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learning from the first principles
for simulation of quantum
nanostructures
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Multi-dimensional direct numerical simulation (DNS) of the Schrédinger equation is needed for design
and analysis of quantum nanostructures that offer numerous applications in biology, medicine,
materials, electronic/photonic devices, etc. In large-scale nanostructures, extensive computational
effort needed in DNS may become prohibitive due to the high degrees of freedom (DoF). This

study employs a physics-based reduced-order learning algorithm, enabled by the first principles,

for simulation of the Schrédinger equation to achieve high accuracy and efficiency. The proposed
simulation methodology is applied to investigate two quantum-dot structures; one operates under
external electric field, and the other is influenced by internal potential variation with periodic
boundary conditions. The former is similar to typical operations of nanoelectronic devices, and the
latter is of interest to simulation and design of nanostructures and materials, such as applications
of density functional theory. In each structure, cases within and beyond training conditions are
examined. Using the proposed methodology, a very accurate prediction can be realized with a
reduction in the DoF by more than 3 orders of magnitude and in the computational time by 2 orders,
compared to DNS. An accurate prediction beyond the training conditions, including higher external
field and larger internal potential in untrained quantum states, is also achieved. Comparison is also
carried out between the physics-based learning and Fourier-based plane-wave approaches for a
periodic case.

In recent years, reduced order modeling techniques have been widely adopted to decrease the computational
complexity in scientific and engineering problems!~'2. Many of these techniques involve projecting the problem
of interest onto a set of orthogonal basis functions to reduce the degrees of freedom (DoF) using the basis func-
tions that are optimal for the problem. Proper orthogonal decomposition (POD)'*!* is one of the such modeling
techniques, where its basis functions (hereafter referred to as POD modes) are generated by maximizing the
mean square inner product of each mode with the solution data for the problem?®”. The solution data used in the
decomposition should incorporate as much as possible a realistic range of parametric variations for the problem.
This data-driven learning process generates an optimal set of POD modes for the problem of interest to minimize
the DoF with a smallest possible least square (LS) error if the quality of the collected data is adequate. This is
similar to principal component analysis (PCA)'"!? and single value decomposition (SVD)3-1? but different from
many other projection-based techniques that prescribe a set of assumed basis functions based on the solution
form of the problem imposed by the geometry, excitations and/or boundary conditions (BCs) of the problem.
These projection methods include, for example, Fourier basis, Legendre polynomials, Bessel functions, Airy
functions, Wannier functions, etc., each of which only works well for specific scientific or engineering problems
whose solution forms are well-defined and close to the selected set of basis functions.

The above-mentioned maximization process trains an optimal set of POD modes to acquire the essential
information embedded in the solution data. To derive a simulation approach that complies with the physical
principles of the problem, Galerkin projection of the governing equation for the problem onto a mathematical
space constituted by these modes is applied. This is a crucial step to incorporate clear physical principles in this
POD-Galerkin simulation methodology in order to reach high accuracy with only a handful of DoF This is very
different from most machine learning methods solving physical quantities without the governing equations of
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the problems’>~2, which rely only on statistical learning approaches to minimize the deviation of the prediction

without accounting for physical principles.

The concept of POD has been applied to many research areas including fluid dynamics, heat conduction,
power distributions and some other problems governed by partial differential equations (PDEs)***7-23, Many of
these studies implemented machine learning, such as neural networks!”!® or radial basis functions'*?, without
incorporating the governing equation of the system. In this work, the POD-Galerkin methodology is applied
to investigate its capability of predicting accurate wave functions (WFs) in nanostructures with high efficiency
by solving the Schrédinger equation. Electronic/photonic nanostructures and nanoscale devices are the back-
bone of the modern photonic, electronic and computing technologies including lasers***, light emitting diodes
(LEDs)*~%, photovoltaics®>*!, nanoscale transistors®>-*, etc. To understand and design these nanoscale struc-
tures/devices, electron/hole WFs and eigenenergies need to be solved from the Schrodinger equation subjected
to an internal/external electric field or potential. Another important application of the quantum eigenvalue
problems is electronic structure calculations using density functional theory (DFT) in many areas of research
and industries, such as, pharmaceutical medicine, electronics, photonics, food science, material science, etc.**™.
More recently, non-equilibrium Green’s functions*® have been applied to develop quantum transport models
to improve the accuracy of multi-dimensional nanoscale device simulations that have traditionally been based
on semiclassical transport models. To account for atomic-scale effects in quantum transport models, ab initio
DFT simulations are needed to provide the electronic structure and Hamiltonian and to evaluate material and
transport parameters for the nanoscale devices*’~*. DFT simulations however demand immense computational
resources for solving the Kohn-Sham equations, a set of Schrédinger-like equations for many electrons in the
structure of interest in which a modified effective potential for each electron encapsulates the interactions of the
many-body system. Efficiency and accuracy of multi-dimensional simulations of quantum eigenvalue problems
are thus crucial for further advance in these emerging nanoscale structures/devices.

To offer an effective approach to solve the Schrodinger equation, two physics-informed POD-Galerkin simu-
lation techniques, individual”*® and global®® approaches, were developed and investigated for simulations of
the Schrodinger equation in 1D” and 2D*” nanostructures. The individual approach trains the POD modes
using the WF solution data collected in each individual quantum state (QS) from direct numerical simulations
(DNSs) of the Schrodinger equation for the structure of interest”. There are therefore N, sets of trained POD
modes needed for N, selected QSs, and the WF solution in each QS requires a POD-Galerkin model. In the
global approach®, the collected WF data from a selected set of QSs are used en bloc to produce a single set of
POD modes, and thus the WFs in all the N, selected QSs can be predicted by just one POD-Galerkin model. A
preliminary study has demonstrated that the global model is superior to the individual model in 2D simulation
of quantum dots (QDs) in terms of efficiency and accuracy®. In order to further understand the effectiveness
and adaptability of the POD-Galerkin methodology, the global simulation approach is extended in this work to
investigate 2D QD structures for two crucial applications. The first application involves external electric fields
applied to a QD structure, which is of interest to applications of nano electronic and photonic devices. For the
second application, the QD structures with internal potential variations are investigated with periodic BCs,
which are useful for simulation and design of nanostructures and materials. Since Fourier modes are considered
as a natural basis of periodic structures, the Fourier-based plane-wave (FPW) approach, similar to the method
used in DFT, is also applied to a 2D periodic structure to further examine the effectiveness of the POD-Galerkin
methodology.

Method

The electron WF (7) in a quantum structure is determined by the Schrédinger equation,
Ve[S Vy ()] + UGG = BV @), M

where 7 is the reduced plank constant, 7 the position, m* the effective mass, U (7) the potential energy, and E
the total energy of the electron. To reduce the DoF for the numerical WF solution, the Schrédinger equation is
projected onto a mathematical space constituted by an optimal set of basis functions (or modes) (7). The POD
process'®!* is chosen to generate the optimal set of modes, which maximizes the mean square of the WF projec-
tion onto the mode over multiple sets of collected WF solution data,

<[%}2> @

where the brackets {) denote the average over the WF data sets accounting for the parametric variations in the
electric field/potential and BCs, and the inner product ¢ - 1 and the L2 norm of  are given below

Y= [Y@HnEdQandinl = \/ [ on(F)*d. 3)
Q

This data-projection process ensures that the modes 7 (¥) contain the maximum least squares (LS) information
of the system embedded in the collected WF data and leads to an eigenvalue problem for the spatial autocorrela-
tion function R (?, 7 ) of the WF data,

JR(?,?/)n(?/)d?/ = n(P), (4)
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where the eigenvalues ] represent the mean squared WF information captured by each mode and R(7,7') is
given by

R(F7) =v(H v (7)) 5)

with ® as the tensor product. Using the POD modes generated from (4), the WF can be expressed via a linear
combination of these modes,

v (@) = 2L a7, (6)

with M as the selected number of modes, where M determines the DoF and the simulation efficiency and accu-
racy, and a; are weighting coefficients responding to the parametric variations in the simulation.

In a multi-dimension structure with a fine spatial resolution, the large dimension of R may be difficult to
manage. The method of snapshots®*? is applied to convert the eigenvalue problem in (4) from a discrete space
domain with a large dimension of the N, x N, to a sampling domain with a dimension of N x N,, where N, and N;
are the numbers of spatial grid points and data samples/snapshots, respectively, and in general N, < <N,. Instead
of N, eigenvalues given in (4), the snapshot method solves only the first N, eigenvalues and POD modes. The
number of data samples, N, thus needs to be large enough to ensure that Ny > M and Ay, is many orders smaller
than 4; to minimize the numerical error resulting from the POD prediction since the theoretical LS error with
an M-mode POD model is given as’,

N a N;
Zi:M+1/“i/Zi:1/Lia (7)

where the eigenvalues are arranged in descending order. Theoretically, (7) is valid only if the data quality is suf-
ficient; namely the parametric settings in the POD simulation fall within the bounds of the parametric variations
used in the training and the data for the training is accurate enough. Also, differently from POD applications to
many other fields, the global POD approach in this study collects WFs from all N, selected QSs and the modes
thus represent the solution for WFs in all N, selected QSs. As a result, (7) offers a theoretical prediction of the
LS error averaged over all selected WFs, as will be discussed later in the demonstrations.

To close the POD simulation methodology, the Schrédinger Eq. in (1) is projected onto the POD modes via
the Galerkin projection. The projection along the ith POD mode »); is given as

Erryps =

J Vi (@) - 2m*Vllf(r)dQ +] ni(AOU @Y (F)dQ — j nz(r)ZM*Vlﬁ(?) -dS = E [ ni(F)y (F)dQ. (8)
Q Q

Using (6) in (8), the quantum POD-Galerkin s1Tmulat10n methodology is thus represented by an M x M
eigenvalue problem fora = [al, a2, .58y .. ,aM] R

H,a = Ea, )
where H, is the Hamiltonian in the POD space denoted as
H,=T,+U,+B, (10)

with the interior kinetic energy matrix expressed as

h2
Tyij :/Vn,(r) —Vn;(HdL, (11)
Q

the potential energy matrix expressed as

Upij = /ni(7)U(7)1/f(?)dQ, (12)
Q
and the boundary kinetic energy matrix given as

LR
mu=—/mm5;vwwu& (13)

The ith eigenvector 4; in (9) corresponds to the ith QS and eigenenergy E;, and the jth element of 4; in (6)
represents the jth mode’s weight for the ith QS. With homogeneous Neumann and Dirichlet BCs, the boundary
kinetic energy matrix elements in (13) vanish. For a structure with periodic BCs, the surface normal vectors at
the periodic boundary surfaces in (13) cancel out causing the boundary kinetic energy matrix to vanish as well.

Note that the formulations given in (8)-(11) apply to the projection of the Schrédinger equation onto any
selected basis, including the Fourier plane-wave basis. The number of DoF needed to reach a desired accuracy
in simulation depends on how well and concisely the selected basis functions portray the solution resulting from
the potential variation and BCs.

Demonstrations. In this work, the QDs are formed via the conduction band offset at the GaAs/InAs
heterojunction; the material parameters in the simulations include effective masses mg,,, = 0.067m, and
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mj, 4. = 0.023m,, and the band offset AE = 0.544eV. Training data of WFs needed for POD mode generation
are collected from DNSs using the finite difference method>. Two test structures are investigated below. In each
structure, the training process for the QD structure is described first followed by the demonstrations.

Quantum-dot structure subjected to external electric field. 'This test case first performs the training of POD
modes via a set of single-component electric fields from two orthogonal directions in x and y. The domain of
the underlining nanostructure shown in Fig. 1 consists of a 4x4 grid of QDs, where each QD with a size of
4 nm x4 nm is separated by 1 nm from its adjacent QDs with a GaAs boundary spacer of 2.5 nm on each side
of the domain. DNSs of the Schrodinger equation for this QD structure are carried out using a fine resolution
of 241 x 241 (a grid size of 0.1 nm in either direction) with homogeneous Dirichlet and Neumann BCs to col-
lect the WF data for the first 6 QSs. A fine mesh is needed to offer accurate eigenenergies and WFs of several
nearly degenerate QSs in this QD structure. To account for field variations, in addition to a zero-bias simulation,
DNSs of the QD structure are performed at 8 electric fields in each of the x and y directions with linearly spaced
magnitudes between -35 kV/cm and + 35 kV/cm. The sampled WF data in the QD structure collected from the 2
sets of orthogonal electric fields, together with the unbiased WF data, are combined to generate one set of POD
modes that represent all 6 trained QSs. With 6 selected QSs for each field, a total of 102 samples/snapshots of the
WE data is implemented in the method of snapshots®*? to solve the first 102 eigenvalues and POD modes from
(4). This quantum POD-Galerkin model for 4 given in (9) is therefore constructed with the coefficients evaluated
from (11) to (13) via its POD modes. After POD-Galerkin simulation using (9) to determine 4, post processing
is needed to calculate the WF from (6).

It is always informative to first observe the eigenvalues that offer information on the effectiveness of the
trained POD modes. Eigenvalues of the first 6 modes shown in Fig. 1b vary very little, which reveals that the
first 6 POD modes tend to maximize the information on all the 6 selected trained QSs. This is because the
global quantum POD approach® implemented in this study generates POD modes that represent WFs in all N,
selected QSs, where N, =6 in this case. Apparently, the most essential LS information is captured by the first N,
POD modes, and thus the eigenvalue decreases sharply beyond the Nj,-th mode. By Mode 11, the eigenvalue
drops more than 3 orders of magnitude from the first mode and continues decreasing drastically beyond the
11th mode. As shown in Fig. 2a, the theoretical LS error estimated by (7) for the first 6 QSs becomes below 1%
with 10 more modes. Moreover, one can see in Fig. 1b that after the 52nd mode the eigenvalue drops nearly 16
orders of magnitude from the first value and starts decreasing very slowly due to the limited computer precision.

To test the validity of the POD-Galerkin methodology, a test electric field of E = (25x — 10y)kV /cm is applied
to the QD structure. The LS error of the POD WF in each state is first illustrated in Fig. 2a, compared to the theo-
retical LS error and the average LS error. Figure 2a shows that the LS errors of WFs in all trained QSs predicted
by the POD simulation are near or below 1% with 11 or more modes and their errors are all below 0.37% when
incorporating 13 modes. The POD model is in general more effective in the lower QSs. As can been seen, the
LS errors in QSs 1-4 are all near or below 1% when 8 modes are included, and POD WFs in QSs 1-3 reach an
error near or below 0.6% and 0.42% with 9 and 10 modes, respectively. Even the POD WFs in the untrained 7th
and 8th states reach an LS error near 1.6% and 1.1% with 13 modes and stay near 1.25% and 0.95% with more
modes, respectively. The theoretical error Erryy s in (7) predicts the average POD LS error for the first 6 QSs quite
well until 13 modes where the average POD LS error is as low as 0.3%; this indicates a good data quality for this
test case. Due to the numerical errors and computer precision, the average POD LS error starts deviating from
Errpg,s beyond 13 modes and eventually converges to a range between 0.28 and 0.32%.

In addition to the accuracy of the predicted WFs, Fig. 2b illustrates the excellent agreement between the
eigenenergies predicted by the POD-Galerkin methodology and by DNS of the Schrodinger equation, where
the deviation for QSs 1-8 for the POD-Galerkin prediction ranges from 0.217% to 0.485%. It is interesting to
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Figure 1. (a) Underlining GaAs/InAs QD structure for the demonstration of the POD-Galerkin simulation
methodology. (b) Eigenvalue for the WF data in descending order.
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Figure 2. (a) POD LS errors for WFs in QSs 1-8. The average LS error (blue dashed line) is averaged over the
6 trained QSs, and the theoretical LS error Erryy s is also for the first 6 QSs. (b) Absolute error of the estimated
POD eigenenergy, where two insets include the eigenenergy obtained from the DNS, one in a table and the
other in a band diagram along the diagonal direction of the QS structure from (0,0) to (24 nm,24 nm).

observe the consistent increase in the deviation from the lower to higher QSs except for the nearly degenerate
states, QSs 2-3, 5-6 and 7-8, where the eigenenergy differences in these degenerate states estimated from DNS
are 2.733 meV, 2.523 meV and 0.233 meV, respectively. The eigenenergy differences in these 3 sets of nearly
degenerate states (2.728 meV, 2.52 meV, 0.231 meV, respectively) predicted by the POD-Galerkin methodology
are well preserved, including the untrained 7th and 8th QSs.

Contours and cross-sectional profiles of 1|2 in each QS obtained from the POD and DNS are illustrated in
Figs. 3 and 4, respective, where the maximum number of POD modes in each state is selected for its LS error
near or below 1.5%. With a deviation near 1.5%, contours and profiles between these two approaches are nearly
indistinguishable. The first mode of the POD-Galerkin solution always provides the mean of the training data.
As seen in Fig. 4, the one-mode POD model offers the unbiased (symmetric) | |? in each QS since the training
electric fields are symmetric about the zero field. Similar to Fig. 2, it is shown in Figs. 3 and 4 that 6-8 modes
are needed in QSs 1-4 for the POD methodology to achieve a very good agreement (near or below a 1.5% LS
error) with the DNS, while 9 or 10 modes are needed in the higher states (QSs 5 and 6). For the untrained 7th
and 8th states POD WFs to reach a similar accuracy, 13 modes are needed. Figures 2, 3, 4 clearly illustrate that
the POD-Galerkin methodology is capable of extrapolating the WFs and the eigenenergies with a high accuracy
even in the untrained 7th and 8th states if a few more modes are included.

To further illustrate the extrapolation capability, an electric field of E = 50X — 10y (kV/cm) is applied to the
QD structure. With the x-component field beyond the maximum training field (35 k/cm), as expected in Fig. 5a,
the error in each state declines more slowly and more modes are needed to reach a similar accuracy to the previ-
ous test case presented in Fig. 2. For example, 6, 7, 6, 8, 10, 9, 13 and 13 modes are needed from QSs 1 to 8 in
sequence to reach an error below 2% in Fig. 2, while in Fig. 5 for this case beyond the training field, 6, 8,9, 12, 11,
12, 14 and 15 modes are needed. Due to the applied field greater than the training fields, the data quality in this
case is not as good as that in the previous case. As a result, the average LS error of the POD approach in Fig. 5 is
slightly greater than that in Fig. 2 beyond 5 modes and does not follow the theoretical LS error (estimated based
on the training data for the first 6 QSs) as close as the previous case. Nevertheless, compared to the interpolation
case presented in Figs. 2, 3, 4, the POD-Galerkin model still offers a very good prediction in the extrapolation
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Figure 3. Contour of |y |? predicted by POD-Galerkin and DNS in upper and lower rows, respectively, in QSs
1-8. The horizontal and vertical red dashed lines reference the cross-sectional profiles of |y |? visualized in Fig, 4.
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Figure 4. Profiles of |y | in each state along (a) x and (b) y via the red dashed lines indicated in Fig. 3.
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Figure 5. (a) POD LS errors for WFs in QSs 1-8. The average POD LS error is averaged over the 6 trained
QSs, and the theoretical LS error Erryy s is identical to that in Fig. 2. (b) Absolute error of the estimated POD
eigenenergy with two insets of the eigenenergy obtained from the DNS, one in a table and the other in a band
diagram along the diagonal direction of the QS structure from (0,0) to (24 nm,24 nm).

case if a few more modes are included. Even in the untrained 7th and 8th QSs beyond the training fields, the
POD LS error in QS 7 is as small as 2.2% and 1.67% with 13 and 15 modes, respectively, and 2.67% and 1.6%
with 13 and 15 modes in QS 8, respectively. Excellent accuracy of the POD eigenenergy is also observed at this
higher field, as displayed in Fig. 5b, where the deviation for QSs 1-8 for the POD prediction ranges from 0.213%
to 0.463%. Unlike the lower field case, only QSs 7 and 8 are nearly degenerate in this case, whose eigenenergy
difference estimated in DNS is as small as 0.422 meV and is 0.419 meV predicted by the POD-Galerkin model.
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Contours and profiles of || along x and y directions in several QSs predicted by the POD-Galerkin simula-
tion and DNS are compared in Fig. 6a and b, where the maximum number of modes is chosen for the POD LS
error near or below 2% in QSs 1, 2 and 6 and 2.5% in the untrained states 7 and 8. Accurate results for both WFs
and eigenenergies presented in Figs. 5 and 6 highlight the capability of the POD-Galerkin methodology even in
the extrapolation situations beyond both training fields and trained QSs, which is difficult to achieve in typical
machine learning methods. Unlike most machine learning methods, the POD-Galerkin simulation methodol-
ogy incorporates the first principles, as described in (8), by projecting the Schrédinger equation onto the POD
modes. This projection offers a clear guideline to accurately predict the solution in response to the field variations
even beyond the training fields in the untrained QSs. It is also worth noting that, even though the WF data were
collected for electric fields in x and y directions separately, the POD modes generated from the combined data
sets are able to accurately predict the WFs in each state subjected to an electric field in any direction.

QD structure with internal potential variation and periodic BCs. 'The next case extends the quantum POD-
Galerkin methodology to a nanostructure with internal potential variation and periodic BCs. The underlining
nanostructure of a 3x 3 grid of GaAs/InAs QDs is shown in Fig. 7a. Each QS is 4 nm x4 nm in size adjacently
separated by 1.5 nm with a 1.25 nm GaAs boundary spacer on each side. In addition, a potential energy profile
of 5 pyramids each with a 4.8 nm x 4.8 nm base shown in Fig. 7b is superposed on the band energy of the QD
structure. The potential energy profile with variation of each pyramid height is chosen in this investigation to
demonstrate the proposed physics-informed learning algorithm derived from the first principles to predict the
WFs in response to the variation of the internal potential profile with periodic BCs, which appear in many appli-
cations in quantum nanostructures and materials, including DFT simulations¢4>47-4,

To account for variation of the internal potential in the WF data collection, DNS of the QD structure described
in Fig. 7a and b is first performed with only one of the five pyramids at a time. Five different heights for each
pyramid potential energy varying equally from 0.07 to 0.35 eV are included in DNSs. When using only these 25
pyramid potential samples to train the POD modes, it was found that the LS error of the POD-Galerkin model is
relatively large, as expected due to the poor data quality. More specifically, the influences among the five pyramids
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Figure 6. (a) Contours and (b) cross sectional profiles of |¥|? in QSs 1,2, 6,7 and 8. In (a), the upper and
lower rows show |/ |? obtained from POD-Galerkin and DNS, respectively. The dashed horizontal and vertical
lines in (a) reference the profiles visualized in (b) along x and y in upper and lower rows, respectively.
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Figure 7. (a) GaAs/InAs QD structure with periodic BCs. (b) Potential energy with a profile of 5 pyramids
applied to the QD structure in (a). (c) Eigenvalue of WF data in descending order.

are not included in the collected data. To thoroughly account for the influences among different heights of the
pyramid potentials, if five different heights are selected for each pyramid, a combination of all different heights
for the five pyramids should be included in the DNSs to collect the WF data. This would lead to an enormous
number of additional samples, i.e., 5°=3125, which requires an immense computational effort to collect the WF
data from DNSs and evaluate the POD Hamiltonian elements in (11)-(13). To minimize the training effort, five
pyramids varying together with the same (five) heights from 0.07 to 0.35 eV in DNS are used to collect just one
additional sample of WF data with the hope that the physical principles enforced by the Galerkin projection
would intelligently predict the influences among different heights of pyramids. As will be seen later, this setting
actually works reasonably well.

In each simulation, only the WFs in the first 6 (Ng) QSs are collected. Using data collected from the QD
structure with variations of five pyramid potentials, together with the structure without any pyramid, there are
in total 186 samples/snapshots (i.e., (6 x5+ 1) x 6) of WF data collected to solve POD modes and eigenvalues
from (4) via the method of snapshots®»*. Similar to Fig. 1b, the eigenvalues displayed in Fig. 7c remain nearly
unchanged for the first N, modes, and decrease sharply beyond the N,-th mode. The eigenvalue also reveals a
more than 3-order drop from the first to the 11 modes and decreases considerably more slowly after dropping
16 orders of magnitude from the first mode due to the computer precision.

In this demonstration, the heights of Pyramids 1 to 5, as labeled in Fig. 7b, are randomly selected as 0.23 eV,
0.3eV,0.14eV,0.12 eV and 0.25 eV in sequence. The average LS error of the WF predicted by the POD-Galerkin
model shown in Fig. 8a for the first 6 QSs agrees quite well with the theoretical LS error estimated in (7) until
11 modes although not as well as that in Fig. 2a. This indicates that the data quality associated with Fig. 2a is
better than that for this test case. However, the simple training in this case to account for influences among the
pyramids with unequal heights still offers very accurate prediction of WFs (near 1% LS error) in the trained (first
6) states with just 12 to 13 modes. Because of a better data quality, the POD-Galerkin model for the external
field case in Fig. 2b is more effective than the model for the periodic BC case. For example, to reach an LS error
near 1% for all trained states, 10 or 11 modes are needed in Fig. 2a while 13 modes in Fig. 8a. When using 13
or more modes, the average LS error near 0.3% is observed in Fig. 2a while 0.78% in Fig. 8a. Also note that the
LS errors of the untrained 7th and 8th states in this periodic BC case are as small as 1.5% and 2.25% with 13
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Figure 8. (a) POD LS errors for WFs in QSs 1-8. The average LS error is averaged over the 6 trained QSs, and
the theoretical LS error Erryy s is also for the first 6 QSs. (b) Absolute error of the estimated POD eigenenergy
with two insets including the eigenenergy obtained from the DNS, one in a table and the other in a band
diagram along the diagonal of the QS structure in Fig. 7 from (0,0) to (17.5 nm, 17.5 nm).
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modes, respectively, reduce to 1.2% and 1.4% with 14 modes, and below 1% beyond 16 modes. The eigenenergy
predicted by the POD-Galerkin simulation in Fig. 8b is as accurate as that in Fig. 2b, and QSs 2 and 3 are nearly
degenerate with an eigenenergy difference of 1.249 meV calculated in DNS, as shown in the insets. The POD-
Galerkin model however predicts a difference of 1.269 meV.

Contours and profiles of |yr|? are illustrated in Fig. 9a and b, respectively, for QSs 1, 2, 4, 6 7 and 8, where
the maximum number of POD modes in each state is selected for the LS error below 1.5%. Similar to results
presented in Figs. 2, 3, 4, to reach a high accuracy, more modes are needed when the eigenenergy is closer to the
QD barrier energy. Again, the result of the first mode represents the mean of the training WF data which are
symmetric about the center of the QD structure, as revealed in the one mode POD WF solution for all states.
In this demonstration, the WF in QS 4 appears to be nearly symmetric and thus can be well represented by the
one-mode POD solution (see the QS 4 profiles in Fig. 9b along both x and y directions) with just a 1% LS error,
as shown in Fig. 8a. The QS-4 LS error decreases to 0.55% between 4 and 15 modes and drops to 0.24% beyond
15 modes. This indicates that the QS-4 WF is not perfectly symmetric, and 4 or more modes are needed if higher
accuracy is desired. For the untrained 7th and 8th states’ POD WFs, high accuracy can still be achieved when
using 13 or 14 modes.

For periodic functions, the Fourier basis is usually assumed to approximate the solution of the problem. An
additional demonstration is therefore illustrated using FPWs as the basis functions in (8) and (9) to derive an
FPW model and to perform simulation of the periodic structure given in Fig. 7a with the pyramid potential
variation in Fig. 7b. The LS errors against the DNS are shown in Fig. 10, where even with periodic BCs a large
number of modes of FPWs is still needed to reach a reasonably small error due to complicated internal pyramid
potential variation. For example, when using 40 modes, the minimum error is near 5.4% in QS 1 and the maxi-
mum is near 11% in QS 7. Using 225 modes, the minimum error reduces to 2.78% in QS 1 and the maximum is
near 5.51% in QS 3. Beyond 225 modes, the LS error induced by the FPW approach continues decreasing very
slowly. Nevertheless, this demonstration further validates the effectiveness of the POD-Galerkin methodology
in which use of 13-14 modes for this periodic structure offers an LS error of WFs 5 to 11 times smaller in each
of all the trained QSs than the FPW approach using 225 modes. For the untrained 7th and 8th states with 13-14
modes, POD-Galerkin leads to an LS errors 2 to 3.5 times smaller than the FPW approach using 225 modes. The
error for the eigenstate energy predicted by the FPW approach given in Fig. 10 in each state is approximately 4.5
to 7 times as large as that in the POD-Galerkin model given in Fig. 8b.

To further validate the extrapolation ability of the POD-Galerkin methodology for the QD structure with
pyramid potential variation, Pyramids 1-5 are selected as 0.23 eV, 0.3 eV, 0.5 €V, 0.12 eV and 0.6 eV in sequence,
where heights of Pyramids 3 and 5 are evidently higher than the maximum training height (0.35 eV). For this
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estimated from the plane-wave approach. The eigenenergy obtained from DNS is given in an inset of Fig. 8b.

demonstration, the average LS error shown in Fig. 11a becomes slightly larger than that in Fig. 8a and moves away
from the theoretical LS error. Instead of 9 or 10 modes to reach an average error near 2% in Fig. 8a, 13 modes
are needed for this extrapolation case. Nevertheless, the POD-Galerkin methodology still offers an accurate
prediction of the WFs in this case with a small number of DoF, especially in the lower QSs. For example, the LS
error is all below 2% with 9 modes in QSs 1-3, 1.2% in QSs 1-4 with 15 modes and 0.6% in QSs 1-4 when using
17 modes. It is interesting to observe that somehow the untrained 7th QS reaches an error smaller than that in
the 5th and 6th states with 13 or more modes. The LS error in the higher states (QSs 5-8) is all lower than 2%
beyond 13 modes. The error of the POD eigenenergy in this case with higher pyramid potential heights shown in
Fig. 11b is very similar to what was observed in Fig. 8b. Due to the larger variation of internal pyramid potential
in this periodic structure, accuracy of the FPW approach further deteriorates and becomes considerably worse
than the POD-Galerkin model. The FPW approach is therefore not presented for this case.

Figures 12a and 11b illustrated the contours and profiles of |1/|2, respectively, for QSs 1,2, 3, 6 7 and 8, where
the maximum number of POD modes in each state is selected for the LS error below 2%. The contours and pro-
files of |y |? derived from the POD-Gakerlin prediction and DNS are nearly identical. Instead of QS 4 in Fig. 9,
the QS-3 WF in this case is nearly symmetric, as shown in Fig. 12; as a result, the one-mode POD WF in QS 3
leads to a 2% LS error. More modes are needed to compensate for the non-symmetric portion of the WE, and
the LS error reduces to 1.16% with 4 modes, 0.91% with 6 modes and 0.43% with 16 mods.

Discussions
In summary, the thorough investigation of the quantum POD-Galerkin simulation methodology for two distinct
QD structures has demonstrated its remarkable learning ability, which includes:
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Figure 11. (a) POD LS errors for WFs in QSs 1-8. The average LS error is averaged over the 6 trained QSs, and
the theoretical LS error Erryy s is also for the first 6 QSs. (b) Absolute error of the estimated POD eigenenergy
with two insets including the eigenenergy obtained from the DNS, one in a table and the other in a band
diagram along the diagonal of the QS structure in Fig. 7 from (0,0) to (17.5 nm, 17.5 nm).
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®  Extrapolation: In both structures, the POD-Galerkin methodology predicts WFs and eigenenergies accurately
with a small number of DoF even in the untrained QSs influenced by applied electric field or internal pyramid
potential beyond the training conditions.

® Simple training to account for effects of neighboring potential variations: Using a very simple training scheme
in which one varies the pyramid potentials all together to add only one additional snapshot of WFs (instead
of several thousand snapshots to include all possible variations), the POD-Galerkin model is able to account
for effects of the neighboring pyramid potentials with different heights to reach high accuracy, as illustrated
in Figs. 8,9, 11 and 12. This also works reasonably well even beyond the training pyramid potential height.

o Single orthogonal field training: As demonstrated in Figs. 1, 2, 3, 4, 5, 6, POD modes trained by single orthogo-
nal field components, together with the Galerkin projection, are able to accurately predict the WFs subjected
to a field in an arbitrary direction. An accurate prediction can also be achieved in the untrained QSs and for
electric field reasonably beyond the training field.

POD finds its modes by maximizing the mean square of the sampled data projection onto each orthogonal
mode, as described in (2). This decomposition ensures that the first few modes contain essential LS information
embedded in the WF data and thus only a small number of DoF is needed to reach a minimum LS error. Such
an optimal set of POD basis functions is very different from the FPW basis that, although a natural choice for a
periodic structure, may not be optimal for all periodic structures. As demonstrated in Fig. 10, due to complicated
variation of interior pyramid potential, a large number of modes is needed for the FPW method to reach a rea-
sonable agreement with the DNS. The POD-Galerkin learning ability also stems from the fact that the projection
of the Schrodinger equation onto the trained POD modes offers a physics-informed compact model guided by
the first principles to intelligently perform sophisticate interpolation and extrapolation. The physics-informed
learning approach is also able to clearly distinguish the nearly degenerate states with energy difference below
0.25 meV even in the untrained states beyond the training range. Our study reveals that the post-processing
calculation of WFs in physical space in (6) is computationally considerably more intensive than the simulation
in POD space to solve a in (9). The accurate prediction of the nearly degenerate states requires small grid size for
DNSs in the training, which makes the post process for WFs in (6) even more time consuming.

Opverall, the POD-Galerkin simulation methodology for 2D nanostructures offers a reduction in DoF by
more than 3 orders of magnitude than DNS to achieve high accuracy, which leads to a computational speed-up
of more than 2 orders. In addition, the POD-Galerkin methodology offers predictions of WFs and eigenenergies
significantly more accurate than the FPW approach with a more than one-order reduction in DoF that leads to a
reduction in computational time by one order of magnitude. Although high spatial resolution in DNSs is needed
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in the training to enhance the accuracy of the POD-Galerkin prediction, practically such high spatial resolution
in WFs is not required for many applications that need the WFs. The POD-Galerkin simulation speed can then
be further improved if the post process in (6) is performed with lower spatial resolution.

Conclusion

The physics-informed POD-Galerkin simulation methodology based on the global quantum POD model* has
been applied to investigate its learning ability for simulations of two QD structures, one influenced by external
electric field and the other by internal potential and BCs. The extraordinary learning ability of the POD-Galerkin
methodology has been demonstrated even in the untrained states subjected to applied field and internal poten-
tial beyond the training conditions. Such an effective learning results from the compact set of basis functions
optimized by (2) and the Galerkin projection performed in (6) that empowers POD-Galerkin simulation to
comply with the first principles. One important factor affecting the accuracy of the simulation methodology is
the quality of the training data. In addition to the numerical accuracy for the data collected from the DNSs of the
nanostructure, an appropriate range of parametric variations is needed, which should cover the POD-Galerkin
simulation setting as much as possible. In case that the POD-Galerkin simulation setting is slightly outside the
bounds of training parametric variations, a few more modes are needed to reach a good prediction. Overall, the
POD-Galerkin simulation of 2D nanostructures provides a reduction in DoF by more than 3 orders of magnitude
and computational time by 2 orders. Compared to the FPW approach, a one-order reduction in both DoF and
computational time can be accomplished with considerably more accurate predictions of WFs and eigenenrgies.
The proposed approach potentially can be applied to replace the most computationally intensive steps in self-
consistent field calculations in DFT simulation, including the plane-wave basis function generation, Hamiltonian
generation and eigenmode solver.

Data availability
Data relevant to the study are included in the article. In addition, the datasets generated during and/or analyzed
during the current study are available from the corresponding author on reasonable request.
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