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Nonperturbative approach

to magnetic response of an isolated
nanoring in a strongly anharmonic
confinement

Y. J. Ding**! &Y. Xiao?

Itis a huge challenge in both classical and quantum physics to solve analytically the equation of
motion in a strongly anharmonic confinement. For an isolated nanoring, we propose a continuous

and bounded potential model, which patches up the disadvantages of the usual square-well and
parabolic potentials. A fully nonlinear and nonperturbative approach is developed to solve analytically
the equation of motion, from which various frequency shifts and dynamic displacements are exactly
derived by an order-by-order self-consistent method. A series of new energy levels and new energy
states are found, indicating an alternative magnetic response mechanism. In nominally identical rings,
especially, we observe a diamagnetic-paramagnetic transition in the period-halving ®,/2-current with
@, the flux quantum and a large increase in the ®,-current at least one order of magnitude, which
explain well the experimental observations. This work opens a new way to solve the strong or weak
nonlinear problems.

Nonlinear science has been seen as one of the most important frontiers for the fundamental understanding
of nature. A particularly interesting example is the isolated nanoring in a strongly anharmonic confinement.
A persistent current (PC) was expected to flow persistently even in non-superconducting metal rings without
dissipation'?. A series of experiments on metallic and semiconducting rings had indeed showed the evidence for
the existence of PC*'. In single Au ring, a paramagnetic PC was observed* in period of flux quantum ®,=h/e
with & PlancK’s constant and e the electronic charge. In collective rings or arrays of rings*®’, however, the cur-
rents show a diamagnetic nature in period of ®,- and/or ®y/2. Some experiments measured the currents>>!* to
be at least 1-2 orders of magnitude larger than prediction'*~'%, while other several experiments>®!"! observed
the currents in closer agreement with theory. Especially, Bluhm observed!! that both the direction and the
magnitude of PC vary between nominally identical rings. Bleszynski-Jayich et al.!? experimentally confirmed
diffusive non-interacting electrons in normal metal rings. Recently, the exact solution of a ring lattice model
showed'® that a repulsive interaction changes the periodicity, the amplitude, and even the sign of PC at zero-
temperature (T=0). Therefore, the magnetic response of an isolated nanoring still remains a topic of controversy
in condensed-matter physics'®-'8.

Theoretically, one-dimensional (1D) model ring predicted a priori random sign of PC***'>1%2 Averaged over
the electronic occupation, the ®/2-current shows a paramagnetic nature, in contradiction to the experiments®.
Also, the period-halving ®y/2-current was contributed to the spin degree of freedom?'. Taken multi-channel
effects into account, an analytical study on a finite width ring showed?* that a maximal paramagnetic and/or
diamagnetic PC appears in primary @,- and/or ®,/2-period with no requirement of ensemble average'>*’ and
electronic spin®!, exhibiting a remarkable quantum size effect. This means that 1D model ring only represents
an oversimplification of any real rings of finite width.

The importance of finite width was earlier recognized by Groshev et al.> for describing the magnetic field
dependence of PC. Subsequently, some two-dimensional (2D) model rings were widely used such as usual
square well**~?% and parabolic potential”’~?°. For lack of a balance force, free electrons in a square well will be
redistributed on the outer edge by the inertial centrifugal force, so that the potential is reconstructed and finally
deviated from its initial one. For a parabolic potential, a local maximum exists at the ring center, which is very
tiny for small radius of a nanoring. Only if Fermi energy exceeds this maximal value, the electrons would escape

INational Laboratory of Solid State Microstructure, School of Physics, Nanjing University, Nanjing 210093,
China. ?College of Science, Nanjing University of Aeronautics and Astronautics, Nanjing 210016, China. “email:
dg1822010@smail.nju.edu.cn

Scientific Reports | (2023) 13:6235 | https://doi.org/10.1038/s41598-023-33544-x nature portfolio


http://crossmark.crossref.org/dialog/?doi=10.1038/s41598-023-33544-x&domain=pdf

www.nature.com/scientificreports/

from the inner edge to the open ring center, meaning an insufficient capacity of electron filling. For their natural
disadvantage, such 2D model rings are not so realistic for modeling a finite width ring with finite work-function.

In a real experiment, the number of electrons is typically 10° in a semiconducting ring®, or much larger in
a metallic ring®. To contain a large number of electrons, a strongly confined potential is needed for a sufficient
capacity of electron filling. For its finite work-function, the ring-shaped potential for a nanoring changes abruptly
from its bottom to vacuum environment, showing a strong nonlinearity. It is a huge challenge to solve analytically
the equation of electronic motion in such a strongly nonlinear potential. This motivates us to develop a fully
nonlinear and nonperturbative approach to explore the magnetic response of an isolated nanoring.

Considering the finite work-function, we propose a continuous and bounded potential for an isolated nanor-
ing, which patches up the disadvantage of the usual square-well and parabolic potentials. To explore the intrin-
sic magnetic response of PC, for simplicity, in this work we would not consider the electronic spin and the
electron-electron interactions, which had been reported previously!®?!. A fully nonlinear and nonperturbative
approach is developed to solve analytically the equation of electronic motion in the strongly anharmonic confine-
ment, with no regular resonance divergence. The results show that the magnetic response of the isolated nanoring
is inherently linked to the intrinsic sign of PC with barely any need of special size/disorder distributions over an
array of mesoscopic rings. In nominally identical rings, especially, we observe a diamagnetic-paramagnetic tran-
sition in the ®/2-current and a large increase in the @,-current at least one order of magnitude, which explain
well the experimental observations. The abrupt changes in the currents are mainly attributed to the newly found
energy levels and energy states, revealing an alternative magnetic response mechanism.

Model and method

Strongly anharmonic confinement.
a = 5-, here we consider a continuous and bounded potential of strongly anharmonic confinement,
V= Vb[F(x + a) — I'(x — a)], where V}, depicts the well depth and I"(x) = 1/(1 + /% isa step-like function
of x. Here x = r/r. — 11is the relative radial coordinate of electron and o is related to potential slope. For the
f Jb

For a 2D ring of radius r, and width W with width-diameter ratio

later convenience of comparison, V}, = 54 is expressed to have the same form as the angular kinetic energy of
an electron in 1D ring with m the electron mass, where the dimensionless parameter j, is equivalent to an angu-

lar quantum number. The potential has a reduced form

V) Vbshg
X)=——7""2—.
ch? + chZ W
For an experimental ring12 of r.=418 nm and W =85 nm, for example, a ~ 0.1, V}, ~ 20meV and
Va/ Vi, ~ —0.49331at 0=0.04 and j, = 300.
As represented in Fig. 1, the potential has a static minimum of V, = —V;, sh% / (ch% 4+ 1)atr = r.(x=0),and
is bounded from its bottom V_ to zero far from r = r.. At ring edge, V(a) = —%Vhthg = V,atx= *a. Both V,
and V,, depend sensitively on both ¢ and a. For large o, the potential approximates a parabolic confinement within
the ring region (—a <x<a). For small o, it gets close to a 2D square well, in which the electrons are almost free.

For the electrons filling in all cases, Fermi energy Ep = V, + 3 JF is referred to the potential bottom V,, where

jris a dimensionless parameter ]ust as an angular quantum number in an ideal 1D ring.

Introducingu = - and Ue = 3 L thenx = 7 —1=—2L withu = uc(1 + y). The potential becomes a func-
tion of y only. For a larger o (less slope) the potential may be well fitted by a parabolic approximation within
the ring region. For a relatively small o (larger slope), Fig. 1b shows V(y) for a nanoring of a=0.1 and 0=0.03,
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Figure 1. A continuous and bounded potential model for a nanoring of radius r, and width W under j=0:

(a) V(r) with various a and o; (b) V(y) with a=0.1 and 06=0.03, as well as its 2- and 4-order polynomial
approximants, where V,, ~ —0.4987V, and Er = V. + 0.09V; &~ —0.8411V}, at j.=90 and j, =300, as shown by
two horizontal dotted lines.
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as well as its 2- and 4-order polynomial approximations. The asymmetry with respect of y =0 can be clearly seen
from Fig. 1b at higher energies. The potential is evidently deviated from the parabolic curve, where the outside
confinement (r>r, y<0) is substantially ‘harder’ than the inner one (r<r,, y>0). Within the ring region (V< V),
significantly, it is seen that the four-order polynomial approximation can well fit the model potential below a
given Er at jr = 90 and j, = 300, despite a slight deviation at higher energies. This may simplify the later calcu-
lations and ensure the validity of the results. Especially, such a potential yields a nonlinear restoring force and
thus the electrons will reside within the ring region, which is efficient and physically realistic for modeling the
magnetic response of a finite width ring.

In the presence of magnetic flux @ piercing through the ring center, the Hamiltonian of non-interacting

2
electron in spinless case is given by H = P—’ + Vs, where p, = —]@ = —Ju is a radial momentum and

Ve = }2}/111 + V(y) is an effective potential. Here ] = jh = (I 4+ ¢)h is the generalized angular momentum, [ is

the angular quantum number, and ¢ = &/ P is a dimensionless flux. Using extreme value condition on V.4 the
dynamic equilibrium point is relocated by
2 3
25 Jyte LA B

= -2 S=sh-sh—,
J ¥ Zowf)s os o 2)

at x =uc/up — 1 = B, where up = u./(14 p) and wy = ch% + chg. Then we get the extreme value
Vo = ]A - —shf at u=ug. By a simple iteration, it follows that 8= x2j2(1 — 3x2j%), where

X = ‘[U (ch% +1)/(shZ )1/ 2is a structural factor, determined only by the characteristic parameters of 0, a and
Jor Obv10usly, the value of)( is very tiny at large j, and little o (e.g., x ~ 5.47 x 10™* « lat ¢=0.04,a=0.1 and
J»=300).

For a motion of small amplitude, the electron oscillates radially around u = u, following in u=wuy(1 + y). The
Hamiltonian can be expressed in a Taylor series of y,

Jugy? ]2“0
2m mp
andy; ~ 6 + W[) 6 S+ B(10 + %fv " ). Upon the initial condition

202

H=Vy,+

(27/1}' —*J/zy + - )/3Y +...) (3)

withyr & 14+4B,7, ~ 3+ 68 + B35 Zw’
of y(0) =0 and y(0) =, the electronic energy E is s1mply glven by

2.2
U,
E=Vo+ ]2710”2’ “)

depending sensitively on the initial conditions of both J and #. The quantized solutions for # follow in a semi-

classical description from the Bohr-Sommerfeld quantization rules*>*,
. 2d
%prdr = 7]}} (.02 = 2 nh, (5)
(1+7)
with » the radial quantum number. Then we get from Eq. (4) the quantized energy levels E, (¢), each carrying
acurrent i, ;= — %0 85(2'1. The total current I, is finally obtained by
. 1 0E,;
Ltor = Zln,l = _30 3¢ > (6)

summing over E,; below Fermi energy Ey at T=0. Fourier harmonics A; of a current I are derived by
Ay = fl/l 2d¢Ism(2ﬂk¢)

To examme the quantized solutions for 7, the rest key task is to find the radial function y under its initial
conditions. From Newton’s law, to the first order of 3, we get the equation of motion,

Bi+ry=f=ny —yy +, (7)

where facts as a nonlinear driving force. In a regular iterative method?!, it is noticed that the even-order terms
develop a constant average force (zero frequency), leading to a dynamic displacement, while the odd-order terms
contain a base-frequency component, giving rise to a resonant divergence. That is, only if f~ sing, y ~ pcosp
becomes divergent with ¢ — co. It is physically evident that the magnitude of the oscillation cannot increase of
itself in a closed system with no external source of energy*. For the strong nonlinearity, it is a huge challenge to
solve Eq. (7) analytically. One needs to develop a fully nonlinear and nonperturbative approach.

Fully nonlinear and nonperturbative approach. To avoid the resonant divergence, we express the
solution y as y=Yy; in a series of all-order trial solutions y;, meeting the initial conditions y,(0) =0 and 7;(0)=#
while y;(0) = y;(0)=0ati>1. Equation (7) is then rewritten into > (8¥; + y1yi) = f2 + f3 + . . ., where fis clas-
sified by the power series into f;, fs, ..., with fo = y,y? and f; = 2y2y1y2 — y3y3. Taking into account the non-
linear contributions of both the constant average force and the base-frequency component, we consider a gener-
1

ally trial solution of y; = & + . szny(p — ecosyp = & + Asinf with y;(0)=0and y,(0)=#. Here A = (Z—i + 82)5,
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0 = y¢ + 0y, and tanby = —ey /n. Two preset parameters of both € and y are introduced for the dynamic dis-
placement and the frequency shift, which can be conveniently obtained by the order-by-order self-consistent
approach.

At the linear approximation (f = 0), it simply follows thate =0,y =y = , /% and y = y; = %sinyogo.
For small (o > 1), the solution exhibits a low-amplitude and high-frequency oscillation. From this, the ampli-
tude of high-order terms above the fifth in Eq. (3) can be roughly estimated by y3 /8 ~ g2 ~ x3, which may
be very small and thus may be neglected. This means that we can obtain better accuracy only by considering the
first few items. As a reference, the quantized solution for # is analytically obtained by L =1-1 /(1 + yz]) ~ }%0';

at the linear approximation. The quantized energy levels are then given by E,; ~ Vo + n] 2 B , in approxi-
mately proportional to #, which is similar to that in a 2D parabolic potential?’~*. For the h1gher order approxi-
mation, the detailed derivations are given in Supplementary Information file.

Neglecting the higher-order terms, to the third-order approximation, the nonlinear driving force of
f & fo + f3 involves not only the orbital-coupling-like effect (e.g., 2y2y1y2) but also the self-energy-like effect
from the odd-order terms (e.g., —y3Y3), both contributing to the average force and the base frequency. Defining
z = y?/y3, both e and y (i.e., z) are exactly derived by

10y
=-—2, 8
2y¢n ®
1 2,2
=D D6 =1us (©)
3 v vi
The dimensionless coefficients x and y are given by
Lo he-ble-be-halal 10
=—(z—-)z—-2)/|z—-) (= 2)+ -2 |
27 49 4 96 )2 (10)
Lnys 9,
H:1+2(Z_Z)T§_Z (z— ( —*) (11)

with Qo = 1 );2 V* (z — —) both of which are only determined by variable z. Only if  # 0, it is necessitated

thatz # 1,z # 1/4 and z #1/9,so thatk # 0, and & # 0. This means that the frequency shifts, the dynamic
displacement, and even a series of new energy levels and new energy states can be expected due to the nonlinear
resonance levels in such a confinement, with no regular resonance divergence.

In essence, Eq. (9) is reducible to a ninth-order equation of z, which cannot be solved analytically. For a tiny
amplitude of #/y,, using an iterative approximation, we can solve Eq. (9) for z (i.e., y) separately by sub-region
at aboutz~1,z ~ %, and z ~ %. Furthermore, ¢ can be obtained from Eqgs.(8) and (10). The radial function of
¥ & y1 + y2 + ysis specified by y & hg + A Asing + AA%c0s20 + A3 A%sin30, of which the parameters of both
A and h,1,2,3 depend on € and y (or z) and thus on 7/y,. Ignoring higher-order effects, 7 can be simply quantized
by Eq. (5), and the quantized energy is then given by Eq. (4).

The total current can be further decomposed into three partial currents I, , 5, originated from the levels
contributions respectively at about z~1, z ~ Z’ and z ~ § The first current I, just corresponds to PC in a
parabolic potential, and the latter two currents I, ; are induced by the newly found nonlinear resonance levels
at about z=1/4 and z=1/9. While it is difficult to distinguish one from another, experimentally, three partial
currents are measurable as a whole. Theoretically, the signs and the relative sizes of three partial currents will
reveal the intrinsic magnetic response mechanism, which is different from that in the 1D ring, 2D square well,
and parabolic potential.

In even higher approximations, nonlinear oscillations may also appear at other frequencies. As the degree
of approximation increases, however, the oscillating strength decreases so rapidly that in practice only the first
lower-order contribution can be observed?'.

Results and discussions
Self-consistent iteration for £ and y. From Egs. (8)-(11), we can simply get all solutions for € and y by

using self-consistent iteration. Defining z — 1 = sataboutz~ 1, we getx =~ 3 and R y;y3 — g Only a solu-
tion of s & 32 (% % -2 y—z) is derived by an iteration, and ¢ is then given by ¢ &~ % % % The quantized solution

2n
nj
degenerated to that in the linear approximation.

Defining z — é = sataboutz ~é, Eq. (9) is simplified into a cubic equation of s

3 2 2 393 2
(s_ Qu)( HZQIM) LI (12)
2 yin vé n 252 2y

for # can be approximately obtained by L 7 ~ 2L (1 — 3). Neglecting higher-order terms, this solution can be
0
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with Q@ =z2 —37. In a similar way, three solutions of s=s Qly ,, and
s=s ~ —12Q :jz )}2 1+ 18[ " VZ) are newly obtained, having an additional contribution to PC, which

are entirely absent in the usual 2D square well and parabohc potential. Then, ¢ is accordingly given by

e=g ~ —Blﬁands =g~ :|:3«/§'7 Q== 18[

502N 12 The quantized solutions for 5 can be approximately

nn

obtained byZ—z2 ~ (] — fs) and '72 (1+ Mlﬂ) A (] — fs) To a #*-order approximation, obviously,
0

roj 2 von oj
the new energy levels appear a trlple splitting at z~ 1/9. Such a splitting is observable in high-precision spectral
experiment, which may provide a check for validity of this model.

Defining z — i =satz ~ %, Eq. (9) is reduced to a quintic equation of s

16 2 16 2y
L _PATEIPCSCIICL 7 S PN 74 (13)
5 Ve vi 5 Yoni
with Q; = 15 (;2 +2s V3) This means more new energy levels and new energy states appearing there, all of
which are absent in the usual 2D square well and parabohc potential. From Eq. (13), we easily find its first solu-
tion of s = s ~ — 15—6 Z— Z—Z In this case, we get & &~ — % % %, and the lowest-order response function is then
071 0

derived by y ~ %%sm@ + Z%sm?aé, similar to a superposition state. The quantized solution for # can be

2 32n(1=29)

obtained approximately by "—2 17yt variance with the linear approximation. The rest four solutions for

s are approximately given bys = s, ~ — L 2 [Q + (2] — 3)* ]w1th Q=305 + 1, where Q2 > 3is required
for a real solution. To find the new soi/unons poss1ble for 7, a variable Als newly 1ntroduced by defining
Qs = /3 + A2, from which we get =1W3B3F5+AY ;i This means some new energy levels existing at
above a threshold value.

We now focus on the new energy levels yet to be set. Neglecting the higher-order terms, we get from Eq. (5)

that L ~ (22 ) [1— (2 )2 el ([ 34 A2+ 121 A)]. In terms of two equivalent expressions of%, the new vari-

) voi nj
able A is determined by
6n y3
— 2t if]/<1+——> (14)
Yoj ¥
For real solution of A, the discriminant A is required by
2 6n
A=18V3(L1 4 (1 y3>sz >0, (15)
"y Yoi 1

with Q; = Q4 = 3( 2n )2 B _(/3Fx 2) 6/3n s he quantized solutions for 7 are then obtained, and the
quantized levels are correspondlngly given by ﬁq (4).

Energy spectra and persistent current. The existence of new energy states at z = % + s, depends
directly on the sign of the discriminant A. The positive A-bands show those new energy levels existing stably,
while the negative A-bands mean some unstable states. For the nanorings of various a and o, as a typical example,

we show in Fig. 2 the discriminant A and the stable energy levels E, as a function of n for z = § + s under j=0.
It is seen from Fig. 2a that some discrete positive A-bands are established within a finite interval of #, which may
turn to be negative outside the n-interval. Obviously, only a positive A-band is observed at 6=0.04, while two
positive A-bands appear at 6=0.036. The n-interval of 6 =0.04 becomes narrower at a=0.1 than at a=0.104, and
even the total A-band may turn to be negative at less a and larger o, no steady-state existing there. This shows
that the ring’s geometry and characteristic play an important role on its energy levels and thus on its magnetic
response.

In Fig. 2b and ¢, we further show the stable energy levels E, for those positive A-bands. Fermi energy is given
byEr — V. = MJ:; = 0.09V} at jz=90 and j, =300, which is located within the ring region (Ez< V,). From Fig. 2b,
we observe at 6=0.04 that the positive A-band only for Q;=Q, corresponds to two discrete energy bands, one
conduction-like band (CLB) and one valence-like band (VLB). The newly obtained energy states can be contrib-
uted to those nonlinear resonance levels*’, modulated by the ring characteristic parameters (o and V). This also
provides an intuitionistic physics image to understand the energy band theory of solid state physics. In the case
of a=0.104, most levels (n=3-60) in VLB are lower than E; (Ez= —0.77172V,), having major contribution to
PC, while almost all levels in CLB are higher than Ef, having hardly contribution to PC. In the case of a=0.1,
especially, it is found that a little reduction of width from a=0.104 to a=0.1 results in a large rise of the energy
levels in both CLB and VLB, of which all levels are higher than Ep (Ez= —0.75828V,,), having no contribution to
PC. This can be easily understood by the fact that the energy levels may be approximated as those in a square
well. As a result, the energy levels are largely enhanced by E, ~ 1/W? ~ 1/4?, in inverse proportion to the square
of the ring width, which exhibits a quantum size effect?.

In Fig. 2¢, on the other hand, we explore the effect of the potential slope, where o is changed from 0=0.04
to 0=0.036. Due to two positive A-bands at =0.036, there appear two CLBs and two VLBs for Q;=Q,. Most
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Figure 2. (a) The discriminant A and (b, ¢) the energy levels E, as a function of n at z = 1/4 + s, under j=0 for
various a and o. Fermi energy is defined by Er = V. 4 0.09V}, at jr=90 and j, =300, as indicated by dashed lines
in (b) and (c).

levels (n=4-52) in the upper VLB and all levels in the lower VLB are lower than E (Ez= —0.79293V,), having
additional contribution to PC. In fact, it is noticed that the coefficient y3 appearing in Eqs.(3,7,15) for anharmonic

confinement depends strongly on the characteristic parameters o and a, approximated by y3 ~ 6 + £ 02w60 This
leads easily to the sign variation of the discriminant A in Eq. (15), and thus leads to the appearance of the new
nonlinear resonance levels®” in favor of PC. The results indicate the PC’s sensitivity to both a and o.

In the presence of magnetic flux ¢, to explore the magnetic response of PC, we show in Fig. 3 the energy
spectrum E, ,(¢) of z = i + s, for various nanorings. For the main contribution of Fermi bands to the currents?,
here we consider the highest levels of (a) n=60 and (b) n=52 in VLB below E in Fig. 2b and c. E is defined just
as in Fig. 2. For comparison, Fermi band of =} is present at #n=0 for the circle motion, similar to that in 1D
ring. In the absence of radial motion (n=0), it is seen that the energy level Ej, = Vo < Epatl=jpand ¢=0, as
indicated by dotted lines. This is due to the quantum size effect that Ej, is depressed by up = u./(1 + B) < u,,
which is different from that in 1D ring of u=u.. Interestingly, it is observed as a whole from Fig. 3 that the newly
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Figure 3. Energy levels E, ; as a function of ¢ for various nanorings at z = 1/4 + s,, where (a) n=60 and (b)
n=>52 correspond to the highest E, in VLB below Ej in (b) and (c). For a comparison, Fermi band of [ =jis
present at n=0 for the circle motion. Ey is defined just as in Fig. 2, indicated by red dashed lines.

obtained energy levels show a dispersion similar to that in a parabolic potential. This may be due to the fact
that in the presence of flux ¢, an isolate level in an isolated nanoring behaves a similar dispersion. Thus the new
energy states may have an equivalent or additional contribution to PC, which are entirely absent in the 1D ring,
2D square well and parabolic potential.

In the presence of radial motion (n#0), it is observed from Fig. 3 that each I-level is widen into an [-band
with ¢ changing, forming the nth clustered bands for a given n. Within the Fermi band of [=jrat n=0, it is seen
that the number of the various I-bands at a given n#0 is totally increased, while the I-band’s slopes are decreased.
The current contribution of each I-band is accumulated to a substantial change, which cannot be ignored yet.
Compared the 0=0.04 and a=0.104 ring in Fig. 3a with the 6=0.036 and a=0.1 ring in Fig. 3b, especially, it is
observed that in the nominally identical nanorings, the band’s slopes and the band’s number below Ej are largely
changed only by a little variation of both o and a. It is just the band’s slopes and the band’s number below Ey that
determine both the size and sign of PC, as defined by Eq. (6). This indicates an alternative magnetic response
mechanism other than previous theory.

Owing to uncertainty in experimental fabrication, in nature, there exists a fluctuation in both radius and
width of collective rings>® or arrays of rings’. Also, the potential slope can be affected by substrate material,
interface potential barrier and other experimental environment®>-'2. To explore the dependence of PC on ¢ and
a, in Fig. 4 we show the total current I, and its partial currents I, , ; for various nanorings. Both I,,,and I, , ; are
in units of Iy = jrw;/ Powithw, = % Here Iy ~ 1.52nA can be estimated at jr = 90and . = 418nm, and the

obtained currents are basically within observation range'"'% For the direction of magnetic response, the first
two Fourier harmonics A, and A, are present together to compare with the experimental data'"'2.

In the case of the 6=0.04 and a=0.1 ring, three partial currents are never completely lost, despite having no
current contribution of the positive A-band. It is seen from Fig. 4a that there appears a paramagnetic ®,-current
with A, ~0.9571,> 0, while the ®/2-current is diamagnetic with A, ~ —0.7511,<0. All three partial currents have
positive contributions of A, ~0.3821I;, 0.114I, and 0.4621I, to the ®-current of A, ~0.957], in I, leading to a large
paramagnetic @(-current. Strangely, the diamagnetic @y/2-current in I, originates mainly from the contribu-
tions of A, ~ —0.336]; and — 0.525], in both I, and I, induced by the new energy levels, while the paramagnetic
@,/2-current of A, ~0.109], in I, has been counterbalanced. This helps to explain the experimental observation
on a diamagnetic @y/2-current>®. The result is contributed to the newly found energy levels due to the nonlinear
resonance, showing a new magnetic response mechanism.

In the case of the 6=0.04 and a=0.104 ring, both @;- and @ /2-currents are observed in Fig. 4b to be para-
magnetic with A; ~2.20I,>0 and A, ~ 1.90],> 0. Comparing with Fig. 4a, a diamagnetic-paramagnetic transition
appears in @y/2-current only by a little increase in width a from a=0.1 to a=0.104, showing a quantum size
effect’. Also, it is seen that both A, and A, in I, are mainly governed by the contributions of both A, ~ 1.612I
and A, ~ 1.31], in I,, while both I, and I; have a less contribution. This is due to the additional contribution in
I, from the positive A-bands.

In the case of the 0=0.036 and a=0.1 ring, a paramagnetic current appears in Fig. 4c with A, ~10.861,>0
and A, ~2.045I,>0. For A, being 5 times larger than A,, the total current shows up in primary @, period, while
its @,/2-current is counterintuitive to observe. In the same reason, both A, and A, in I, are governed by the
contributions of both A, ~9.9891, and A, ~ 2.04]; from I,, while a weak diamagnetic current A, ~ —0.025];in I,
is completely counterbalanced and thus is unobservable. Under an identical width of a=0.1, interestingly, it is
found that only a little decrease in slope o from 6=0.04 to 0=0.036 results in a large increase of A, in I, from
A, ~0.957], to A, ~10.861, the latter being at least one order of magnitude larger than the former. This is due
to a huge contribution from two positive A-bands at 0=0.036. The result can explain the difference in the PC’s
magnitudes between the experiments>*'® and the predictions'*~". In nominally identical rings, especially, it is
clearly seen that the direction and magnitude of PC depend sensitively on both ring width and potential slope,
which explain well the experimental observation'’. This further confirms the new magnetic response mechanism.

Scientific Reports |

(2023) 13:6235 | https://doi.org/10.1038/s41598-023-33544-x nature portfolio



www.nature.com/scientificreports/

2

0

2

2

E: 0- I = N P
- . AZ04621), A;=0.551,
-0.50 -0.25 0.00 0.25 0.50
)

(1) z=1+s

(3) z=1/9+s

A=03811,, A,=0.418I,
-0.50 -0.25 0.00 0.25 0.50
o

-0.50 -0.25 0.00 0.25 0.50
o

Figure 4. Total current I, and its partial currents I, , ; in units of I, for the various nanoring of (a) a=0.1 and
0=0.04, (b) 2=0.104 and 0=0.04, and (c) a=0.1 and 6=0.036. Below I,,,-curves are three partial currents I, , ;
for (1) z=1+s, (2) z=1/4+s, and (3) z=1/9 +s. For the signs of PC, the first two Fourier harmonics A, and A,
are present together.

With o decreasing (the slope increasing), actually, the model potential approximates a square well one. Even
higher-order approximations may be needed to simulate such a potential, which also increases the difficulty of
analysis. In this case, the magnetic response can be estimated at a relatively small 0. For a nanoring of a=0.1
and 0=0.032, both the paramagnetic ®,- and ®,/2-currents are approximately obtained to be A, ~11.161,>0
and A, ~3.0671,>0. Compared to the case of the a=0.1 and 0=0.036 ring, the total current is not much affected
by the slope, no significant alteration appearing there. From Eq. (15), furthermore, it is found that there exists
a critical value of 6 = o at f=0, so that y3 ~ 6 + wo=6 6(6 — +/3) at o < o.. For example, 0. & 0.03945 is

602wq

obtained at a = 0.1. Then, the quadratic expression of Qd(n%) > 0 and thus the discriminant A>0, having a
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similar contribution to PCat ¢ < o. Such a result can also be related to the phase coherence length Ly in a metal-
lic ring of finite width, Ly~ 1 ym achieved from theoretical fitting* and L, > 2 ym deduced from the experimental
observation®, while the comparison between Ly and PC may be not so straightforward. From this, it is expected
that the current may become stable in a square-well potential at 6 — 0.

Conclusion

We have proposed a physically realistic potential model of a nanoring in a strongly anharmonic confinement, for
which a fully nonlinear and nonperturbative approach is developed to solve analytically the equation of electronic
motion, free from a regular resonance divergence. Both the frequency shift and the dynamic displacement are
exactly derived by an order-by-order self-consistent method, leading to the findings of a series of new energy
levels and new energy states. Also, the results of both CLB and VLB provide an intuitionistic physics image to
understand the energy band theory of solid state physics. In nominally identical rings, especially, it is found that
the direction and magnitude of PC depend sensitively on both ring width and potential slope, which explain
well the experimental observations. The abrupt changes in the currents are mainly attributed to the newly found
energy levels and energy states, revealing a new magnetic response mechanism. While the induced currents by
the new energy levels cannot be measured independently, experimentally, the levels splitting at about z~ 1/4 and
z~1/9 may be observable in high-precision spectral experiment. This may provide another check for the validity
of the ring model and the new method. Considering the higher-order effects, further, some fine structures and
even more new energy levels can be expected at other resonance frequencies®, of which the current contribution
may be too weak to observe. In conclusion, this work opens another new way to solve the strong and/or weak
nonlinear problems in both classical and quantum physics.

Data availability
All data generated or analysed during this study are included in this published article and its supplementary
information files.
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