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The intention of this work is to study a mathematical model for fractal-fractional tuberculosis

and COVID-19 co-infection under the Atangana-Baleanu fractal-fractional operator. Firstly, we
formulate the tuberculosis and COVID-19 co-infection model by considering the tuberculosis recovery
individuals, the COVID-19 recovery individuals, and both disease recovery compartment in the
proposed model. The fixed point approach is utilized to explore the existence and uniqueness of the
solution in the suggested model. The stability analysis related to solve the Ulam-Hyers stability is also
investigated. This paper is based on Lagrange’s interpolation polynomial in the numerical scheme,
which is validated through a specific case with a comparative numerical analysis for different values of
the fractional and fractal orders.

SARS-CoV-2 (COVID-19) erupted in Wuhan City, China, in late 2019 and evolved into a global pandemic. More
than 220 countries and territories worldwide are affected by the COVID-19 pandemic, which affects every part of
our daily lives. In the 21st century, human COVIDs like SARS-CoV and MERS-CoV have risen from the creature
supply-induced worldwide pandemic with an alarming death rate and morbidity. The quantities of contaminated
cases passing despite everything increment essentially and do not indicate a very controlled circumstance as of
25th October 2022, a total aggregate of 62,753,838 (65,782,318) contaminated (deceased) COVID-19 cases were
accounted for all over the world. These are essentially partitioned into four genera: «, 8, y,and 8. If a is 8-CoV
for the most part, tainted vertebrates, during y is §-CoV turned to influence birds. Furthermore, HCoV-229E
and HCoV-NL63 of a-CoVs and HCoV-HKU1, and HCoV-OC43 of 8-CoVss, exhibit low pathogenicity as well
as moderate respiratory side effects as typical viruses. The other two recognizable 8-CoVs, like MERS-CoV and
SARS-CoV display intense and dangerous respiratory illnesses’.

Tuberculosis (shortly TB) is one of the most deadly diseases. The physiology of Mycobacterium tuberculosis
is the causative agent of this life-threatening disease. However, it may harm glands, bones, the brain, the kidneys
and other organs. Mycobacterium tuberculosis flourished through various stages and its host then was East
Africa. Early TB infection originated in East Africa 3 million years ago and it was concluded that it might have
spread to early primates around then. The incidence of TB reportedly dates back over 5000 years. Globally, 1.45
million people died and more than 10 million became infected with tubercular bacilli, which made it the world’s
leading infectious killer in 20182

Ulam?, in his celebrated talk in 1940 in the mathematics club of the University of Wisconsin, presented a
number of uncertain issues. The following year, Hyers* was the first mathematician to answer Ulam’s ques-
tion concerning the stability of functional equations. Along these lines, Rassias® autonomously presented the
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generalization of the Hyers theorem contained in the unbounded Cauchy contrast in 1978. Following this out-
come, many mathematicians have investigated the expansion of the Ulam stability with other functional and
differential equations using various techniques in different directions (see also®).

The bifurcation of fractional order has also been related to practical ventures. It is extensively employed in
4D neural network incorporating two different time delays'?, three triangles multi-delayed neural network!!
and delayed BAM neural network!?. Authors in'® proposed the interaction between the immune system and
cancer cells. The tumor-immune model has been investigated from a numerical and theoretical point of view. A
fractal-fractional model of tumor-immune interaction was discussed in'*.

Goudiaby et al."” observed the simple mathematical model of COVID-19 and tuberculosis co-infection with
treatment for the infected. They incorporated the optimal control system into a sub-model using five control
compartments. Dokuyucu and Dutta'® analyzed a model of fractional derivative type Ebola virus spread that
leads to disease in Africa by using the Caputo-Fabrizio operator. They examined the numerical solutions for
the proposed model by using the Adam-Basford method for the Caputo-Fabrizio fractional derivative operator.

Mekonen et al.'” examined the COVID-19 and tuberculosis co-dynamics model and a numerical simulation
showed the effect of various values of fractional order and compared the sensitive parameters. In'®, the authors
analyzed the COVID-19 and tuberculosis co-infection of optimal control problems. Zhang et al.'® investigated
the Caputo derivative fractal-fractional type, anthropogenic cutaneous leishmania model. Based on fractional
derivative order, they analyzed the existence, uniqueness and Hyers-Ulam stability of the solution derived for
the model (see also?’-2%).

Aziz Khan et al.* studied that COVID-19 disease spreads from person to person with the help of the nabla
Atangana-Baleanu-Caputo fractional derivative of Ulam-Hyers stability and optimal control strategies. In recent
years, many researchers have studied the fractional model of Ulam stability with fractional results and related
papers (see also®?).

Amin et al.>! examined a fractal-fractional type COVID-19 model under the Atangana-Baleanue fractal-
fractional operator. Then, they analyzed the existence, uniqueness and Ulam-Hyers stability of the solution
derived for the model with various values of k; and k,. Asamoah et al.*? provided the existence and uniqueness
of the solutions and Ulam-Hyers stability using the fractal-fractional Atangana-Baleanu derivative for the Q
fever disease of complex dynamics.

Hasib Khan et al.** provided a fractal-fractional order TB model restricted to a case study in China. The
authors derived the Ulam-Hyers stability of advanced fractal-fractional operators. Then, they used the Lagrange
polynomials interpolation numerical scheme based on the obtained algorithms. In*, the authors observed the
HIV-TB co-infection model using the fractional order of the Atangana-Baleanu derivative.

The objective of this study is to utilize our numerical algorithm to observe the impact of two different
orders on the approximate solutions of the given model. These two orders, namely the fractal dimension and
fractional order are critical components of mathematical models that use fractional orders for simulation. This
study marks the initial investigation of fractal-fractional TB and COVID-19 co-infection model using advanced
fractal-fractional operators, explicitly focusing on Ulam-Hyers stability. The model also provides the existence,
uniqueness, and Ulam-Hyers stability of the solutions in the proposed model. Our findings from various frac-
tional mathematical models have motivated us to enhance our numerical approaches to accommodate fractal-
fractional simulations.

Basic definitions

In this segment, we will discuss some basic concepts related to the fractal-fractional operator and some known
definitions that will be needed to obtain the main results of this study. Also, in this work, we assume the space
{y(s) € C([0,1]) — R} with|ly|| = maxsepo,11ly(s)]:

Definition 1 Let y € C((a, b), R) be a fractal differentiable on (a, b). The fractal-fractional derivative of y(s)
with fractional order 0 < k; < 1and fractal dimension 0 < k, < 1in the sense of Atangana-Baleanu having a
generalized Mittag-Leffler type kernel can be defined as follows®:

FF M ko AR (k) d [° ]
o Zs (y(s)) T =k dsk 0 yW)éi,

B0t

Y d . —
where o/ (k1) = 1 — ki + ris and 24 = lim,_,, 202,
Definition 2 For the same function y, considered above, the fractal-fractional integral of y(s) with fractional
order0 < k; < lin the sense of Atangana-Baleanu having a Mittag-Leffler type kernel can be defined as follows™':

FFM ko k kik, S -1 k-1 ka(1 — ky)ske—1
F ke — 2 _ 1 d i
IR0) = 75 ol Jo * 7T T Ry Y

Ethical approval. This article does not contain any studies with human participants or animals performed
by any of the authors.

Model formulation
This segment describes a TB and COVID-19 co-infection model based on the Atangana-Baleanu fractal-frac-
tional operator. Our model given below is an extension of some specified in'”!® by,
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® Including the COVID-19 disease reinfection of recovered individuals; and

e Including the TB recovery compartment, the COVID-19 recovery compartment and both diseases recovery
compartments; and

® Including the COVID-19 infection after recovery from TB and TB infection after recovery from COVID-19.

Under the schematic diagram given in Fig. 1, the TB and COVID-19 co-infection model is presented by the
system of equations depicted as follows:

)
N

7l g kkgTC(s) =7 — ()T 4 JC + pu)sTC,
; @Skl’kzLT(S) — ATSTC _ (0[1 + wy + n/LC —+ M)LT)

7 M
o  akRrT(s) = a LT + pILTC + mytI™ — (py + 61+ +d7)IT,

Al
)

Z

N
N

|

FF M

7 /0 st"szT(s) — wlLT + ,011T _ (Vl + M)RT,
7 F

JJ'“O @skl’kzIRC(S) — UlRT _ (51 +M+dc)IRC,
FF M

F (;”QSkl’szC(S) — iCSTC _ (Olz + +€/1T +M)AC’

o @ fRIC(s) = AC + pILTC + mytITC + rRC — (py + 62 + p + dO)IC,

o DIRRC(s) = AC + paI€ — (v2 41+ )R,
0 @Skl’kZIRT(S) = VZRC — ('32 +u+ dT)IRT,
7o g Jke 1) = LT 4 eiTAC — (a2 + 0 + 1) LTC,

Z

F M
o DIRITC() = L TC + 01T 4 6,1C — (7 + 4 dTO)ITC,

N
N
\\\

S
X

N

N
N

7T g kR = BiIRC 4 BIRT 4 (1= (p1 +p2) )0 LTC 4 (1= (my + m3))ITC — pR.
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2
JT = AT Ty,
NG (L' +1")

22
),C A C IC LTC ITC ,
N(s) (AT + 17+ LT+ 1)

andN(s) = STC 4 LT 4 IT 4+ RT 4 JRC 4 AC 4 € 4 RC 4 [RT 4 [TC 4 JTC 4 R 'The initial condition of the
TB and COVID-19 co-infection model becomes: 7€ (0) = SOT Cs), LT (0) = Lg ),17(0) = IOT (s),RT(0) = ROT (s),
TRE(0) = IFC(5), AC(0) = AF (), IRT(0) = IFT (), LTC(0) = L{(5), I"C(0) = I§“(s), R(0) = Ry(s).
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Figure 1. TB and COVID-19 co-infection model showing the compartments.
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In model (1), the human population is divided into twelve compartments: Susceptible to both TB and
COVID-19 (STC), latent level TB infected people (LT), active level TB infected people (I Ty, recovered from TB
(RT), COVID-19 infection after recovery from TB (I RCy COVID-19 infected with asymptomatic (A©), COVID-
19 infected with symptomatic (I €y, recovered from COVID-19 (R®), TB infection after recovery from COVID-19
(IRT), latent TB and COVID-19 dual infected compartment (LTS, TB and COVID-19 dual infected compartment
(ITC), recovered people from both diseases (R). Table 1 describes the suggested model parameters.

We assumed that the susceptible people had been recruited into the constant rate 7 and the susceptible class
develops TB through contact with active level TB infected patients by a force of infection A7, expressed as

= %(LT +17).

This expression says that 4; represents the transmission rate of TB infection. The latent TB infection is considered
asymptomatic and does not spread the disease. Similarly, susceptible people acquire infection with COVID-19

following effective contact with people infected with COVID-19 at a force of infection for COVID-19 /%, given as

,C 2 Cc C TC TC

Y _N(A +1°+ L' +17%).

here 4, denotes the COVID-19 disease transmission rate. Furthermore, we considered the individuals in the latent
level TB infected people compartment (L) leave to active level TB infected people compartment (I7) at a rate
of latent TB infected people to become infected «}, and to both diseases latent infection compartment at a force
of infection AT and some component is the rate of recovered from latent TB infected people w;. Additionally,
individuals with the TB disease infection (IT) after recovering from active TB at a rate of p; while the remaining
component shifted to both diseases infection (I TCy at both diseases infectious rate of 6; or TB infected people die

Parameters | Descriptions

b4 Susceptible people has recruitment rate

N Transmission rate of TB

ar Force of infection for TB

n Latent level TB infected becoming asymptomatic infected with COVID-19
ai TB infected people to become infected

)2 Recovery rate for latent TB infections in L¢

mp Recovery rate for latent TB infections in I7¢

6, Infection rate with COVID-19 from TB individuals

A2 Transmission rate of COVID-19

o1 Rate of recovered from TB infected people

v Rate of COVID-19 after recovered from TB infected people

B1 Rate of recovered from TB and COVID-19

o) Recovery rate of latent TB infected people

dr Death rate due to TB infectives

7€ Force of infection for COVID-19

€ Rate of asymptomatic infected with COVID-19 to becoming latent TB
a Asymptomatic infected people with COVID-19 to become infected
P2 Recovery rate for COVID-19 infections in LT¢

my Recovery rate for COVID-19 infections in I7¢

6, Infection rate with TB from COVID-19

P2 Rate of recovery from COVID-19

V) Rate of TB after recovery from COVID-19

) Rate of recovered from asymptomatic infected with COVID-19
r Rate of COVID - 19 is reactivation

B2 Rate of recovered from COVID-19 and TB

dc Death rate due to the COVID-19 infectives

10} Both diseases latent infected individuals to the co-infection class
dre Death rate due to the co-infection of both diseases

o Rate at which people leave the co-infection in LT¢

T Rate at which people leave the co-infected in I7¢

“w Natural death rate

Table 1. The dependent parameters description of the proposed model.
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due to the death rate of d”. The recovered from TB (RT) has left either compartment (IRC), vy is respectively, the
rate of COVID-19 infection after recovery from TB. Then both diseases infected in latent level (I RCY move to the
compartment (R) at a rate of both diseases recovered. Moreover, we considered the individuals in the asympto-

matic COVID-19 compartment (AC) leave to infected COVID-19 compartment (I€) at a rate of asymptomatic

COVID-19 infected people a,, and to both diseases infection a force of infection AT and some component is
the recovery rate of asymptomatic COVID-19 infected people w,.

Similarly, the individuals of the COVID-19 disease infection (I €) become recovered from COVID-19 at a rate
of p, or shifted to both diseases infection (I7€) and both diseases are infectious at a rate of 6, and d¢ respectively,
COVID-19 disease death rate in this compartment. In addition, the recovered from COVID-19 (R®) has the
chance to leave either compartment (I RTYy, respectively, at a rate of v,. Then both latent COVID-19 and TB co-
infected individuals (IXT) move to the compartment (R) at a recovery rate from COVID-19 and TB sequentially.
The latent co-infection diseases population in the compartment (LTC) either progresses to the co-infection (LTC)
at a rate a12. The remaining component is assumed to be shifted to either compartment at a o as illustrated in
Fig. 1. That is, the susceptible people in the compartment (L7C) move to (I”) with a rate of recovery in COVID-19
people pg, move to the I€ with a rate of recovery in TB infected people of pg, and become recovered at a rate of
(1 — (p1 + p2))o. Moreover, we considered that both diseases dual infection I TCleave compartments (I T 1€ and
R) denoted at a rate of m; T, my7, or (1 — (m; + my))t while the co-infection induced death rate is drc. Finally,
recovered from both TB and COVID-19 (R) at the rate of natural death is denoted by u.

Existence and uniqueness results

In this segment, we utilize the fixed-point procedure to present the existence and uniqueness of the solution for
the proposed model. Applying the Atangana-Baleanu fractal-fractional integral operator on the model (1) and
utilizing the initial conditions, we obtain

kik,

STC(s) — sTC(0
©=5"O+ % korc Jo

S
ukrl(s — u)k‘*1 [rr — AT+ M)STC] du

_ 2)
% [ = G+ + ws™]
LT(s) =17 (0) + # ’ W1 (s — ki1 [ATSTC o1t o niCt ,u)LT] "
- k(fi)l“(kl) 0 N
% [)VTSTC — (a1 + w1 +1i° + M)LT],
kiky

S
17(s) = 17 (0) + Wl (s — k=1 [oelLT FpILTC 4 I — (o + 0y + p+ dT)IT] du

oA B (k)T (k1) Jo

k(1 — ky)sh2~!
ROk [+ pTLTC 4+ e 1™ = (o1 + 61+ +d DI,

o B (k)
(4)
T T kika : ky—1 ki—1 T T T
R' () =R'O)+ ——————— [ u* s —w" oL r— R"|d
© =R O+ ot | e s =0t o+ ol = o+ pR"]du .
kz(l — k1)3k271 T T T
_ L I — R |,
4B (k) [“’1 toll =t }
IRC(5) = IRC(0) + kiky s ko )k171[ RT — (B + +dC)IRC}d
= T T 1 1 - v -
’ B GkT) Jo T LTH “ o
6
ka(1 — kp)sh2—! T Cy RC
= - RC,
2 AT [T = (81 + p + d) "]
C C kika : ky—1 ki—1|,ToTC T C
A =A~(0 _— 27 s —w) A — A A~ |d
© =40 + s | e w [ATSTC — (@ + 0 + €17 + A du .
ka(1 = ks~ r e e T c
1] - A A,
o B (kD) [ N (a2 + w2 +€l” +p) }
kiks

rS
1) = I°(0) + ) / w2 (s — T ap AC 4 pILTC + matI™C 4 rRC — (02 4 02 4+ p + dO)IC | du
1) Jo

A B (k)T (k
ka1 — ky)ske !

C o1 TC TC C _ C\1C
T {azA +pILTC 4 myeI™C 4 1R (p2+92+ﬂ+d)1],

(8)
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kiks

s
- s ko—1,. ki—1 AC IC . RC J
A B (kDT (k1) Jo “ (s —u) {a)z + 0 (2 +r+p) } u

RE(s) = RE(0) +

)
k(1 _kl)skz_l C o C
W@A 4 oI — (v + 7+ WR }
RT RT kika -1 ki—1 c T\ RT
Ry = IRT(0) + — 12 [ jla=t(g _ ypki=1]}) RC dT)IRT] d
©) O+ ora e [vz B2+ p+d") ]u
k2(1 - k1)5k271 C T\ +RT (10)
- 1R~ — dIl ,
A% (k) (2R = (B g I
LTCs) = L™C(0) + L ) ukz_l(s — u)kl_1 {nﬂ,CLT +elTAC —(an+0 + M)LTC} du
o B (k)T (k1) Jo
k(1 —kslr op T 4C TC
W[U’LL +elAY —(anp+0o +plL ],
(11)
kiky

S
1 (s) = 1"°(0) + W21 — w7 oL €+ oIT 4 0,1C — (¢4 i+ AT du

A B (k)T (k1) Jo

ko(1 = ky)sk2!
% {(XlzLTC + 911T + Gzlc —(t4+u+ dTC)ITC] s

o B (ki)
(12)
kik s
RO = RO g gt Jo 6017 [+
_ ky—1
+(1—(py+p»xﬂfc+(1—(m1+nn»rﬂf——uRLM+—@iL—591—— (13)

A B (k1)
X [BRC + Ba1*T + (1 = (o1 + p2)o L€ + (1= (my + mo)el ™ — uR].

Let us consider the function 2; fori = 1,2,...,120ri € JV{Z, thus
21 (s, STC) =1 — (/lT +25+ M)STC,
2, (s LT) = )TsTc _ (oq + w + n/lC + ,u)LT,
,/23(5 IT) alLT+p1LTC+ml'EITC ([)1 +91+,u+dT)IT

9y (s RT) = LT + pllT (v1 + ,u)RT,
95 (s,l C) = — (/31 +u+ dC)IRC,
26(s,A%) = CSTC (o + wy + €27 + ) AC,
27(5,1) = A + pFLTC + motI™ +1RC — (02 + 6, + pu + d)I€
25 (s, Rc) = 0, AC + p,I¢ — (va+r+ ,u)RC,
25(5,I8T) = 1,RC — (B + p +d7)IRT,
210(s, LTC) =niCLT 4 elTAC - (2 +p7 +p5+ (1= (p1+p2))o + M)LTC,
,@11(5,1 ) = apLTC + 0,17 + 6,1€ — (ml‘r + myT + (1 — (ml + mz))r +u+ dTC)ITC,

2126 R) = B + BT+ (1= (p1 + p2) Jo LT + (1= (my + ) ) oI™ — iR,

() For proving our results, we consider the following assumption: For the STC(s), sTC (), LT(s), T (), IT(s),
I7(9), R (5), R (), I*C(5), I*C(5), AC(5), AC(), I (5), I°(5), R%(5), RE(), T (), T (), LTC (), LT (9), 17 s),
ITC(s), R(s), R(s) € £[0, 1], be continuous function, such that ||STC(s)|| < L, ILT ()| < Lo 1T ()|l < &3,
IRT (&) < L4IT*C () < L5IAOI < LolIC6) < LIRS < Lo II*T ()] < LolLTCS)] < Lo,
IITC )|l < L1, IRG)|| < Z12 for non-negative constant £y, %5, L3, L4, L5, Lo» L7, L5, Lo» L10» L1t
312 > 0.

Theorem 1 The Lipschitz condition is satisfy the 2, fori € N12, if the assumption H# is holds true and fulfills and
V; < 1, fori e /V{Z.

Proof Now, we prove that 2 (s, ST°) fulfills the Lipschitz condition. For ST¢(s), sTC (s), we get
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2,(s,8T¢) — Ql(s,ﬁTC)H - Hrr — (AT 4 € 4+ wysTC — <71 — T+ + M)§TC> ,

< (AT 426+ ) IS™ - 37,
< Wy $TC —§TCY,

where, ¥ = 2T 4+ €6 + . Hence, 2, satisfies the Lipschitz condition with Lipschitz constant W;. Similarly, the
other kernels satisfy the Lipschitz condition as follows:

) — fzz(s,ZT)H < W |L" 17,

1My = 23,10 | = Wl =171,

Ty — 24(5,§T)H < wy|RT —RT,

1) = 255, T | < w1 — %€

A€ = 26(5, ) | = wellA® - AC,

1°) - :27(s,YC>H < W, |I° 1€,

,RC) — Qs(s,ﬁC)H < Wg|IRC - RCY,

1) = 29(,T*0)|| < w17 — T,

,@w(s,ZTC)H < Wy||LTC — I7€Y,

1) — :211(5,7“)“ < Wy |17€ —T7C),
|226.R) = 2025, R)| = WialIR = RI.

Hence, all the kernels 2;,i € .41 satisfies the Lipschitz property with constant W; < 1fori € .#"}2. The proof is
completed. d

Now, Egs. (2) to (13) can be rewrite as follows:

TC,. _ oIC  kke o o1y, TC Mk 1 C
SO =S O G Tt Jy 1T ST gy s eSO
(14)
T =17 L ) k=1, Nki—14 T M ky—1 T
FO=L Ot g or Jy T R @At Ty el
(15)
T =T L ’ k=1, _  Nki—14 T u kz 1, T
I'(s)=1 (0)+yiﬂ(k1)1"(k1) u (s—u) 23(u, I" (u)du + % k) 23(s,1" (5)),
0
(16)
RT(9) = RT0) + —— 12 [ et 19,0, RT ydu + 2L 5D et g, RT (s,
B (k)T (k1) Jo ' A % (ki)
(17)
RC(y _ JRC ke k1, RC Mk 1 RC
=1 (O)+,s>/,% (k)T (k1) Jo wET G W s () + B (k) 2T
(18)
c — AC & ) ko—1,. ki—1 4 C M ky—1 C
A=A O+ TG o v ST e ATt a2 AT,
(19)
1°(s) = 1°(0) + m i w2 (s — ) 171 27 (u, 1€ () du + ]:/(Tlfl)) k=195, 1(s)),
(20)
RC(s) = RE(0) + __ ke Su"rl(s— w11 9 (1, RC (u)) du + k= k) g, - 1 24(s,RC(s)),
o B (kT (k) Jo o A% (k)
(21)
RT — [RT L ’ ko—1,. _ nNki—1g RT 2( kl) k2 1 RT
O = O Ty Jo © W Bl dut Zo oy eI O),

(22)
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TC, o _ 1 1C kika S k=1, k-1, TC ko — k) 1, TC
L™(s)=L"~(0) + THGOTED Jo v (s —w" ™ 210w, L (u))du + 7% (k) 210(s, L7 (s))s
(23)
TC _7IC k1k2 : ko—1,. _ ~Nki—1 TC 2( 1) kz 1 e
I () =1"7(0) + AT W2 s =W T (I (w)du + — ——— RS 21(s, 17 (s)),
(24)

_ k1k2 : ko—1/. k1—1 g 2( kl) kz 14
R(s) —R(0)+7&{% kDT D) o u? (s — )" 212(u, R(w))du + TAES ) 212(s, R(s)), (25)

together with initial conditions are given as
S¢€(s) = ST€(0), L () = LT (0), I (s) = I (0), RY (s) = RT(0), I (s) = IRC(0), AF (s) = AC(0), I (s) = I°(0)
R§(s) = RE(0), IRT (s) = 1”7 (0), LI (s) = L7€(0), I{€ (s) = I7€(0), Ro (s) = R(0).

Now, we define the recursive formulas for the Egs. (14)-(25) as follows
BAZK) g1, (5,5, (9),

TC o _ oTC L * a1 k=1, TC
SO =8Ot T Jy ST A Sin @ dut I Mﬁ(k)
T _ 7T L ¢ ky—1 ki1—1 T 1) kz 1 T
L,(s)=L"(0)+ 77 kDT ED Jo W2 s — w1 9w, L, (w)du + ij ™ 2505, LT, (),
6 =170 + —— 2 [ et o1, 0017 ydu+ 250 gm0 11 (),
" o B k)T (k1) Jo B A% (k1) et
T —RT % ) ky—1 k1—1 T k2(1 kl) k2 1 T
R = RO+ Tty Jy T Al Ra (et gy s 2 Rt (9),
RC — [RC L k2 Leo _ k-1 RC 2( —kp) kz 1 RC
I;7(s) =1"(0) + 7 k)T ) (s — w)™ ™" 25 (u, I, > us))du + Al W 25(s, I3, (5)),
Ac(s):AC(o)+L ’ k=1 (s — =1 96 (u, AC_| (u))du + ko —k) 4,1, (s, AS_,(5)),
" A B (k)T (k1) Jo ° ! A B (k) 645 At
C —I¢ L * ka—1 ki—1 C k2(1 kl) kz 1 c
L) =1 (0)+%ﬂ(kl)r(kl) = (=" 2w I (w)du + ———— TN 27(5,I5_1(5),
% — RC L ) ky—1 k1—1 C 2( kl) kz 1 C
R (s) = R™(0) + 77 kDT Jo W (s —w)™ T 28 (u, Ry (w)du + PR ) 25(s,RC_,(5)),
RT = JRT L ’ ko—1 ki—1 RT k2( —ky) kz 1 RT
L@ =IO+ Sy 4 60T e L )+ s (s 15 (9),
TC(5) = LTC L ol k-1, TC ko (1 — k1) ey IC
L,”(s)=L"(0) + 77 Gl ) W s —w)MN T 20w, L2 (w)du + ————— AN 2100, LIC, (),
TC gy = 1€ L W1 _ kit TC ko (1 — k1) ol TC
I>(s) =1""(0) + 77 k)T ) (s — )" 211 (u, I, = (w)du + TS ) 2015, I, (s)),
ke ukz_l(S*u)kl_lﬂlz(u,an(u))dqu L (:1)) 5191 (5, Ry (5).

R, = R(0 _—
© = RO+ T Jy

Theorem 2 The model (1) has a solution if the following are holds true
A=maxV¥; <1,ic€ N%z.

Proof We define the functions as follows:
U 15(s) = SIS, (s) — STC(s), U 24(s) = LE 1 (5) = LT(5), U 3u(s) = I 1 (s) — 17 (s),
IRC(s), U 6,(s) = AS, () — AC(s),

RE(s), U 9u(s) = IR (s) — I*T(s),
(s) = ITC(s), U 12,(s) = Rus1(s) — R(s).

U 4n(s) = RL, 1 (s) — RT(s), U 5(s) = IR (s) —
U Tn(s) =I5y, (s) = I(s), U 8,(s) = RSy, (5) —
U 104(s) = LI, (s) = LTC(s), % 114(5) = I,

Then, we find that
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kiky
o B (k)T (k1) Jo
k(1 — ky)sh2~!

Tl )7 21, STC ) = 210, ST )

71,0

21(5,SIC(s)) — 21(5, 8™ (5))

>

< B (k1)
kiksT (k) ko (1 — ki) TC _ (TC
1S, ¢ — 8T,
- L{?A’ (kDT(ki + k)~ A B (kl)} 1o, ”
kikyT (ky) ka(l—=k) " otc  o1C
wrsie — st
= L%.%(kl)l“(kl-i—kz) A B (kl)} {1 :

Similarly, we have

2,09 < w%?ﬁiﬁ ) IZ;;_(:E)) “egil - 1),
w30 = [ s s * o] YW1
7 49| < mk&ffiiiiil k) sz;z»_(:f)) :n%nRT—RTn,
#50] < [xroe e * S Y-
o] < [ B
77,09 = W%EEJIZL ) 'Z;;lfff :n‘l’?lllf—lcll,
v8] = [ e v+ ] YK
i< [ R
| 100 = m@ﬁ?igl k) 1:{(1%_(:11)) :n‘vfonLlTC—LTcn,
o< [ S
< [ T

Thus, from the above twelve functions, whenn — oo, then% (s);, — 0,fori € JV{Z for¥; < 1,(i=12,..,12)
which completes the proof. O

Theorem 3 Due to assumption H# , the model (1) has unique solution if

[ kikoT (ko) ko(1 — k1)
A B (k)T (k1 + k) A B (k1)

}‘l’i <1, fori=1,2,..,12.

Proof We assume that another existing solution <§TC(S), LT(s), I7(s), RT(s), IRC(s), AC(s), I(s), RE(s),

TRT (5), LTC(s), 17C(s), §(S)> with initial values, such that

STC(s) = ST¢(0) + L T u2 (s — wk =19, (u, STC (w))du + Mg (5,87 (s))
- A B (k)T (k1) Jo ne AR k) '
Now, we write
TC  JIC kik, ¥ a1 k-1 TC o IC
Hs =3 H = a0 210687 w) - 21065 (u))Hdu
E 0

ka(1 — kp)sk2!

g TC g <rc
7% kD) 21(5,877(8)) — 21(5, 57 (9)

>

and so
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L - { e e X kl)} %} Is™ = s < 0. (26)

AR k)T +k) AR (k)

The above inequality (26) is true if IsTC — sTC | = 0, then consequently, S TC(s) = sTC (). Hence the uniqueness
of solution is proved. Similarly, we applying the same process yields LT, 1T RT IRC AC [C RC [RT [TC [TC
and R can be proved. So, the model (1) has a unique solution. O

Ulam-Hyers stability of the proposed problem
In this segment, we obtain the Ulam-Hyers stability of the proposed model (1). We state the required definition.

Definition 3 The model (1) has Ulam-Hyers stability if there exist constants #’; > 0, i € Ni2 satisfying: For
everye; > 0, i € NI2 if

‘f%/ﬂb@sk"kzsm(s) _ QI(S,STC)‘ <&, (27)
FIA g Rkl () — ﬁlz(s,LT)‘ <e, (28)
fﬂdﬂgskl,qu(s) _ 93(s,IT)‘ <&, (29)
Ffd,i/gskl,kZRT(s) _ 324(5,RT)‘ < g4 (30)

‘f'“fd”’ g Jrke [RC (5) — 25(s, IRC)‘ < &5, (31)
yﬂ;dﬁ@skl’kmc(s) _ Qﬁ(s,Ac)’ < g6, (32)
775 D 1O - 22,16 < e, (33)
775" 2 e R ) = 246, RO)| = e, (34
fﬁo.//zgskl,k”;zr(s) _ QQ(S,IRT)‘ < g0, (35)

yyo”ﬂgskl’kzLTc(s) _ QIO(S,LTC)‘ < &10, (36)

f”yo‘”ﬁgjskl’kzlm(s) - fln(s,lTC)‘ <eén, (37)
’QF'@O”’/@S"I”QR(S) _ 3212(5,R)‘ < e (38)

and there exists a solution of the TB and COVID-19 model (1), STC (), LT (), id (), RT (), IRC (), Xc(s), I° (),
RE(s), IRT (5), LTC(5), TT(s) and R(s) that satisfying the given model, such that

HSTC —’chH < Aie1,

LT —ZTH < A ey, HIT —TTH < A '3e3, HRT — ﬁTH < A 484,

[15€ T2 < e, [} — 2| = ot [1€ ~ 3] = e, RS — R = ot

HIRT - IRTH < A'9go, < A 108105

R - §H < A €12

L7C _ ZTCH

17 —TTCH < A'neu,

Remark 1 Consider that the function S7C is a solution of the first inequality (27), if a continuous function h;
exists so that

e |hi(s)| <ep,and
FTM

o 77 g ksTC(s) = 2,(5,8TC) + hy(s).
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Similarly, one can indicate such a definition for each of solutions to inequalities (27) by finding h; for; € 4~ %2.
Theorem 4 Under the assumption H , the model (1) is Ulam-Hyers stable.

Proof Let e > 0and the function STC be arbitrary so that
FTM
0

9 ke gTC (5) — 2,(5,8TC)| < ¢).

In view of Remark 1, we have a function h; with |h; (s)| < &7 satisfies

fifojigskl,kZSTC(s) = 2,(5,STC) + hy (s).
Consequently,
kiky * — - < k(1 — ky)sk2 !
STC — STC 0 ko—1 _ k1 1:@ , STC d 9 , STC
(s) ©0) + 7% kDT ur (s —u) 1(w, §77 (w)du + B 105,87 (s))
kik, o1 k-1 ka(1 — ky)ske—1
_ — h d — ().
T IART Sy T WA Tk e

Let STC as the unique solution of the given model, then

kik s ~ ky(1 — kp)ske1
12 V(s — k=19, (1, STC () 4+ 2L KD

- s g e
A B (k)T (k1) Jo 7 B (ky) 21(s, 87 ().

§TC (S) — §TC (0) +

Hence,
kiky
A B (k)T (k) Jo
kz(l — k1)5k271
A B (k1)
kik,
A B (k)T (k) Jo

STC(s) — §T€ (s)‘ < ' W21 (s — w19, (1, STC () — 21 (u, STC () | du

21(5,8™(s) = 21 57°)|

S
W15 — -1 ‘hl(u)‘du

ka(1 — kp)sh2 =1
o B (k) ’hl(s) ’
- { ki (k) k(1 — kl):| \DI‘STC _ch‘
AR k)T (ky1 +ky) AR (k1)
n [ ik (k) k(1 — kl):| .
A B kDT (ki + ko) A B (k) |

kiky T (ky) + ka(1—k) | o
ISTC — 3¢ < A B kDT (ki+ky) T o/ F k) |©1

_ kiko T (kp) ko (1—ky) '
1 [.,g/ﬁ(kl)r‘(kﬁkz) + Lo/@(kl)]‘yl

Then
IST€ —§TC| < A 16

here,

koI (kz) + kd-k)
TB GOtk T o/ B k)

_ k1ko T (kp) ka(1—ky) '
1 [qm GG DR (kl)]\yl

A=

Now, applying a similar approach, we have
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ILT — L7 < # 26,
1T =17\ < A ze3,
IRT — RT|l < # 4e4,
ITRC —TRC|| < A'ses,
IAC — AC|| < A ses,
1€ —TC|| < A'7e7,
IR — RC|| < #'ses,
IIRT —TRT|| < A geo,
ILTC —LTC| < #1010,
I17C =TT < A ien
IR —=R| < A 12€12.

Hence, we conclude the fractal-fractional model (1) is Ulam-Hyers stable. This completes the proof. O

Numerical scheme

In this segment, the numerical scheme are analyzes for the proposed model (1). For the numerical scheme, we
consider the equation of the Atangana-Baleanu fractional operator can also as follows:

0

@Skl,kzy(s) — kzskZ*lg (S,y(S)).

Utilizing the fractal-fractional integral operator having generalized Mittag-Leftler type kernel, we obtain

ko (1 — ky)ske—1 kik, S o1
=y0)+ —— 9 (s, _ 2l — k19 (, du.
y(s) = y(0) + 7% kD) (s, y(s)) + 7% kDTG /. u? (s —u) (u, y(u))du
Now, at s = 5,41, which gives
ky (1 — kp)ske=1 kik _ 'y
Ynb1 = y<0>+wz <sn,y(sn))+m. i W2 (sppn — A2 (u,y(w)du,
(39)
which can be written as
_ -k, kik [ (s, y(sy)) / B kel
Y1 = y(0) + A U (sn>y(sn)) + 7% kT (kD) 2 { 7 J. (u—sy—1)(Sps1 — 1) du

74 _1, _ Sy+1
U (sy lh}’(sy 1) /’ (U= 5,)(sna1 U du}.
Sy

Utilizing the Lagrange polynomial interpolation to Eq. (39), we obtain

—k kyhh T,
m?f (Snay(Sn)) + m Z [Z/ (sy,y(sy))

y=1
x (n+1=p) =y +24k) = (1= —y +2+2k)

Yus1 = y(0) + kpsk2 7!

— U (sy-13(sy-0) (1 1= PPH = =y + 1+ k) - y)"l)}
For clarity, we can write the as follows:

— kl 0 kzhkl & kz—l 0
mg (51> y(su)) + m VZ::I |:5y 2 (51/»)’(5)/))

x <(n—|—1—y)kl(n—y+2—|—k1)—(n—y)kl(n—y+2+2k1)>

Yur1 = y(0) + kask2 ™!

— 22 (51/71,)’(5)/71))<(n 1 -y + 14+ k) - y)’“)}.

Thus, by assuming

yimy)i=m+1—pPm—y+2+k)—m—-phn—y+2+2k),
ymy)=n+1—p)t =y 14+ k) — p)R,
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the numerical scheme for the integral system Eqs. (2) to (13) is obtained as

—k kyhkt
L 9, (50, STC (s0)) + 2

1
STC — STC 0 k ka1 —_— A B (DT (ke L0
(Sn+1) (0) + kas,, A B (k) A RB (k)T (ky +2)

n
> [sgrl,@l(sy,s“(sy))yl (my) =75 210518 (sy-D))ya(my) .
y=1

Similarly, the rest of the compartments LT, 1T, RT, IRC AC, IC RC, IRT LTC ITC and R we calculate the same
numerical scheme as follows:

—k kyhkt
L 9, (sn, LT (s0)) + 2

1
LT, = LT+ ksl — "1 =
(Sn1) O +hs’ 2 D o % (k)T (ki +2)

n
x Y {s§2*‘zz<sy,LT(sy>>y1(n, y) - s’;Z:fu@z(syfl,LT<sy71>>yz(n,y)],
y=1

1=k Kok
a =170+ kps> ' —— "L 9.5, 17 B
(Sn+1) (0) + kas,, % k) 3(su, I (sn)) + 7% kT +2)
n
Y {s?*lﬂa(sy,ﬂ(sy»yl(ﬂ, y) - s’;Z:f&(syfl,1T<sy71)>y2<n,y)],
y=1

1—k kyhk
L 94(s R (s)) + 2

RrT —RT0 Ioske—1_— "1 . mr
(Sn-+1) O+ kst ®n o B (k)T (ky +2)

n
x> {s’;fm(sy,RT(sy))yl(n, y) = 5527 2465y 1, R (sy_1)y2(n, y)},
y=1

L—k kyhkt
[RC = IRC(0) + kpske ! —— "L 9o(s,,, IRC —
() = IO + sty e T )t kTt + 2)

n
x>y {s’y—k@s(swIRC(sy>>y1(n,y) - s§2:1‘£5<sy_1,IRC(sy_n)yz(n,y)},
y=1
ko1
oA B (k)T (ki + 2)

1—k

g C
A (kl)JG(sn,A (sn)) +

A (su41) = AC(0) + kpst2 ™!

n
x> {s’;z—l;@scy,AC(sy))yl(n, y) — s’;Z:fﬂg(sy_l,Ac(sy_l))yz(n,y)},
y=1

1—k kyhkr
i€ = 1C(0) + kpsP2 1 —— "L 9.(s,,, I€ i —
(Sn+1) (0) + kas), o % (ky) 7(Sns 17 (su)) + A B (k)T (ky +2)

n
xy {s?*%(swlc(sy))yl(n,y) - s§2:1137(sy_1,Ic(sy_l))yz(n,y)},
y=1

1—k kohi
RC = RO(0) + ka2 ™' —— 1 94(5,, RC T T
(1) = REO) + kasy?™ e = Da(on R (o) + o S

n
xy [s§2‘1£8(sy,kc(sy>>y1(n, ¥) = s 25(s, -1, RS (sy 1))y (n, y)},
y=1

L—k kyhk
JRT = I’T(0) + kpsR2 ™t —— "L 94 (s, IRT —
(Snt1) (0) + kas,, oA B (ki) 9(sn (5n)) + o B (k)T (k1 +2)

n
> {s’;ﬂszg(sy,l”(sy))yl (1, y) = 27 2905y 1, ¥ (s, 1))y (n, y)}
y=1
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—k ko bk
L 910(5m L™C(s0)) + 2

L7C = LTC0) + kysle ! —— "L A B DLk +2)
(Sn+1) ) + 25y AR (kl) oA B (kl)r(kl +2)

n
x> {s’;z—k@m(sy,LT%V))yl(n,y) — s 2106551, LT (sy— 1))y (m, y)},
r=1

k1

—k koh
L 911 (50 C(s0)) + 2

71C _[IC fo—1
() =IO + s ) B )T +2)

n
Xy {s’;z—lﬂn(sy,ﬁc(sy»yl(n, ¥) = 25 2115y 1, I sy 0))pa (m, y)],
y=1

k1

—7k1:2 (s, R( ))_,_L
AR (k) RS T s )T (k1 + 2)

R(su41) = R(0) + ks>~
n
xy {552‘1212(sy,R(sy)>y1(n,y) — 27 2055y, L (sy—1))pa (1, y)}.
y=1

Numerical simulation

In this segment, the numerical simulation are examines for the proposed model (1). For this model, the initial
values are assumed to be ST = 4605410, LT = 300000, I = 235000, RT = 20000, I*¢ = 1000, A© = 9600,
I€ = 2600, R¢ = 2200, I*T = 745, LC = 1250, I"® = 600 and R = 125.

Moreover, we utilized the many parametric values available from'”'® and also assumed other parametric
values. The parametric values are given by
7T = 6193, 41 = 0.6, 1o = 0.659, a; = 0.0039, oty = 1.1148, a1 = 1.60, = 1.01, € = 1.06, B1 = 0, B = O,
wl = 0.0244, 2 = 020, & = 0.01, T = 0.0039, p; = 0.0031, p, = 0.1393, r = 0.32, u = 0.0012, d* =0and v, = 0.

Figure 2 plots the graphs for TB and COVID-19 susceptible individuals against time and varying ki and k.
This graph shows that the different values of k; and k; in favour of S7¢ human individuals decrease rapidly and it
comes to nearly zero in the long run. In Figs. 3 and 8, the graphs are plotted for the latent TB human population
and symptomatic infected from COVID-19 against time and varying k; and k. We have found that the cor-
responding to changing kj and k; in favour of LT and I human individuals decreases to nearly zero. Figures 4
and 6 shows the repercussion of active TB infectious individuals and COVID-19 infected after recovery from
TB human individuals. The I” and I*¢ human individuals decreased by enhancing the kj and k; value with time,
it comes to nearly zero. During this time, the recovered TB and COVID-19 also reached their maximum peak
value concerning k; and k;, as shown in Figs. 5 and 9. Then the TB and COVID-19 recovered individuals rapidly
increased against time with varying values of k and k,. In Figs. 7 and 10, the graph represents the symptomatic
infectious individuals from COVID-19 and infected with TB after recovery from COVID-19 human individuals
decrease rapidly with different values of k; and k; in the favouring and in the long run, it comes to nearly zero.

In Figs. 11 and 12, the graphs are plotted for both latent TB and COVID-19 co-infection and active TB and
COVID-19 co-infection individuals against time with varying values of k; and k. This graph shows that the

408
5 x10" T T T T . T T T
k,=0.90, k,=0.90
45 z .
‘ k,=0.92, k,=0.92
4 k,=0.94, k,=0.94 | -
———k,=0.96, k,=0.96
351 k,=098 k=098 |
3L k=10,k,=10 ||

Comparision of ST for k1 and k2
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Figure 2. Susceptible to both TB and COVID-19 and time variations for varying values of k; and k.
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Figure 3. Latent level TB infected people and time variations for varying values of k; and k.
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Figure 4. Active level TB infected people and time variations for varying values of k1 and k.

different values of k; and k, in favour of LT and I7* decrease to nearly zero. Finally, in Fig, 13, the graph is plot-
ted for both disease recovered individuals against time and varying values of k; and k. We have found that the
different values of k; and k; in favour of the number of recovered people are increasing. In Figs. 14 and 15, we
plotted the graph of I” and R” compared to sensitive parameters infected human individuals for different values
of p; and varying k; and k; against time. Then, the number of active TB infected human individuals decreases
rapidly, and recovery from TB increases with time. At the same time, we plotted the graph of I and R® com-
pared to sensitive parameters in reinfected human individuals for different values of p; and varying kj and k;
against time in Figs. 16 and 17. Then the symptomatic infection from COVID-19 and recovery from COVID-
19 first increases at the initial stages and decreases with time, it gets very close to zero. Finally, the graphs are
plotted to compare all compartments against time, with the same values of k; and k5 (k; = k; = 0.95) in Fig. 18.
Further, in Fig. 19, we obtain the simulated results with the available real data COVID-19 infected Indians in

World Health Organization from 01% June 2022 to 08" September 2022 for 100 days as a data case and present a
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Figure 5. Recovered from TB infected people and time variations for varying values of k; and k;.
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Figure 6. Infected with COVID-19 after recovering from TB people and time variations for varying values of k;
and k.

graphical comparison. We fixed the parameter values in these graphical results and varied the k; and k. We see
that the graphs of the simulated and real data curves are very close to each other in the final stage at the order of
ki1 = ky = 0.92. Our proposed model performance is good because the number of recovered people is increasing.
Hence, the fractal-fractional operator is an easy tool to understand the TB and COVID-19 co-infected model.
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Figure 7. Asymptomatic COVID-19 infected people and time variations for varying values of k; and k.
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Figure 8. Symptomatic COVID-19 infected people and time variations for varying values of kj and k5.

Conclusions

A fractal-fractional TB and COVID-19 co-infection model is investigated in this article. Firstly, we formulated
a fractal-fractional type TB and COVID-19 co-infection model to demonstrate the theoretical existence and
uniqueness results under the said derivative by utilizing the fixed point approach. An examination was conducted
on the criteria proposed by Ulam-Hyers stability. This paper used Lagrange polynomial interpolation to derive
the numerical scheme for the TB and COVID-19 co-infection model. We can also validate the results through
a numerical simulation that has been carried out for the different values for fractional order ki, fractal dimen-
sions kj and parameters. Based on the numerical simulation, we have a graphical explanation of the model and
a comparison of the sensitive parameters. The numerical portion of the paper presents highly realistic graphs
for various orders of k; and k. These comparative results exhibit similar patterns but with slight deviations
corresponding to the specific orders of fractal-fractional derivatives. The numerical simulation shows that the
fractal-fractional TB and COVID-19 model has performed very well, as the number of recovered people increases
against time. To extend the research on the subject, we can use other numerical schemes and comparative analyses
to the continuation of the study.
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Figure 9. Recovered from COVID-19 infected people and time variations for varying values of k; and k.
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Figure 11. Both latent TB and COVID-19 co-infected people and time variations for varying values of k; and k;,
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Figure 13. Both TB and COVID-19 recovered people and time variations for varying values of k; and k.
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