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capacity metric allows

an in-depth analysis of memory
and nonlinearity trade-offs

In neurocomputational systems

Tobias Schulte to Brinke'?**, Michael Dick%23, Renato Duarte* & Abigail Morrison'2

Since dynamical systems are an integral part of many scientific domains and can be inherently
computational, analyses that reveal in detail the functions they compute can provide the basis for
far-reaching advances in various disciplines. One metric that enables such analysis is the information
processing capacity. This method not only provides us with information about the complexity of a
system’s computations in an interpretable form, but also indicates its different processing modes with
different requirements on memory and nonlinearity. In this paper, we provide a guideline for adapting
the application of this metric to continuous-time systems in general and spiking neural networks in
particular. We investigate ways to operate the networks deterministically to prevent the negative
effects of randomness on their capacity. Finally, we present a method to remove the restriction to
linearly encoded input signals. This allows the separate analysis of components within complex
systems, such as areas within large brain models, without the need to adapt their naturally occurring
inputs.

Dynamical systems are systems whose state evolves over time, following specific laws of motion. They are often
defined by differential equations that characterize the motion of their elements in a finite state-space'. The theory
of such systems originates in the study of the motions of celestial bodies? but today finds applications in many
research fields. From the double pendulum’, to the modelling of population dynamics* and the interacting reac-
tions of chemicals’, to fields such as the study of collective decision-making processes®, infant development” or
brain development®, the theory of dynamical systems is central to many disciplines and offers a mathematical
formalism to characterize complex adaptive systems.

The theory also forms the basis of a field of neuroscience® and facilitates a better understanding of the activity
inside the brain. The dynamics inside the central nervous system give rise to complex behavior, enabling the living
being hosting the brain to solve challenging problems, and are therefore of great interest to this research field.

Moreover, there is increasing interest in physical systems that can serve as substrates for brain-like computa-
tions. There are numerous dynamical systems that perform non-trivial computations on input signals using the
interactions between their parts and the dynamics that arise within them'*-">.

Evaluating the functional capabilities of such input-driven systems is therefore crucial for the study of neural
and neuromorphic systems alike. Specifically, it is vital to compare systems quantitatively, to uncover relation-
ships between computations and structural or dynamical features, and to optimize their performance. For this
purpose, benchmarking a system’s performance on standard tasks is illustrative but insufficiently informative,
as it cannot give a comprehensive profile of the functions conducted.

Therefore, we investigate a system-agnostic metric to quantify the capacity of a dynamical system to perform
arbitrary transformations on an input, i.e. its information processing capacity. Originally proposed in'*, we extend
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the notion of passive fading memory"* to nonlinear transformations of increasing degrees of complexity. In the
original formulation, the evaluation of the processing capacity is based on discrete inputs and discrete system
states. For continuous time systems we expand discrete inputs to continuous values and compress sections of
continuous system states into discrete steps. Based on this, we study the effects the duration of these sections
has on the capacity functions computed by the system. Since we need to impose few restrictions on systems
when evaluating this metric, it is ideal for analyzing biology-inspired systems, such as spiking neural networks.

We apply the method to systems of gradually increasing complexity and investigate how different param-
eterisations of the signal encoding influence the outcomes. First, we analyse the time-discrete echo state network
(ESN), before we consider the continuous-time Fermi-Pasta-Ulam-Tsingou (FPUT) oscillator chain. With a
balanced random network (BRN), we take the step to spiking neuronal networks (SNN), in order to consider a
more complex representative of these systems in the next step with a model of a cortical column.

Since there is no generally accepted way to pass real numbers to SNN, we evaluate different methods to
achieve this. The signal can be represented by rates of spike trains or by changes in an injected current, it can
be spatially encoded or given to all neurons simultaneously, either as a fixed value or multiplied by randomly
drawn weights.

Using a direct current signal is motivated by the fact that it represents a simple and precise way of input.
However, this mechanism is biologically implausible, since a large part of the communication in the brain takes
place via sequences of spikes. To stay close to the biology of the brain and thus increase the probability of reveal-
ing insights into its function, it is desirable to rely on signal transmission via spikes. The reasoning behind the
encoding methods is similar. The simplest option is to apply the same signal to every neuron. If this input causes
too little variability in the network, the next possibility is to weight the inputs to the neurons unequally. However,
methods, in which all neurons are stimulated simultaneously, stand in contrast to the biological implementa-
tion, in which in most cases only a small part of the neurons is activated. Therefore, from a biological point of
view, spatial encoding, which always excites only a small part of the network, is preferable to the other methods.

SNN commonly receive spike trains as background input to bring them to a suitable working point in terms
of firing activity and spiking statistics. We need this background activity because we simulate networks that
represent a very small part of the brain and cannot be considered as completely independent components. They
receive spikes from their environment, which we approximate by random Poisson spike trains. This background
noise reduces the processing capacity*, as it introduces an additional input that is not taken into account when
evaluating the computed transformations of the main inputs. Therefore, we investigate ways to reach an appro-
priate working point without introducing an untreated input signal.

The information processing capacity'* is based on linear encoded inputs. Any nonlinearity in the input
encoding distorts the capacity profile and complicates its interpretability. However, there are reasons, such as
the desire for biological plausibility, to analyse the system using nonlinear inputs. For these cases, we provide a
method to remove the effects of such encodings and provide a lower bound on the actual processing capacity of
the dynamical system. This extraction of the encoder capacity allows to investigate parts of complex dynamical
systems separately by considering all signals entering the subsystem as encoded by the rest of the system. For
example, computations of parts of a comprehensive brain model could be studied separately without isolating
them from the overall system.

As a last step we show that the capacity profile correlates with the performances on tasks of different com-
plexity and with different memory requirements and thereby emphasize the usefulness of this metric in the
characterization of dynamical systems.

Results

We investigate systems of varying complexity (see Section “Investigated models”) to uncover relationships
between input and system parameter configurations and their processing capacity. The schematic representa-
tion in Fig. 1 shows how the information processing capacity tests the systems’ ability to calculate orthogo-
nal polynomial functions based on different delayed inputs. To provide a comprehensive view of the systems’
computations, we look not only at the total capacities of the dynamical systems, but also at their composition,
based on the maximum polynomial degree and maximum input delay (i.e. nonlinearity and memory, see Sec-
tion “Processing capacity”).

Discrete time system: echo state network. Our first case study is a discrete-time recurrent neural net-
work, an echo state network. This model was chosen to validate the metric implementation because it is neuro-
inspired at a fundamental level and due to the simplicity of the system, it allows fast numerical simulations and,
consequently, detailed analyses.

We extend the ESN experiments conducted in'* by performing a comprehensive parameter scan, evaluating
the maximum degree and delay in addition to the total capacity, looking at more detailed capacity profiles and
comparing the capacity properties with task performance. Figure 2 shows the results of the ESN with varying
levels of detail and focus on different aspects of the capacity. Panel A shows the total capacity of the ESN as a
function of input gain ¢ and feedback gain p (see Section “Investigated models”), which scale the input and
recurrent weights, respectively. For feedback gain values below 1, the total capacity is close to the maximum of
50 for all ¢. The capacity decreases for higher values of p and low values of ¢. However, the processing capacity
metric (see Section “Processing capacity”) provides more information about the computations performed by
the system. First, we consider the complexity of the computations, expressed by the ability to reconstruct poly-
nomials with higher degrees. Although the changes in the left part of the capacity heat map A (p < 1) seem to
be minimal, the degree heat map B shows that the ability to perform nonlinear computations increases with ¢.
This can be accounted for by the shape of the tanh nonlinearity. For input values close to zero, it is almost linear,
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Figure 1. Schematic of processing capacity. Simulation: real-valued random inputs between -1 and 1 are
encoded and fed into the dynamical system. (A) temporally unfolded signal. (B) amplitude-value encoding
where each neuron receives the same input. (C) distributed encoding where the encoder is connected to the
system by randomly drawn weights. (D) spatially encoded signal. Polynomial computation: Products of Legendre
polynomials with delayed inputs are calculated as target functions. Capacity computation: the reconstructed
functions are evaluated against the target functions using the squared correlation coefficient.

while higher and lower values reach the saturating nonlinearity of the transfer function. Charts D and E illus-
trate how increasing values of the input gain ¢ shift the computational capacity away from linear to increasingly
nonlinear computations.

With regards to the delays that are representable by the ESN, i.e. the system’s memory, panel C shows that
even in the parameter range with low ¢ and p > 1, which corresponds to low total capacity, there are notable
changes in the computations. Compared to the homogeneous values for the maximum delay at higher input
gains, the maximum delay increases dramatically with the feedback gain up to p = 1.13. Thus, these results
demonstrate that the system can operate at two extremes - linear, high-memory processing, and nonlinear,
low memory processing—as depicted in F and G, i.e. there is a tradeoff between memory and nonlinearity (see
Section “Discussion”).

The method allows us to evaluate the system’s ability to compute nonlinear functions with different memory
requirements. To analyze whether these insights hold for structured instead of random input signals, we evalu-
ate the ability of the systems to solve tasks requiring varying degrees of nonlinearity and memory and compare
the results with properties of the capacity profiles. Therefore, we compare the maximum capacity degree with
the performance in the nonlinear exclusive-or (XOR) task and test the system on a delayed classification task
that requires deciding which of ten streams was active before a given number of input steps. We set p to 0.9 and
examine the performance of the task with varying ¢.

Figure 3 visualizes the comparison between the results of the tasks performed by the ESN and the correspond-
ing capacity properties. Panel A shows how the performance of the XOR task (yellow curve) increases along with
¢ until it saturates near the maximum value of one. Since the performance is saturated for a large portion of the
parameter range, we also evaluate the more complex nested XOR task (XORXOR). The blue curve in A shows
that the XORXOR performance of ESNGs is also strongly correlated with the maximum degree.

Panel B compares the maximum capacity delay (dashed curve) with the classification performance at differ-
ent delays (indicated by shades of gray). Increased maximum capacity delay corresponds to an increase in the
delayed classification performance. However, the graph shows that the maximum capacity delay is larger than
the delay for which the system can still perform the classification. One explanation is that the capacity at the
maximum delay is usually small, as shown in Fig. 2F,G. In addition, for the classification not only one but ten
input streams with different connection weights are fed into the network. Nevertheless, the results show that the
capacity delay is a good indicator for the memory in ESNs.
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Figure 2. ESN results with increasing level of detail from top to bottom. (A-C) Heatmaps of the total capacity,
maximum degree and maximum delay for a parameter scan over p and ¢ and based on all capacity functions
(over all degrees and delays). (D) and (E) Total and degree-specific capacities as a function of ¢, for the values of
p indicated by the correspondingly coloured arrows in (A-C). Values are summed over all delays for each bar.
Note that the ESN only exhibits capacities of odd degree, because of the odd nature of the tanh nonlinearity. (F)
and (G): Capacity profiles showing total and degree-specific capacities as a function of delay for the parameter
configurations indicated by the correspondingly coloured arrows in (D,E).
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Figure 3. Comparison of ESN task results with the processing capacity as a function of ¢. (A) Performance

for nonlinear tasks (yellow and blue curves; left y-axis) and the maximum capacity degrees (green curve; right
y-axis). (H) Performance for memory tasks (gray curves; left y-axis) and maximum capacity delay (blue dashed
curve; right y-axis).
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Simple continuous time system: Fermi-Pasta-Ulam-Tsingou model. The previous section dem-
onstrates that the processing capacity of a simple discrete time system, with respect to complexity and memory,
depends on the relative strengths of input and recurrent weights. Here, we extend the analysis to a simple con-
tinuous time system, the Fermi-Pasta-Ulam-Tsingou (FPUT) model. We investigate a chain of 64 nonlinearly
coupled oscillators; input is applied to all equally. To give discretized input to the chain, we need to decide for
what time period we present each input. Panel A of Fig. 4 illustrates the impact of different input amplitudes and
durations on the nonlinear capacity with zero delay. Panel B shows the nonlinear instantaneous capacity for fixed
amax = 0.033 as a function of As, compared to total instantaneous capacity and capacity with delay 5. While the
total capacity with delay 0 is already non-zero for small step sizes, the nonlinear capacities both remain zero
for small As. This is consistent with the system’s improved performance in solving XOR and time-delayed XOR
tasks, which exceed chance level (« = 0) as soon as nonlinear capacities become non-zero.

The NARMAS5 performance starts to get close to the performance of a reference implementation of a linear
system with perfect memory when the delay 5 capacity becomes non-zero. For large step sizes, the FPUT mar-
ginally exceeds the performance of the linear reference system. Interestingly, the nonlinear capacity with delay
5 becomes nonzero for smaller As than its instantaneous counterpart. This can be understood via panels C and
D, which show capacity profiles resolved by delay, revealing that nonlinear capacities grow with time lag before
declining again. Even for large As as in Panel C the quadratic capacity at zero time lag is small compared to the
one for delays up to 10, and the cubic capacity remains zero. These higher nonlinear capacities come at the cost
of losing ability to reconstruct linear signals with large delays, as seen in the long tail of panel D. Finally, panel E
shows the correlation between capacities and task performance. Especially interesting is the negative correlation
with delayed capacity for all tasks. This can be again explained by the shape of the capacity profiles: the ability
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Figure 4. FPUT results. (A) Heatmap of nonlinear capacity with zero delay, where the maximum amplitude
Amax 1s a force given in arbitrary units, the input duration is given in units of simulation time steps. (B) Total
nonlinear capacity, nonlinear capacity with zero delay (dashed) and with at least delay 5 (dotted) as well as
performance on XOR (yellow), time delayed XOR (yellow, dash-dotted), NARMAS5 (maroon) and NARMAS5
evaluated on a linear reference system with perfect memory (light maroon, dashed) over input duration for
fixed dynax = 0.033. The performance of both XOR tasks is measured using the Cohen’s kappa score and for
NARMA it is the squared Pearson’s correlation coefficient. (C, D) Capacity profiles showing total and degree-
specific capacities as a function of delay for the parameter configurations indicated by the correspondingly
coloured squares in A. (E) Correlations between capacity and task performances for the same parameter ranges
of amplitude and duration as shown in (A).
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to reconstruct signals with larger delays contribute to neither of the XOR tasks, but yield larger capacities. The
NARMAGS task is only sensitive to dynamics with a delay of 5, which is also reflected in the capacity.

Balanced spiking neural network model. Spiking neural networks are continuous time systems that
communicate via pulses. Applying the random signal needed for measuring the computational capacity to spik-
ing neurons requires extra steps: we encode the signal with an amplitude-value scheme; a distributed-value
scheme or with a spatial-value scheme (see Section “Processing capacity” and Fig. 1). We use a balanced ran-
dom network (BRN) consisting of two populations of neurons as an entry model for spiking neural networks.
We choose this system because it is one of the simplest SNN architectures, while still providing rich dynamics
through the interplay of excitation and inhibition (see e.g.').

Encoding schemes distribute memory and nonlinearity. Figure 5 visualizes the results of the BRN with different
encoding schemes. The different panels focus on distinct properties and details of the processing capacity and its
connection to task performance. Panels A-F show the maximum capacity and maximum memory measured for
the BRN whilst varying the proportion p of input neurons for the amplitude-value and distributed-value scheme
and the standard deviation o of the spatial-value scheme, respectively. Each data point in A, C and E corresponds
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Figure 5. BRN results for different encoding schemes. (A, B) maximum capacity and memory (product of
maximum delay and step duration) for the spatial encoding scheme averaged over five trials with different
network and input initialisations. The standard deviation across trials is too small to be visible. (C, D) as for (A,
B), but with amplitude encoding. (E,F ) as for (A, B), but with distributed encoding. (G, H) Heat maps for total
capacity, maximum degree and maximum delay for the parameter scans marked with a circle and a square in A
and B. (I, J) Capacity profiles showing total and degree-specific capacities as functions of delay for the parameter
configurations indicated by the magenta and yellow boxes in (G) and (H) Note the different axis and color scales
in these panels. (K, L) Correlations between capacity statistic and task performances for the same parameter
ranges of amax and A, as shown in (G) and (H), using DC input and frozen noise; p = 1in (K) ando = 20in
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to the maximum capacity resulting from a parameter scan over the maximum amplitude amax and the step dura-
tion As of the input signal. B, D and F show the same analysis performed on the maximum memory the network
can retain, i.e. the maximum number of delays multiplied by As.

Comparing the positions of the curves in all six plots, we observe that frozen background noise (solid curves)
increases maximum capacity and maximum memory over changing noise (dashed curves), see Section “Inves-
tigated models”. This is a consequence of the reduced randomness in the system. Likely due to the same cause,
the performance is higher for a direct current than a rate input in the frozen noise condition, whereas the input
modality plays little role in the changing noise condition. Comparing A, C and E, we conclude that spatial-value
encoding results in higher maximum capacities than the amplitude-value and distributed-value schemes. In
contrast, the maximum memory (B, D and F) is higher for the amplitude-value and distributed-value encodings.

Within A and C, reducing the number of neurons receiving input in a given input step, i.e. p for amplitude-
value encoding and o for spatial-value encoding, increases the maximum capacity for the tested parameter range.
Conversely, a wider distribution across the input neurons is beneficial for the maximum memory when using
spatial-value encoding (B) but plays little role for the amplitude-value encoding (D). However, distributed-value
encoding does not show comparable trends. The input connection probability p neither significantly changes the
total capacity (E) nor the maximum memory (F). The fluctuations in the results are so minor that their standard
deviations are too small to be visible in these panels.

In summary, these results suggest that spatial encoding maximizes the system’s ability to compute nonlinear
functions whereas amplitude-value encoding maximizes memory, while both perform best with frozen back-
ground noise, direct input current and a smaller number of input neurons. Motivated by its superior overall
capacity, we show a detailed analysis of the spatial-value approach in G-J. The first row of heat maps shows the
total capacity, the maximum degree and the maximum delay as a function of the maximum amplitude amax and
step duration As, assuming a standard deviation o = 1for the distribution of the input over the neurons, which
results in the maximum capacity observed in A (circle). The next row shows the equivalent results, but with a
standard deviation o = 20, which leads to the maximum memory in B (square).

The capacity heat maps for the two input configurations exhibit their maximum capacity at the maximum
step duration As of 50 ms. However, the best values for the maximum amplitude ap,y are different for each o.
While the system with o = 1 has its maximum at a low input amplitude of 0.04 pA, we need to increase dmax to
0.24 pA for 0 = 20 to reach the maximum capacity. The green heat maps show that longer step durations cause
higher maximum degrees. The heat maps displaying the maximum delays show similar trends, i.e. a decrease
in the maximum delay as we increase the step duration, which we attribute to the increase of absolute time the
network has to maintain the information of a previous step with prolonged step durations.

I and J illustrate capacity profiles for a high capacity parameter set and a high delay parameter set. Together
with their positions in G and H (yellow and magenta markers), they show that these networks obtain their total
capacity value based on very different compositions of target functions. The yellow framed profile consist of many
functions based on delayed inputs, while in J the computations are invariably based on the undelayed signal and
consist instead of very high degree nonlinear functions.

Correlation with task performance. To assess whether we can infer information about task performance from
processing capacity, we calculate the correlations between task scores and total capacity, maximum delay and
maximum degree, respectively. The bar graphs at the bottom of Fig. 5 show the results for distributed encoding
with p = 1.0 (K) and spatial-valued encoding with o = 20.0 (L). XOR, tXOR and XORXOR (see Section “Tasks”)
show high correlations with maximum degree and total capacity for both encoding types, while the correlation
with the performance of the XORXOR task and total capacity is lowest for the spatial encoding setup. The maxi-
mum delay is positively correlated with the maximum classification delay in both cases. The opposite correlation
values for the maximum degree and maximum delay (also observed in the other systems) indicate a trade-off
between nonlinear computation and memory.

The NARMADS task'” requires both memory and nonlinear computation. The bars for this task in K and L show
lower correlations with capacity, delay and degree compared to other tasks. To account for the dependence on
the combination of memory and nonlinear computation, we also evaluate the correlation of NARMADS task per-
formance with nonlinear capacity at delay 5, resulting in a higher correlation for the distributed encoding setup.

Encoding effects. Despite being an important component of signal processing in (bio)physically meaningful
systems, the encoding scheme can bias the capacity estimation. As Panel A of Fig. 6 illustrates, the effectively
measured system includes the effects of the encoder, although we are only interested in isolating the system
itself. The main system can have nonlinear capacities without calculating nonlinear functions itself by merely
remembering the nonlinear or delayed inputs from the encoder, i.e. the encoder can introduce nonlinearity and
memory which bias the estimate. One solution are linear encoders without memory. However, when we prefer
more complex methods to encode the signal, for example to increase biological plausibility, we want to exclude
encoder effects from the measured capacity. Figure 6B-F outline a way to calculate the encoder effects that need
to be subtracted.

We first calculate the capacity of the encoder output by building the state matrix from the encoded signals
that the neurons get as inputs, instead of taking the membrane potentials to evaluate the processing capacity. In
the case of the spatial value scheme, this encoder state matrix is built from the Gaussian profiles representing the
inputs (see Fig. 1D for a time-unfolded version of such a state matrix). With these capacities and the capacities
of the overall system we calculate the main system’s effective linear memory by subtracting the encoder memory
(degree 1 encoder capacities) from the combined memory (based on the membrane potentials) for each delay
(B-E). Based on the system and encoder memory values, we calculate the fraction of the encoder input the
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Figure 6. Schematic for the calculation of remembered encoder capacities. (A) Diagram emphasizing that

the combination of encoder and network acts as the measured system. (B) Linear memory of the combined
measured system. (C) Linear memory of the encoder. (D, E) Difference between (B) and (C) that results in

the actual linear memory of the network. (F) Possibly nonlinear encoder capacity of target function y; (black
border) and its versions remembered by the network (green). (G) capacity profile for the encoder used in Fig. 5].
(H, I) Capacity heat maps as in Fig. 5G,H, but with all possible encoder capacities subtracted. Note the different
scales of the color bars.

system can memorize after each delay. Using these fractions, we compute how much of a capacity value for a
target function can be based on remembering a target function that is already computed by the encoder. These
remembered capacities (F) result from the linear memory of the system and the nonlinearity and memory of the
encoder. Therefore we subtract them from the capacities of the combined system to obtain the effective capacity
of the main system for all objective functions (see supplementary materials).

With this method we cannot get information about the precise functions the system computes as with linearly
encoded input, because the system computes the function Fgys(Fenc (1)) instead of Fgys(u). Therefore a system
capacity C**(y;) > 0 does not mean that the system computes the specific target function y; with the degree dy,.
However, it tells us that the system computes a function which goes beyond remembering the input.

A problem with this procedure is that the capacity values cannot necessarily be subtracted, divided and mul-
tiplied, but need to be transformed first to get the correct system capacity. These transformations can be different
for every target function and we need additional information to calculate them correctly (see supplementary
materials). However, we can subtract all encoder capacities and their delayed versions completely, i.e. we fully
remove all capacities of target functions that can be partly a result of the network remembering the encoder
inputs. This results in a lower limit for the total capacity that can be calculated for any type of encoder and
dynamical system. However, it depends on the scientific question whether it makes sense to remove the encoder
capacities. For example, if the aim is to compare the information processing capacity with the performance on
tasks whose inputs are encoded in the same way, it makes more sense to analyze the capacity of the entire system.
If the intention is to examine the calculations of the dynamic system independently of the encoder calculations,
then the encoder capacities should be subtracted. For more details on the procedure and the different ways to
remove the encoder capacities, see the corresponding section in the supplementary materials.

Panel G shows that for the spatially encoded signals the encoder alone has higher capacities than the network
in Fig. 5J. H and I show the lower limits for the capacity functions actually calculated by the network. Remov-
ing the encoder capacities leaves only a fraction of the original results for & = 1. In contrast, networks given a
wider input with 0 = 20 compute target functions beyond those remembered from the input. Apart from that,
the delays remain unchanged because the spatial value encoding does not introduce any additional memory
into the system.

Biophysical spiking network model.  We analyze the processing capacity of a biophysically more detailed
spiking microcircuit model'® '° by using two encoding schemes: distributed encoding and spatial-value encod-
ing. We chose this network because it combines neurobiological properties such as a data-based connectivity
and synaptic plasticity in a network size that still allows for extensive simulations and analyses. Figure 7 com-
pares the different encoding schemes for the microcircuit model at different levels of processing capacity detail.
Panels A-E show the summarized results for the different encoding schemes. There are strong similarities to the
BRN, in particular: 1) the use of frozen instead of changing noise increases computational capacity and memory;
2) spatial coding is superior to distributed coding when we do not subtract the encoder effects, but gives lower
capacities otherwise; 3) DC input leads to higher capacities in most cases than rate encoded inputs. There is one
exception to this last point, namely the spatial-value encoded signals with very short stimulus duration, and this
effect disappears when we remove all remembered encoder capacities (C). Although there are some larger stand-
ard deviations (shaded areas) than in the BRN, the overall variation in capacity results is still small.
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Figure 7. Microcircuit results for different encoding schemes. (A-C) Maximum capacity per input parameter
p or o respectively for distributed encoding (A), spatial encoding (B) and spatial encoding without remembered
encoder capacities (C) averaged over five trials with different network and input initialisations. Shaded areas
indicate the standard deviation across trials. (D, E) Maximum memory (product of maximum delay and step
duration) for distributed and spatial encoding. (F-Q) Capacity (F, J, N) and delay (G, K, O) heat maps of the
parameter scans corresponding to the markers in (A-C) together with capacity profiles for a high capacity
(yellow) and high delay (magenta) parameter configuration. Note the different axis and color scales in the bar
graphs. (R-S) Correlations between capacity statistic and task performances for the same parameter ranges of
Amax and A; used in (F) and (J), both with DC input and frozen noise; p = lin (R) and o = 20in (S). .

Although the microcircuit is less uniformly structured and includes synaptic short-term dynamics, the maxi-
mum total capacity is lower than for the BRN, not only in absolute values (BRN: 686, MC: 49.5), which could be
explained by the smaller network size, but also when we consider the normalized capacity values (right axis of
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A-C; BRN: 68.6 %, MC: 11 %). These values are the fraction of the number of readout neurons, since this is the
upper limit for the capacity. Each of these maximum values are based on the spatial encoding scheme. However, if
we compare only the normalized capacities for the distributed encoding, they are around 4 % for both networks.
Moreover, if we subtract the remembered encoder capacities from the spatial encoding values, the microcircuit
(4%, Fig. 7C) outperforms the BRN (2.5%, Fig. 5L). In addition, the microcircuit can store information about past
inputs longer than the BRN (D and E; BRN: 350 ms, MC: 483 ms). This is likely due to the synaptic plasticity and
the biologically inspired connectivity structure, as these features were shown to lead to longer memory in'® and".

Figure 7F-Q give details of the parameter scans for distributed encoding, spatial-value encoding and spatial-
value encoding with removed encoder effects, respectively. The heat maps for total capacity and maximum delay
show that longer input durations tend to correspond to higher capacities based only on short delays and thus
higher degrees, while shorter steps allow longer delays. We show detailed capacity profiles with high degrees but
small maximum delays (yellow frames) and lower maximum degrees but longer delays (magenta frames) in the
bar graphs on the right of Fig. 7. The differences between the two calculation modes are clearly visible, but in
contrast to the results for the BRN, here even the configurations with high degrees exhibit memory.

As for the BRN, we evaluate the correlation between the different capacity statistics and the performance
on tasks. Figure 7R-S shows the two configurations marked in A and B. As expected, capacity and degree are
positively correlated and the delay is negatively correlated with the performances of the nonlinear tasks (XOR,
tXOR, XORXOR). The opposite is true for the memory based task, i.e. delayed classification (class.). Overall,
however, the correlations with the spatially encoded tasks (S) are lower for the microcircuit than for the BRN,
especially for the memory tasks, and even the nonlinear capacity for the NARMAS5 specific delay 5 (dark pink)
does not improve the correlations.

Comparative performance on tasks.

Table 1 shows the maximum task performances of each system, and its corresponding capacity measures. XOR
and tXOR are almost perfectly solvable for the investigated systems except for the FPUT, whereas XORXOR is
difficult for all systems. ESN and the BRN with spatial encoding stand out with significantly higher XORXOR
values than the other systems. The microcircuit benefits from its connectivity and short-term plasticity in delayed
classification, as its measured delay is significantly higher compared to the BRN. The results of the NARMAS5 task
in combination with the maximum delays and the maximum degrees show that long memory is more impor-
tant than nonlinear computations for solving this task. Therefore, especially the FPUT oscillator chain and the
microcircuit with distributed encoding perform better than the other models.

Discussion

The information processing capacity enables thorough investigations of dynamical systems in terms of the
functions they can compute. It produces a comprehensive computational profile with intuitively interpretable
indicators of complexity (polynomial degree) and required memory (maximum delay).

We explored ways of applying the information processing capacity to dynamical systems with increasing
complexity, culminating in and focusing on biologically inspired spiking neural networks. Our initial experi-
ments extend the analysis of the (discrete-time) ESN used in'%. By investigating the FPUT model, we expand
the scope of our study to continuous-time systems, and then make the step into SNNs with a balanced random
network. Finally, we apply the measure to a cortical column model.

We evaluate the effects of different input parameterisations to provide a guide for future application of the
capacity measure to similar systems and especially to spiking neural networks. Although the metric is highly
informative, it can be computationally expensive and any restriction on the parameter search space drastically
saves computational costs.

As reported in previous work such as?® and'*, we found no single optimal parameterisation that simultane-
ously maximizes nonlinearity and memory capacity. All dynamical systems show a trade-off between memory
and nonlinear processing, since their processing capacity is bounded by the number of readout units. Therefore,

ESN | FPUT | BRN BRN MC MC

p09 |a0.25 |distr.pl |spatialo20 |distr.p1 | spatialc 20
Readout units 50 64 1000 1000 447 447
XOR 1. 0.85 1. 0.99 1. 0.99
XORXOR 0.73 0.17 0.62 0.21 0.22
tXOR 0.72 1. 0.99 1. 0.99
Classification 26 18 42 50
NARMAS5 0.88 0.29 0.2 0.43 0.17
Capacity 49 55 38 100 49 40
Max. degree 11 3 35 285 71 255
Max. delay 69 688 32 10 53 14

Table 1. Performance on tasks and capacity measures for different dynamical systems. Given as Cohen’s kappa
score for XOR, tXOR and XORXOR, maximum delay up to which accuracy is above chance level for delayed
classification, and squared correlation coefficient for NARMAD5.
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for a given use case, one would have to tune the parameters appropriately to achieve optimal results. For contin-
uous-time systems, an increase in step duration is accompanied by a shift to the nonlinear regime. Our explana-
tion is that the systems have more time to transform a single input step, but in return they also need to retain
information for a longer period to process previous signals. The ESN has a small parameter range that results
in particularly long memory. In this range, the input scaling is so small that the signal is transformed mainly by
the linear part of the tanh activation function, while a spectral radius slightly larger than one ensures a strong
influence of previous inputs.

A reduction of capacity by introducing noise into the dynamical system has previously been reported by'*.
Consistent with these findings, we also find that sources of randomness commonly used in spiking neural net-
works, such as driving the network with Poisson spike trains and encoding the inputs as firing rates of such spike
trains, reduce the processing capacity. We therefore propose to first operate the systems deterministically using
frozen background noise and direct current as inputs, and later to analyse the robustness to random perturba-
tions as a separate property.

While the ESN for most parameters has near-maximum capacity, there are both high and low capacity con-
figurations for the FPUT. In contrast, the SNNs achieve only a fraction of the possible capacity. We note that in
our study, the information processing capacity or different aspects of it, such as the maximum degree and delay,
generally show strong correlations with task performance. Whereas even systems whose processing capacity
is low can solve tasks such as XOR or tXOR almost perfectly, higher capacity systems such as the ESN have a
clear advantage for more demanding tasks such as XORXOR. However, previous research has shown that the
capacity may not be a reliable indicator of a system’s ability to predict the states of dynamical systems that evolve
independently of external inputs®'.

An explanation for the low capacity of SNNs may be the frequent reset of the membrane potential after a spike,
especially since we use the membrane potential as a state variable for the readout. If these results are indicative of
the computational power of biological neural networks, and under the assumption that the information process-
ing capacity captures a large portion of the relevant information processing that dynamical systems, including
the brain, can perform, this is an indication against the reservoir computing approach as a tool for determining
(and a model for understanding) the computational power of cortical systems. However, higher performance
can probably be achieved by using more complex neuron models and heterogeneous parameter distributions,
as these adjustments have positive effects on computational performance?. As we do not focus on finding a
network with maximum capacity, but on adapting the capacity metric for the general application to SNNs, we
leave this investigation for future work.

We must encode the signal linearly to prevent a distortion of the capacity results. With nonlinear encoding,
systems can reconstruct polynomial functions by remembering the nonlinear inputs over several time steps
without transforming them. Thus, we advise to use only linear encoders if possible.

However, there are reasons to use nonlinear inputs such as the desire for biological realism in models in com-
putational neuroscience. Therefore, we presented a procedure to remove nonlinear encoder effects and provide
alower bound on the main system’s actual capacity. The procedure can also handle encoders with memory. This
enables, for example, to analyse specific parts of larger systems, for example models of the brain, separately. For
this purpose, we consider all components feeding signals into the subsystem as part of the encoder and remove
their capacity from the results.

In its current form, this method only provides a lower bound of the capacity. Further research could develop
a more precise removal of the encoder effects that includes additional metrics gathered during the reconstruction
of the individual target functions. In addition, due to the high computational costs, which increase quadratically
with the system size, an investigation of possible effects of subsampling methods or the dimensional reduction
of the state matrix on the expressiveness of the capacity can offer additional value.

Overall, we have laid the foundation for detailed analyses of various systems , encompassing discrete and
continuous-time systems as well as biologically inspired neural networks. This method can now be used, for
example, to test computational hypotheses on spiking neural networks and even in-vitro experiments, or to opti-
mize the parameter configuration and input encoding of neuromorphic hardware for a given computational goal.

Methods

Processing capacity. Initially proposed by'*, the empirical estimation of information processing capacity
of a dynamical system quantifies the different processing modes it can employ by determining the number of lin-
early independent functions of its input that the system can compute. Figure 1 shows a schematic representation
of the metric, see also'*. The dynamical system under investigation is passively driven by a time-dependent input
signal u(k) of finite total length T. In this work the discrete values of u(k) are independent and identically drawn
(i.i.d.) from a uniform distribution over the interval [—1, +1]. The aim of the analysis is to quantify the system’s
ability to carry out computations on u. For that purpose, we gather the system’s states in response to the input
x[u(k)], train linear estimators using the Moore-Penrose pseudoinverse to reconstruct a set of L target functions
yiforl =1,..,L from these states and evaluate how well the system is able to reconstruct each function by cal-
culating the squared correlation coefficient between the target functions y; and the reconstructed functions z;:

_ coviym)?
= var(yy) - var(zj)

(1)

The sum of the single capacities Cj over all target functions is the total processing capacity of the system.

We choose the target functions to be orthogonal to the input distribution. This orthogonality of the target
functions ensures that each independent measurement reflects an independent transformation that the system
can perform. Furthermore, we compute target functions not only based on u(k), but also on time-delayed versions
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u(k —i),Vi € [0, k], in order to measure the amount of linear and nonlinear memory the system can maintain.
The basic components of the orthogonal target functions that we use in this work are Legendre polynomials,
which are defined by

d
1 d » )
Pals) = z—d;(j)z(s— (s 4 1) @)

where d is the degree of the polynomial. Each unique target function is composed by selecting a degree d; for
each considered delay i and building the product of the thereby specified polynomials:

=[] Patulk—in) 3)

where Py, are the Legendre polynomials of degree d;. Thus the degree tuple D; = (djo, dj1,d12; - . . dm) com-
pletely defines a target function y; having a maximum delay i = m. The sum of all degrees in D; determines the
total degree of the corresponding target function y;. For example, the degree tuple (2, 1, 0, 4) corresponds to
the target function:

y = Pa(ulk]) - Pi(ulk — 11) - Pa(ulk — 3]) (4)

which has a total degree of 7. Note that we do not explicitly include the polynomial for delay i = 2, because its
degree is 0 and therefore corresponds to the constant polynomial Py = L

The total degree of a target function specifies the complexity of the required computation (nonlinearity),
whereas the delays i specify the memory requirements of the investigated system for further details, see'* .

Since the number of functions in the capacity space is infinite and the computational resources are finite, we
cannot evaluate the capacities for all basis functions. Moreover, we do not know in advance which functions the
dynamical systems can compute, and therefore we use an exploration strategy to guide our search for nonzero
capacities in the space of target functions, rather than determining in advance which ones we will evaluate. The
basis of this strategy is the assumption that capacities decrease with the complexity of the target functions and
the memory required to compute them. We increase the degree and delay separately and stop computing more
functions of higher degree or longer delays when the capacity falls below a threshold whose value is on the order
of O(%), where N is the number of readout states per input value. For more information on the calculation of
this threshold, see the supplementary material of'*.

Input encoding for spiking networks. Different dynamical systems may impose very different (physical) con-
straints on how a stimulus is encoded. To pass the signal u(k) to continuous time systems, we thus need to
encode this input appropriately depending on the system’s specifications. To do so, we first define which sub-set
of units are to receive input, i.e. we specify the density of input connections as a fixed connection probability p
(see below for model-specific definitions of the set of potential input units). This results in a random subset of
Ninp = pN units that are effectively input-driven. We then define a continuous version of the discrete signal u(k)
in a similar way as in* and*, i.e.

ut) =u(k)for(k — 1) - As <t <k-As (5)

where As is the stimulus step sizeand 0 < t < T'As, see Fig. 1A.

This continuous, time-varying signal is delivered to the system following three different types of encoding
schemes. These were chosen due to the constraints of the systems under investigation, but are general enough
to cover a wide variety of possible encoding mechanisms in input-driven, continuous, dynamical systems. For
the amplitude-value scheme (Fig. 1B), the value of u(t) is encoded by amplitude, i.e. u(f) to values in the range
[0, amax ] resulting in the scaled amplitude signal:

_ W+

a(t) 5

Amax (6)
This amplitude signal a(t) is also the basis for the distributed-value scheme illustrated in Fig. 1C. Here, encod-
ing variability is introduced by drawing the input weights from a uniform distribution in[—1, 1], i.e. a(t) gets
multiplied by a randomly drawn, target-specific weight w; such that each target neuron j receives a slightly dif-
ferent input.

aj(t) = a(t) - w; (7)

The spatial-value scheme (Fig. 1D) assumes the input can be spatially encoded, i.e. the target neurons have
amplitude-specific receptive fields. The scheme thus considers different subsets of target neurons are responsive to
stimuli of different amplitudes. The value of u(¢) is considered the centre of a Gaussian profile which determines
which units in[1, .. ., Njpp] receive the input. This encoding scheme is illustrated in the bottom panel of Fig. 1.
Under this encoding scheme, each input neuron j receives an input of amplitude:

exp(—j*/2) (j - u(t))
o221 o

aj (t) = amax

(8)

where . (t) is the distribution’s mean
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_w®+D

wu(t) 3

. Ninp (9)
and the standard deviation o is an experimental parameter, which determines the spatial spread (and overlap) of
the input encoding. Note that we do not use periodic boundaries, in order to be able to distinguish the encoding
ofu(k) = landu(k) = —1.

Note that for this encoding scheme to target a sufficiently large subset of neurons, we clip the input connec-
tion density to p = L

The continuous activity signals aj(t) are converted into input for spiking neural networks in two ways>. In
the first method, we interpret amax as a maximum current, and supply each neuron with a corresponding scaled
direct current a;(t). In the second method, amay is interpreted as the maximum firing rate of a Poisson generator.
Thus, a(t) is converted into the piece-wise rates of an inhomogeneous Poisson generator providing independent
spiking input to the input neurons.

Tasks. We let the dynamical systems solve various tasks and encode the required inputs as close as possible
to the way we described for the capacity in the previous section. Continuous inputs (see NARMA task in Sec-
tion “Tasks”) are encoded exactly like the inputs for the capacity calculations. For multidimensional binary
inputs, we need to adjust the encoding. In distributed-value encoding, n-dimensional inputs are split into n
input streams that are separately connected to the system (each with its own connectivity matrix). The value of
the activated input streams is set to amax and the value of the inactivated inputs is set to 0. In spatial-encoding,
each active input is encoded by a Gaussian profile (see Eq. (8)) with a fixed value for its mean. The mean values
of the n inputs are evenly distributed over the input space and inactive streams do not cause any activation of
the system.

XOR task variants. ~ As representatives of tasks requiring nonlinear computations, we use exclusive-OR (XOR)
and variations thereof. XOR is based on two binary inputs and results in 1 if the inputs are different and in 0
if they are not. A more complex version is the nested calculation of XOR tasks (XORXOR). Unlike the normal
XOR task, we need four input signals to perform this task:

XORXOR(inpy, inpa, inp3, inps) = XOR(XOR (inpy, inpz), XOR(inp3, inp4)) (10)

The temporal XOR task (tXOR) is based on a single input stream and requires additional memory. We define
tXOR as the XOR of the current input and the input of the previous time step. We evalutate all XOR variants
with Cohen’s kappa score.

Delayed classification. In this task, we use ten different input signals, only one of which is active in each step.
We then evaluate for how many delay steps in the past a system can identify above chance level which of these
ten one-hot encoded signals was active.

NARMA time series. 'The nonlinear autoregressive moving average (NARMA) task tests systems for both non-
linear computation and memory, and its evolution is described by the following equation:

n—1

yt+1) =ayt)+ Byt —1) (Zy(t - i)> + yu(t —n+ Du(t) + € (11)

i=0

We use («, 8, y,€) = (0.2,0.004, 1.5,0.001) and time lag n = 5 as parameter values and evaluate the results with
the squared correlation coefficient.

Investigated models. Echo state network model. The echo state network (ESN), which!* also used as an
example, is a simple, discrete-time recurrent neural network. The evolution of its N = 50 state variables x; is
given by:

N

xi(k + 1) = tanh(p ZWinj (k) + tvju(k)) (12)
j=1

where p is the feedback gain that scales the recurrent weights w;; from unit j to unit £, and ¢ is the input gain that
scales the weights v; from input u(k) to unit i. We initialize both the recurrent weight matrix and the input weights
with values drawn from a uniform distribution between —1 and 1. In addition, we orthogonalize w and scale it
to unit spectral radius. To calculate the processing capacity, and given that this system is used as a baseline, we
consider all N units receive the input directly, without further scaling or input encoding, as shown in Eq. (12).
For the capacity experiments in this work we use T = 100, 000 input steps.

Fermi-Pasta-Ulam-Tsingou model (FPUT). The Fermi-Pasta-Ulam-Tsingou model describes a one-dimen-
sional string of coupled oscillators and was originally studied to investigate the equipartition of energy among
its degrees of freedom?. As linear forces between neighboring oscillators lead to an analytically solvable system,
several nonlinear interactions were studied in the original paper. For our purposes, it is sufficient to consider
quadratic nonlinearities, as they appear in the «-FPUT model.
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In contrast to the original paper, however, we are not interested in a closed system, but an input-forced system.
We drive the system via an external time-dependant field a(t) coupling to all oscillators equally. Different inputs
are then represented via different values of a, whereby we ensure (a(t)); = 0, i.e. we consider an amplitude-value
encoding scheme and a dense input connectivity, p = 1. To deal with the resulting energy put into the system
we also introduce a dampening term with decay constant 7.

These considerations lead to the following differential equation for the oscillators

% = (xig1 +xi1 — 2x) + o (i1 — x)? — (xio1 — %)) — ?’ —a(), (13)

where x; is the deflection of oscillator i from the rest position. For the experiments we used « = 0.25, 7 = 10
and T = 100, 000 input steps.

Balanced random network model. The simpler spiking neural network we use in this study is a balanced ran-
dom network (BRN)'® consisting of N = 1250 leaky integrate-and-fire neurons, sub-divided into a population
E of Nexc = 1000 excitatory neurons and a population I of Nj,, = 250 inhibitory neurons. The connections
between these neurons are crucial for the functionality and dynamics of the network. Excitatory neurons propa-
gate activation to other neurons, while inhibitory neurons function to regulate this activation, preventing poten-
tial runaway excitation within the network. The interplay between these two types of neurons contributes to
the balance that allows the network to perform complex computations while maintaining stability. After the
initialisation of the membrane potential Vy,, with values drawn from a uniform distribution between Viin and
Vmax, the neuron dynamics follows

dVm

Tm
Tm? =—(Vm —EpL) + al(t) (14)

where tr, is the membrane time constant, Cy, is the membrane capacitance, Ej is the resting membrane potential
and I(¢) is the synaptic current. Synaptic transmission in this model is considered to elicit a delta-shaped post-
synaptic current:

1(t) = Swyd(t — £F +d) (15)

where £;" is the time at which neuron j spikes and d is the synaptic delay. When the membrane potential reaches
a fixed threshold Vy,, it is set back to the reset potential Vit and stays at this value for a refractory period tf.
Recurrent connections among excitatory and inhibitory populations are established to maintain fixed in-degrees
of Cexc (excitatory synapses) and Ciyp, (inhibitory synapses). To compensate for the effect of the larger excitatory
population, the weight wi,p, of inhibitory synapses is g times stronger than the excitatory one wexc.

In order to obtain responsive networks that operate in biologically meaningful regimes (see'®), an additional
background input is necessary. Besides the input signal u(t) described in Section “Processing capacity” that
we potentially give to all excitatory neurons (based on connection probability p), every neuron in this model
is driven by time-varying spikes that are connected with the same weight wex as excitatory recurrent synapses
and exhibit a firing rate vyeise. We use two different methods to generate these background spike trains. In the
changing noise version, we use random Poisson spike trains whose spike times vary for each input step. Since
we must consider each source of randomness that varies for each step as an additional input to the system that
reduces the maximum possible processing capacity, in the frozen noise experiments we generate a single Poisson
spike pattern of length As per neuron and repeat it for each step. As readout values for the capacity calculation,
we use the membrane potentials of all 1000 excitatory neurons to represent the state of the system after each
of the T = 200, 000 inputs. Table S1 in the supplementary materials lists all parameter values for this network.

Cortical microcircuit model. The more complex spiking neural network used in our analysis is the cortical
microcircuit model introduced by'® and subjected to additional investigation by'®. This is a network of 560
spiking neurons divided into three layers representing the cortical laminae L2/3, L4 and L5. Each layer consists
of an excitatory and an inhibitory population, which are linked across all layers by synapses with short-term
dynamics. In the original study, the network consists of conductance-based Hodgkin-Huxley neurons equipped
with an additional intrinsic noise mechanism. However'?, show that even significantly simplified integrate-and-
fire neurons do not harm the computational performance of the network and can even increase it. We take
advantage of this finding and use this simpler neuron model in the current study, which gives us the benefit of a
significantly reduced simulation time. For comprehensive implementation details of the model and a complete
parameter specification, see®.

We use all neurons that are not part of the inhibitory populations of layers 2/3 and 5 as input neurons and
feed the signal described in Section “Processing capacity” into these units. The reason for this choice is that in
the original model description all but the two mentioned populations are connected to external inputs. Just as
with the balanced random network described above, we also drive this system using spike generators that gen-
erate either changing Poisson spike trains or frozen noise. In this case, we use two input streams consisting of
40 spike trains connected to the network in the same way, i.e. using the same synaptic weights and connection
probabilities, as the two input streams in'. Since we have an additional signal driving the activity as described
above, we halved the firing rate of the spike trains to 10 spikes per second compared to the original inputs. To
calculate the capacity, we use the membrane potentials of all 447 excitatory neurons at the end of each of the
T = 100, 000 inputs.
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Capacity chance level and cut-off value. The theory of the information processing capacity is based on
inputs of infinite length. Since we have to use finite inputs in our experiments, we must account for a systematic
error in the measured capacities. The chance level of the capacity is given by a chi-squared distribution x2(N)
with mean meN and variance 2;—12\] (for details see'). m and v are equal to 1 for independent state variables. How-
ever, since we cannot assume the independence of the state variables, we do not know the correct values for m
and v. To define a suitable threshold c below which we set all capacities to 0, we calculate the value ¢i,q for which
the probability P(x2(N) < ¢jnq) = 107* for m = 1and v = 1. We account for the unknown factors m and n by
multiplying ci,q by a constant factor. For the experiments in this article, we use the factor 6:

€=16"Cnd (16)

Data availability
The source code and datasets generated during the current study are available in a Zenodo repository®, https://
www.zenodo.org/record/7688574.
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