , but TGM(ψ(0.7)) < TGM(φ(t′)) . This means that CGM and TGM rank the states 
ψ(0.7) and φ(t ′) differently.
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where Kl = K \ {kl} and f (3)ij = fij in Eq. (5). The difference between these two definitions is whether or not 
communication between assistants is allowed. Hence, we obtain two different maximal average teleportation 
fidelities as follows:

Let us define new quantities based on these N-qubit teleportation capabilities with a similar way for three-qubit 
case as follows.

Definition 7 For a N-qubit pure state |φ�A1...AN , let T (N)
ij

(

|φ�A1...AN

)

= 3F
(N)
ij

(

|φ�A1...AN

)

− 2 . We define T (N)
min 

and T (N)
GM as

respectively, on N-qubit pure states, where m =
(

N
2

)

 . For N-qubit mixed states, we generalize them via the 

convex roof extension. In the same way, we define T̄ (N)
min and T̄ (N)

GM by using F̄(N)
ij .

Now, we discuss that the quantities proposed in Definition 7 may be good candidates to be GME measures 
for N-qubit systems, where N ≥ 4 . As we have already shown in Lemma 1, for a three-qubit pure state |φ�ABC , 
Fij(|φ�ABC) = 2

3
 if and only if |φ�ABC ∈ SEP(i : jk) or |φ�ABC ∈ SEP(j : ik) for any distinct i, j, and k in {A,B,C} . 

Here, we have a similar argument for an N-qubit pure state.
Let us now assume that for an N-qubit pure state |φ�A1···AN , there exists a bipartition {Gi|Gj} of the whole 

system with i ∈ Gi and j ∈ Gj such that |φ�A1···AN ∈ SEP(Gi : Gj) . If k ∈ Gi , where k /∈ {i, j} , then we clearly have 
that the resulting state after performing an orthogonal measurement in the system k is a pure state which belongs 
to SEP(G̃i : Gj) , where G̃i = Gi \ {k} . By continuing this process, we can see that the quantum state obtained 
after measuring all systems except i and j is a pure state and separable between systems i and j. Therefore, we 
have the following proposition.

Proposition 8 Let |φ�A1···AN be an N-qubit pure state. If |φ�A1···AN ∈ SEP(Gi : Gj) for a bipartition {Gi|Gj} of the 
whole system with i ∈ Gi and j ∈ Gj , then F(N)

ij

(

|φ�A1···AN

)

= F̄
(N)
ij

(

|φ�A1···AN

)

= 2
3
.

(20)f̄
(N)
ij (ρA1···AN ) = max

kl∈K

(

max
Ukl

1
∑

t=0

�t|UklρAkl
U†
kl
|t�f (N−1)

ij

(

ρ
Ukl

,t

Kl

)

)

,

(21)
F
(N)
ij

(

ρA1···AN

)

=
2f

(N)
ij

(

ρA1···AN

)

+ 1

3
,

F̄
(N)
ij

(

ρA1···AN

)

=
2f̄

(N)
ij

(

ρA1···AN

)

+ 1

3
.

(22)

T
(N)
min ≡ min

i<j
{T (N)

ij },

T
(N)
GM ≡ m

√

∏

i<j

T
(N)
ij ,

Figure 2.  If we calculate GME measures Cmin and Tmin for the states |ψ(r)� in Eq. (16) and |ξ(r)� in Eq. (17), 
then Cmin(ξ(r)) > Cmin(ψ(r)) but Tmin(ξ(r)) < Tmin(ψ(r)) for 0.7 ≤ r ≤ 0.9 . Hence, we can say that Cmin is 
not appropriate for comparing teleportation capabilites.
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We note that F(N)
ij

(

|φ�A1···AN

)

≤ F̄
(N)
ij

(

|φ�A1···AN

)

 for any N. Therefore, F(N)
ij

(

|φ�A1···AN

)

> 2
3
 for all distinct 

i, j implies that |φ�A1···AN is a genuinely N-partite entangled state. However, we do not need to check all possible 
fidelities to verify that a given state is a genuinely N-partite entangled state. Indeed, it suffices to check 
minj

{

F
(N)
ij

}

> 2
3
 for a fixed i since if |φ�A1···AN ∈ SEP(P : P′) for a bipartition {P|P′} of the whole system, then 

we can always choose a system k from the party that does not contain i and F(N)
ik

(

|φ�A1···AN

)

= 2
3
 by Proposi-

tion 8. For example, when N = 4 , if F(4)AB (|φ�ABCD) > 2
3
 , F(4)AC(|φ�ABCD) > 2

3
 and F(4)AD(|φ�ABCD) > 2

3
 , then the 

remaining fidelities are also greater than 2
3
 and so, |φ�ABCD is a genuinely quadripartite entangled state.

Conversely, does F(N)
ij

(

|φ�A1···AN

)

= 2
3
 or F̄(N)

ij

(

|φ�A1···AN

)

= 2
3
 implies separability for a bipartition {Gi|Gj} 

with i ∈ Gi and j ∈ Gj ? If this holds for F(N)
ij  , then this also holds for F̄(N)

ij  since F(N)
ij

(

|φ�A1···AN

)

≤ F̄
(N)
ij

(

|φ�A1···AN

)

 
for any N. For N = 4 , by checking all the cases, we get the following proposition.

Proposition 9 For N = 4 , if F(4)ij (|φ�ABCD) = 2
3
 , then |φ�ABCD ∈ SEP(Gi : Gj) for some bipartition {Gi|Gj} with 

i ∈ Gi and j ∈ Gj.

To sum up, we can distinguish genuinely quadripartite entangled states and biseparable states by means of 
F
(4)
ij  or F̄(4)ij  . By definition, T (4)

min , T (4)
GM , T̄ (4)

min , and T̄ (4)
GM satisfy the GME condition (ii) and (iv), and hence, we 

have the following corollary.

Corollary 10 T (4)
min , T

(4)
GM , T̄ (4)

min , and T̄ (4)
GM satisfy the GME condition (i), (ii), and (iv).

Note that we expect to have the same argument with more complicated calculations when N ≥ 5 . Therefore, 
T

(4)
min , T (4)

GM , T̄ (4)
min , and T̄ (4)

GM have the potential to be GME measures.

Conclusion
In this paper, we have introduced GME measures for three-qubit states based on three-qubit teleportation capa-
bility. In order to do that, we have considered the maximal average teleportation fidelity of the resulting states 
on the other parties obtained after one of the parties measures his/her system. We have shown that the fidelity 
can be used to observe separability, and does not increase on average under LOCC for three-qubit pure states, 
and by using these properties, we have proven that our entanglement measures defined using the fidelity satisfy 
the conditions for the GME measure.

For three-qubit mixed states, we have defined our entanglement measures by means of the convex roof 
extension. This method is a good way to make our entanglement measures satisfy the conditions for being a 
good entanglement measure on the mixed states, but it is not easy to get an exact value because it is defined as 
a minimum for all possible ensembles. For a profound understanding of multipartite entanglement, it is neces-
sary to find this value or at least find its lower bound. Furthermore, it would be important to see how this value 
relates to multipartite teleportation capability.

We have shown that the maximal average fidelity of four-qubit teleportation can be used to distinguish genu-
inely quadripartite entangled states and biseparable states. This could be generalized to N-qubit systems, where 
N ≥ 5 . Hence, the quantities defined in Definition 7 have the potential to be GME measures. It is not easy to show 
that the entanglement measures satisfy the conditions for GME measures, in particular the monotonicity under 
LOCC, because no analytic form such as Eq. (8) has been known for N ≥ 4 . Our future work is to rigorously 
prove that these quantities are GME measures. Moreover, it would also be intriguing to explore entanglement 
measures for N-qudit systems using a similar approach since we can define N-qudit teleportation capability 
analogously as we define N-qubit teleportation capability in this work.

We note that there are other quantum information tasks that use GME, such as conference key agreement or 
secret sharing. It has been shown that any multipartite private state, which is the general form of quantum state 
capable of conference key agreement, is a genuinely multipartite entangled  state8. Hence, it could be interest-
ing to see if we can define GME measures based on those quantum information tasks. Besides, there have been 
recently known quantum information tasks such as the quantum secure direct  communication31 or controlled 
quantum teleportation based on quantum  walks32. It would be also a possible future work to see how these tasks 
can be related to GME measures and how we define entanglement measures based on them.

Methods
Proof of Lemma 1. If |φ�ABC ∈ SEP(i : jk) , which means Ci(jk)(|φ�ABC) = 0 , then we obtain 
(

τ + C2
ij

)

(|φ�ABC) = 0 and 
(

τ + C2
ik

)

(|φ�ABC) = 0 from Eq.  (9). In other words, Fij(|φ�ABC) = 2
3
 and 

Fik(|φ�ABC) = 2
3
 . Similarly, if |φ�ABC ∈ SEP(j : ik) , we have Fij(|φ�ABC) = 2

3
 and Fjk(|φ�ABC) = 2

3
 . For both 

cases, Fij(|φ�ABC) = 2
3
 . Conversely, let us assume that Fij(|φ�ABC) = 2

3
 . Then τ(|φ�ABC) = 0 and C2

ij(|φ�ABC) = 0 
since both are nonnegative. Note that any three-qubit pure state |φ�ABC can be written  as33

where i =
√
−1 , 0 ≤ θ ≤ π , αl ≥ 0 , and 

∑

l α
2
l = 1 . Hence, it follows from straightforward calculations that

(23)|φ�ABC = α0|000�ABC + α1e
iθ |100�ABC + α2|101�ABC + α3|110�ABC + α4|111�ABC ,
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From τ(|φ�ABC) = 0 , we get α0 = 0 or α4 = 0 . If α0 = 0 , then C2
AB(|φ�ABC) = C2

CA(|φ�ABC) = 0 , and if 
α0  = 0 , then C2

BC(|φ�ABC) = 0 if and only if C2
AB(|φ�ABC) = 0 or C2

CA(|φ�ABC) = 0 . Therefore, from Eq. (9), 
we can see that Fij(|φ�ABC) = 2

3
 implies Ci(jk)(|φ�ABC) = 0 or Cj(ki)(|φ�ABC) = 0 , that is, |φ�ABC ∈ SEP(i : jk) or 

|φ�ABC ∈ SEP(j : ik) . Furthermore, we also have that if Fij(|φ�ABC) = 2
3
 , then Fik(|φ�ABC) = 2

3
 or Fjk(|φ�ABC) = 2

3
.

Proof of Lemma 2. It is sufficient to show that 
√

τ + C2
AB , 

√

τ + C2
BC  , and 

√

τ + C2
CA do not increase on 

average under LOCC, thanks to Eq. (8). One important observation is that it is always possible to decompose any 
local protocol into positive operator-valued measures (POVMs) such that only one party implements operations 
on his/her system. Moreover, we also remark that a generalized local POVM can be carried out by a sequence of 
POVMs with two  outcomes17,34. Without loss of generality, let us assume that Alice performs POVM consisting 
of two elements, say A0 and A1 . By using the singular value decomposition, they can be written as At = UtDtV  , 
where Ut and V are unitary matrices, and Dt are diagonal matrices with entries (a, b) and 

(√
1− a2,

√
1− b2

)

 , 
respectively, for some a, b ∈ [0, 1] . Here, the same unitary operation V can be chosen for both A0 and A1 because 
they compose the POVM.

Let |φ�ABC be an initial state of the form in Eq. (23). After Alice’s POVM, we have |ψt�ABC = At |φ�ABC/
√
pt  , 

where pt = �φ|A†
t At |φ� . Let us calculate the three-tangle and the concurrence of |ψt�ABC . Since the three-tangle 

and the concurrence are invariant under local transformations, it suffices to consider those of DtV |φ�ABC/
√
pt  

instead of |ψt�ABC itself. If we denote vij = �i|V |j� and dt,i = �i|Dt |i� for i, j, t ∈ {0, 1} , then

By definition, with some tedious calculations, we can obtain

where

From Eqs. (9) and (24), we have

One can readily check that

for ij ∈ {AB,CA} , since 
∑1

t=0 dt,0dt,1 = ab+
√

(1− a2)(1− b2) ≤ 1 . Hence, 
√

τ + C2
AB and 

√

τ + C2
CA do not 

increase on average under LOCC for three-qubit pure states. Now, it remains to show that 
√

τ + C2
BC  does not 

increase on average under LOCC for three-qubit pure states, or equivalently,

(24)

τ(|φ�ABC) = 4α2
0α

2
4 ,

C2
AB(|φ�ABC) = 4α2

0α
2
3 ,

C2
BC(|φ�ABC) = 4α2

1α
2
4 + 4α2

2α
2
3 − 8α1α2α3α4 cos θ ,

C2
CA(|φ�ABC) = 4α2

0α
2
2 .

(25)

DtV |φ�ABC =dt,0
(

v00α0 + v01α1e
iθ
)

|000�ABC + dt,0v01α2|001�ABC + dt,0v01α3|010�ABC + dt,0v01α4|011�ABC
+ dt,1

(

v10α0 + v11α1e
iθ
)

|100�ABC + dt,1v11α2|101�ABC + dt,1v11α3|110�ABC + dt,1v11α4|111�ABC .

(26)

τ(|ψt�ABC) =
4

p2t
· d2t,0d2t,1α2

0α
2
4 ,

C2
A(BC)(|ψt�ABC) =

4

p2t
· d2t,0d2t,1α2

0

(

α2
2 + α2

3 + α2
4

)

,

C2
B(CA)(|ψt�ABC) =

4

p2t
·
(

d2t,0d
2
t,1α

2
0α

2
3 + g(|ψt�ABC)

)

,

C2
C(AB)(|ψt�ABC) =

4

p2t
·
(

d2t,0d
2
t,1α

2
0α

2
2 + g(|ψt�ABC)

)

,

(27)g(|ψt�ABC) ≡
(

d2t,0|v01|2 + d2t,1|v11|2
)

·
1

∑

i=0

d2t,i
∣

∣α4
(

vi0α0 + vi1α1e
iθ
)

− vi1α2α3
∣

∣

2

(28)

(

τ + C2
AB

)

(|ψt�ABC) =
1

p2t
· d2t,0d2t,1 ·

(

τ + C2
AB

)

(|φ�ABC),

(

τ + C2
BC

)

(|ψt�ABC) =
4

p2t
· g(|ψt�ABC),

(

τ + C2
CA

)

(|ψt�ABC) =
1

p2t
· d2t,0d2t,1 ·

(

τ + C2
CA

)

(|φ�ABC).

(29)
√

(

τ + C2
ij

)

(|φ�ABC) ≥
1

∑

t=0

pt

√

(

τ + C2
ij

)

(|ψt�ABC),
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Observe that it can be written as

where |w� = α0α4|0� + (α1α4e
−iθ − α2α3)|1� is an unnormalized vector and |vi� = vi0|0� + vi1|1� for i = 0, 1 . 

In addition, since |v0� and |v1� are orthonormal, we get

Hence, we can reduce the desired inequality in Eq. (30) to

With simple algebra, it can be readily shown that this inequality is equivalent to 
(

T|||w�||2 − S
)2 ≥ 0 , where 

T = a2|v01|2 + b2|v11|2 and S = a2|�w|v0�|2 + b2|�w|v1�|2 . Therefore, Eq. (30) always holds, and so 
√

τ + C2
BC  

does not increase on average under LOCC for three-qubit pure states.

Proof of Theorem 4. We here provide a rigorous proof that Tmin and TGM satisfy the condition (iii). As 
in the proof of Lemma 2, we assume that one party performs a two-outcome POVM. If we have |ψt�ABC with 
probability pt after applying the POVM on |φ�ABC , then it follows from Lemma 2 that

for any distinct i and j in {A,B,C} . Without loss of generality, let TAB take the minimum, that is, 
Tmin(|φ�ABC) = TAB(|φ�ABC) . Then

Thus, Tmin does not increase on average under LOCC for three-qubit pure states. For TGM , we have

The second inequality in Eq. (36) comes from Mahler’s inequality. Hence, TGM also does not increase on average 
under LOCC for three-qubit pure states.

Now, let ρ be a three-qubit mixed state and T represent Tmin or TGM . Assume that an ensemble {pl ,ψl} of 
ρ attains the minimum of T (ρ) , that is,

If we obtain

after a POVM, it follows from the monotonicity of T on pure states that

where ql,t = �At |ψl��2 . From the linearity of POVM, we note that the resulting state is

(30)
√

(

τ + C2
BC

)

(|φ�ABC) ≥
1

∑

t=0

pt

√

(

τ + C2
BC

)

(|ψt�ABC) =
1

∑

t=0

2
√

g(|ψt�ABC).

(31)
∣

∣α4
(

vi0α0 + vi1α1e
iθ
)

− vi1α2α3
∣

∣ = |�w|vi�|,

(32)|�w|v0�|2 + |�w|v1�|2 = |||w�||2 =
1

4

(

τ + C2
BC

)

(|φ�ABC).

(33)|||w�|| ≥
√

g(|ψ0�ABC)+
√

g(|ψ1�ABC).

(34)Tij(|φ�ABC) ≥
1

∑

t=0

ptTij(|ψt�ABC),

(35)Tmin(|φ�ABC) ≥
1

∑

t=0

ptTAB(|ψt�ABC) ≥
1

∑

t=0

ptTmin(|ψt�ABC).

(36)

TGM(|φ�ABC) ≥ 3

√

√

√

√

1
∑

t=0

ptTAB(|ψt�ABC)
1

∑

s=0

psTBC(|ψs�ABC)
1

∑

r=0

prTCA(|ψr�ABC)

≥
1

∑

t=0

3
√

ptTAB(|ψt�ABC) 3
√

ptTBC(|ψt�ABC) 3
√

ptTCA(|ψt�ABC)

=
1

∑

t=0

ptTGM(|ψt�ABC).

(37)T (ρ) =
∑

l

plT (|ψl�).

(38)|φl,t� =
At |ψl�
�At |ψl��

(39)T (ρ) ≥
∑

l,t

plql,tT
(

|φl,t�
)

,

(40)σt =
1

rt

∑

l

plql,t |φl,t��φl,t |
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with probability rt =
∑

l plql,t . By the definition of the convex roof extension, we finally have

which completes the proof.

Proof of Proposition 9. To prove the proposition, we first introduce the following lemma.

Lemma 11 Let |φ0� , |φ1� , |ψ0� , and |ψ1� be qubits and |�φ0|φ1�| �= 1 . Define

where α0,α1 ∈ C with |α0|2 + |α1|2 = 1 , |αi| �= 0 for i = 0, 1 , and P ≡ 1+ 2Re
(

α∗
0α1�φ0|φ1��ψ0|ψ1�

)

 is the nor-
malization factor. If |ξ�AB is separable, then |ψ0� is equivalent to |ψ1� up to a global phase.

Proof of Lemma 11. Since |ξ�AB is separable, we have Tr
(

σ 2
B

)

= 1 , where σB is the reduced matrix of |ξ�AB . Let 
us decompose |φ1� as |φ1� = �φ0|φ1�|φ0� + �φ⊥

0 |φ1�|φ⊥
0 � , where �φ⊥

0 |φ0� = 0 . Let β = �φ0|φ1� . Then

By straightforward calculations, we have

where γ = �ψ0|ψ1� . Since |αi| �= 0 for i = 0, 1 and |β| �= 1 , we have |γ | = 1 . Therefore, |ψ0� is equivalent to |ψ1� 
up to a global phase.

Proof of Proposition 9. Without loss of generality, let us assume that F(4)AB (|φ�ABCD) = 2
3
 . Then, it can be written 

as

where αi ∈ C with 
∑3

i=0 |αi|2 = 1 . If |αi| = 1 for some i, then we clearly have |φ�ABCD ∈ SEP(GA : GB) for any 
bipartition {GA|GB}.

If |αi|2 + |αj|2 = 1 and αiαj  = 0 , where (i, j) ∈ {(0, 1), (0, 2), (1, 3), (2, 3)} , then it can be immediately applied 
the results for the three-qubit system. For example, let |α0|2 + |α2|2 = 1 , then |φ�ABCD = |φ′�ABC |0�D , where 
|φ′�ABC = α0|η0�A|ζ0�B|0�C + α2|η2�A|ζ2�B|1�C . Since F(4)AB (|φ�ABCD) = 2

3
 and |φ�ABCD ∈ SEP(ABC : D) , we have 

F
(3)
AB(|φ′�ABC) = 2

3
 . Hence, |φ′�ABC ∈ SEP(A : BC) or |φ′�ABC ∈ SEP(AC : B) , and thus |φ�ABCD ∈ SEP(GA : GB) 

for some bipartition {GA|GB} . If |α0|2 + |α3|2 = 1 and α0α3  = 0 , then

In this case, after measuring each system C and D in the X basis, we have ρHCHD ,JCD=00
AB = |ψ�AB�ψ | with 

|ψ�AB = 1√
P
(α0|η0�A|ζ0�B + α3|η3�A|ζ3�B) , where H is the Hadamard operator and P is the normalization factor. 

Since ρHCHD ,JCD=00
AB  is separable due to the fact that F(4)AB (|φ�ABCD) = 2

3
 , we apply Lemma 11 to show separability 

of |φ� between some bipartition {GA|GB} . In case of |α1|2 + |α2|2 = 1 with α1α2  = 0 , we can apply the same logic.
The next is the case of |αi|2 + |αj|2 + |αk|2 = 1 with αiαjαk  = 0 . For simplicity, |φ� ∼ |φ′� means |φ� and |φ′� 

are equivalent up to a global phase from now on. By symmetry, it is enough to deal with the case of

Since ρICHD ,JCD=00
AB  and ρHCID ,JCD=00

AB  are separable, where I is the identity operator, we have ( |η0� ∼ |η1� or 
|ζ0� ∼ |ζ1� ) and ( |η0� ∼ |η2� or |ζ0� ∼ |ζ2� ), respectively, by Lemma 11. If |η0� ∼ |η1� and |η0� ∼ |η2� , then 
|φ�ABCD ∈ SEP(A : BCD) . Similarly, |ζ0� ∼ |ζ1� and |ζ0� ∼ |ζ2� implies |φ�ABCD ∈ SEP(ACD : B) . Let |η0� ∼ |η1� 
and |ζ0� ∼ |ζ2� . Then there exist real numbers r1 and s2 such that |η0� = eir1 |η1� and |ζ0� = eis2 |ζ2� . Hence, it can 
be written as

where |βi| = |αi| for i = 1, 2 . Note that ρHCHD ,JCD=00
AB = |ψ�AB�ψ | , where

(41)T (σt) ≤
1

rt

∑

l

plql,tT
(

|φl,t�
)

,

(42)|ξ�AB ≡
1√
P
(α0|φ0�A|ψ0�B + α1|φ1�A|ψ1�B),

(43)PσB = |α0|2|ψ0��ψ0| + |α1|2|ψ1��ψ1| + α∗
0α1β|ψ1��ψ0| + α0α

∗
1β

∗|ψ0��ψ1|.

(44)
P2 =P2Tr

(

σ 2
B

)

=P2 − 2|α0|2|α1|2(1− |β|2)(1− |γ |2),

(45)|φ�ABCD = α0|η0�A|ζ0�B|00�CD + α1|η1�A|ζ1�B|01�CD + α2|η2�A|ζ2�B|10�CD + α3|η3�A|ζ3�B|11�CD ,

(46)|φ�ABCD = α0|η0�A|ζ0�B|00�CD + α3|η3�A|ζ3�B|11�CD .

(47)|φ�ABCD = α0|η0�A|ζ0�B|00�CD + α1|η1�A|ζ1�B|01�CD + α2|η2�A|ζ2�B|10�CD .

(48)|φ�ABCD = α0|η0�A|ζ0�B|00�CD + β1|η0�A|ζ1�B|01�CD + β2|η2�A|ζ0�B|10�CD ,

(49)|ψ�AB =
1√
P
(α0|η0�A|ζ0�B + β1|η0�A|ζ1�B + β2|η2�A|ζ0�B)
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with the normalization factor P. We can rewrite

with some nonzero values γ0, γ1 ∈ C and P′ ∈ R . By applying Lemma 11 once again, we have |η0� ∼ |η2� or 
|ζ ′� ∼ |ζ0� . In the former case, we get |φ�ABCD ∈ SEP(A : BCD) . In the latter case, |ζ0� ∼ |ζ1� since |ζ ′� is a linear 
combination of |ζ0� and |ζ1� , and thus |φ�ABCD ∈ SEP(ACD : B).

Let us consider the case of αi  = 0 for all i. Since ρICHD ,JCD=00
AB  , ρHCID ,JCD=00

AB  , ρHCID ,JCD=01
AB  , and ρICHD ,JCD=10

AB  
are separable, we have

respectively. Hence, there are 16 possible cases.
For a case in {a1a2a3a4, a1a2a3b4, a1a2b3a4, a1b2a3a4, b1a2a3a4} , we have η0 ∼ ηi for all i, and so 

|φ�ABCD ∈ SEP(A : BCD) . If a case is in {b1b2b3b4, b1b2b3a4, b1b2a3b4, b1a2b3b4, a1b2b3b4} , we obtain 
|φ�ABCD ∈ SEP(ACD : B) . For the case a1a2b3b4 , we have |η0� ∼ |η1� ∼ |η2� and |ζ1� ∼ |ζ2� ∼ |ζ3� . In this case, 
after applying the method used in the case of |αi|2 + |αj|2 + |αk|2 = 1 with αiαjαk  = 0 to ρHCHD ,JCD=00

AB  , we can 
show separability. For the cases a1b2a3b4 , b1b2a3a4 , and b1a2b3a4 , it can be proven in the same way.

The remainder cases are a1b2b3a4 and b1a2a3b4 . By symmetry, it suffices to consider the case a1b2b3a4 . In 
this case, the state can be written as

for some βi ∈ C with |αi| = |βi| for all i. Then ρHCHD ,JCD=00
AB = |ψ�AB�ψ |, where

with a normalization factor P. We can rewrite

with nonzero values γ0 , γ2 , and P′ , where |ζ ′� and |ζ ′′� are linear combinations of |ζ0� and |ζ1� . 
Since ρHCHD ,JCD=00

AB  is separable, by applying the Lemma  11, we have |η0� ∼ |η2� or |ζ ′� ∼ |ζ ′′� . In 
the former case, we have |φ�ABCD ∈ SEP(A : BCD) . Let us consider the latter case. We note that 
|ζ ′� = δ0|ζ0�B + δ1|ζ1�B and |ζ ′′� = δ2|ζ0�B + δ3|ζ1�B for some δi . Since |ζ ′� ∼ |ζ ′′� , there exits θ such that 
δ0|ζ0�B + δ1|ζ1�B = eiθ (δ2|ζ0�B + δ3|ζ1�B) . If ζ0 ∼ ζ1 , then |φ�ABCD ∈ SEP(ACD : B) . In the other case, we have 
δ0 = eiθ δ2 and δ1 = eiθ δ3 since |ζ0� and |ζ1� are linearly independent. Hence, it can be rewritten as

with some complex values γ̃i and δj . Reordering the systems, we can have

which means |φ�ABCD ∈ SEP(AC : BD).

Data availibility
No datasets were generated or analysed during the current study. The results were calculated by hand. Corre-
spondence and requests for materials should be addressed to E.B. or S.L.
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