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Quantum violation of LGI
under an energy constraint
for different scenarios systems

Yuxia Zhang'™, Xiangguan Tan? & Tianhui Qiu*

In this paper, we consider a qubit in four scenarios: with drive, without drive, and in the presence

of dissipation and dephasing, to investigate the quantum violation of the Leggett-Garg inequality
(LGI) in an energy constraint. In the case of the energy constraint, we find that under the coarsening
measurement in reference and final resolution, the quantum violation of the LGI for the pure qubit

is the most robust; on the other hand, the quantum violation of the LGl for the dephasing qubit is
the most vulnerable, and the quantum violation of the LGI for driven qubit lies between that of pure
qubit and dissipation qubit. Under the coarsening of measurement temporal reference, the quantum
violation of the LGI for the pure qubit is more robust than that of the qubit with driven. Moreover, in
the case of a qubit that is subjected to driving and is in the presence of dissipation and dephasing, the
robustness of quantum violations of the LGI for these scenario systems will become vulnerable, with
the driven intensity and the rate of spontaneous emission increasing, respectively, for coarsening
measurement both in reference and in final resolution. In addition, in the energy constraint and

the projective measurement, the LGl can attain its maximum violation value, 1.5, for the coherent
dynamics; while for drive, dissipative and dephasing qubits, the LGI cannot attain the value of 1.5.
For systems in the presence of dissipation and dephasing, we find that in the energy constraint,

the robustness of the coarsening measurement in final resolution exhibits more vulnerable than
that of the coarsening measurement in reference. And for systems with drive and without drive,

the robustness of the coarsening measurement in temporal reference is the most robust, and the
robustness of the coarsening of measurement final measurement resolution is the most vulnerable.

Since the establishment of quantum mechanics, the description of the world in quantum mechanics is very
different from that in classical physics. Extrapolating the laws of quantum mechanics to the scale of everyday
objects, the most famous example of it is Schrodinger’s cat, that is, the cat is in a superposition state of death
and life. This example illustrates a macroscopic object being in a quantum superposition of two macroscopically
different states', i.e., macroscopic coherence. Such a situation runs totally counter to our intuitive understanding
of how the everyday macroscopic world works. Obviously, this quantum prediction contradicts the macrorealist
which asserts at any instant, a system is in any one of the available definite states. That is to say, conceptually,
quantum physics is incompatible with a view of classical world. The central concepts underpinning the classical
world view are codified through the notion of “macrorealism” (MR). The macrorealist view asserts that the
properties of objects exist at all instants of time and are independent of the observation. In 1985, Leggett and Garg
introduced the concept of macroscopic realism (macrorealism), which was described into two main assumptions?
(1) Macrorealism per se (MRps): A macroscopic object which has two or more macroscopically distinct states,
is in a definite one of those states at any given time; (2) Non-invasive measurability (NIM): In principle, it is
possible to determine which of these states the system is in without any influence on the state itself or on the
subsequent system dynamics. Based on these two assumptions, Leggett and Garg formulated the Leggett-Garg
inequality (LGI)**. This inequality is used to test quantum correlations in time, and is often referred to as
the temporal Bell inequality®, which places bound on correlations between measurements for the spatially-
separated systems and is based on local realism®. And the LGI provides a scheme for experimentally testing the
compatibility between the classical world view of macrorealism and quantum mechanics. Since then, a number
of experiments for violations of Leggett—-Garg inequality have been performed, and the quantum behaviour can
be now confirmed experimentally’~!2. In addition, recently, there are many works to investigate influence of
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equilibrium and non-equilibrium environments on the LGI for many-body quantum systems'*-'”. Notably, the
initial motivation of examining LGI was to test quantum superposition for macroscopic objects. Therefore, the
assumption of MR is significant when one tests for the system at the macro or mesoscopic scale. However, in this
paper, we consider a qubit system, for which the MR assumption has no significance as such. To be precise, we
remove the macro from the MR (macrorealism), i.e., we replace MR assumption by the assumption of realism’ in
the following. That is to say, in this paper, the assumption of realism’ consists of two main assumptions: realism
per se (Rps) and NIM. The LGI of this paper was proposed based on the above two assumptions, which is used
to test the incompatibility of the quantum-mechanical system with realism.

The projective measurement is preferable from the point of view of theory, but an accurate projective
measurement is difficult to implement in certain experimental setups, which allows us to study an alternative
measurement scheme: coarsening measurement. It is an inaccurate measurement. A complete measurement
includes two parts: one is to set up a reference during measurement and control it; the second is to use the
corresponding projection operator to make a final measurement. And the coarsening measurement can be divided
into the coarsening measurement in measurement reference, the coarsening measurement in measurement time
reference and the coarsening measurement in final measurement resolution'®'?. The coarsening measurement was
proposed by Kofle and Brukner’®, which is mainly used to understand the mechanism of quantum-to-classical
transition. Then, a lot of research on the coarsening measurement has been done'>'*%, Sumit et al.** investigated
the effect of the coarsening measurement time on quantum violations of macrorealism for multilevel spin systems,
and found that classicality in large spin system does not emerge out of quantum mechanics under the coarsening
measurement time. In Ref.?, they discussed non-violations of the Leggett-Garg inequality for the statistics of
fluctuating work (WLG inequality), the LGI and the no-signaling-in-time (NSIT) condition in a driven two-
level system under Gaussian and projective measurements. They found that the non-violation condition of the
WLG inequality for the second work moment is the same as the LGI for the projective measurement, while for
the Gaussian measurement, the WLG inequality cannot be violated for a wider parameter regime than the LGI.

In fact, all physical processes are subject to limitations in resources. For example, while classical capacity®®* of
a noiseless quantum channel®® may have infinite capacity for an infinite-dimensional system, this is a non-physical
situation that can be overcome by optimizing capacity under energy constraints. In infinite-dimensional pure
systems, the average energy constraint and the continuity property of the entanglement measure are related®*,
which can be quantified by considering the local von Neumann entropy. In quantum mechanics, the state of a
system can be represented as a vector in a Hilbert space, which can be finite-dimensional or infinite-dimensional.
Here, the energy of the system is determined by the Hamiltonian operator, which governs the time evolution of
the system. The average energy of the system is then given by the expectation value of the Hamiltonian operator
with respect to the state of the system. If the average energy of the system is not constrained, it is possible
to find states with infinite entropy of entanglement that are very close to pure product states with vanishing
entanglement. To avoid these discontinuities, additional constraints such as a bounded mean energy of the
state can be imposed. By imposing such constraints, one can ensure that the entanglement measure remains
continuous and well-behaved. This is important because the entanglement measure is a fundamental tool for
understanding the properties of quantum systems, and its continuity is essential for making accurate predictions
about the behavior of these systems. Recently, Chanda et al.’! have studied the average energy cost associated
with the process in the LGI for the projective measurement, both in the absence of noise and in the presence of
Markovian noise. Their findings indicate that, in noiseless as well as specific noisy situations, when the average
energy of this process equals to the energy constraint, the LGI achieves the maximum violation®'. However,
we have not seen any report about under the energy limitation, the quantum violation of the LGI under the
coarsening measurement.

In this paper, we are interested in that when an energy constraint is given, the quantum violation of the LGI
under the projective and coarsening measurements. We consider a qubit in the following scenarios: pure coherent
dynamics, dynamics with drive, dynamics under dissipation and dephasing. Then, in the energy constraint, we
investigate the LGI for pure, driven, dissipative and dephasing qubits under the projective measurement, the
coarsening measurement reference and the coarsening measurement final resolution; and we also studied an
additional coarsening measurement time reference for the LGI with pure and driven qubits. We find that in
the case of the energy constraint, the quantum violation of the LGI for the coherent dynamics is more robust
than that of the LGI for the coherent dynamics with drive, which is more robust than that of the LGI for the
dissipative qubit and the dephasing qubit, and the quantum violation of the LGI for the dephasing qubit is
the most vulnerable, for coarsening measurement both in measurement reference and in final measurement
resolution. And for the coarsening measurement in reference and final resolution, the robustness of quantum
violations of the LGI for the qubit with drive, dissipation and dephasing, decreases with the driven intensity
and the rate of spontaneous emission increasing, respectively. Furthermore, for the coarsening measurement
temporal reference, we find that in the energy constraint, the robustness of quantum violation of the LGI for the
driven qubit decreases as the driven intensity increases, and the robustness of this system is more vulnerable
than that of the pure qubit. In Ref.*?, they shown that for a two-level system, the maximum violation value of
the LGI is 1.5. In this paper, we find that in the energy constraint, the maximum violation value (1.5) of the LGI
can be attained for the pure qubit, while it cannot be attained 1.5 for the drive, dissipative and dephasing qubits,
under the projective measurement. In addition, we discover that the energy change of the LGI relies on the initial
state, which is different from that of the LGI. Generally, the LGI is not affected by the initial state. Moreover, for
dissipative and dephasing qubits, the coarsening measurement reference exhibits more robust than that of the
coarsening final measurement resolution; and for pure and driven qubits, the coarsening temporal reference is
more robust than that of the coarsening measurement reference, which is more robust than that of the coarsening
final measurement resolution.
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Definition and formalism

Coarsening measurement. For a complete measurement, there are two steps involved: establishing
a measurement reference and controlling it, and then using the corresponding projector to obtain a final
measurement. Thus, a coarsening measurement consists of a coarsening measurement reference, a coarsening
final measurement resolution'®"” and a coarsening measurement temporal reference'®. We will now provide a
brief introduction to the coarsening measurement. Consider a qubit observable Q, which can be represented
by its projector as Q = Q4 — Q_, where Q4 = |a)(a| and Q_ = |b)(b| with |a) and |b) being the eigenvectors
of the observable Q. If the precision of the final measurement is coarsened, the measurement operators can be
expressed in their corresponding imprecise version, as

Qt.s =(1 — )la)(al + 5]b)(bl,

Qs =(1 — 8)[b){b| + 8la) al. W

The parameter § in above expression controls the degree of the coarsening in the final measurement resolution,
with the condition that 0 < § < 0.5. Next, we show the coarsening measurement reference:

Qia= / dodein(® — 00)ia (@ — 90)UB,9) Qe sU (0, 9). (2)

Here, U(6, ) represents a unitary operator, which implies a rotation of the measurement axes about y axis and
z axis:

0 . 6
U6, ¢)|0) =|o,) = cos 5'0) + e'? sin EII),
. . 0 0 3)
U0, 9)I1) =lo—,) = e " sin 5|0> — cos Ell)’

where |0) and |1) are Fock states, and |oit,) are the eigenvectors of o,=n-0. And
n =sin6 cos @i + sin6 sin @ j + cos 6 k is a unit vector in the Bloch sphere, and 6 = 0, i + 0 j + 0, k (0%, 0y
and o are the Pauli operators). And Aa (6 — 6p) and Aa (¢ — ¢p) in Eq. (2) are the normalized Gaussian kernels
with standard deviation A (0 < A < 1), which are centered around 6y and ¢y, respectively. Similarly, A is the
degree of coarsening in the measurement reference, which determines the degree of the coarsening in measure-

2
ment reference. These normalized Gaussian kernels satisfy Aa(6 — ) = \/%Aexp[—w;:g) ], and

In(@ — @p) = L _(p—g)* tivel
(% <Po)—mAexp[ 531, respectively.

Now, we introduce the coarsening measurement temporal reference!®. Then, we consider a system whose
Hamiltonian is H(0) = w0, with w being the energy gap of the qubit. The evolution operator of system is

2
Ut t) = e~ iHAL — =3®0:T — 6=31% jn the time interval between ¢; and tj, where T = At =| t; — t; | and
n = wt. In the Schrédinger’s picture, we perform the sequential measurements of Q(¢;) and Q(;) at ¢; and ¢,
respectively. When the temporal reference is coarsened, i.e., the unitary operation of the system is Gaussian
coarsened, the corresponding joint probability for obtaining different measurement outcomes m and n at t; and
&, respectively, can be written as

Py () = Til Q1) / Ja (= MUt 1)/ Q) (8)
T
x QW) Uttt Q) dif,

o' =m)°
ZA/Z
centered around 7. And similarly, 0 < A’ < 1is the standard deviation and determines the coarsening degree

of measurement reference in time as well.

(4)

where p(t;) is the state of system at #;, and A/ (7' — 1) = \/%A,exp[—

]is the normalized Gaussian kernel

LGI. Next, we will provide a concise introduction to the LGI**. We consider an dichotomic observable Q, and
it can only take on two values 1. When this observable is measured, it will give one of these two values. Two
dichotomic measurements Q(#;) and Q(tj) are performed at ¢; and ¢, respectively, where i,j = 0,1,2 and i < j.
Then, the LGI is shown as

Kig=Co1 +Ci2 —Cp2 < 1, (5)

where Cjj = (Qm(t)Qu(t)) = Zm,n:il mnP;j(m, n) is the temporal correlation function for the dichotomic
measurement operator Q. Here, P;j(m, n) is the probability of obtaining outcomes  and # at#; and tj, respectively.
And m,n = +£1are measurement outcomes. If the LGI, i.e., K1 referenced in Eq. (5), is violated, it means that
at least one of realism assumptions, i.e., Rps and NIV, is false. In addition, the maximum violation value of the
LGI for a two-level system, is 1.5%2.

Energy change of LGl and energy constraint. Next, we discuss the energy change associated with the
process contingent to temporal correlations involved in K of Eq. (5). In this experimental scenario, the energy
changes for the system contain the energy changes of sequential measurements and evolution. For simplicity, we
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Figure 1. Schematic diagram for the change of energy AE;;. Q* represent general dichotomic measurements
that can yield either +1 or —1 as outcomes. £ denotes the system propagator p — £(p).

use the energy change, AEj;, related to the process Cjj as an illustration. The change in energy AE;; of the system

in the whole process Cj;, contains (see Fig. 1 for the schematic diagram, which is an adapted version of Fig. 1 in
Ref3!):

I. the energy change during the evolution fromt =ty = 0tot = t;, AEey(to — ti);
II.  the change of energy before and after blind measurements at t = t;, AE(t;);
. the alteration in energy throughout the process of evolution from t = t;tot = tj, AEeyo(t; — t);
IV. the energy change before and after the blind measurement at ¢ = t;, AE(%;, t;).

Therefore, AEjj = AEey(to —> ti) + AE(t;) + AEey(t; — tj) + AE(t;,t;). Here, the change of energy
AEey(ti — tj) during the evolution from ¢t = ¢; to t = ¢; can be written as

AEevo(t; — 1) = T[H(t)p(6)] — THLH (1) p (8], ©)

where p(t;) is the density matrix at t = t;, and p (%) is the density matrix at ¢t = ¢; which is evolved from p(t;).
And H(¢t;) and H (¢;) are Hamiltonians att = t;and t = ¢;, respectively. Thus, AE.y,(to — t;) and AEey,(ti — t;)
in AE;; can be derived from Eq. (6). And the change of energy AE(%;) before and after blind measurements at ¢;,
can be expressed as

AE(t) = Tr[H(t:)(ZmQmp (1) Q)] — Tr[H () p (8:)]. 7

From Eq. (7), we can obtain the change of energy AE(t;) and AE(t;, t;) in AE;;. Therefore, the energy change
associated with the process involved in K; can be given by

1 . o
AE = 3 ; AEj; (1, =0,1,2,and i<j). (8)
it
In this paper, we suppose that the energy constraint condition is when the energy change of the LGI with

the projective measurement is equal to the negative of the energy of the initial state. That is to say, we define the
energy constraint as

AEconstraint = AE = —=Tr[p(0)H(0)], 9)

where p(0) is the density matrix att = 0, and H(0) is the Hamiltonian at¢ = 0. It is noted that this definition of
the energy constraint will be used throughout this paper. In the following, we will discuss the quantum violation
of the LGI for the projective measurement and the coarsening measurement in the case of the energy constraint.

A prue qubit
Firstly, we consider coherent dynamics, whose Hamiltonian is described as H(0) = %a)az. And the initial state
of the system at ty = 0 is denoted as

11—« 1+«
p(0) = TIO)(OH-TII)(II, (10)

where 0 < o < 1. The evolution operator of system is U(tj, t;) = ¢~ 3997 in the time interval between tiand ¢,
where t € (0, w]. We suppose that the measurement of a dichotomic observable is equivalent to a measurement
of the Bloch sphere component along a direction of 6 and ¢, i.e., Q(0, ) = Q4(8,¢) — Q— (0, ¢). Here,

Q+(6,¢) =la(@,p)){a(0, P)I,

Q_(60,9) =Ib(6,8)) (b6, )], (1)
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where [a(6,¢)) = cos £|0) + ¢ sin £ 1) and [b(6, ¢)) = sin §10) — e’ cos §[1) (6 € [0,7), ¢ € [0,27)). And
then, two projective measurements Q(t;) and Q(tj) are performed at t; and ¢;, respectively, with t; < ¢;. Now, we
study the change in energy of the LGI in Eq. (8) for the pure qubit in the case of the projective measurement.
From Egs. (8), (10) and (11), the change in energy of the LGI associated with the process involved in Kj under
the projective measurement for the pure qubit, can be expressed as

aw ., )
AE = ) [6 sin“ 6 (cos 260 + 3) — sin“ 20 (2 cos wt + cos 2wr)]. (12)

From above expression, it can be found that the energy change of the LGI for the pure qubit depends on the
initial state, which is different from that of the LGI. In general, the LGI is independent of the initial state. And
it can be found from Eq. (12) that when 6 = %, AE = %2 = —Tr[p(0)H(0)] = AEconstraint- In other words,
when 6 = 7, the energy change of the LGI with the projective measurement is equal to the negative of the
energy of the initial state. And in this chapter, we will use this energy constraint condition, i.e., 6 = 7, to study
the quantum violation of the LGI for the pure qubit system. Then, we will discuss quantum violation of the LGI
for the projective measurement, in the energy constraint. For the projective measurement, the corresponding
probability P;;(m, n) in Eq. (5) satisfies

Pij(m,n) = Tr[Qu(t) U (4, t1) Qu(t) U (£, 1) p (0) U (ti, t0) ' Quu (t) T U (8, ) T Qu (1)1, (13)

which is obtaining outcomes m and n at t; and tjs respectively, with m, n = £1 being measurement outcomes.
From Egs. (5), (10), (11) and (13), in the case of the energy constraint (i.e.,6 = 5), Ki. of Eq. (5) can be obtained
as Kig = 2 coswt — cos 2wT, and we find that the LGI can be violated in the case of 0 < t < % Andif6 = %
and t = 5, the LGI can realize its maximum value, 1.5.

Now, we discuss the effects of the coarsening measurement reference on the LGI, when the energy cost is given
by AEconstraint- If the measurement reference (§ = 0and A # 0) is coarsened, and the corresponding probability
in Eq. (13) can be rewritten as

+ +
Pyja(m,n) = Trly/Qua DU, )/ Qua () U (i t0) p(O) U (tis 10) '/ Quoa (1) Ut 1)1/ Qua (8) 1,
(14)
for obtaining outcomes m and 7 at ¢; and ¢;, respectively. From Egs. (1)-(3), (5), (10) and (14), the LGI in the
energy constraint under the coarsening measurement reference can be described as

Kiga = —e % (cos 201 — 2 cos ). (15)

We define the value of making Krg,a = 1as acritical value of the LGI, which is denoted as A .tjcq1. In the fol-
lowing, we assume T = 7= (in this case, the LGI under the projective measurement is violated), to study the
critical value of the LGI. Then, the critical value of the LGI from Eq. (15) under the coarsening of measurement
reference can be found, i.e., A iicar = 0.4162. When 0 < A < A_itical, i-€., When 0 < A < 0.4162, the LGI for
the coarsening of measurement reference can be violated.

We then consider quantum violation of the LGI for the coarsening final measurement resolution (§ # 0and
A = 0) in the energy constraint. The LGI in the coarsening measurement resolution and the energy constraint,
can be derived from Egs. (1), (5), (10), and (14). Similarly, the critical value of the LGI is defined as the value at
which KiGs = 1, which is denoted as 8iicar. And we also suppose T = - to study quantum violation of the LGL
Then, we find that when t = T, the critical value of the LGI under the coarsenmg of measurement resolution is
Scritical = 0.0795. That is to say, the violation of the LGI can be reached, when 0 < § < 0.0795.

Next, when a measurement reference in time is coarsened, from Egs. (4), (5) and (10), the LGI in the energy
constraint can be obtained as

2
Kiga = 2¢= % coswr — e 22 cos 201, (16)
Similarly, the critical value of the LGI is denoted as A’ ritical? which is defined as the value at which Kjgar = 1.
And we also suppose T = 7 to study quantum violation of the LGI. From Eq. (16), the critical value of the LGI
under the coarsening measurement time reference can be obtained as A’ = 0.8325. The LGI can be violated,
if0 < A’ < 0.8325.

In short, we find that the energy change of the LGI depends on the initial state. This is different from that of
the LGI, because the LGI is independent of the initial state. In addition, we find that in the situation of the energy
constraint, the maximum violation value, 1.5, of the LGI can be realized under the projective measurement.
For the coarsening measurement reference, the coarsening final measurement resolution and coarsening time
reference, the critical values of the LGI are A yjfica) = 0.4162, 8crirical = 0.0795and A .. . = 0.8325, respectively.
Comparing these different critical values, we find that the coarsening measurement temporal reference is more
robust than that of the coarsening measurement reference, which is the more robust than that of the coarsening
final measurement resolution. That is to say, as the coarsening degree increases, the non-violation of the LGI
under the coarsening measurement of final resolution can prior to occur than that of the coarsening measure-
ment reference, and the non-violation of the LGI under the coarsening measurement reference can prior to occur
than that of the coarsening measurement temporal reference.

critical
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A qubit with driven

Next, we consider a driven two-level system. Its Hamiltonian is time-dependent and is given by
1 g .
H(t) = 500z + E[Gx cos wt + o, sin wt], (17)

where g € [0, w] is the driving intensity quantifying the coupling to the external field, and @ > 01is the free fre-
quency of the two-level system and also the driving frequency. The system evolves under the unitary operator

U(t,0) = <7_" exp[—i fot dtH(t)], where (7_" is a time-ordering operator. The unitary operator can be expressed

a533,34

— 1 t P
e 2" cos (‘%) — ie” 2" gin (‘%t)

U(t,0) = itw itw . 18
—ietT sin (%) etT cos <%> (18)

This unitary operator satisfies UT(t,0)U(¢t,0) = I and Ut t)U(t;,0) = U(t;, 0) withi < j.
Next, from Egs. (8), (10), (11), (13), (17) and (18), we obtain change in the energy of the LGI for the projec-
tive measurement, which is given by

AE = gsin2gt sin? (¢ — wt)sin(2¢ — 4w7) + 2g singT sin(2¢p — 2w1) cosz(d) —2wt) + 12w].

—a[
24
(19)

It can be found from above expression that when 6 = 7,7 = [-and ¢ = I, AE = AEonstraint = —Tr[p(0)H(0)].
In this chapter, we will use this condition of energy constraint to discuss the quantum violation of the LGI for
the system with driven. Then, from Egs. (5), (10), (11), (13), (17) and (18), the LGI with the projective measure-
ment under the energy constraint can be obtained (see Supplementary Information). We find that in the energy
constraint, the LGI for the projective measurement, can be violated when g < 0.8902w. In addition, in the
previous chapter, we mentioned that for a two-level system, the maximum violation value of the LGI is 1.5*% In
this chapter, we find that with the energy constraint, the LGI for the driven qubit cannot realize the maximum
violation value 1.5.

Next, for the way of measurement being coarsening measurement, i.e., coarsening measurement
reference (8 = 0 and A # 0), coarsening measurement final resolution (§ # 0 and A = 0) and coarsening
measurement temporal reference, the LGI for the energy constraint can be obtained from Egs. (1)-(5), (10),
(14), (17) and (18), which is shown in Supplementary Information. Similarly, we also define the value where
the LG function equals to 1, as a critical value of the LGI. Then, in the energy constraint, the critical values
of the LGI under the coarsening measurement in reference, in final resolution and in time reference, for
£=0,0.050,0.1w, 0.2w, 0.3w, 0.4w, 0.5w, 0.6w, 0.7, 0.8w, 0.9w, w, are summarized in Table 1. It can be seen
from Table 1 that the critical value of the LGI in the energy constraint, decreases with the driving intensity g
increasing, when the measurement is the coarsening measurement at reference, the coarsening measurement

Dynamics under

Dynamics with driven Dynamics under dissipation | dephasing
gly A itical Scritical Al vical Aitical Scritical A critical Scritical
0 0.4162 0.0795 0.8325 0.4162 0.0795 0.4162 0.0795
0.05w 0.4156 0.0793 0.8321 0.3919 0.0712 0.3078 0.0451
0.1w 0.4136 0.0786 0.8308 0.366 0.0627 0.1272 0.008
0.2w 0.4056 0.0758 0.824 0.3078 0.0451 No No
0.3w 0.3919 0.0712 0.8069 0.2355 0.0269 No No
0.4w 0.3719 0.0645 0.7647 0.1272 0.008 No No
0.5w 0.3444 0.0559 0.6605 No No No No
0.6w 0.3074 0.045 0.4809 No No No No
0.7w 0.2569 0.0319 0.3278 No No No No
0.8w 0.1822 0.0163 0.1988 No No No No
0.9 No No No No No No No
w No No No No No No No

Table 1. The critical values of the LGI in the energy constraint (i.e.,6 = 7,7 = ;-and ¢ = J) for the
dynamics under driven (with the coarsening measurement reference, the coarsening final measurement
resolution and the coarsening time reference), the dynamics under dissipation and dephasing

(with the coarsening measurement reference and the coarsening final measurement resolution), for

g/v =0,0.05w,0.10, 0.2w, 0.3w, 0.4, 0.5w, 0.6, 0.7w, 0.8w, 0.9w, w, respectively. It is noted that the “No”
in the table below represents that we cannot find any parameter for A € (0, 1) or § € (0,0.5) to make the
LGI violated. In other words, no matter what values of A (A € (0,1)) and § (§ € (0, 0.5)) take, the LGI is not
violated.
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at final resolution and the coarsening measurement at temporal reference. In other words, the robustness of
quantum violation of the LGI decreases with increasing value of g for the coarsening measurement at reference,
at final resolution and at temporal reference. In addition, comparing critical values of the LGI under the
coarsening measurement (see Table 1), we find that the coarsening in measurement reference is more robust
than the coarsening in final measurement resolution, while it is more vulnerable than the coarsening in temporal
reference. Then, in the energy constraint, comparing the LGI for the driven qubit with the pure qubit under the
coarsening reference, we find that the LGI for the pure qubit can be violated only if A < 0.4162, which is the
same as that of the LGI for the driven qubit for the driving intensity g = 0. We have shown that as the driving
intensity g increases, the critical value of the LGI for the driven qubit decreases (see Table 1). Therefore, when the
LGI for the pure qubit is not violated, the LGI for the driven qubit can not be violated too for any g. Moreover,
for the coarsening measurement in final resolution, the violation condition of the LGI for the pure qubit is
8 < 0.0795, which is the same as that of the LGI for the driven qubit with the driving intensity g = 0. The critical
value of the LGI for the driven qubit decreases with g increasing, which is similar to the LGI for the driven qubit
in the coarsening measurement reference. Thus, for the coarsening measurement in final resolution, when the
LGI for the driven qubit is violated for any g, the LGI for the pure qubit must be violated too. Furthermore,
concerning the coarsening measurement at temporal reference, it was observed that the critical value of LGI
for the pure qubitis A’ .., = 0.8325, which is identical to the critical value obtained for the driven qubit at
zero driving intensity (g = 0). And the critical value of the LGI observed for the driven qubit in the coarsening
measurement time reference decreases as the driving intensity g increases. Consequently, in the context of the
coarsening measurement at time reference, whenever the LGI is violated for the driven qubit at any value of g, it
is guaranteed that the LGI will also be violated for the pure qubit. In summary, under the energy constraint, the
LGI for the pure qubit can be violated for a wider parameter than the LGI for the driven qubit with any g, for the
measurement of coarsening at the reference, at the final resolution and at time reference. Furthermore, for the
driven qubit, we find that the robustness of the coarsening measurement time reference is the most robust, and
the robustness of the coarsening final measurement resolution is the most vulnerable, which is similar to that
of the pure qubit. In addition, we find that in the energy constraint and the projective measurement, the LGI
can attain its maximum violation value 1.5 for the coherent dynamics, while for the drive qubit, the LGI cannot.

Open system

Previously, we studied the quantum violation of the LGI in an energy constraint for the closed system. Actually,
quantum systems inevitably suffer from unwanted interactions with environment. Next, we introduce the interac-
tion of environment to investigate the characteristics of the quantum violation of the LGI in an energy constraint.
Different from the closed system discussed in the previous sections, the time evolution of the open system in
general cannot be described by a unitary time evolution. The dynamics of this system is typically characterized
by a quantum master equation, which, in this scenario, is commonly formulated using the Lindblad form master
equation, and can be expressed as

dp .
= —ilH.p)+ Y [2LeoL] - L{Lip — pLiLi]. (20)
k

Here Ly is the Lindblad operator, which is the coupling of the system with its environment, and the Hamiltonian
H denotes the coherent part of the dynamics. It is noted that because in general the time evolution for the open
system is not denoted by a unitary time evolution, in this chapter, we do not study the LGI with the unitary
operation of the system being Gaussian coarsened, i.e., coarsening measurement time reference.

A qubit with dissipation. We consider the first case, that the Hamiltonian is H = w0 in Eq. (20), which
is the same as that of the Hamiltonian in the pure qubit. And the Lindblad operator Ly satisfies Ly = /Yo,

where o_ = |1)(0]is the atomic lowering operator, and y > 0 is the rate of spontaneous emission. The Lindblad
form master equation for this process can be written as

dp ; T T T

i —i[H,p]l+y [20_,007 —olo_p— p(rfa_]. (21)

From Egs. (5), (8), (10), (11) and (21), the energy change of the LGI in Eq. (8) and K;¢ in Eq. (5) under the
projective measurement, can be respectively obtained as
1

AE =%674yt72irww [6741‘10) (8661'1'(» cos 26 (—2(0[ +1) — (o + l)ez)/f + 3841’7)

+ (o = 1) THT o5 40
—2Q2a + 1)e%® cos 40 + !V 31 (Ol + (@ — De¥™ + (o + De*™ + 1) C0s 40 + 2Ty +3iw)
x(cos46(1 — o) — 3a + a(cos 46 — 1) cos 2wt — 5)) + 4TV +®)
x coshyt(19sinh yt — & cos wt)
+2e¥*VFi9) (2 5inh 1 7 (30 cosh y T + cos wt) + (18a + 5) cosh 2)/'[)],
(22)
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Kic :%e_h(y“‘”) [sin2 0 <2(1 + 2Tyt (rHie) _ phito 1) + 2627 F0) g2 9}. (23)

It can be seen from Eq. (22) that when 6 = 7, AE = AEconstraint = —Tr[p(0)H(0)]. In this chapter, to facili-
tate comparison with the violation of the LGI for other systems, we suppose & = 5,7 = ;-and ¢ = F as the
condition of the energy constraint, to discuss the violations of the LGI with the projective measurement and
the coarsening measurement. Then, in this case of the energy constraint condition, it can be clearly found from
Eq. (23) that the LGI for the dissipative qubit under the projective measurement, can be violated in the case of
y < 0.4412w. And in the previous chapter, we mentioned that for a two-level system, the maximum violation
value of the LG is 1.5%2, while for the dissipative qubit, in the energy constraint, the maximum violation value
1.5 of the LGI cannot be realized.

Next, for the coarsening measurement reference (6§ =0 and A # 0) and the coarsening measure-
ment final resolution (8 # 0 and A = 0), we obtain the LGI (in Supplementary Information), from Egs.
(1)-(3), (5), (10) and (21). And then in the energy constraint (i.e., 6 = Z, 7 = - and ¢ = T), we obtain
the critical values of the LGI under the coarsening measurement in reference and in final resolution, for
y = 0,0.05w,0.1w, 0.20, 0.3w, 0.4, 0.5w, 0.6w, 0.7w, 0.8w, 0.9, w. Similarly, the critical value of the LGI refers
to the point at which Kyg,a and K5 equal 1. And then these results of the critical values of the LGI are sum-
marized in Table 1. It can be clearly found from Table 1 that as the the rate of spontaneous emission y increases,
the critical value of the LGI in the energy constraint decreases, whether the measurement is the coarsening
measurement reference or the coarsening measurement final resolution. In other words, the robustness of quan-
tum violation of the LGI decreases as the value of rate of spontaneous emission y increases for the coarsening
measurement in reference and in final resolution. In addition, form Table 1, it was discovered that the robustness
of the coarsening measurement reference is more than that of the coarsening in final measurement resolution.

Next, comparing with the LGI for the pure qubit in the energy constraint under the coarsening of measure-
ment reference, we find that the violation condition of the LGI for the pure qubitis A < 0.4162, which equals to
that of the LGI for the dissipative qubit in the rate of spontaneous emission y = 0. In Table 1, it shows that the
critical value of the LGI for the dissipative qubit decreases with the the rate of spontaneous emission y increasing.
Therefore, if the LGI for the qubit in the presence of dissipation with any y;, is violated, the LGI for the pure qubit
must be violated. Furthermore, for the coarsening measurement in final resolution, the LGI for the pure qubit can
be violated when § < 0.0795, which is identical to that of the LGI for the dissipative qubit with y = 0. Similarly,
with y increasing, the critical value of the LGI for the dissipative qubit also decreases. Thus, the violation of the
LGI for the qubit in the presence of dissipation with any y, implies the violation of the LGI for the pure qubit,
under the coarsening measurement in final resolution. In a word, under the energy constraint, the LGI for the
dissipation qubit with any y, can be violated for a narrower parameter than the LGI for the pure qubit, when
the coarsening measurement is in reference and in final resolution. In addition, the coarsening measurement
reference is more robust than that of the coarsening in final measurement resolution, which is similar to the
pure qubit. Then, for the projective measurement, we find that in the energy constraint, the LGI can not attain
its maximum violation value 1.5 for the dynamics under dissipation, which differs from that of the pure qubit.

A qubit with dephasing. We consider the second case, i.e., the Hamiltonian H = J w0, and the Lindblad
operator Ly = /¥ 0. The Lindblad form master equation for this process can be given by

d

d—f =—i[H,pl+y [202,00; — O’;O’Z,O — ,oa;az}. (24)
Next, from Egs. (5), (8), (10), (11) and (24), we obtain the energy change of the LGI in Eq. (8) and Ky in Eq. (5)
under the projective measurement, which can be seen in Supplementary Information. It can be clearly found
from Eq. (A7) that when 6 = 7, AE = AEconstraine = —Tr[p(0)H(0)]. Similarly, in order to facilitate comparison
with the violation of the LGI for other systems (for pure, driven and dissipative qubits), in this chapter, we also
consider § = %, T = % and ¢ = % as the the energy constraint condition, to discuss the quantum violations
of the LGI for the dephasing qubit under the projective and coarsening measurements. In this condition of
the energy constraint and the projective measurement, we find that if y < 0.1103w, the LGI for the dephasing
qubit can be violated. And in the energy constraint, we obtain from Eq. (A8) that the LGI cannot be realized the
maximum violation value 1.5.

From Egs. (1)-(5), (10) and (24), the LGI for the coarsening measurement reference (§ = 0 and A # 0)
and the coarsening measurement final resolution (§ # 0 and A = 0), can be obtained, which is shown
in Supplementary Information. Similarly, in the energy constraint, for y = 0,0.05w,0.1w, 0.2w, 0.3w,
0.4w, 0.5, 0.6w, 0.7w, 0.8w, 0.9w, w, the critical values of the LGI with the coarsening measurement in refer-
ence and in final resolution, can be obtained and then listed in Table 1. In Table 1, it shows that in the energy
constraint, the critical value of the LGI decreases with the the rate of spontaneous emission y increasing, whether
the way of measurement is the coarsening reference of measurement or the coarsening final resolution of meas-
urement. Furthermore, the robustness of the coarsening measurement in final resolution is more vulnerable than
that of the coarsening measurement in reference (see Table 1).

Next, in the energy constraint and the coarsening of measurement reference, comparing the LGI for the pure
qubit with the dephasing qubit, we find that in the case of y = 0, the violation condition of the LGI for these two
system is the same, i.e., A < 0.4162. And the critical value of the LGI for the dephasing qubit decreases as the rate
of spontaneous emission y increases (see Table 1), and therefore when the LGI for the pure qubit is satisfied, the
LGI for the dephasing qubit must be satisfied too. For the coarsening measurement in final resolution, the critical
value of the LGI for the pure and dephasing qubits (y = 0) is the same. Similarly, for the dephasing qubit, with
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Figure 2. Kj,a as a function of A in coarsenging measurement reference for three different values of g for
the drive qubit (black solid line for g = 0.04w, black dashed line for ¢ = 0.07w, and black short-dashed line
for g = 0.1w), three different values of y for the dissipative qubit (red solid line for y = 0.04w, red dashed line
for y = 0.07w, and red short-dashed line for y = 0.1w), and three different values of y for the dephasing qubit
(blue solid line for y = 0.04w, blue dashed line for y = 0.07w, and blue short-dashed line for y = 0.1w). For
the sake of clarity, we have included a small graph in the figure that illustrates the different values of g in the
driven system. The small graph displays three different lines: a black solid line representing g = 0.04w, a black
dashed line representing ¢ = 0.07w, and a black short-dashed line representing ¢ = 0.1w.

the rate of spontaneous emission y increasing, the critical value of the LGI also decreases. Therefore, when the
pure qubit is satisfied, the LGI for the dephasing qubit must be satisfied, under the coarsening measurement in
final resolution. In a word, when the coarsening measurement is at reference and at final resolution, in the case
of the energy constraint, the LGI for the dephasing qubit with any y, can be violated for a narrower parameter
than that of the pure qubit. In addition, for any fixed y, the LGI with the coarsening final measurement resolution
can be violated for a narrower parameter than that of the coarsening measurement reference.

Then, in order to compare the violation condition of the LGI in the energy constraint for the driven,
dissipation and dephasing qubits, under the coarsening measurement reference, we plot Fig. 2. It shows that
the LG function Ky a as a function of A in the coarsening measurement reference with ¢ = 0.04w, 0.07w, 0.1
for driven qubit, and y = 0.04w, 0.07w, 0.1w for dissipative and dephasing qubits. It can be found from Fig. 2
that as g and y increase, the critical values of the LGI for the driven, dissipation and dephasing qubits decrease,

110
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Figure 3. K, as a function of § in the coarsening measurement final resolution for three different values of
g for the drive qubit (black solid line for g = 0.04w, black dashed line for g = 0.07w, and black short-dashed
line for g = 0.1w), three different values of y for the dissipative qubit (red solid line for y = 0.04w, red dashed
line for y = 0.07w, and red short-dashed line for y = 0.1w), and three different values of y for the dephasing
qubit (blue solid line for y = 0.04w, blue dashed line for y = 0.07w, and blue short-dashed line for y = 0.1w).
Similarly, to improve clarity, we have included a small graph within the figure, which illustrates three different
values of g for the driven system. This small graph features three separate lines: a solid black line indicating

g = 0.04w, a dashed black line indicating g = 0.07w, and a short-dashed black line indicating g = 0.1c.
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respectively, while the increment increases. And for any fixed g and y, the robustness of quantum violation of the
LGI for the system with driven is the most robust, which is more robust than that of the qubit with dephasing,
and the robustness of the qubit with dissipation lies between the driven and dephasing qubits, for the coarsening
measurement reference. In Fig. 2, it also shows that K;g A decreases as the coarsening degree in measurement
reference A increases. Similarly, for the coarsening final measurement resolution, we plot the LG function Kigs
as a function of § in Fig. 3 to compare the violation of the LGI for the driven, dissipation and dephasing qubits.
The Fig. 3 is conducted for energy constraint and different values of g (0.04w, 0.07w, and 0.1w) for the driven
qubit, and y (0.04w, 0.07w, and 0.1w) for dissipative and dephasing qubits. In Fig. 3, it can be clearly found that
the critical values of the LGI for the driven, dissipation and dephasing qubits decrease with g and y increasing,
respectively, while the increment increases. Furthermore, in the case of any fixed g and y, quantum violation
of the LGI for the dephasing qubit is the most vulnerable, and the dissipative qubit lies between the driven and
dephasing qubits, which is more vulnerable than that of the qubit with driven for the coarsening measurement
resolution. From Fig. 3, we also find that with the coarsening degree in measurement final resolution § increasing,
K1,s decreases. In addition, for dephasing qubit, we find that the coarsening final resolution of measurement
is more vulnerable than that of the coarsening reference of measurement, which is similar to that of the pure
coherent dynamics, dynamics with drive and dynamics under dissipation (see Table 1). Furthermore, in the
energy constraint and the projective measurement, we find that the LGI can not attain its maximum violation
value 1.5 for the dynamics under dephasing, which is the same as that of the drive and dissipative qubits, and is
different from that of the pure qubit.

Discussion

In this paper, we examine the LGI for a qubit in following different four scenarios: with drive, without drive, in
the presence of dissipation, and in the presence of dephasing. Two measurement methods are considered: the
projective measurement and the coarsening measurement, and the measurement of coarsening is categorized
as coarsening measurement reference, coarsening measurement final resolution and coarsening measurement
time reference. We explore the quantum violation of the LGI in an energy constraint (i.e., the energy change of
the LGI with the projective measurement is equal to the negative of the energy of the initial state) for these dif-
ferent scenarios systems. In the energy constraint, for the projective measurement, the coarsening measurement
reference and the coarsening measurement final resolution, we studied the effects of them on the LGI with pure,
driven, dissipative and dephasing qubits; and for the coarsening measurement tenmporal reference, we only
discuss the effects of it on the LGI with pure and driven qubits. When the coarsening measurement reference
and the coarsening final measurement resolution is coarsened, we find that in the energy constraint, for the qubit
with drive, dissipation and dephasing, as the driven intensity g and the rate of spontaneous emission y increase,
the critical values of the LGI for these three scenarios systems decrease, respectively (see Table 1). And for any
fixed g and y, the robustness of quantum violation of the LGI for the system with driven is more robust than that
of the qubit with dissipation, and the qubit with dissipation is more robust than that of the qubit with dephasing,
which are both more vulnerable than that of the pure qubit, for the coarsening measurement in reference and
in final resolution. That is to say, in the case of the energy constraint, the robustness of quantum violation of
the LGI for the dephasing qubit is more vulnerable than that of the dissipation qubit, which is more vulnerable
than that of the system with driven, and the quantum violation of the LGI for the coherent dynamics is the most
robust, for the coarsening measurement reference and the coarsening final measurement resolution. Physically,
this phenomenon might be understood as following: the LGI is related to coherence, and quantum coherence is
the reason why the assumption of realism has to be rejected'*. Furthermore, quantum coherence is fragile due
to coupling with the external field and the environment. For the driven, dissipation and dephasing qubits, they
couple to the external field and the environment, and therefore, the robustness of quantum violation of the LGI
for these scenario systems will become vulnerable. Moreover, when the temporal reference of the measurement
is coarsened, in the energy constraint, the critical value of the LGI for the qubit with driven decreases with the
driven intensity g increasing. And the robustness of quantum violation of the LGI for the system with driven in
the energy constraint, is more vulnerable than that of the pure qubit under coarsening measurement temporal
reference. Similarly, the reason of above phenomenon might be that the system with driven couples to the external
field, which makes the robustness of quantum violation of the LGI become vulnerable. In addition, when sub-
jected to an energy constraint, for projective measurement, the LGI exhibits a maximum violation value of 1.5
for coherent dynamics, but fails to reach this value (1.5) for dynamics with drive, dissipation, and dephasing. The
energy change of the LGI does depend on the initial state, which differs from the LGI. Comparing critical values
of the LGI (see Table 1), we find that for the system in the presence of dissipation and dephasing, the coarsening
measurement reference can be violated for a wider parameter than that of the coarsening measurement in final
resolution, in the energy constraint; while for the coherent dynamics and the system with drive, the coarsening
of measurement in time reference can be violated for a wider parameter than that of the coarsening measurement
reference, and the relationship among the coarsening measurement reference and the coarsening measurement
in final resolution is similar to that of the system in the presence of dissipation and dephasing. Furthermore, in
this paper, we consider three particular types of coarsening measurement, i.e., the coarsening in measurement
reference, in final measurement resolution and in measurement time reference. However, there are other types
of coarsening measurements, and we guess that the conclusions of this paper might be also applicable to other
types of coarsening measurements, but it requires further investigation. In future research, we will continue to
pay attention to this issue and hope to discover a more comprehensive proof for the logical correlation between
the energy constraint and the LGI for different systems and measurement methods.
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