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with cosmic string effects

on eigenvalue solution

of non-relativistic quantum
particles

Faizuddin Ahmed

In this paper, we explore the quantum system of non-relativistic particles in a unique scenario: a
circularly symmetric and static three-dimensional wormhole space-time accompanied by cosmic
strings. We focus on a specific case where the redshift function @ (r) to be zero and defining the shape
functionas A(r) = ‘_—”2. After establishing this background space-time, we investigate the behavior of

a harmonic oscillator within the same wormhole context. By doing so, we observe the effects of the
cosmic string and wormbhole throat radius on the eigenvalue solution of the oscillator’s eigenvalue
problem. The primary finding is that these cosmic features lead to modifications in the energy
spectrum and wave functions of the system, breaking the degeneracy of energy levels that would
typically be present in a more conventional setting. As a particular case, we present the specific energy
level E1 4 and the corresponding wave function ¥4 4, which are associated with the ground state of

the quantum system. These results highlight the fascinating and unique properties of the harmonic
oscillator in the background of a circularly symmetric, static wormhole space-time with cosmic strings.

The general theory of relativity is a profound scientific framework that establishes a fundamental connection
between the curvature of space-time and the distribution of matter’s stress-energy'. When matter and energy
are present, they cause the geometry of space-time to curve, and this curvature governs the dynamics of objects
moving within it. This theory is exceptionally intricate, with its field equations consisting of ten non-linear dif-
ferential equations. Finding exact solutions to these equations without imposing any symmetry or asymptotic
conditions is extremely challenging.

To tackle this complexity, scientists often resort to employing both analytic and numerical approximations.
Through these approximations, they can explore a wide range of fascinating physical phenomena, including
gravitational lensing, the gravitational collapse of stars leading to the formation of black holes, the Big Bang
theory, and the cosmic microwave background (CMB). By utilizing these approximation methods, researchers
can gain valuable insights into the behavior of matter and energy in the presence of gravitational fields, unravel-
ling the mysteries of some of the universe’s most enigmatic and awe-inspiring phenomena.

Numerous authors have successfully derived exact solutions to the field equations in different dimensions,
including (1 + 1), (1 + 2),(1 + 3), and higher dimensions. In four dimensions, some well-known solutions found
in the literature encompass the Schwarzschild vacuum solution?, de-Sitter and anti-de Sitter space-times, Fried-
mann-Robertson-Walker (FRW) space-time, and the Kerr rotating solution®. However, there are other exact
solutions that possess peculiar properties, such as the Godel space-time*, the Som-Raychaudhri space-time®,
Tipler’s rotating cylinder®, Gott time machine space-time’, and Ori time-machine space-time®, among others.
These solutions exhibit characteristics like closed time-like curves (CTCs), closed time-like geodesics (CTGs),
and closed null geodesics (CNGs), which violate causality conditions in general relativity and potentially allow
for time travel. To address this issue and prevent the appearance of such peculiar properties in exact solutions
of the field equations, S. Hawking postulates the Chronology Protection Conjecture (CPC)°. However, despite
the conjecture, there is currently no rigorous proof available in the literature. Hence, the possibility of closed
causal curves in certain space-time solutions cannot be easily discarded. It is worth noting that the presence
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of closed time-like curves in a space-time would lead to the concept of time-travel within the framework of
relativity theory.

In the context of (1 4 2)-dimensional space-time, there exist several known solutions to the field equations,
including those presented in Refs.!®!!, solutions with string sources'?, spinless BTZ space-time'>'*, charged
black hole solutions'?, solutions with perfect fluid sources'é, charged-free black hole solutions'’, and multi-black
hole geometries'®. These solutions contribute to a better understanding of the gravitational dynamics in lower-
dimensional space-time scenarios.

Apart from the known solutions of the field equations that exhibit closed causal curves, there are other exact
solutions featuring curvature singularities, known as black hole space-times. A crucial defining characteristic is
the presence of an event horizon that covers the curvature singularity, indicating the existence of a black hole;
otherwise, the solution does not represent a black hole. Two well-known black hole solutions in four dimensions
are the Schwarzschild solution? and the Kerr solution?. In addition to black hole solutions, there are solutions of
the field equations that violate the weak energy condition (WEC) and the null energy condition (NEC), creat-
ing wormbhole space-times. However, a few wormhole space-time satisfies the weak and null energy condition.
These solutions have gained significant attention in recent times due to their intriguing properties. Wormholes
are theoretical structures that could potentially serve as shortcuts or narrow throats connecting two distinct
regions of the universe. The possibility of traversing these wormholes has led to speculation about their potential
as a tool for time travel. The concept of wormholes was independently introduced by Bronnikov!® and Ellis®
in four dimensions, resulting in the Ellis-Bronnikov wormhole model. Subsequently, Morris and Thorne pro-
posed a traversable wormhole solution?' known as the Morris-Thorne wormhole model, which has garnered
significant attention among researchers. Following these pioneering works, numerous wormhole space-times in
four dimensions, with or without a cosmological constant, have been reported in the literature?>=?. The study of
these wormhole solutions continues to be an active area of research, as they present intriguing possibilities and
implications within the framework of general relativity.

Indeed, efforts have been made to construct wormhole solutions in three-dimensional space-time as well.
Several intriguing solutions have been proposed, each offering unique characteristics and implications within
the context of general relativity. Some of the notable three-dimensional wormhole solutions include: travers-
able wormhole solution®, static and cyclic symmetric traversable wormhole®!, traversable wormhole with a
cosmological constant®, stable thin-shell wormhole®?, stable charged thin-shell wormholes®, circular thin-shell
wormholes®, traversable Lorentzian wormhole®. Each of these solutions contributes to a deeper understanding
of the possibilities and implications of wormholes in three-dimensional space-time. The study of these solutions
continues to be an active area of research, as they offer intriguing avenues for exploring exotic geometries and
potential shortcuts in the fabric of the universe.

Topological defects arise as a consequence of spontaneous symmetry breaking in gauge theories during the
phase transition in the early universe, as discussed in*®. These defects are categorized into various types, includ-
ing cosmic strings, domain walls, global monopoles, textures, and branes. The presence of topological defects
significantly alters the geometric properties of the space-time being considered. Cosmic strings and global
monopoles are two types of topological defects that have received extensive study in the realms of gravitation
and cosmology, solid-state physics, and quantum mechanics. In quantum systems, the presence of topological
defects induces changes in the behavior of quantum mechanical particles, thereby shifting the energy spectrum
and wave functions of these particles, regardless of whether they are spin-zero, spin-half, or spin-one particles. In
the domain of non-relativistic quantum systems, researchers have investigated the quantum motion of particles
in the presence of topological defects such as cosmic strings*’, and point-like global monopoles®~*2. Some other
investigations of the non-relativistic quantum systems in the background of the topological defects have been
done in Refs.**~*°. These studies provide valuable insights into the quantum dynamics of particles in the vicinity
of topological defects, shedding light on the fascinating effects arising from the interplay of quantum mechanics
and the underlying geometry of space-time.

Researchers have explored the effects of non-relativistic quantum mechanics on the harmonic oscillator
problem within the context of topological defects. Notably, investigations have been carried out in scenarios
such as: an elastic medium with spiral dislocation®, quantum revival time*?, space-time with a distortion of a
vertical line into a vertical spiral®, space-time with a screw dislocation subject to linear confining potential®,
conical singularities space-time®®, space-time with a linear topological defect®, in a point-like defect®, under
non-inertial effects with a screw dislocation®, and in a topologically charged Ellis-Bronnikov-type wormhole®®.
These investigations offer valuable insights into the interplay between quantum mechanics and the presence of
topological defects, enriching our understanding of the behavior of quantum systems in intriguing and non-
trivial space-time backgrounds. The exploration of such effects holds promise for advancing our knowledge of
quantum phenomena in diverse physical systems.

A circularly symmetric and static three-dimensional traversable wormhole space-time with cosmic string is
described by the following line-element™

dr?

()
r

where @ (r) is the red shift function, A(r) is the shape function and o < 1is the cosmic string parameter. Noted
that we introduce a cosmic string in this wormhole space-time by redefining the azimuthal angle ¢ in such a
way that  — ¢’ = « ¢. For a traversable wormhole, the shape function A(r) must satisfy flare-out condition,

that is, A(r)|;=r, = t0, and A’(r)|;=r, < 1, where ry is the minimum global radius of the wormhole throat. This
A(r)

r

dSz — _ed’(r) dt2 + +Ol2 7‘2 d¢2, (1)

wormbhole geometry to be asymptotically flat provided, we have the condition — 0and @ (r) — Oatr — oo.
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The radial coordinate  has a range that increases from a minimum value at ry, corresponding to the wormhole

throat, to oo, that is, r € [ry, 00) and other coordinates are —0o < t < +0c¢,0 < ¢ < 27 with an angular deficit

8¢ = 2 (1 — «). To avoid the presence of event horizons, @ (r) is imposed to be finite throughout the coordinate

range. The presence of cosmic string changes the geometrical properties of a space-time under investigation.
For the above space-time , the non-zero components of the Einstein tensor are

P(r) !
G = 5 [{a0 —ram+r(r—am) @0} o' +2r (r—Am) @" ().

Below, we discuss a special case by choosing the constant redshift function @ (r) and different form function
A(r) as considered in Ref.”.

Special case : constant redshift function

As mentioned earlier, to prevent the formation of event horizons, the redshift function @ (r) should be finite
throughout everywhere. A particular case which we are interested here is the solution with a constant redshift
function, @’(r) = 0. Without a loss of generality, we have considered @ (r) = 0. In that situation, time-component
of the metric tensor for the space-time (1) is g = —1. This specific case simplifies the field equations signifi-
cantly, and provide particularly intriguing solution. The energy-momentum tensor is chosen to have the form
T = diag (—p, pr, pt), where p represents the energy-density, p, represent the radial pressure, and p; represent
the tangential pressure.

Under this case, that is, @ (r) = 0, one will find the non-zero energy density and zero pressure components,
respectively given by

1 /
pzﬁ [rA (r)—A(r)] =R/2, pr=0=p: ®)

A pressure-less perfect fluid which violates the weak energy condition since M < 0, the flaring-out

condition. The Ricci scalar and the Kretschmann scalar curvatures for this case are given by

2
_AO+rA0 [—A(r) +rA(r) 5 @)

R A =
3 6

We consider next a few specific choices for the form function or the shape function A(r).

1. Shape function: A(r) =rp
For this case, the energy-density of the pressure-less perfect fluid, the Ricci scalar R, and the Kretschmann
scalar 4" are given by

2

10 1o . ry
=——, R=——, A =—. 5
P 273 r3 r6 ©)
From above, we see that the perfect fluid violate violates the weak energy condition (WEC),
T, UM UY = p < 0as well as the null energy condition (NEC), T, k* k¥ = p U, U, k* k¥ < 0, where U#
is the time-like vector and k* is a null vector. Furthermore, we see that all the physical quantities in (5) are

finite at r = rg and vanishes forr — oc.

. rZ
2. Shape function: A(r) = 2 2
For the specific case A(r) = 770, the energy-density of pressure-less perfect fluid, the Ricci scalar R, and

the Kretschmann scalar " are given by

rg 21’3 4r§
= —— R=——"7" N = —
P 4 4 8

(6)

Here also, one can see that the perfect fluid violates the weak energy condition (WEC) and the null energy
condition (NEC). All the physical quantities in (6) are finite at r = ry and vanishes for r — oo.

3. Shape function: A(r) = rg [1 +y <1 — r70>}
Lastly, we choose the following form function

Am =ro[t4y (1-2)], %

where 0 < y < 1otherwise the flare-out condition will not satisfy.
In that case, the energy-density of the pressure-less perfect fluid, the Ricci scalar R, and the Kretschmann
scalar " are given by

1o 10 o1 2
p=s2vn-a+nr. R=Syn-a+nr # =% -2vn+a+ni] ®
2r r r

Atr = ry, the wormhole throat radius, the energy-density given by
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y—-D
P|r:ro=272<0 O<y<) 9)
o

violate the energy conditions for the given range of . All physical quantities given in (8) are finite atr = rg
and vanishes for r — oo.

2
In this work, we consider the form function or shape function of the second kind given by A(r) = bT,
where b > 0. Therefore, circularly symmetric and a static (1 4 2)-dimensional traversable wormhole space-
time with a cosmic string is given by the following line-element

i = a2 g (10)
¢ = — a“r ,

=)
where b = const = rg is the wormhole throat radius. One can see that if we choose b — 0, the line-ele-
ment (11) becomes a cosmic string space-time in three dimensions. Finally, introducing a new coordinate
r? = (x? + b?) into this space-time (11) covering the whole wormhole regions, one will obtain the following
line-element

ds* = —dt* + dx® + a* (x* + b?) dp* = —dt* + gjjdx’ d, (11)
where x! = x,x? = ¢. The ranges of the different coordinates are —00 < t < 00, 0 < ¢ < 27, and the

coordinate x runs from —oo to +00, where x = 0 represents the wormhole throat. The non-zero covariant
and contravariant components of the spatial metric tensor g;; are given by

XX

1
ge=1=g" g =o'+ = 55 (12)

with its determinant g = |g;j| = o? (x* + a?).

This research work focuses on the investigation of quantum system of non-relativistic particles within the con-
text of a circularly symmetric and static traversable wormhole space-time featuring cosmic strings. The primary
objective is to explore how the presence of cosmic strings and the wormhole throat radius influence the solution
of time-independent eigenvalue equation. To achieve this, the study begins by analyzing the quantum behavior
of particles in the given wormhole background. The wave equation is solved for this specific scenario, allowing
for the determination of the energy levels and corresponding wave functions. Subsequently, we investigate the
harmonic oscillator problem within the same wormhole background, considering its impact on the eigenvalue
solutions. The key findings reveal that the presence of cosmic strings and the wormhole throat radius significantly
modify the energy levels and wave functions of the quantum particles. The results obtained demonstrate clear
shifts in the quantum properties of the system under the influence of these factors. Overall, this research uncovers
the intricate interplay between quantum mechanics and the geometrical properties of a traversable wormhole
with cosmic strings, shedding light on how such exotic features can shape the quantum dynamics of particles.
The findings contribute to a deeper understanding of the behavior of quantum systems in non-trivial space-time
backgrounds and may have implications for various areas of theoretical physics. So far author’s concern, this is
the first investigation of the non-relativistic quantum system in the background of three-dimensional wormhole
space-time with a cosmic string.

The paper is structured as follows: In “Non-relativistic quantum particles in three-dimensional wormhole
with a cosmic string” section, we derive the time-independent wave equation governing the behavior of non-
relativistic particles in a circularly symmetric wormhole space-time background. The wave equation is then
solved using the Heun function, which allows us to gain insights into the quantum dynamics of particles within
this unique wormhole configuration. Moving on to “Harmonic oscillator in Three-dimensional wormhole with
a cosmic string” section, we explore the harmonic oscillator problem within the same wormhole background.
The wave equation for the harmonic oscillator is solved using the same method employed in “Non-relativistic
quantum particles in three-dimensional wormhole with a cosmic string” section. This investigation provides a
deeper understanding of how the harmonic oscillator behaves in the presence of cosmic strings and the worm-
hole throat radius. Finally, in “Conclusions” section, we present our conclusions based on the findings from the
previous sections. We summarize the key results and discuss their implications in the context of the circularly
symmetric and static traversable wormhole space-time with cosmic strings. Throughout the entire analysis, we
adopt a system of units in which the fundamental constants ¢, /i, and G are set to unity, simplifying the math-
ematical expressions and facilitating a more concise representation of the results.

Non-relativistic quantum particles in three-dimensional wormhole with a cosmic
string

In this section, we delve into the quantum system of non-relativistic particles using the time-independent
Schrédinger wave equation in the presence of a circularly symmetric and static wormhole background with a
cosmic string. To initiate our investigation, we start by defining the Hamiltonian operator for a non-relativistic
particle, which is given as follows*®38-413657;
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A 1 1 ii

H:_Wﬁa" (x/ggljaj>> (13)
where M is the rest mass of the particles, g = |g;j|is the determinant of the metric tensor g;; with g its inverse.
This Hamiltonian operator is a fundamental quantity in quantum mechanics, and its role in describing the
dynamics of non-relativistic particles in the presence of the considered wormhole space-time with cosmic strings
is pivotal to our study. We will use this operator to derive the Schrodinger wave equation and explore its solutions,
shedding light on the intriguing behavior of quantum systems in this exotic space-time background.

Expressing the Hamiltonian (13) in the space-time background (11) and using (12), we obtain

oL 82+ x 9 . 1 d? (14)
TO2M [ 9x2 T (k2 4b2) dx  a? (x2 4 b2) g2 |
The eigenvalue equation of the non-relativistic particles is given by***
AU (x,¢) = E¥(x,¢), (15)
where E is the particles energy eigenvalue.
The wave function can be expressed in terms of the function ¥ (x) as follows
W(x,¢) =ty ), (16)

where £ = 0 £ 1,+£2,...are the eigenvalues of the orbital quantum number associated with the operator —i é¢.
Thereby, substituting (14) into the Eq. (15) and using the wave function (16), we obtain the following dif-
ferential equation

2
" X ’ 2 _ 0 —
VWt o V@ {o i +b2)} Y =0, (17)
where we have set
zo=ﬂ , 0>=2ME. (18)
o

Here, we see that the orbital quantum number gets shifted or modified, that is, £ — £y = % by the cosmic
string parameter a.
Introducing a new variable via x* = —b? uin the Eq. (17), we obtain the following differential equation

(—3/4)
u—1

" /2 1217,
¥ (u)+{f+7]1ﬂ(u)+
u u—1

{(63 —f /4

] Y (u) =0. (19)

53,60-62

Equation (19) is the confluent Heun equation form with v (1) is the confluent Heun function given by

v =1, (0 1 1 o2b o%b? N 38 20)
u) = T T , rai R
¢ 20 2 4 4 8 4

To obtain bound-states solution of the quantum system, let us consider the function v () to be a power series
solution around the origin®® given by

oo
Y = fiu 1)

i=0

Substituting this power series (21) in the Eq. (19), we obtain the following recurrence relation
1
- - 4 (k 12 2b2_£2 _ 2b2
Jier2 2 ht2) 2k13) {{ (k+1)"+o 0}fk+1 " b fi (22)
with the coefficient
1

fi=3 @0 =) (23)

One can see from the recurrence relation that a closed or compact expression of the energy eigenvalue may
not be possible by setting f,+1 = 0and o2 b> = 0. Therefore, we follow another procedure by setting k = (n — 1)
where the coefficient f,1; = 0. Therefore, using this this condition in the recurrence relation (22), we obtain

o’ b?
Jn= [4n+0262 - St (24)
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E_{1,I}

E_{1.1}

Now, one can find the individual energy levels and wave functions of the quantum mechanical particles one
by one by setting#n = 1and others are in the same way. The ground state or lowest state of the quantum system
is defined by n = 1, and thus, from the relation (24), we obtain

2 b2
7  fo (25)

fr= 4+o02b>—¢

Comparing Egs. (23) and (25), we obtain the following ground state energy level given by

+ 1 1l €]
Biy=oamm |~ 1+ Fy1+2 ). (26)

And that the corresponding wave function will be

Wik () = e? {(l—g)ig 1+2ﬁ}f0. (27)

o

Equation (26) represents the ground state energy level, while Eq. (27) corresponds to the corresponding
wave function of non-relativistic particles in a circularly symmetric and static wormhole space-time with cosmic
strings. By following a similar approach, one can obtain other state energy levels and wave functions for the
mode n > 2. It is evident from Eq. (26) that the lowest state energy level E*1, ¢ and wave function YT, £ are
influenced by the cosmic string parameter « and the wormhole throat radius b = const. The presence of this
cosmic string parameter in the quantum system effectively breaks the degeneracy of the energy levels and leads
to a shift in their values.

To better understand this influence, graphs were generated to illustrate the impact of the cosmic string on
the energy levels E¥1, £ and the probability density | ¥ *1, £|2. These graphs were plotted for different values of
the orbital quantum number / and the wormhole throat radius b. In Fig. 1, it is observed that the energy level
Elﬁ gradually decreases as the cosmic string parameter « increases up to certain values, after which it reaches
a saturation point with further increments of this parameter. Moreover, the decreasing energy level is found to
be more significantly shifted with increasing orbital quantum number £. In Fig. 2, the probability density of the
non-relativistic particles steadily increases, and this increment is further enhanced with increasing values of the
orbital quantum number ¢ and the cosmic string parameter o.

These results provide valuable insights into how the presence of cosmic strings affects the energy levels and
wave functions of the quantum system, offering a deeper understanding of the interplay between the cosmic
string parameter, the wormhole throat radius, and the quantum behavior of particles within this intriguing
wormhole space-time background.
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Figure 1. The ground state energy level Efz with cosmic string parameter « for different values of (¢, b).
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For @ — 1, the ground state energy eigenvalue of the non-relativistic particle becomes

E1y

>

1
Mb?

The corresponding radial wave function will be

1 — 1=1,a=2/5
st , 1=2,a=3/5
i E 1=3,a=4/5
i ]
) 1 2 3 ¢ °
(b) Probability density [¥/|2.
80T ‘ ‘ ‘ ‘ ]
60 ]
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a0t ]
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(d) Probability density ¥ |2
<_1+|E|i 1+2|e|>~ 28)
. u u
W g) =t {(1_5) *2 l“'e']f“' >

Equation (28) is the ground state energy level and Eq. (29) is the corresponding wave function of the non-
relativistic particles in a circularly symmetric and static (1 + 2)-dimensional wormhole space-time background

without any cosmic string effects.

Harmonic oscillator in Three-dimensional wormhole with a cosmic string

In this section, we delve into the quantum system of non-relativistic particles interacting harmonically within a
wormhole space-time background featuring cosmic strings [as described by Eq. (10)]. In other words, we explore
the harmonic oscillator problem within this unique space-time configuration. To achieve this, we consider the
Hamiltonian operator for a harmonic oscillator, which is given as follows*®6%;

osc —

1 1

M g

3; (\/gg"f aj) + %M(oz X%,

(30)

where w is the oscillator frequency and other physical entities are mentioned earlier. This Hamiltonian operator
governs the behavior of the harmonic oscillator in the given wormhole space-time background with cosmic
strings. By solving the associated Schrédinger wave equation and analyzing its solutions, we gain valuable insights
into the quantum behavior of the harmonic oscillator within this intriguing and exotic space-time setting. This
investigation provides a deeper understanding of the interplay between quantum mechanics and the geometric
properties of the wormhole space-time with cosmic strings.

Expressing Eq. (30) in the space-time background (11) and using (12), we obtain the following equation

A Lo i b Ll INESVIERE (31)
=——|— — - Mo”x".
os¢ 2M |0x2 (2 +b2) ax o2 (2 +b2) 92| | 2
The energy eigenvalue equation of a harmonic oscillator is given by
ﬁosc U (x,0,¢) = Eosc ¥ (x,0,9), (32)
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where E, is the energy eigenvalue of the oscillator field.
Thereby, substituting Eq. (31) in the Eq. (32) and using the wave function (16), we obtain the following dif-
ferential equation

2

” 2
VIO + V@ [of Mt

i lvw =0, (33)

where o2, E% are defined earlier.
The requirement of the wave function ¥ is that it must be finite and regular everywhere for x — 0 and
x — Zo0. Let us suppose a possible solution to the equation (33) given by

V(x) = exp(—%Ma)xz) H(x), (34)

where H(x) is an unknown function.
Thereby, substituting solution (34) in the Eq. (33), we obtain the following differential equation

H'x) + | 5 — zwa} H (x) + [;ﬁ 7 } H(x) =0, (35)
s 242
where we have set the parameters
F=0*-2Mw , F=0—-Maob (36)
Introducing a new variable via s = — ’b‘—i in the Eq. (35), we obtain the following differential equation
H(s) + [Mwb2 + 1/—2 + 1/21] H'(s) + {(jz — bj Gl + ((;jz/f))} H(s) = 0. (37)

53,60-62

Equation (37) is the confluent Heun equation and H(s) is the confluent Heun function given by

1 1 bo? bo? 3 ez) (38)

H(s) = H, (Mwbz,—f,—f,——,— +2-20
©) = He 20 2 4 4 8 4

As stated earlier, to obtain bound-states solution of the harmonic oscillator, we must consider the Heun
function H(s) to be a power series solution around the origin® given by

Hs) =) ds'. (39)

Substituting this power series (39) in the Eq. (37), we obtain the following recurrence relation

1

dpp= ——
2 S k+ 22k +3)

Huk+ Dk+1—Mawbb?) + b2 22 —jz}dk_H — VPR —4Mob’ k) d|.

(40)
with the coefficient

292 _ 12
(b Ip) d.

d = 5

(41)

As mentioned earlier, finding a closed expression for the bound-state energy levels of the harmonic oscillator
using the Heun function is not always possible. Instead, we will follow a procedure to obtain the individual energy
levels and wave functions one by one. Let us consider a specific case where we set k = (n — 1), leading to the
coeflicient d,,+ being equal to zero. This choice ensures that the Heun function H(s) = (do + dis + ... + dps™)
becomes a finite-degree polynomial, simplifying the expression. Consequently, the wave function ¥ will be
regular everywhere, avoiding any singularities. Thereby, setting k = (n — 1) and dj,; = 0, from the relation
(40) we obtain

V22—4n—1)Maob?
d, = ( ) dy_1.

[4n(n—Ma)b2) b2

(42)

As a particular case, let’s consider the mode n = 1, which corresponds to the ground state or the lowest energy
state of the quantum system. By setting n = 1 in the Heun function expression, we can obtain the energy and
wave function for the ground state of the harmonic oscillator. For the mode n = 1 that corresponds to the ground
state or the lowest state of the quantum system, from relation (42) we obtain

2 52
P b* A .
[4—4Mwb2 R

(43)
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Thereby, comparing Eqs. (41) and (43), we obtain the following energy expression

3w 1 12| \/ 1] 3
B, =22 B DL Y S e B bZ(M bz——> , 44
1e 2+2Mb2{ t e a2, taMe @y (44)

And that the corresponding wave function will be

+ o —expl — 2 Mws) | (1= 2 l\/ 1€l > 2 3
wlj(s)—exp( 2Ma)s)[<1 2>+{Ma)b :I:2 1+2 +4Mwb (Ma)b 2) s|dp.

o
(45)
Equation (44) represents the ground state energy level, while Eq. (45) corresponds to the corresponding
wave function of the harmonic oscillator in a circularly symmetric and static wormhole space-time with cosmic
strings in three dimensions. By employing a similar procedure, one can obtain other state energy levels and
wave functions for the mode n > 2. It is important to note that when the oscillator frequency w tends to zero
(w — 0), the eigenvalue solution derived in this section reduces to the results obtained in the previous section
by Egs. (26)-(27). This limiting case provides a connection between the harmonic oscillator in the wormhole
space-time with cosmic strings and the harmonic oscillator in a standard space-time without the presence of
cosmic strings. The obtained solutions offer valuable insights into the quantum behavior of the harmonic oscil-
lator in the exotic background of a traversable wormhole with cosmic strings. Understanding how the oscillator
behaves in such unique space-time configurations is crucial for exploring the effects of topological defects on
quantum systems and their implications for various branches of physics. As shown in Egs. (44)-(45), the energy
levels and wave functions of the harmonic oscillator are significantly influenced by the cosmic string parameter
o and the wormhole throat radius b = const. The presence of the cosmic string introduces shifts in the eigenvalue
solutions of the harmonic oscillator, effectively breaking the degeneracy of the energy levels. The result presented
in this section is completely different from those results obtained in the previous work® which was done in a

four-dimensional wormhole metric background with global monopole.
To better understand this influence, graphs were generated to illustrate the impact of the cosmic string

parameter « and the oscillator frequency w on the energy levels Elie for various values of the other parameters.

Figure 3 demonstrates that the energy level Efg gradually decreases as the cosmic string parameter « increases,
reaching a saturation point for certain values of . Additionally, the decreasing energy level experiences a greater
shift with increasing values of the orbital quantum number / and the oscillator frequency w. In Figure 4, it is

observed that the energy level Efz increases almost linearly with the oscillator frequency w. Furthermore, this
increasing energy level experiences a greater shift with increasing values of the orbital quantum number [, while
keeping the wormhole throat radius b = const and the cosmic string parameter « fixed.

These graphical results offer valuable insights into the behavior of the harmonic oscillator in the presence of
cosmic strings within the exotic background of a traversable wormhole space-time. The shifts in the energy levels

20F 3 !
25F A
151 4 20 T
= — =1 = 1s5f — I=1,w=2
ol 10f 1 — =2 ol 1=2,w=3
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Figure 3. The ground state energy level Eli[ with cosmic string parameter .
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Figure 4. The energy level Efl with oscillator frequency w for different € keeping fixedb = 1, « = 1/2.

due to the cosmic string parameter and oscillator frequency provide important information about the effects
of topological defects on the quantum dynamics of the harmonic oscillator. This understanding is essential for
gaining a deeper knowledge of the interplay between quantum mechanics and the geometrical properties of
space-time with cosmic strings and wormholes.

For @ — 1, the ground state energy eigenvalue of a harmonic oscillator will become

3w 1
+
Epy=—+

3
: M—}jz{—l+|€|i\/1+2|€|+4Mwb2(Ma)bz—iﬂ. (46)

And that the corresponding wave function will be

+ o0 _ 1 2 _$ 2 l\/ > »_ 3
wu(s)_exp( 2Mws)[(1 2>+{Mwb £ y[1+210+4Mob (Mu)b 2) s|do.

(47)

Equation (46) is the ground state energy level and Eq. (47) is the corresponding wave function of the harmonic

oscillator in a circularly symmetric and static (1 4 2)-dimensional wormhole space-time background without
any topological defects.

Conclusions

The harmonic oscillator basis offers a formulation that treats momenta and coordinates equally, allowing for
the incorporation of both long- and short-range interactions. This unique feature makes it particularly advanta-
geous in nuclear-structure theory as it retains all symmetries of atomic nuclei while providing an approximate
mean-field description related to the nuclear shell model. As a result, it becomes a valuable model for studying
the behavior of atomic nuclei and their interactions.

The harmonic oscillator potential is an exact solvable potential model in quantum mechanics, making it of
great interest and significance in various branches of physics and chemistry. Its applications span across different
areas, providing valuable insights into the behavior of particles and systems in diverse physical and chemical
contexts. Numerous researchers have attempted to map the free-particle Schrodinger equation to that of the
Schrodinger equation for the harmonic potential. This mapping aims to explore the similarities and connections
between these two different scenarios, potentially revealing important relationships and facilitating a deeper
understanding of quantum systems under the influence of the harmonic potential. Overall, the harmonic oscil-
lator basis is a versatile and fascinating model that not only exhibits exact quantum mechanical potential but also
finds widespread applications across a multitude of scientific disciplines. Its ability to unify long- and short-range
interactions in a coherent manner makes it an invaluable tool for investigating complex systems and phenomena.

In this study, we have thoroughly investigated the quantum system of non-relativistic particles within a
wormbhole background featuring topological defects caused by a cosmic string. Specifically, we have considered
a circularly symmetric and static (1 4 2)-dimensional space-time with cosmic strings. By deriving the radial
equation of the Schrodinger wave equation and converting it into the confluent Heun differential equation form,
we were able to obtain exact solutions for the ground state energy level E; o and wave function v ¢ as particular
cases, with similar procedures applicable for higher mode solutions.

Throughout our analysis, we have observed that the presence of the cosmic string and the wormhole throat
radius significantly influence the energy levels and wave functions of the non-relativistic particles, resulting in
their modifications. Graphs were generated to illustrate these influences, depicting how the ground state energy
level E, ¢ varies with the cosmic string parameter (fig. 1) and how the probability density of the wave function
changes (fig. 2) for different values of the orbital quantum number £ and the wormhole throat radius b.

Moreover, we have explored the harmonic oscillator problem within the same wormhole background, incor-
porating the cosmic string effect. By solving the radial wave equation, we presented the ground state energy level
E; ¢ and wave function ¥/ ¢ of the harmonic oscillator as particular cases. Similar to the non-relativistic particles,
the energy levels and wave functions of the harmonic oscillator are influenced by the cosmic string and wormhole
throat radius, resulting in modifications to their behavior. Additionally, the presence of the cosmic string leads to
the breaking of degeneracy in the energy levels of the quantum mechanical particles. Graphs were also generated
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to illustrate the effect of the cosmic string parameter (Fig. 3) and the oscillator frequency (Fig. 4) on the ground
state energy level E; ¢ for different values of the orbital quantum number £ and the wormhole throat radius b.

This comprehensive analysis provides valuable insights into the interplay between topological defects, cosmic
strings, and wormholes, and their effects on the quantum dynamics of particles and the harmonic oscillator. The
results shed light on the intricate behavior of quantum systems in exotic space-time backgrounds, advancing our
understanding of the fundamental principles governing the universe.
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Received: 7 June 2023; Accepted: 3 August 2023
Published online: 10 August 2023

References
1. Weinberg, S. Gravitation and cosmology: Principle and applications of general theory of relativity (Wiley, New York, 1972).
2. Schwarzschild, K. Uber das Gravitationsfeld eines Massenpunktes nach der Einsteinschen Theorie. Sitzungsberichte der Koniglich
Preussischen Akademie der Wissenschaften 7, 189 (1916).
3. Kerr, R. P. Gravitational field of a spinning mass as an example of algebraically special metrics. Phys. Rev. Lett. 11,237 (1963).
4. Godel, K. An example of a new type of cosmological solutions of Einstein’s field equations of gravitation. Rev. Mod. Phys. 21, 447
(1949).
5. Som, M. M. & Raychaudhuri, A. K. Cylindrically symmetric charged dust distributions in rigid rotation in general relativity. Proc.
R. Soc. A 304, 81 (1968).
6. Tipler, E J. Causality violation in asymptotically flat space-times. Phys. Rev. Lett. 37, 879 (1976).
7. Gott, J. R. Closed timelike curves produced by pairs of moving cosmic strings: Exact solutions. Phys. Rev. Lett. 66, 1126 (1991).
8. Ori, A. A class of time-machine solutions with a compact vacuum core. Phys. Rev. Lett. 95, 021101 (2005).
9. Hawking, S. W. Chronology protection conjecture. Phys. Rev. D 46, 603 (1992).
0. Desser, S., Jackiw, R. & Hooft, G. ’t. Three-dimensional Einstein gravity: Dynamics of flat space. Ann. Phys. (N. Y. ) 152,220 (1984).
1. Desser, S. & Jackiw, R. Three-dimensional cosmological gravity: Dynamics of constant curvature. Ann. Phys. (N. Y. ) 153, 405
(1984).
12. Desser, S. & Jackiw, R. String sources in 2 + 1-dimensional gravity. Ann. Phys. (N. Y. ) 192, 352 (1989).
13. Banados, M., Teitelboim, C. & Zanelli, J. Black hole in three-dimensional spacetime. Phys. Rev. Lett. 69, 1849 (1992).
14. Banados, M., Henneaux, M., Teitelboim, C. & Zanelli, ]. Geometry of the 2+1 black hole. Phys. Rev. D 48, 1506 (1993).
15. Reznik, B. Thermodynamics of event horizons in (2+1)-dimensional gravity. Phys. Rev. D 45, 2151 (1992).
16. Giirses, M. Perfect fluid sources in 2+1 dimensions. Class. Quantum Grav. 11, 2585 (1994).
17. Carlip, S. The (2 + 1)-dimensional black hole. Class. Quantum Grav. 12, 2853 (1995).
18. Brill, D. Multi-black-hole geometries in (2+1)-dimensional gravity. Phys. Rev. D 53, 4133 (1996).
19. Bronnikov, K. A. Scalar-tensor theory and scalar charge. Acta Phys. Pol. B 4, 251 (1973).
20. Ellis, H. G. Ether flow through a drainhole: A particle model in general relativity. J. Math. Phys. 14, 104 (1973).
21. Morris, M. S. & Thorne, K. S. Wormbholes in spacetime and their use for interstellar travel: A tool for teaching general relativity.
Am. ]. Phys. 56, 395 (1988).
22. Visser, M. Lorentzian Wormbholes: From Einstein to Hawking (Woodbury, USA, 1995).
23. Kim, S.-W. Schwarzschild-de Sitter type wormhole. Phys. Lett. A 166, 13 (1992).
24. Roman, T. A. Inflating Lorentzian wormbholes. Phys. Rev. D 47, 1370 (1993).
25. Delgaty, M. S. R. & Mann, R. B. Traversable wormholes in (2+1) AND (3+1) dimensions with a cosmological constant. Int. J. Mod.
Phys. D 4,231 (1995).
26. Lemos, J. P. S. & Lobo, E. S. N. Plane symmetric traversable wormbholes in an anti-de Sitter background. Phys. Rev. D 69, 104007
(2004).
27. De Benedicts, A. & Das, A. On a general class of wormhole geometries. Class. Quant. Grav. 18, 1187 (2001).
28. Klinkhamer, E R. Defect wormhole: A traversable wormhole without exotic matter. Acta Phys. Polon. B 54, 5-A3 (2023).
29. Klinkhamer, . R. Vacuum defect wormholes and a mirror world arXiv:2305.13278 [gr-qc].
30. Perry, G. P. & Mann, R. B. Traversible wormholes in (2 + 1) dimensions (please correct volume 24 instead of 2). Gen. Relativ. Gravit.
2,305 (1992).
31. Canate, P, Breton, N. & Ortiz, L. (2+1)-dimensional static cyclic symmetric traversable wormhole: Quasinormal modes and
causality. Class. Quantum Grav. 37, 055007 (2000).
32. Rahaman, E, Banerjee, A. & Radinschi, I. A new class of stable (2 + 1) dimensional thin shell wormhole. Int. J. Theor. Phys. 51,
1680 (2012).
33. Banerjee, A. Stability of charged thin-shell wormholes in (2 + 1) dimensions. Int. J. Theor. Phys. 52, 2943 (2013).
34. Bejarano, C,, Eiroa, E. F. & Simeone, C. General formalism for the stability of thin-shell wormholes in 2+1 dimensions. Eur. Phys.
J. C74,3015 (2014).
35. Kim, W. T., Oh, J. ]. & Yoon, M. S. Traversable wormhole construction in 2+1 dimensions. Phys. Rev. D 70, 044006 (2004).
36. Vilenkin, A. & Shellard, E. P. S. Strings and Other Topological Defects (Cambridge University Press, Cambridge, 1994).
37. de Marques, G. A., de Assis, J. G. & Bezerra, V. B. Some effects on quantum systems due to the gravitational field of a cosmic string.
J. Math. Phys. 48, 112501 (2007).
38. Furtado, C. & Moraes, F. Harmonic oscillator interacting with conical singularities. J. Phys. A Math. Gen. 33, 5513 (2000).
39. de Marques, G. A. & Bezerra, V. B. Non-relativistic quantum systems on topological defects spacetimes. Class. Quantum Gravit.
19, 985 (2002).
40. de Mello, E. R. B. & Furtado, C. Nonrelativistic scattering problem by a global monopole. Phys. Rev. D 56, 1345 (1997).
41. Cavalcanti de Oliveira, A. L. & Bezerra de Mello, E. R. Exact solutions of the Klein-Gordon equation in the presence of a dyon,
magnetic flux and scalar potential in the spacetime of gravitational defects. Class. Quantum Grav. 23, 5249 (2006).
42. Alves, S. S., Cunha, M. M., Hassanabadi, H. & Silva, E. O. Approximate analytical solutions of the Schrédinger equation with
Hulthén potential in the global monopole spacetime. Universe 9(3), 132 (2023).
43. da Silva, W. C. E & Bakke, K. Non-relativistic effects on the interaction of a point charge with a uniform magnetic field in the
distortion of a vertical line into a vertical spiral spacetime. Class. Quantum Grav. 36, 235002 (2019).
44. Furtado, C. & Moraes, F. Landau levels in the presence of a screw dislocation. EPL 45, 279 (1999).
45. de Marques, G. A., Furtado, C., Bezerra, V. B. & Moraes, F. Landau levels in the presence of topological defects. J. Phys. A Math.
Gen. 34, 5945 (2001).
46. Lutfuoglu, B. C., Kriz, J., Zare, S. & Hassanabadi, H. Interaction of the magnetic quadrupole moment of a non-relativistic particle
with an electric field in the background of screw dislocations with a rotating frame. Phys. Scr. 96, 015005 (2021).

Scientific Reports|  (2023) 13:12953 | https://doi.org/10.1038/s41598-023-40066-z nature portfolio


http://arxiv.org/abs/2305.13278

www.nature.com/scientificreports/

47. Chen, H., Zare, S., Hassanabadi, H. & Long, Z.-W. Quantum description of the moving magnetic quadrupole moment interacting
with electric field configurations under the rotating background with the screw dislocation. Indian J. Phys. 96, 4219 (2022).

48. Zare, S., Hassanabadi, H., Guvendi, A. & Chung, W. S. On the interaction of a Cornell-type nonminimal coupling with the scalar
field under the background of topological defects. Int. J. Mod. Phys. A 37, 2250033 (2022).

49. Hassanabadi, H., Zare, S., Kriz, ]. & Lutfuoglu, B. C. Electric quadrupole moment of a neutral non-relativistic particle in the pres-
ence of screw dislocation. EPL 132, 60005 (2020).

50. Zare, S., Hassanabadi, H. & de Montigny, M. Nonrelativistic particles in the presence of a Carifiena-Perelomov-Rafiada-Santander
oscillator and a disclination. Int. . Mod. Phys. A 35,2050071 (2020).

51. Maia, A. V. D. M. & Bakke, K. Harmonic oscillator in an elastic medium with a spiral dislocation. Phys. B 531, 213 (2018).

52. Maia, A. V. D. M. & Bakke, K. Topological effects of a spiral dislocation on quantum revivals. Universe 8(3), 168 (2022).

53. da Silva, W. C. F, Bakke, K. & Vitoria, R. L. L. Non-relativistic quantum effects on the harmonic oscillator in a spacetime with a
distortion of a vertical line into a vertical spiral. Eur. Phys. J. C79, 657 (2019).

54. Bueno, M. J., Furtado, C. & Bakke, K. On the effects of a screw dislocation and a linear potential on the harmonic oscillator. Physica
B Cond. Matter 496, 45 (2016).

55. Azevedo, S. Harmonic oscillator in a space with a linear topological defect. Phys. Lett. A 288, 33 (2001).

56. Vitoria, R. L. L. & Belich, H. Harmonic oscillator in an environment with a pointlike defect. Phys. Scr. 94, 125301 (2019).

57. Santos, L. C. N., Da Silva, E. M., Mota, C. E. & Bezerra, V. B. Non-inertial effects on a non-relativistic quantum harmonic oscillator
in the presence of a screw dislocation. Int. . Geom. Meth. Mod. Phys. 20, 2350067 (2023).

58. Ahmed, F. Harmonic oscillator problem in the background of a topologically charged Ellis-Bronnikov-type wormhole. EPL 141,
54001 (2023).

59. Lobo, E. S. N. General class of wormhole geometries in conformal Weyl gravity. Class. Quant. Grav. 25, 175006 (2008).

60. Ronveaux, A. Heun’s Differential Equations (Oxford University Press, Oxford, 1995).

61. Birkandan, T. & Hortacsu, M. Quantum field theory applications of Heun type functions. Rep. Math. Phys. 79, 87 (2017).

62. Hortacsu, M. Heun functions and some of their applications in physics. Adv. High Energy Phys. 2018, 8621573 (2018).

63. Arfken, G. B. & Weber, H. ]. Mathematical Methods for Physicists (Elsevier Academic Press, New York, 2005).

Acknowledgements
We sincerely acknowledged the anonymous referees for valuable comments and suggestions.

Competing interests
The author declares no competing interests.

Additional information
Supplementary Information The online version contains supplementary material available at https://doi.org/
10.1038/541598-023-40066-z.

Correspondence and requests for materials should be addressed to EA.
Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

= License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2023

Scientific Reports |

(2023) 13:12953 | https://doi.org/10.1038/s41598-023-40066- nature portfolio


https://doi.org/10.1038/s41598-023-40066-z
https://doi.org/10.1038/s41598-023-40066-z
www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Three-dimensional wormhole with cosmic string effects on eigenvalue solution of non-relativistic quantum particles
	Non-relativistic quantum particles in three-dimensional wormhole with a cosmic string
	Harmonic oscillator in Three-dimensional wormhole with a cosmic string
	Conclusions
	References
	Acknowledgements


