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Estimation and sensitivity 
analysis of a COVID‑19 model 
considering the use of face mask 
and vaccination
Zhongtian Bai 1,2, Zhihui Ma 3*, Libaihe Jing 4, Yonghong Li 5, Shufan Wang 6, Bin‑Guo Wang 3, 
Yan Wu 3 & Xiaotao Han 6

To model the COVID‑19 infection and develop effective control measures, this paper proposes an 
SEIR‑type epidemic model considering the impact of face‑mask wearing and vaccination. Firstly, the 
effective reproduction number and the threshold conditions are obtained. Secondly, based on the data 
of South Korea from January 20, 2022 to March 21, 2022, the model parameters are estimated. Finally, 
a sensitivity analysis and the numerical study are conducted. The results show that the face‑mask 
wearing is associated with 83% and 90% reductions in the numbers of cumulative cases and newly 
confirmed cases, respectively, after a period of 60 days, when the face mask wearing rate increases 
by 15% . Furthermore, the vaccination rate is associated with 75% and 80% reductions in the numbers 
of cumulative cases and the newly confirmed cases, respectively, after the same period of 60 days 
when the vaccination rate is increased by 15% . A combined measure involving face‑mask wearing and 
vaccination may be more effective and reasonable in preventing and controlling this infection. It is also 
suggested that disease control departments should strongly recommended the wearing of face masks 
s as well as vaccination to prevent the unvaccinated people from becoming infected.

COVID-19 , as named by the World Health Organization (WHO), was first reported in December 2019 by the 
Chinese authorities. Following this, it turned into a highly serious Public Health Emergency of International 
Concern (PHEIC)1–6. COVID-19 pandemic, which is mainly a respiratory disease caused by the SARS-CoV-II 
virus and whose symptoms can range from non-respiratory to extreme acute respiratory diseases with organ 
dysfunction, sepsis, and even death, has been spreading  globally7–10. On 28th March, 2022, WHO reported 
481, 190, 542 confirmed cases and 6, 144, 517 deaths due to COVID-19. Meanwhile, the global economy and the 
health of people experienced the worst plunge, this continues around even to date. Based on the recent reports 
of WHO, COVID-19 spreads among peoples via contact and respiratory droplets. Transmission can also occur 
through fomites in the infected person’s immediate environment. Therefore, to prevent the continuation of the 
COVID-19 pandemic, WHO and several countries have recommended some reasonable and effective guidelines 
and/or instructions, such as maintenance of social distances, avoidance of social gatherings, wearing of masks 
in public and inoculation.

With regard to the wearing of masks, the Chinese government and other governments of certain countries 
have strongly suggested the wearing of face masks in public as a primary and effective method to prevent and 
control the spread of COVID-1911,12. However, in April 2020, WHO further suggested that the face mask should 
be worn only by caregivers of suspected COVID-19 patients or those who are actively sneezing or coughing. 
However, based on significant evidence and incidents, the importance of wearing of face masks by the common 
people has become  clear13–24. For example, Karaivanov et al. considered the influence of wearing face mask on 
the spread of COVID-19 in Canada, and their results showed that the wearing of face masks can induce a 25% 
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weekly reduction in the newly confirmed  cases13. Martín-Sánchez, et al. experimentally investigated the trans-
mission dynamics of COVID-19 pandemic in Hong Kong under the condition of general face-mask wearing, 
and their conclusions revealed that the wearing of general face masks could reduce the spread of COVID-1914. 
Goldman Sachs presented some interesting data on self-reported mask wearing in different countries, and the 
results showed that the wearing ratio of the face mask in public is nearly 90% in East Asia, slightly above 70% in 
the United States and Germany, and less than 10% in  Scandinavia15.  In16, a nation-wide face mask mandate was 
reported to increase the percentage of the face-mask wearing population by 15% , leading to a decrease in the daily 
growth of confirmed cases by 0.6% . Hence, existing evidences has shown that mask wearing is a straightforward 
and low-cost strategy for preventing and controlling COVID-19, and the wearing of face masks at a higher pro-
portion is associated with a milder disease presentation or earlier case  detection22,23. However, the overwhelm-
ing majority of published studies on face masking are experimental and practical, and only a few have focused 
on mathematical epidemic models with the face mask wearing. The pioneering work on infectious model was 
conducted by Kermack and McKendrick in  19278,9. Their epidemic model was referred to as the Kermack–McK-
endrick compartment model, a cornerstone of the theoretical mathematical models and was applied to identify 
the dynamics of disease spreading. A very interesting issue here related to how we can incorporate the effect of 
the mask wearing into the mathematical epidemic model of COVID-19 based on the Kermack–McKendrick 
compartment model, and estimate the influence of the wearing rate and the effectiveness of face masks on the 
prevention and control of COVID-19 ?

Substantial evidence has shown that vaccination is the most effective measure in the complete prevention 
and control of COVID-1925–27. In the early stage of the COVID-19 pandemic, several complex and open chal-
lenges were observed with regard to vaccination because most previous experience with the currently existing 
immunization programs are based on childhood  vaccination28,29. Generally, in the transmission of the COVID-
19 pandemic, there is a race between the infection, virus mutation and vaccination, hence it will induce some 
key  challenges30–32. The infection may grow exponentially, whereas the vaccine development and its vaccinating 
rates are intrinsically restricted by many explicit and implicit issues. On January 15th, 2021, Chinese residents 
completed their first round of vaccination, as reported by the Beijing Institute of biological products. Following 
this, they completed another three rounds of vaccination. Vaccine had effectively prevented and controlled the 
transmission of COVID-19 pandemic and drastically reduced the incidence rate of severe cases. Several published 
reports have elaborated the importance of vaccines in preventing and controlling COVID-1933–40. In fact, because 
vaccine development requires a high level of technology and advanced medicine, only a few countries have been 
able to conduct these vaccination programs. As a result, most of the countries have had to purchase these vac-
cines to immunize their citizens. In this regard, it is highly crucial to theoretically and experimentally find the 
threshold value of the vaccination rate based on the Kermack–McKendrick compartment model at a low cost.

SEIR model with mask wearing and vaccination
In this section, an epidemic SEIR-type model with the wearing mask for all populations and the vaccination for 
the susceptible population are presented to describe the spread of the COVID-19 pandemic based the following 
two steps. 

Step 1.

Proposing an SEIR-type epidemic model for COVID-19 with the incidence rate which will be presented in the 
later step 2.

(1) Based on the spreading mechanism of COVID-19, the total populations are divided into four subclasses: 
the susceptible compartment (S(t)), the exposed compartment (E(t)), the infected compartment (I(t)) and 
the recovered compartment (R(t)).

(2) The mean immigrating number of the susceptible population into a certain local region, which describes 
the local diffusion of the susceptible individuals during the spread of COVID-19 pandemic, is a constant 
recruitment B0 which is defined in the interval [0,+∞).

(3) The natural death rates of all compartments are proportional to their existing densities, and the proportional 
coefficient is d, and the death rate induced by COVID-19 is di . Hence, the term 

1

d
 represent the mean life-

span of all compartments, and 
1

di
 is the mean course of COVID-19.

(4) The conversion rate from the exposed compartment to the infected compartment are proportional to the 
former’s density and the proportional coefficient is γe . Hence, the term 

1

γe
 denotes the mean length of the 

exposed of COVID-19. A lots of researches revealed that this length is decreasing as the mutated and evo-
lutional development of the corresponding viruses for SARS-Cov-II. On the other hand, the remainder part 
of the exposed individuals directly converted into the recovered compartment since the vaccination.

(5) The recovery rate of the infected compartment is proportional to the density of the infected compartment, 
and the proportional coefficient is γi . Hence, the term 

1

γi
 denotes the mean treating length of the infected 

individuals in the COVID-19 designated hospitals. This is mainly determined by their autoimmunity and 
the medical level of the local hospitals. The the mean treating lengths will be decreased as these two critical 
factors being developed. On the other hand, the remainder part of the infected individuals directly converted 
into the recovered compartment since the effect of vaccine on the infected individuals.

(6) The conversion rate from the susceptible compartment to the exposed compartment is defined as the inci-
dence rate of COVID-19 which will be proposed in the following step 2.
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Step 2.

A new incidence function of COVID-19 with the wearing mask and vaccination explicitly is proposed. In order 
to do this, the following assumptions should be presented. 

(1) The effective infectious ability of all infected individuals at their life-span period ∇(I) , which can effectively 
make each susceptible individual to be infected, and is mainly determined by infectious ability of COVID-
19 and the infectious time of the infected individuals, is assumed as ∇(I) = βA(I)I , where the parameter 
β is the averagely infectious rate per people and the quotient of the effective contact number and the total 
population. The term A(I) is the available infectious time of the infected individuals and describes the 
infected individuals spend some times to transmit COVID-19 pandemic although they are not deliberate. 
Hence, the term βA(I) means the infectious probability of each individual who infected by COVID-19.

(2) The available infectious time A(I) is defined as the minus of the average life-span T and the natural activity 
time of the infected individuals h∇(I) , where h is the average effective activity time of each infected indi-
vidual. The term h∇(I) measures the total time being spent by the infected individuals to naturally survive. 
It is assumed that the infected individuals adopt the effective prevention and control measures during this 
effective activity time and thus the transmission of COVID-19 pandemic in this stage will be reasonably 
omitted. Hence, the available infectious time of the infected compartment A(I) should be expressed as 
T − h∇(I) . This assumption is based on the fact that the infected individuals must spend some times to 
physically survive and/or medically treat, rather than transmit COVID-19 pandemic in their whole life-span.

(3) The existing evidences show that the face mask and the vaccination are the most effective methods for 
preventing and controlling COVID-19 and can dramatically decrease the realistically infectious rate of 
COVID-19. Hence, it is reasonably assumed that the intrinsically infectious rate β will be replace by the 
effective infectious rate β(1− vmpm)(1− vps) since individuals select to wear face mask and inoculate vac-
cine in the period of the transmission of COVID-19 pandemic, in which vm is the mask wearing rate of all 
compartments, pm is the effectiveness of the face mask, v is the vaccination rate of all compartments and ps 
is the effectiveness of vaccination for the susceptible compartment.

 According to the above assumptions, the effective infectious ability of all infected individuals at their life-span 
period could be obtained by solving the following equations

Solving the variable ∇(I) from the above Eq. (2.1), it is obtained that

Hence, the effective infectious ability of all infected individuals per unit time is expressed as the following form

and thus the incidence function with the face mask and the vaccination should be represented as

where the term β(1− vmpm)(1− vps)I measures the infectious force of COVID-19 pandemic and the term 
1+ β(1− vmpm)(1− vps)hI describes the inhibition effect from the behavioral change of the susceptible indi-
viduals when the number of the infected individuals increases.

Based on the above two steps, the epidemic model for COVID-19 with the face mask and vaccination is 
presented as the following form

with the initial conditions

The epidemic meanings of all parameters of model (2.5) are listed in Table 1.

(2.1)
{

∇(I) = β(1− vmpm)(1− vps)A(I)I ,
A(I) = T − h∇(I).

(2.2)∇(I) =
β(1− vmpm)(1− vps))TI

1+ β(1− vmpm)(1− vps)hI
.

(2.3)
∇(I)

T
=

β(1− vmpm)(1− vps)I

1+ β(1− vmpm)(1− vps)hI
,

(2.4)IF(vm, pm, v, ps) =
β(1− vmpm)(1− vps)SI

1+ β(1− vmpm)(1− vps)hI
,

(2.5)



























Ṡ(t) = B0 −
β(1− vmpm)(1− vps)SI

1+ β(1− vmpm)(1− vps)hI
− vpsS − dS,

Ė(t) =
β(1− vmpm)(1− vps)SI

1+ β(1− vmpm)(1− vps)hI
− γeE − (1− γe)vpeE − dE,

İ(t) = γeE − (1− γi)vpiI − γiI − diI − dI ,
Ṙ(t) = vpsS + (1− γe)vpeE + (1− γi)vpiI + γiI − dR,

(2.6)S(0) ≥ 0, E(0) ≥ 0, I(0) ≥ 0, R(0) ≥ 0.
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Note that the recover variable R(t) does not appear in the first three equations of model (2.5), this paper 
focuses on the following subsystem which mainly determine the dynamical behaviors of the original model 
system

with the initial conditions

Effective reproduction number
The reproduction number is a critical threshold parameter in determining the transmission dynamics of epi-
demic diseases. It is defined as the expected number of the secondary cases produced by a typical infection in a 
completely susceptible population in epidemiology and applied to measure the infection potential of a certain 
infectious disease. Therefore, the reproduction number plays a very important role in determining whether a 
epidemic disease will be endemic or not. Based on the theory of the reproduction number, the epidemic disease 
will be endemic if the reproduction number is larger than one, otherwise it will be extinct. For examples, The 
published  researches2,6,28,32 estimated that the basic reproduction number of COVID-19 may be as high as 6.47 
at the beginning of the COVID-19 pandemic transmission. Hence, COVID-19 is a highly infectious disease and 
will be endemic if the disease control department does not adopt the effective and reasonable controlling meas-
ures. However, the effective reproduction number is more significant than the the basic reproduction number 
since it incorporates the prevention and control measures for the infectious disease. Therefore, this paper will 
mainly establish the definition and computation formulae of the effective reproduction number for model (2.7).

Firstly, by solving the following equations

it is obtained the disease-free equilibrium point of model (2.7) is P0(
B0

vps + d
, 0, 0) and the endemic equilibrium 

point is P∗(S∗,E∗, I∗) , where

Secondly, the effective reproduction number are established. Let the regeneration matrix

(2.7)



















Ṡ(t) = B0 −
β(1− vmpm)(1− vps)SI

1+ β(1− vmpm)(1− vps)hI
− vpsS − dS,

Ė(t) =
β(1− vmpm)(1− vps)SI

1+ β(1− vmpm)(1− vps)hI
− γeE − (1− γe)vpeE − dE,

İ(t) = γeE − γiI − (1− γi)vpiI − diI − dI ,

(2.8)S(0) ≥ 0, E(0) ≥ 0, I(0) ≥ 0.

(3.1)



















Ṡ(t) = B0 −
β(1− vmpm)(1− vps)SI

1+ β(1− vmpm)(1− vps)hI
− vpsS − dS,

Ė(t) =
β(1− vmpm)(1− vps)SI

1+ β(1− vmpm)(1− vps)hI
− γeE − (1− γe)vpeE − dE,

İ(t) = γeE − γiI − (1− γi)vpiI − diI − dI ,

(3.2)



























S∗ =
(γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)(1+ β(1− vmpm)(1− vps)I

∗)

γeβ(1− vmpm)(1− vps)
,

E∗ =
(γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)I∗

γe
,

I∗ =
γeβB0(1− vmpm)(1− vps)− (γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)(vps + d)

β(1− vmpm)(1− vps)(1+ vps + d)(γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)
.

Table 1.  Definition of the parameters of model (2.5).

Parameter Definition

B0 The total immigration number of the susceptible compartment

β The averagely infectious ratio of COVID-19

h The average effective activity time of each infected individual

vm The mask wearing ratio of all compartments

pm The effectiveness of the certain mask

v The vaccination rate of all compartments

ps The effectiveness of vaccination for the susceptible compartment

pe The effectiveness of vaccination for the exposed compartment

pi The effectiveness of vaccination for the infected compartment

d The natural death rate of all compartment

di The death rate induced by COVID-19

γe The conversion rate from the exposed compartment to the infected compartment

γi The conversion rate from the infected compartment to the recovered compartment
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and the transition matrix

Hence, the corresponding derivatives of the regeneration matrix F and the transition matrix V are as follows

and

Thus, The inverse matrix of the matrix DV |P0 is as follows

Hence, it is obtained that

Therefore, the effective reproduction number is

Similarly, the basic reproduction number without any controlling measures is

Clearly, the effective reproduction number Re is smaller than the basic reproduction number R0 , and this shows 
that the suitable and scientific controlling measures are important to prevent and control COVID-19 pandemic. 
Moreover, the endemic equilibrium point P∗(S∗,E∗, I∗) is positive if and only if the effective reproduction num-
ber Re is larger than one.

Suppose that Re = 1 , the corresponding threshold values of the critical parameters are obtained

F =







0
β(1− vmpm)(1− vps)SI

1+ β(1− vmpm)(1− vps)hI
0






,

V =







−B0 +
β(1− vmpm)(1− vps)SI

1+ β(1− vmpm)(1− vps)hI
+ vpsS + dS

γeE + (1− γe)vpeE + dE
−γeE + γiI + (1− γi)vpiI + dI + diI






.

DF |P0=







0 0 0

0 0
βB0(1− vmpm)(1− vps)

vps + d
0 0 0






,

DV |P0=







vps + d 0
βB0(1− vmpm)(1− vps)

vps + d
0 γe + (1− γe)vpe + d 0

0 − γe γi + (1− γi)vpi + d + di






.

(DV |P0 )
−1 =

1

(vps + d)(γe + (1− γe)vpe + d)(γi + (1− γi)vpi + d + di)

×









γe + (1− γe)vpe + d −
βB0γe(1− vmpm)(1− vps)

vps + d

βB0(1− vmpm)(1− vps)(γe + (1− γe)vpe + d)

vps + d
0 (vps + d)(γi + (1− γi)vpi + d + di) 0

0 γe(vps + d) (vps + d)(γe + (1− γe)vpe + d)









.

(DF |P0)× (DV |P0)
−1

=







0 0 0

0
βγeB0(1− vmpm)(1− vps)

(vps + d)(γe + (1− γe)vpe + d)(γi + (1− γi)vpi + d + di)

βγeB0(1− vmpm)(1− vps)

(vps + d)(γi + (1− γi)vpi + d + di)
0 0 0






.

(3.3)Re = ρ((DF |P0)× (DV |P0)
−1) =

βγeB0(1− vmpm)(1− vps)

(γe + (1− γe)vpe + d)(γi + (1− γi)vpi + d + di)(vps + d)
.

(3.4)R0 = ρ((DF |P0)× (DV |P0)
−1) =

βγeB0

d(γe + d)(γi + d + di)
.

(3.5)v∗m =
1

pm

[

1−
(γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)(vps + d)

βγeB0(1− vps)

]

.

(3.6)p∗m =
1

vm

[

1−
(γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)(vps + d)

βγeB0(1− vps)

]

.

(3.7)p∗s =
1

v

[

1−
(1+ d)(γe + (1− γe)vpe + d)(γi + (1− γi)vpi + d + di)

βγeB0(1− vmpm)+ (γe + (1− γe)vpe + d)(γi + (1− γi)vpi + d + di)

]

.
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Furthermore, solving v from the equation Re = 1 , it is obtained the following cubic equation

in which

Defining

Clearly, it is obtained that

Hence, Eq. (3.10) has unique positive solution if

Denoting v∗ as the unique solution of Eq. (3.10), then we have

when

Furthermore, the effect of the critical parameter on the effective reproduction number is considered. Based on 
the formula of the effective reproduction number Re , the influences of the critical parameters vm , pm , v, ps , pe , 
pi , γi and γe on the effective reproduction number Re are established and the details are listed in Table 2. Clearly, 
the effective reproduction number Re decreases as the parameters vm , pm , pe , pi and γi increasing according to 
the expression of the effective reproduction number Re.

Again, the following partial derivatives should be computed to consider the influence of the parameter v, ps 
and γe on the effective reproduction number Re.

Hence, the effective reproduction number nonlinearly decreases as the vaccination rate of all compartments 
increases. Again, we have

Thus, the effective reproduction number nonlinearly decreases as the effectiveness of vaccination for the sus-
ceptible compartment increases.

By simple computation, it is obtained that

(3.8)p∗e =
1

v

[

βγeB0(1− vmpm)(1− vps)

(γi + (1− γi)vpi + di + d)(vps + d)(1− γe)
−

γe + d

1− γe

]

.

(3.9)p∗i =
1

v

[

βγeB0(1− vmpm)(1− vps)

(γe + (1− γe)vpe + di + d)(vps + d)(1− γe)
−

γi + di + d

1− γi

]

.

(3.10)Av3 + Bv2 + Cv + D = 0,

A =pspepi(1− γe)(1− γi) > 0,

B =pspi(γe + d)(1− γi)+ pspe(γi + di + d)(1− γe)+ pspepi(1− γe)(1− γi) > 0,

C =βγeB0ps(1− vmpm)+ dps(γe + d)(γi + di + d)+ pi(γe + d)(1− γi)+ pspepi(1− γe)(1− γi) > 0,

D =d(γe + d)(γi + di + d)− βγeB0ps(1− vmpm).

(3.11)F(v) = Av3 + Bv2 + Cv + D.

F ′(v) > 0, F ′′(v) > 0, F ′′′(v) > 0, F(0) = d(γe + d)(γi + di + d)− βγeB0ps(1− vmpm), F(+∞) = +∞,

F(0) = D = d(γe + d)(γi + di + d)− βγeB0ps(1− vmpm) < 0

⇔ vm >
1

pm

[

1−
d(γe + d)(γi + di + d)

βγeB0ps

]

.

Re = 1 ⇔ v = v∗

vm >
1

pm

[

1−
d(γe + d)(γi + di + d)

βγeB0ps

]

.

(3.12)

∂Re

∂v
=−

γeβB0ps(1− vmpm)(γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)(vps + d)

((γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)(vps + d))2

=−
γeβB0pe(1− vmpm)(1− vps)(1− γe)(γi + (1− γi)vpi + di + d)(vps + d)

((γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)(vps + d))2

−
γeβB0pi(1− vmpm)(1− vpi)(1− γi)(γe + (1− γe)vpe + d)(vps + d)

((γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)(vps + d))2

−
γeβB0ps(1− vmpm)(γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)

((γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)(vps + d))2

<0.

(3.13)
∂Re

∂ps
= −

γeβB0v(d − 1)(1− vmpm)(γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)

((γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)(vps + d))2
< 0.
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Hence, we have

Therefore, the effective reproduction number increases as the conversion rate from the exposed compartments 
to the infectious compartment increases while the vaccination rate of all compartments is less than the threshold 
value 

d

pe
 . Otherwise, it is decreases as the conversion rate from the exposed compartment to infectious compart-

ment increases. This means that some individuals are self-cured in the exposed period since the immune function 
induced by the vaccine while the vaccinated number of the susceptible peoples is larger than the threshold value. 
This threshold value decreases with the effectiveness of the vaccination for the exposed individuals increasing. 
Hence, the number of the infected individuals who are converted from the exposed period is relatively decreased. 
Therefore, the large proportion of vaccinations and the improvement of its effectiveness for the exposed individu-
als are beneficial for the controlling of COVID-19 pandemic in its early spread stage.

Threshold dynamics
According to Theorems 3.1.1 and 3.1.29, it is easily to obtain that all solutions (S(t), E(t), I(t), R(t)) of model (2.5) 
are positive and bounded in the set � = {(S(t),E(t), I(t),R(t)) ∈ R5

+ | 0 < S(t)+ E(t)+ I(t)+ R(t) ≤
B0

vps + d
}

.
Again, for COVID-19, the main focus is to develop the prevention and control measures. Hence, the impor-

tantly interesting thing is to consider the dynamical behavior of the disease-free equilibrium of model (2.7) to 
exploit the corresponding prevention and control measures.

Therefore, the stability properties of the disease-free equilibrium point P0(
B0

vps + d
, 0, 0) and the endemic 

equilibrium point P∗(S∗,E∗, I∗) are mainly analyzed.
Firstly, the Jacobia matrix of model (2.7) at the disease-free equilibrium point P0 is as follows

and the corresponding characteristic equation of model (2.7) at the disease-free equilibrium point P0 is

According to Routh–Hurwitz Rule, the disease-free equilibrium point P0 is locally asymptotically stable if and 
only if

(3.14)
∂Re

∂γe
=

γeβB0(1− vmpm)(1− vps)(γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)(d − vpe)

((γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)(vps + d))2
.

∂Re

∂γe
> 0 if v <

d

pe
, and

∂Re

∂γe
< 0 if v >

d

pe
.

JP0 =











−(vps + d) 0 −
βB0(1− vmpm)(1− vps)

vps + d

0 − (γe + (1− γe)vpe + d)
βB0(1− vmpm)(1− vps)

vps + d
0 γe − (γi + (1− γi)vpi + di + d)











,

(4.1)

(�+ vps + d)×

[

�
2 + (γe + (1− γe)vpe + d + γi + (1− γi)vpi + di + d)�

+ (γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)−
βγeB0(1− vmpm)(1− vps)

vps + d

]

= 0.

Table 2.  The effect of parameter on the effective reproduction number.

Parameter The change of the parameter The change of Re

β Decreasing Decreasing

B0 Decreasing Decreasing

γe Decreasing Decreasing if v < d/pe

vm Increasing Decreasing

pm Increasing Decreasing

v Increasing Decreasing

ps Increasing Decreasing

pe Increasing Decreasing

pi Increasing Decreasing

γe Increasing Decreasing if v > d/pe

γi Increasing Decreasing

di Increasing Decreasing

d Increasing Decreasing
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Secondly, the Jacobia matrix of model (2.7) at the endemic equilibrium point P∗ is as follows

in which

The corresponding characteristic equation of model (2.7) at the endemic equilibrium point P∗ is

where

According to Routh–Hurwitz Rule, the endemic equilibrium point P∗ is locally asymptotically stable if and only if

Clearly, the term M∗
1 is always positive since a∗11 , a

∗
22 and a∗33 are all negative.

Again, by simple computation, it is obtained that

submitting a∗ij (i = 1, 2, 3; j = 1, 2, 3 ) into the above inequality and by simple computation, we have

Hence, it is obtained that M∗
3 > 0 if Re > 1.

Next, it is obvious that a∗11 < 0 , a∗22 < 0 , a∗33 < 0 , a∗23 > 0 and a∗32 > 0 , then we have

Based on the above analysis, we obtain the following results.
Theorem 6.1. Suppose that all parameters of model (2.7) are positive and have their own epidemiological mean-

ings, then we have

(1).  If Re < 1, then the disease-free equilibrium point P0(
B0

vps + d
, 0, 0) is locally asymptotically stable, and 

COVID-19 pandemic will be eventually controlled under the given controlling measures,

(4.2)

(γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)−
βγeB0(1− vmpm)(1− vps)

vps + d
> 0

⇔ (γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)(vps + d)− βγeB0(1− vmpm)(1− vps) > 0

⇔ 1−
βγeB0(1− vmpm)(1− vps)

(γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)(vps + d)
> 0

⇔ Re < 1.

JP∗ =

(

a∗11 0 a∗13
a∗21 a∗22 a∗23
0 a∗32 a∗33

)

,

(4.3)



































































a∗11 = −
β(1− vmpm)(1− vps)I

∗

1+ β(1− vmpm)(1− vps)I∗
− vps − d < 0,

a∗13 = −
β(1− vmpm)(1− vps)S

∗

(1+ β(1− vmpm)(1− vps)I∗)2
< 0,

a∗21 =
β(1− vmpm)(1− vps)I

∗

1+ β(1− vmpm)(1− vps)I∗
> 0,

a∗22 = −(γe + (1− γe)vpe + d) < 0,

a∗23 =
β(1− vmpm)(1− vps)S

∗

(1+ β(1− vmpm)(1− vps)I∗)2
> 0,

a∗32 = γe > 0,

a∗33 = −(γi + (1− γi)vpi + di + d) < 0.

(4.4)�
3 +M∗

1�
2 +M∗

2�+M∗
3 = 0,

(4.5)

{

M∗
1 = −(a∗11 + a∗22 + a∗33),

M∗
2 = a∗22a

∗
33 + a∗11a

∗
22 + a∗11a

∗
33 − a∗23a

∗
32,

M∗
3 = −(a∗11a

∗
22a

∗
33 + a∗13a

∗
21a

∗
32 − a∗11a

∗
23a

∗
32).

(4.6)

{

M∗
1 > 0,

M∗
3 > 0,

M∗
1M

∗
2 −M∗

3 > 0.

M∗
3 > 0 ⇔ a∗11a

∗
22a

∗
33 + a∗13a

∗
21a

∗
32 − a∗11a

∗
23a

∗
32 < 0 ⇔

a∗11(a
∗
22a

∗
33 − a∗23a

∗
32)

a∗13a
∗
21a

∗
32

− 1 > 0,

a∗11(a
∗
22a

∗
33 − a∗23a

∗
32)

a∗13a
∗
21a

∗
32

− 1 > Re − 1.

(4.7)

M∗
1M

∗
2 −M∗

3 =− (a∗11 + a∗22 + a∗33)(a
∗
22a

∗
33 + a∗11a

∗
22 + a∗11a

∗
33 − a∗23a

∗
32)

+ (a∗11a
∗
22a

∗
33 + a∗13a

∗
21a

∗
32 − a∗11a

∗
23a

∗
32)

=− (a∗11)
2(a∗22 + a∗33)− (a∗22)

2(a∗11 + a∗33)

− (a∗33)
2(a∗11 + a∗22)− 2a∗11a

∗
22a

∗
33 − a∗23a

∗
32(a

∗
22 + a∗33) > 0.
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(2).  If Re > 1 , then the endemic equilibrium point P∗(S∗,E∗, I∗) is locally asymptotically stable, and COVID-19 
pandemic will be endemic although the given controlling measures are adopted.

Based on Theorem 6.1 and the previous analyses, the following more realistic measures are obtained.
Controlling measure 1 (CM1). If vm > v∗m and the other parameters are constant, then COVID-19 will be 

c o n t r o l l e d  b y  a d o p t i n g  t h e  g i v e n  c o n t r o l l i n g  m e a s u r e s ,  w h e r e 
v∗m =

1

pm
[1−

(γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)(vps + d)

βγeB0(1− vps)
].

Remark. Controlling measure 1 (CM1) shows that COVID-19 could be controlled while the mask wearing 
ratio of populations is larger than the threshold value v∗m . Furthermore, the threshold of mask wearing rate vm will 
decrease as the effectiveness of the face mask pm increase. Based on epidemiological issue, the mask wearing is 
beneficial and necessary to control COVID-19 and even the larger proportion of peoples should wear the certain 
mask with the relative low effectiveness in order to prevent the endemic transmission of COVID-19 pandemic. 
Hence, the willingness to wear masks should be reasonably suggested to prevent and control COVID-19. Ju et al. 
gave the standards for various face masks and their fundamental filtration mechanisms, and showed that the 
universal face masking as a low-cost strategy to mitigate virus  transmission11. That is to say, the ratio of mask 
wearing rate is the important controlling parameter.

Controlling measure 2 (CM2). If pm > p∗m and the other parameters are constant, then COVID-19 pandemic 
w i l l  b e  c o n t r o l l e d  b y  a d o p t i n g  t h e  g i v e n  c o n t r o l l i n g  m e a s u r e s ,  w h e r e 
p∗m =

1

vm
[1−

(γe + (1− γe)vpe + d)(γi + (1− γi)vpi + di + d)(vps + d)

βγeB0(1− vps)
].

Remark. Controlling measure 2 (CM2) reveals that the effectiveness of the face mask must not be less than 
the threshold value p∗m in order to control COVID-19. Based on Epidemiological issue, it is suggested that peo-
ples should wear the surgical mask in public as much as possible since the effect of the surgical mask is stronger 
than that of the ordinary ones. Moreover, the improvement of the effectiveness of the certain mask is necessary 
and imperative for all mask manufacturers while the willingness to wear masks is relative low in some certain 
countries or regions. The investigations of Chi et al. and Karaivanov et al. showed that the different type masks 
have different effectiveness for prevent COVID-19  transmission12,13.

Controlling measure 3 (CM3). If ps > p∗s  and the other parameters are constant, then COVID-19 will be 
c o n t r o l l e d  b y  a d o p t i n g  t h e  g i v e n  c o n t r o l l i n g  m e a s u r e s ,  w h e r e 
p∗s =

1

v
[1−

(1+ d)(γe + (1− γe)vpe + d)(γi + (1− γi)vpi + d + di)

βγeB0(1− vmpm)+ (γe + (1− γe)vpe + d)(γi + (1− γi)vpi + d + di)
].

Controlling measure 4 (CM4). If pe > p∗e and the other parameters are constant, then COVID-19 pandemic 
w i l l  b e  c o n t r o l l e d  b y  a d o p t i n g  t h e  g i v e n  c o n t r o l l i n g  m e a s u r e s ,  w h e r e 
p∗e =

1

v
[

βγeB0(1− vmpm)(1− vps)

(γi + (1− γi)vpi + di + d)(vps + d)(1− γe)
−

γe + d

1− γe
].

Remark. Controlling measure 3 (CM3) and Controlling measure 4 (CM4) show that the effectiveness of 
the vaccination for the susceptible and exposed population must be larger than the threshold value p∗s  and p∗e 
in order to control COVID-19. Based on Epidemiological issue, the effectiveness of the vaccination is a critical 
factor and the higher effective vaccines are necessary to prevent the transmission of COVID-19 pandemic. These 
controlling measures suggested that the departments of the vaccine development and the vaccine manufacturers 
should improve the effectiveness of the vaccine as much as possible to prevent and control COVID-19. In fact, 
most evidences revealed that vaccine is a most immediate and effective method for preventing and controlling 
COVID-1930–37.

Controlling measure 5 (CM5). Suppose that vm >
1

pm
[1−

d(γe + d)(γi + di + d)

βγeB0ps
] > v∗m and the other 

parameters are constant, then we have
If v > v∗ , then COVID-19 pandemic will be controlled by adopting the given controlling measures, where 

v∗ is the unique positive solution of Eq. (3.10).
Remark. Controlling measure 5 (CM5) reveals that, if the mask wearing ratio of all peoples is larger than the 

threshold value 
1

pm
[1−

d(γe + d)(γi + di + d)

βγeB0ps
] , COVID-19 could be controlled when the vaccination ratio is 

larger than its own threshold value v∗ . That is to say, the effectiveness of most mask is very low, and hence the 
relative high mask wearing ratio could not effectively prevent the COVId-19 transmissions. Therefore, vaccine 
is a fist choice. This controlling measure suggests that peoples should be vaccinated and wear mask as many as 
possible. Especially, individuals must wear mask outdoors to control COVID-19. Furthermore, this conclusion 
shows that COVDI-19 could not be controlled only by vaccination, and the mask wearing is a necessary measure. 
These conclusions are agreement with some published researches 35, 36.

The controlling measures which are corresponding to the threshold values are listed in Table 3.

A case study
To verify our theoretical results, we select the COVID-19 data of South Korea, was provided by WHO, these data 
ranged from January 20, 2022 to March 21, 2022. The estimated parameter values are listed in Table 4, and the 
simulation of the cumulative cases is depicted in Fig. 1, the practicality and feasibility of our proposed model 
is clarified.

Sensitivity analysis. In this section, we will explore the global sensitivity of the parameters by applying 
the Latin Hypercube Sampling- Paranoid Rank Correlation Coefficient (LHS-PRCC) method based on the esti-
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mated parameter  values41. Sensitivity analysis is used for quantifying the uncertainty between the input (param-
eter or initial condition) and output (variable) in the considered model, and aims to identify and quantify how 
the uncertainty of the critical inputs affects the model results. To obtain sufficiently accurate results, we sets the 
number of samples N = 2000 and assumes that all the parameters follow a uniform distribution. Further, the 
range of critical parameters considered in this study requires the sensitivity analysis to be ±20% of the parameter 
estimates presented in Table 4.

The results of the sensitivity analysis are shown in Figs. 2, 3, 4 and 5, where the value of PRCC positive indi-
cates that the parameter has a positive effect on the corresponding compartment. Otherwise, it has a negative 
effect. The greater the absolute value of the PRCC value, the greater is the impact. Following the general prin-
ciple, we believed that when the p-value is greater than 0.01, the effect of this parameter on the output variable 
is insignificant. Fig. 2a shows that parameters vm , pm , v, ps , γi and γe have a negative effect on the compartment 
E(t), and parameters β and B0 have a positive effect on the compartment E(t). In other words, with the increase 
in vm , pm , v, ps , γi and γe and the decrease of the parameters in β and B0 , the density of the compartment E(t) 
also decreases. Similarly, as shown in Fig. 4a, the density of the compartment I(t) decreases as the parameters 
vm , pm , v, ps and γi as well as the parameters β and B0 decrease.

Figures 2b and 4b show that the continuous changes in the influence of the parameters on the densities of 
the compartments E(t) and I(t) in the considered model, respectively. It is worth noting that the PRCC value of 
the parameter γe for the compartment E(t) in Fig. 2b first shows an increasing first trend and then a decreasing 
one, this value then becomes negative after t = 63 days and further continues decrease until it becomes stable. 
The reason for this is that the rapid increase in the number of infected individuals in the early stages of a disease 
outbreaks leads to the emergence of additional hatching compartments. When the disease reaches a certain scale, 
people begin to pay attention to individual protective measures (such as vaccination, proper wearing of masks, 
emphasis on social distancing, and so on.) to prevent infection. Moreover, as the number of infected people 
continues to increase, the impact of such protective measures gradually increase. It is also noted that the PRCC 
values of the parameters vm and pm in Figs. 2b and 4b first show a decreasing trend and then an increasing one 
and eventually stabilizes at negative values. The reason for this is that in the early stage of a disease outbreak, 
the awareness of protecting healthy individuals has gradually improved. The correct wearing of masks has a 
significant impact on disease control. When the disease develops to a certain scale, wearing mask is still one of 
the most effective measures in the control of the spread of the disease. It can therefore be seen that the timely 
implementation of interventions in the early stage of disease outbreaks can play a multiplier effect on the control 

Table 3.  The threshold value of the effective reproduction number is smaller than one.

Controlling measure The critical parameter The effective reproduction number

CM1 vm > v∗m Re < 1

CM2 pm > p∗m Re < 1

CM3 ps > p∗s Re < 1

CM4 ps > p∗e Re < 1

CM5 v > v∗ Re < 1

Table 4.  The estimated parameter values of model (2.5).

Parameter Definition Estimated value Unit

B0 The total immigration number 1× 106 People ∗ Day−1

β The averagely infectious ratio 2.25× 10−6 Day−1

vm The mask wearing ratio of all population 0.6541 Day−1

pm The effectiveness of the certain mask 0.8870 –

v The vaccination rate of all population 0.6176 –

ps The effectiveness of vaccination for S 0.5678 –

pe The effectiveness of vaccination for E 5.08× 10−4 –

pi The effectiveness of vaccination for I 1.91× 10−5 –

d The natural death rate 1.75× 10−5 Day−1

di The death rate induced by COVID-19 pandemic 4.7031× 10−6 Day−1

γe The conversion rate from E to I 0.0631 Day−1

γi The conversion rate from I to R 0.5661 Day−1

S(0) The initial value of S 8.18× 106 People

E(0) The initial value of E 4.19× 104 People

I(0) The initial value of I 7.96× 103 People

R(0) The initial value of R 1.08× 103 People
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of the spread of diseases. Figs. 3 and 5 show the PRCC scatter plot of the parameters for the compartments E(t) 
and I(t) respectively, and from Figs. 3 and 5, it can be seen that E(t) and I(t) are mainly affected by the parameters 
vm , pm , v, ps , γi , β , and B0 , and γe has a negative effect on E(t). The specific parameter ranges and sensitivity results 
of compartments E(t) and I(t) are presented in Tables 5 and 6.

Further, we also performed a sensitivity analysis of the effective regeneration numbers Re , as shown in Fig. 6 
and Table 7. We found that Re decreases with the increase in parameters p, vm , ps and γi and decrease of param-
eters β and B0 . The local effect of parameter γe on Re is detailed in Table 2.

Numerical simulation. To perform the parameter estimation and the numerical simulation, the fmin-
search and the ode45 function of the MATLAB library were applied. The fminsearch is used to find the optimal 
parameters to minimize the difference between the real data and the fitting data. The optimization method of the 
fminsearch is based on the least square method that finds the optimal parameters while minimizing the objective 
function. Ode45 is used to solve the system of ordinary differential equations (ODE) based on the simulation 
parameters generated by fminsearch. Based on the estimated parameter values, the basic reproduction number 
of COVID-19 is 3.9760 and the effective reproduction number between January 20, 2022 and March 21, 2022 
is 3.0761, which means that the pandemic of COVID-19 will continuous in South Korea, although the mask 
wearing and vaccination rates are 65.41% and 61.76% , respectively. This implies that the present mask wearing 
and vaccination rates are lower than the threshold values 84.69% and 68.49% with the effectiveness of the certain 
mask and vaccination are 88.7% and 56.78% , respectively. Therefore, the mask wearing and vaccination rates and 
their corresponding effectiveness should be significantly improved in order to control COVID-19. Furthermore, 
the willingness to wearing masks and taking vaccines should be augmented by the corresponding government 
department and the effectiveness of the face masks and vaccines should be enhanced by the corresponding 
manufacturers.

Based on the estimated parameter values, the threshold value of critical parameters vm , pm , v, ps , pe and pi , 
which guarantee that the effective reproduction number is smaller than unity, are listed in Table 8, and the effect 
of critical parameters on the effective reproduction number Re are illustrated in Fig. 7. Table 8 reveals that, with 
the use of certain types of masks and vaccines, COVID-19 can be ultimately controlled while the mask wearing 
and vaccination rates can be larger than the threshold 84.69% and 68.49% respectively. Conversely, the effective-
ness of mask and vaccine should be improved by up to the threshold values 93.95% and 62.97% respectively to 
present mask wearing rate and the vaccination rate. However, the estimated values of parameters pe and pi and 
the corresponding threshold values reveal that the effectiveness of vaccination for the exposed and infected 
populations are relatively low and therefore, it means that it is not necessary to vaccinate these populations. In 
fact, most countries only vaccinate the susceptible individuals, this serves as an a economical and optimal choice 
for several countries. Our conclusions are expected to provide a compelling theoretical and scientific evidence 
for the present measures adopted by all countries. Figure 7 shows that the effective reproduction number linearly 
decrease with the the mask wearing rate and its effectiveness, whereas the effectiveness of vaccination for the 
exposed population keeps decreasing. However, the effective reproduction number nonlinearly decreases with 
the vaccination rate and its effectiveness of vaccines for the susceptible population and the infected population 

Figure 1.  Numerical fitting of the cumulative cases.
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keeps decreasing. Hence, the functional mechanism of the latter is more complex than that of the former, and 
the improvement of the former is more significant and effective in the control of COVID-19 pandemic. Further-
more, the improvement of the mask wearing rate and its corresponding effectiveness should be considered as the 
first choice for preventing and controlling COVID-19, and these measures are agreement with the transmission 
mechanism of SARS-CoV-II.

Table 9, Figs. 8a and 10a show that, after 60 days, the number of cumulative cases and newly confirmed cases 
decrease with the increase in the mask wearing rate, specifically, the numbers of cumulative cases and newly 
confirmed cases decrease form 1.1312× 107 and 7.6803× 105 to 1.8749× 106 and 7.3958× 104 with the increase 
in the mask wearing rate from 0.6541 to 0.7522, respectively. In other words, the number of cumulative cases 
decreases 9, 437, 100. As such, 694, 072 peoples will not get infected when the mask wearing rate is increased 
by 1.15 time. Table 10, Figs. 8b and 10b reveal that the number of cumulative cases and newly confirmed cases 
decrease with the increase in the effectiveness of the certain face mask increasing, and moreover the numbers of 
the cumulative cases and the newly confirmed cases decrease from 1.1312× 107 and 7.6803× 105 to 1.8749× 106 
and 7.3958× 104 with the increase in the effectiveness of the certain face mask from 0.8870 to 0.9998, respectively. 
In other words, the number of cumulative cases will decrease by 9, 437, 100, and therefore, 694, 072 peoples will 
not be infected while the effectiveness of the certain mask is increased by 1.15 times, respectively, and COVID-19 
can be be sultimately controlled. These also means that the face-mask wearing is associated with 83% and 90% 
reductions in the numbers of cumulative cases and the newly confirmed cases respectively after 60 days while 
the face mask wearing rate augments 15% or its effectiveness augments 13% . Therefore, the effects of the wearing 
masks and the effectiveness of the certain face mask on the control of COVID-19 are similarly significant and 
important to prevent and control the transmission of COVID-19 pandemic, and mask wearing is one of the most 

Figure 2.  The PRCC value of each parameter to E(t). (a) The PRCC value of the parameter to E(t) at time 
t = 4000 . (b) The PRCC value of the parameter against E(t) changes over time.
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effective non-pharmaceutical interventions in this regard. In fact, according to the selection of the estimated 
parameters, the effectiveness of wearing masks is more significant than that of the effectiveness of the certain 
face mask. This may be induced by the model’s randomness and the statistical randomness in data processing, 
the actual effects of the wearing mask, and difference in the effectiveness of a certain mask. These conclusions 
are agreement with the theoretical results obtained from the model’s analysis.

Table 11, Figs. 9a and 11a reveal that, after 60 days, the number of cumulative cases and newly confirmed 
cases decrease when the vaccination rate increases, and the numbers of the cumulative cases and the newly con-
firmed cases decrease from 1.1312× 107 and 7.6803× 105 to 2.7332× 106 and 1.4653× 105 with the increase in 
the vaccination rate from 0.6176 to 0.7102, respectively. In other words, the cumulative cases will decrease by 
8, 578, 800, and roughly 621, 500 peoples will not be infected when the vaccination rate is increased by 1.15 times. 
This further implies that vaccination effectiveness is associated with 75% and 80% reductions in the numbers of 
cumulative cases and newly confirmed cases, respectively, when the vaccination rate is increased by 15% . Hence, 
the effect of vaccination on the decrease in the number of cumulative and newly confirmed cases is remarkable. 
Therefore, vaccination is one of the preferred measures in the control and spread of COVID-19. However, Com-
paring the effect of mask wearing with that of vaccination on COVID-19 control, it was found that the former led 
to an additional 72, 572 people not get infected when the two measures increase the same multiples. Therefore, 
it is found that the effect of mask wearing on decreasing the number of cumulative cases and newly confirmed 
cases is more remarkable than that of vaccination, this means the disease control departments should strongly 
recommended the wearing of face masks for the non-vaccinated people to from becoming infected.

Table 12, Figs. 9b and 11b show that, after 60 days, the number of cumulative cases and newly confirmed cases 
decrease with the effectiveness of vaccination for the susceptible population increasing, and the total numbers 
of these cases decrease from 1.1312× 107 and 7.6803× 105 to 2.7400× 106 and 1.4716× 105 , respectively, with 
the increase in the effectiveness of vaccination for this population from 0.5678 to 0.6530. This means that, the 
number of cumulative cases will decrease by 8, 572, 000, and approximately 620, 870 peoples will not be infected 
when the effectiveness of vaccination for this population is increased by 1.15 times. This further implies that 

Figure 3.  Scatter plot of PRCC value for each parameter in E(t).
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the effectiveness of vaccination for the susceptible individuals is associated with 76% and 81% reductions in the 
numbers of cumulative cases and newly confirmed cases, respectively, after 60 days when the effectiveness of 
vaccination is increased by 15% . Hence, the development of a more effective vaccine is important to control the 
local transmission of COVID-19 pandemic. However, when improvement of the effectiveness of face masks and 
that of vaccination are compared, the effect of the former is more remarkable than that of the latter. Further, it 
may be more affordable to improve the effectiveness of face masks considering the financial costs that will need 
to be incurred by the countries. Therefore, face masks are still the first choice in the prevention and control of 
COVID-19 pandemic.

Table 13, Figs. 9c and 11c reveal that, after 60 days, the number of cumulative cases and newly confirmed cases 
decrease with the effectiveness of vaccination for the exposed population. Specifically, these cases decrease from 
1.1312× 107 and 7.6803× 105 to 7.9300× 106 and 5.1958× 105 , respectively, with the increase in the effective-
ness of vaccination for the exposed population from 5.0800× 10−4 to 2.5400× 10−3 , respectively. In other words, 
the number of cumulative cases will decrease by 3, 382, 000, and approximately 248, 450 peoples will not get 
infected when the effectiveness of vaccination for the exposed population is increased by 5 times. This implies that 
the the effectiveness of vaccination for the exposed population is associated with 30% and 32% reductions in the 
numbers of the cumulative cases and the newly confirmed cases, respectively, after a period of 60 days, when the 
vaccination rate is enhanced by 5 times. Based on the above-mentioned results, it is clear that vaccinating against 
the exposed population is not necessary since its the effect is not remarkable for preventing the transmission of 
COVID-19 pandemic. This result is in agreement with the the present prevention and control strategies which 
are adopted by several countries and local regions. However, some individuals with asymptomatic infections are 
still being vaccinated. Notably, the detection of antibodies against novel coronavirus must be performed to ensure 

Figure 4.  The PRCC value of each parameter to I(t). (a) The PRCC value of the parameter to I(t) at time 
t = 4000 . (b) The PRCC value of the parameter against I(t) changes over time.
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Figure 5.  Scatter plot of PRCC value for each parameter in I(t).

Figure 6.  The PRCC value of the parameter to Re.
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Table 5.  PRCC values and p-values of each parameter in the compartment E(t).

parameter PRCC value p-value Parameter PRCC value p-value

vm −0.7241 0.0000 γi −0.5845 0.0000

pm −0.7066 0.0000 γe −0.7876 0.0000

v −0.8138 0.0000 β 0.5851 0.0000

ps −0.8129 0.0000 B0 0.8930 0.0000

pe 0.0129 0.5642 di 0.0264 0.2398

pi −0.0186 0.4082 d 0.0208 0.3534

Table 6.  PRCC values and p-values of each parameter in the compartment I(t).

parameter PRCC value p-value Parameter PRCC value p-value

vm −0.7326 0.0000 γi −0.9090 0.0000

pm −0.7318 0.0000 γe 0.0357 0.1115

v −0.8294 0.0000 β 0.5838 0.0000

ps −0.8228 0.0000 B0 0.9022 0.0000

pe 0.0171 0.4454 di −0.0085 0.7046

pi −0.0182 0.4174 d 0.0042 0.8505

Table 7.  PRCC values and p-values of each parameter in the compartment Re.

parameter PRCC value p-value Parameter PRCC value p-value

vm −0.3896 0.0000 γi −0.2585 0.0000

pm −0.4105 0.0000 γe −0.0137 0.5410

v −0.4443 0.0000 β 0.2398 0.0000

ps −0.4212 0.0000 B0 0.3091 0.0000

pe −0.0108 0.6295 di −0.0161 0.4725

pi −0.0054 0.8107 d −0.0143 0.5225

Table 8.  The threshold condition for the effective reproduction number Re < 1.

Controlling measure The critical parameter value The effective reproduction number

CM1 vm > 0.8469 Re < 1

CM2 pm > 0.9395 Re < 1

CM3 ps > 0.6297 Re < 1

CM4 pe > 0.0192 Re < 1

CM5 pi > 0.3564 Re < 1

CM6 v > 0.6849 Re < 1

Table 9.  The effect of the CM1 on the cumulative cases.

Controlling measure The parameter vm The cumulative cases The newly confirmed cases

CM1 0.6541 1.1312× 107 7.6803× 105

CM1 0.6868 9.4367× 106 6.6346× 105

CM1 0.7195 5.6764× 106 4.0390× 105

CM1 0.7522 1.8749× 106 7.3958× 104
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that medical resources are not wasted. Figures 9d and 11d reveal that the number of cumulative cases and newly 
confirmed cases decrease with the effectiveness of vaccination for the increase in the infected population, and 
the number of these cases decrease from 1.1312× 107 and 7.6803× 105 to 1.1310× 107 and 7.6700× 105 with 
the increase in the effectiveness of vaccination for the infected population from 1.9100× 10−5 to 9.5500× 10−5 , 
respectively. In other words, the number of cumulative cases will decrease 2000, and thus, approximately 1, 030 
peoples will not get infected. Further, the effectiveness of vaccination for the infected compartment is increased 
by 5 times. It is therefore understood that it is completely unnecessary to vaccinate against the infected people 
from the perspective of economic and medical costs; this is in agreement with the present prevention and control 
measures that are adopted by all countries.

Conclusion and discussion
In this paper, an SEIR-type epidemic model considering the effect of the face mask and the vaccination is pre-
sented, these factors explicitly incorporated into the saturated incidence function to consider their effects on 
preventing and controlling COVID-19. Our results show that both mask wearing and vaccination play a key 
role in the prevention and control of COVID-19. Furthermore, the effective reproduction number and the cor-
responding threshold values of the mask wearing rate, the effectiveness of the face mask, the vaccination rate, 
and its effectiveness for all compartments are obtained via a mathematical analysis. Meanwhile, the effect of the 
model parameters on the effective reproduction number as well as the detailed threshold values, which ensure 
that the effective reproduction number is smaller than unity, are listed in Table 2, Table 3 and Fig. 7, respectively. 
Based on these theoretical results, five measures of prevention and control are presented and listed in Table 3. 
Substantial evidence has shown that these measures are reasonable and effective and are therefore adopted and 
recommended by the WHO and most countries.

Table 10.  The effect of the CM2 on the cumulative cases.

Controlling measure The parameter pm The cumulative cases The newly confirmed cases

CM2 0.8870 1.1312× 107 7.6803× 105

CM2 0.9314 9.4367× 106 6.6346× 105

CM2 0.9757 5.6764× 106 4.0390× 105

CM2 0.9998 1.8749× 106 7.3958× 104

Table 11.  The effect of the CM6 on the cumulative cases.

Controlling measure The parameter v The cumulative cases The newly confirmed cases

CM6 0.6176 1.1312× 107 7.6803× 105

CM6 0.6485 9.3645× 106 6.5735× 105

CM6 0.6794 5.9668× 106 4.2227× 105

CM6 0.7102 2.7332× 106 1.4653× 105

Table 12.  The effect of the CM3 on the cumulative cases.

Controlling measure The parameter ps The cumulative cases The newly confirmed cases

CM3 0.5678 1.1312× 107 7.6803× 105

CM3 0.5962 9.3676× 106 6.5738× 105

CM3 0.6246 5.9737× 106 4.2288× 105

CM3 0.6530 2.7400× 106 1.4716× 105

Table 13.  The effect of the CM4 on the cumulative cases.

Controlling measure The parameter pe The cumulative cases The newly confirmed cases

CM4 5.0800× 10−4 1.1312× 107 7.6803× 105

CM4 1.5240× 10−3 1.1178× 107 7.5817× 105

CM4 2.0320× 10−3 1.0594× 107 7.1521× 105

CM4 2.5400× 10−3 7.9300× 106 5.1958× 105
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Finally, all the parameters of the considered model are estimated based on the data of South Korea, which is 
provided by WHO, from January 20, 2022 to March 21, 2022 (provided by the WHO), and the corresponding 
estimated values are listed in Table 4. Based on the estimated parameters, the simulation of the cumulative cases 
of South Korea for the aforementioned period is conducted and the simulation graph thus obtained is depicted 
in Fig. 1. As can be seen from this figure, our proposed model perfectly fits the real data. It is also revealed that 
the estimated parameter values are reasonable and realistic. Further, we explore the global sensitivity analysis 
of the parameters using the LHS-PRCC method and find the key parameters that affecting the compartment 

Figure 7.  The effect of the critical parameters vm , pm , v, ps , pe and pi on the effective reproduction number.
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E(t), I(t), and Re . The detailed results are shown in Figs. 2, 3, 4, 5 and 6 and Tables 5, 6 and 7. Meanwhile, the 
corresponding threshold values of the presented measures are obtained, and the details are listed in Table 8. The 
results show that the effective reproduction number is 3.0761 and COVID-19 pandemic will be an endemic in 
South Korea. Furthermore, the effect of the presented measures on the prevention and control of COVID-19 
are considered, the details are listed in Tables 9, 10, 11, 12 and 13 and Figs. 8, 9, 10 and 11. The numerical results 
show that the increase in the mask wearing and vaccination and their effectiveness leads to a substantial reduction 
in the number of cumulative and newly confirmed cases. Particularly, face-mask wearing has a relatively high 
remarkable impact on the reduction of the number of cumulative and newly confirmed cases. This means that 
the face mask, as a non-pharmaceutical intervention, continues to be a primary and low-cost measure. In fact, 
vaccination is also an indispensable measure for reducing the catastrophic consequences induced by COVID-
19. Our results also show that the vaccination ratio is associated with 75% and 80% reductions in the number of 
cumulative and newly confirmed cases, respectively, after a period of 60 days, and the vaccination effectiveness 
for the exposed population is associated with 30% and 32% reductions in the number of cumulative and newly 
confirmed cases respectively after 60 days. Meanwhile, it is revealed that vaccination is the most safe and effective 
measure comparing the other methods for preventing and controlling COVID-19. In fact, mask wearing and 
vaccination should be simultaneously adopted.

This study presents some effective and practicable measures to prevent and control COVID-19 in addition to 
some reasonable suggestions for the policymakers and the disease control departments. However, we assumed 
the mask wearing and vaccination rates to be constant in study. In fact, the willingness to wear face masks and 
to immunize using neocoronavirus vaccines may differ depending on temporal and spatial factors. Further, the 
consideration of the variations in the mask wearing and vaccination rates with respect to these factors may result 
in a more realistic and generalized model. However, the development of a model will be more complex, and 
the corresponding theoretical analysis and numerical simulation will be confronted with associated challenges. 
These constitute open issues that should be considered for investigation in the future.

Ethics approval and consent to participate. The study protocol was approved by The First Hospital 
of Lanzhou University, Gansu Provincial Hospital, School of Mathematics and Statistics of Lanzhou University, 
School of Life Sciences of Lanzhou University, and School of Mathematics and Computer Science of Northwest 
Minzu University. We confirmed that all methods were performed in accordance with the relevant guidelines 
and regulations.

Figure 8.  The effect of the critical parameters vm and pm on the cumulative cases.
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Figure 9.  The effect of the critical parameters v, ps , pe and pi on the cumulative cases.
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Figure 10.  The effect of the critical parameters vm and pm on the newly confirmed cases.
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Data availability
The data set used and/or analyzed during the current study is available from WHO and the published works.
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