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Variational quantum 
non‑orthogonal optimization
Pablo Bermejo 1,2 & Román Orús 1,2,3*

Current universal quantum computers have a limited number of noisy qubits. Because of this, it is 
difficult to use them to solve large‑scale complex optimization problems. In this paper we tackle this 
issue by proposing a quantum optimization scheme where discrete classical variables are encoded 
in non‑orthogonal states of the quantum system. We develop the case of non‑orthogonal qubit 
states, with individual qubits on the quantum computer handling more than one bit classical variable. 
Combining this idea with Variational Quantum Eigensolvers (VQE) and quantum state tomography, 
we show that it is possible to significantly reduce the number of qubits required by quantum hardware 
to solve complex optimization problems. We benchmark our algorithm by successfully optimizing a 
polynomial of degree 8 and 15 variables using only 15 qubits. Our proposal opens the path towards 
solving real‑life useful optimization problems in today’s limited quantum hardware.

Quantum computing is evolving rapidly thanks to significant advances in hardware. Current Noisy Intermediate-
Scale Quantum (NISQ)  processors1 are starting to show promise in specific tasks, including claims on quantum 
 advantage2,3, fault-tolerant  gates4, and industrial applications for specific  problems5. Nonetheless, NISQ devices 
are still quite limited at the time of solving certain problems of relevance, such as complex optimization problems. 
This is true with the current implementation of quantum optimization algorithms such as Variational Quantum 
Eigensolvers (VQE)6 and Quantum Approximate Optimization Algorithms (QAOA)7.

In this paper we attack this limitation by developing new quantum optimization schemes where classical vari-
ables are not encoded in orthogonal qubit states, but rather in other degrees of freedom of the quantum computer. 
An example is the case in which individual qubits are allowed to represent more than one classical bit variable 
each, by considering the degrees of freedom of the Bloch  sphere8,9. As we shall see, this allows to significantly 
reduce the number of qubits needed to solve complex discrete optimization problems in universal gate-based 
quantum computers, thus boosting the practical utility of NISQ devices for real-life problems.

The problem
A key relevant problem for which NISQ devices are very limited is optimization, which amounts to the mini-
mization of a cost function, typically under some constraints which can also be included via, e.g., Lagrange 
multipliers. At the end of the day, an arbitrary cost function H of a discrete optimization problem takes the form

with qα = 0, 1, . . . , p− 1 a discrete variable that can take up to p different values, with α = 0, 1, . . . ,N − 1 . For 
example, if p = 2 for all α , then we have the case of an optimization problem with usual bit variables, qα = 0, 1 
for all α . Finding the minimum of such a cost function, for N bit variables, and for a discrete polynomial of 
degree 2, is known as a Quadratic Unconstrained Binary Optimization (QUBO) problem and is well-known 
to be NP-Hard. Higher-order polynomials, and higher-dimensional variables, make the problem even harder.

In many optimization schemes for NISQ devices, cost functions such as the one described above are typically 
considered by first boiling it down to bit variables. In a binary encoding scheme, this implies that the original 
variables qα are expressed in terms of m = ⌈log2(p)⌉ bits each, i.e.,

(1)H ≡ f (q0, q2, . . . qN−1),

(2)qα =

m−1∑

i=0

2ixi,α ∀α.

OPEN

1Multiverse Computing, Paseo de Miramón 170, 20014 San Sebastián, Spain. 2Donostia International Physics 
Center, Paseo Manuel de Lardizabal 4, 20018 San Sebastián, Spain. 3Ikerbasque Foundation for Science, Maria 
Diaz de Haro 3, 48013 Bilbao, Spain. *email: roman.orus@dipc.org

http://crossmark.crossref.org/dialog/?doi=10.1038/s41598-023-37068-2&domain=pdf


2

Vol:.(1234567890)

Scientific Reports |         (2023) 13:9840  | https://doi.org/10.1038/s41598-023-37068-2

www.nature.com/scientificreports/

As an example, if p = 4 , then we have that m = 2 and the correspondence x0x1 → q between the individual 
bits and the original variable (for a given α ) is [00 → 0; 01 → 1; 10 → 2; 11 → 3] . With this decomposition in 
mind, the cost function H can be written as

in terms of m× N classical bit variables.
As we can see, the number of bit variables quickly explodes in classical optimization problems. It is not sur-

prising, therefore, that when solving such problems on quantum computers, their capabilities are quite limited if 
we consider one qubit in the quantum register for each bit variable of the cost function. Say, for instance, that you 
run a VQE algorithm on a universal gate-based quantum computer. The largest such machine built as of today 
is the IBM System One with 127 supercoducting  qubits10. This implies that, with such an algorithmic approach, 
one can optimize cost functions up to 127 bits only, so that m× N = 127 . This is very far from real-life useful 
problems. As an example, a static portfolio optimization over the N = 500 assets of the SP500 index, with p = 8 
investment positions per asset would require of m× N = 1500  qubits11.

Method
Our proposal to overcome the above problem is to modify the assignment between the classical variables in the 
optimization problem and the quantum states in the quantum computer. As such, a quantum state of N qubits 
has many more degrees of freedom than those in N classical bit variables. If we were to assign one qubit per 
classical bit, then the correspondance of degrees of freedom would clearly be

and this is a waste of quantum resources. However, this can be dramatically improved by assigning non-orthogonal 
quantum states to classical configurations8. The simplest example is the case of a single qubit: we can represent 
the different configurations of the classical discrete variable qα using different non-orthogonal states of the qubit, 
i.e., by breaking the Bloch sphere into “chunks”. In particular, we can use p maximally-orthogonal states of one 
qubit to represent the values of the classical variable qα = 0, 1, . . . , p− 1 (such states are not mutually orthogonal, 
but minimize globally the mutual scalar products). Such states are maximally distinguishable by single-qubit 
measurements. These states also correspond to the vertices of convex polyhedra inscribed inside the qubit’s Bloch 
sphere of the  qubit8,9, see Fig. 1 for an example. In addition, this scheme can also be generalized to multi-qubit 
non-orthogonal quantum states.

The readout of the classical configurations is thus done via quantum state tomography, which can be imple-
mented in several ways. A simple approach is, again, to read out the quantum states of the individual qubits at 
each iteration of a variational quantum optimization algorithm, say VQE or QAOA. This would approximate the 
probability distribution P(q0, q1, . . . , qN−1) , needed to estimate the expectation value of the cost function and 
its gradient at each iteration (epoch) of the variational algorithm, by

This approach, while missing correlations, is very efficient to implement and turns out to work quite well in many 
practical situations, at the expense of sometimes lowering the performance in the convergence of the variational 
quantum optimization algorithm. An alternative, more precise approach, is to implement quantum state tomog-
raphy of the whole quantum state, which can be done using, e.g., compressed  sensing12.

The single-qubit measurements chosen here work well when the final state is not an entangled state, but rather 
a separable state. Forcing this type of measurements together with the optimization of the variational parameters 
in the quantum circuit, implies that the highest degree of entanglement typically happens towards the middle of 
the circuit evolution, with the qubits tending to be disentangling towards the end of the circuit. Notice also that, 
while multiqubit tomography could also be implemented, it is not efficient, in the sense that it cannot be scaled 
up in general for an arbitrary number of qubits.

Using this simple idea, it turns out that we can fit much larger optimization problems in NISQ devices. As 
an example, take again the processor of 127 qubits from IBM, which is currently available. For this processor, 

(3)H = f (x0,0, x1,0, . . . , xm−1,N−1),

(4)|0� → 0, |1� → 1,

(5)P(q0, q1, . . . , qN−1) ≈ P(q0)P(q1) · · · P(qN−1).

qα = 0, 1, · · · , 19
classical

quantum

x

y

z|0〉

|1〉

Figure 1.  The 20 configurations of classical variable qα (left) are codified in 20 maximally-othogonal quantum 
states of a single qubit, which correspond to the 20 vertices of a dodecahedron inscribed in the qubit’s Bloch 
sphere (right).
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and using 6 states per qubit, we could optimize cost functions of up to ≈ 328 bit variables, being this already 
sufficient for a real-life static portfolio optimization problem of all the companies in the NASDAQ-100 index 
with 8 positions per asset. To be more specific, we used the relation

rounded to the closest integer from below. In this scheme the technological problem is to be able to distinguish 
6 different quantum states in the Bloch sphere of a single qubit. While this may sound harsh at first, notice that 
it is a single-qubit technical problem, and not a multi-qubit one. As a matter of fact, distinguishing 6 states per 
qubit is also well within the capabilities of current quantum technology. And what is more: this can only improve 
as larger quantum processors are fabricated. For instance, for a 433 qubit quantum processor, such as the one 
planned for 2022 in the IBM quantum  roadmap10, we could optimize the whole SP500 with 8 positions per asset 
with just 12 non-orthogonal states per qubit. To understand this graphically, we show in Fig. 2 the number of qubits 
required to represent a given number of classical binary variables, for different numbers p of non-orthogonal 
quantum states per qubit.

Benchmark
We have benchmarked the idea by running a VQE optimization, on a classical simulator, to find the minimum 
of the following degree-8 polynomial:

In the above equation, we consider the discrete values

so that each classical variable in the polynomial can take 20 different values. A standard VQE algorithm, codify-
ing one bit per qubit, would need at least 65 qubits using a binary encoding of the variables, and all the bits in 
the cost function would be fully-connected, therefore implying deep and complex variational quantum circuits. 
Additionally, a quantum annealer would need thousands of qubits due to embedding for such a fully-connected 
graph. In our implementation, however, the simulation solves the minimization problem using 15 qubits and 20 
quantum states per qubit with single-qubit tomography, implying a reduction of 50 qubits with respect to VQE 
and thousands of qubits with respect to quantum annealing. Our simulation was able to find both the trivial and 
non-trivial minima of the cost function, converging with good accuracy after some epochs, and using a simple 
variational quantum circuit such as the one in Fig. 3 but for 15 qubits. The evolution of the cost as a function of 
the number of iterations is shown in Fig. 4. The algorithm finds the optimal value in roughly O(103) steps, which 
is to be compared to the O(1020) steps that it would take for a bare classical sampling of 65 bits, and the O(1010) 
that it would take for an unstructured quantum search (so, even this simple implementation is seven orders of 
magnitude faster than a quantum search by using Grover’s algortithm). The obtained minimum is ≈ 3× 10−3 , 
with 6 circuit layers, and a learning rate of 0.008 using Adam optimizer.

In parallel to this example. we have also tested the performance of the algorithm for other problems, includ-
ing non-polynomial cost functions and even with discontinuities, and the performance of the method has also 
been remarkably good.

At this point, it is worth comparing the evolution of the cost in Fig. 4 to that of a standard VQE algorithm with 
p = 2 , and even with that of the continuum limit p = ∞ , analyzed in detail in Ref.13. While for those two limiting 
cases one may observe a quite smooth behavior of the cost function, we do not find it for the intermadiate cases 

(6)Number of bit variables = Number of qubits× log2(p),

(7)
H = (q30 − q31q0 − q2q3 + q34 − q5q6 − q27 + q38

+q8q10/5+ q11q1 + q212 + q313 + q14q0q3)
2.

(8)qα = −9,−8, . . . , 10 ∀α,
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Figure 2.  Number of qubits required to represent a given number of classical binary variables, for different 
numbers p of non-orthogonal quantum states per qubit. The dashed lines correspond to two IBM quantum 
processors: one with 127 qubits, which is already available, and one with 433 qubits, expected in principle before 
the end of 2022.
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explored in this paper. We believe this is due to the fact that, in our current encoding, the p maximally-orthogonal 
states of a qubit are distributed across the surface of Bloch’s sphere, and are not naturally ordered. It should be 
possible to refine the embeddings and labelings of the states in the sphere, so as to improve the smoothness of 
the evolution. This will be explored in detail in further extensions of this work.

Conclusions and outlook
In this paper we have presented a scheme to significantly reduce the number of qubits needed in variational 
quantum optimization algorithms. This is based on the fact that configurations of the classical variables can be 
mapped to non-orthogonal quantum states of the quantum register, and these can be recovered via quantum 
state tomography. In the simplest case, we map several classical configurations to non-orthogonal states of each 
qubit, and perform single-qubit tomography. We have benchmarked this idea by successfully optimizing via VQE 
a polynomial function of 15 variables and 20 configurations per variable, using only 15 qubits.

We stress that, similarly to other variational quantum algorithms, our method is heuristic. This means that 
there are only heuristic arguments about how this algorithm processes information, and the ultimate justification 
for using it, is that it works in practice. And this is not a sloppy justification, since it is the same one being applied 
to all heuristic algorithms, even to neural networks and deep learning. Our algorithm here is no exception: it 
introduces an extra degree of freedom in the optimization (the number of states per qubit), that is indeed another 
parameter to play with in the heuristic algorithm. the benchmarks presented here, show that this heuristics works 
in practice, and may be useful in dealing with certain types of optimization problems.

The scheme presented here is remarkably simple and powerful. As we have discussed throughout the paper, it 
dramatically reduces the number of qubits required to solve optimization problems in universal quantum com-
puters. Traditionally, optimization problems had been better solved by means of quantum annealing approaches, 
with gate-based approaches being disregarded for optimization due to the low number of qubits. The fact that 
universal NISQ devices are getting more and more powerful (with 4000+ qubits being in the IBM roadmap for 
2025) together with algorithmic improvements such as the one discussed here, is certainly an indication that 
universal quantum computers are closer to industrial applications than commonly expected. 4000 qubits with 
40 non-orthogonal states per qubit could solve a classical optimization problem of 200,000 bit variables, and 
these numbers are within reach in the near future for universal quantum computers. This is to the detriment 
of quantum annealers, in which this scheme cannot be applied as such and are therefore more limited in this 
respect. Additionally, optimization is the basis of many other algorithms, and the ideas discussed here are already 

Figure 3.  Example of variational quantum circuit used for the optimization of the 8-degree polynomial in Eq. 
(7), where the structure shown for 3 qubits should be generalized to 15 (we show only 3 for space reasons). This 
variational quantum circuit has a sequential, one-dimensional structure of entanglement, but more generic 
circuits can also be implemented. Measurements at the end of the circuit are meant to implement single-qubit 
quantum state tomography. The initial unitary operators set the initial quantum state, and the variational 
parameters {θi} correspond to single-qubit rotations for each qubit.

Figure 4.  Cost as a function of the number of iterations in the optimization of a degree-8 polynomial of 15 
variables, with 20 possible values per variable, as explained in the text.
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being used as the basis of further variational quantum algorithms solving a wide range of problems. This will be 
investigated in upcoming works.

Data availibility
The datasets used and/or analysed during the current study are available from the corresponding author on 
reasonable request.
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